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1. Introduction

For sufficiently differentiable maps i : T? x [0, T] — R2 and 7 : T2 x [0, T] — S2, with T2 a torus
and S? the unit sphere, we have shown in reference [12] that the system

u+ u-Vyu—Au+Vr=-V-(VwVy)-= Vv Ay,
V-u=0,
Av, + A((u- VW) = A v = v, + (u- Vv + [Py — Ay,

reasonably describes the dynamics over T? of oriented (i.e., polarized or spin) fluids, a representation
in which we account for second-neighbor director interactions in a minimalistic way, the one giving us
sufficient amount of regularity to allow existence of a certain class of weak solutions.

In the balance of microstructural actions governing the evolution of v, an hyper-stress behaving like
V2y accounts for second-neighbor interactions; it enters the equation through its double divergence,
which generates the term A%v. A viscous-type contribution (namely Vv"Av,) affects Ericksen’s stress
in the balance of macroscopic momentum, an equation in which = is pressure, i.e., the reactive stress
associated with the volume-preserving constraint V - u = 0.
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We have explicitly underlined in reference [12] the terms neglected in the previous balance
equations with respect to a complete representation of second-neighbor director interactions, and their
contribution to the Ericksen stress.

Also, to tackle the analysis of such balances, in reference [12] we considered transient states
foreseeing |v| < 1 (i.e., a polarized fluid not in saturation conditions) and replaced the nonlinear term
IVv[>v with its approximation 8—12(1 — |v[*)v, & a positive parameter. Eventually, we established just
local existence of a certain class of weak solutions.

The description of such fluids falls within the general model-building framework of the mechanics
of complex materials (a format involving manifold-valued microstructural descriptors) in references
[25] and [26] (see also [27,28]). By following that format, if we derive balance equations by requiring
invariance of the sole external power of actions under isometric changes in observers even just for
first-neighbor interactions, since the infinitesimal generator of S O(3) action over S2 is —vx, we find
the possible existence of a conservative self-action proportional to v, i.e., something like Av, with 1 > 0.

Consequently, we consider here a relaxed version of the balances above by accounting for |v| < 1
and introducing the self-action Av. Then, we write

u+ u-Vyu—Au+Vrn=-V-(Vw'Vy)= Vv Ay, (1.1)

V-u=0, (1.2)
1

AV, +A((u- VW)= A v = v, + (- Vv — Av + — (1= Py — v, v <1, (1.3)
&

with initial conditions
ul—o = Uo, Vl=o = Vo. (1.4)

We tackle its analysis by filtering the balance of macroscopic momentum by (I — A)~!. In the process,
we define the regularized velocity
w=(I-A)""u,

and approximate the filtered version of equation (1.1) by considering that V-(I-A)~"!(u®u) = V-(w@w).
Then, we apply the inverse filter (/ — A) (and we write once again « and v for pressure and director
field, respectively). The resulting system reads

wy—Aw, + (w-VIw—=Aw+ Vo ==V - (Vv'Vy) = Vv Ay, (1.5)

V.-w=0, (1.6)
1

Av, + A((w-VIWV) = Ay =v, + (w-V)y— Av + —2(1 —Pyv=-av, V<1 (1.7)
e

For it, we prove global existence of weak solutions (defined as in reference [12]).

The obtained regularity could allow us to obtain a uniqueness result. Also, the granted global
existence of weak solutions can be used for analyzing possible weak or strong attractors, which we
may foresee in appropriate state spaces. All these aspects will be matter of a forthcoming work.

2. Notation and preliminaries

For p > 1, by L = LP(T?) we indicate the usual Lebesgue space with norm || - || » When p = 2,
we use the notation || - || := || - ||;2 and denote by (-, -) the related inner product. Moreover, with k
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a nonnegative integer and p > 1, we denote by W*? := W*P(T?) the usual Sobolev space with norm
Il “1lk., (using || [lc when p = 2). We write W= := W=1/'(T?), p’ = p/(p— 1), for the dual of W'(T?)
with norm || - ||-; .

Let X be a real Banach space with norm || - ||y. We will use the customary spaces W*?(0, T'; X),
with norm denoted by || - |[w«r.r.x). In particular, W0, T; X) = LP(0, T; X) are the standard Bochner
spaces.

(LP)" := L*(T%,R"), p > 1, is the function space of vector-valued L>-maps. Similarly, (W*P)" :=
(WkP(T?))" is the usual Sobolev space of vector-valued maps with components in W*?, while (H*)" is
the space of vector-valued maps with components in H* = W2 N {w : V- w = 0}. We also define the
following spaces:

H := closure of C3’(T%,R*) N {w |V -w = 0} in (L*)?,
H* := closure of C3* (T2, R*) N {w |V - w = 0} in (W*?)?,
H’ = {v € (W?)*).
This last space is the usual Sobolev space of vector fields with components W*?-functions. Again
H := H°. By H~* we indicate the space dual to /. We denote by (-, - Yg-s 4 the duality pairing
between H~* and H*. We will also assume that the vector fields u and w have null average on T?. In
particular, under such an assumption, Poincaré’s inequality holds true.
Here and in the sequel, we denote by c (or ¢) positive constants, which may assume different values.
We’ll make use of the following well-known inequalities (see, e.g., [1,2,15,18,21,22,32]):

Ladyzhenskaya’s,
1 1
Vlls < CIVIEIIVVIE, v e H', (2.1)

Agmon’s,
1 1
Vil < CIMIZIIAVIZ, v e H. (2.2)

In the sequel (especially to get estimates in H®, with s non-integer) we’ll also make use of
commutator-type estimates as the one in the following lemma concerning the operator A*, s € R*
(see, e.g., [19,20,30], see also [6,31]), with A := (=A)'/2,

Lemma 2.1. For s > 0and 1 < r < oo, and for smooth enough u and v, we get
IA° @)l < elulln AV za + VIl 1A ull o), (2.3)

where 1/r = 1/p1 + 1/q, = 1/p> + 1/q, and c is a suitable positive constant.

We also recall the following result about product-laws in Sobolev spaces ( [16, Theorem 2.2], see
also [29])

Lemma 2.2. Let sy, 51, 52 € R. The product estimate

£ 8lle=s0 < cllflle llglle (2.4)

holds, provided that

So+ 81+ 5y > R where n is the space dimension, (2.5
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So+ 51 =0, (2.6)
So+ 8, >0, 2.7
S1+ 85, >0, (2.8)
If in (2.5) the equality sign holds, inequalities (2.6)—(2.8) must be strict. (2.9)
Set 7, := 2nZ?/L. T? is the torus defined by T? := (R?/7). We can expand w € H*(T?) in Fourier
series as
wx) = ) e,
keT
with k = (k;, ky) € Z? the wave-number, |k| = +/|k;|> + |k»|>. The Fourier coefficients for w are defined
by wy := # fp w(x)e"**dx. The norm in H* is given by

2 2517512
e = D KPP,

and the inner product (-, - )gs = (A®-, A®-)is characterized by

v, Vs = DWW W,

k=1

where the over-bar denotes, as usual, complex conjugation. Consider the inverse Helmholtz operator

G:=1-A)"", (2.10)
taking values
Gw(x) = sz G(x,y)w(y))dy, 2.11)

where G(x,y) is the associated Green function (see, e.g., [5,7-10]). For w € H°, take the Fourier
expansion w = Zkeﬁ wie® ™, so that, by inserting this expression in (2.11), we get

1 = ikx
Gw := Z*Hlklzwke . (2.12)
keT;

G 1is self-adjoint. It commutes with differential operators (see, e.g., [4,5,7]). We get also
(Gv,w) = (G"*v,G"*w)2 = (v,w)y-1 and (G'*v, G *v) 2 = |Vl (2.13)

(see also [5,18]).
3. Existence and regularity result

We set {
f) = 50 =Py, £>0.
£

Then, we rewrite the filtered balances as

w,—Aw, + (w-VIw—=Aw+Vr ==V - (Vv 'Vy) = Vv Ay, 3.1
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V-w=0, (3.2)
Av,+ A((w- VW)= Ay =v,+ (w-V)v— Ay + )=y, v <1, 3.3)
with initial conditions
Wli=0 = Wwo,  Vl=0 = Vo- (3.4)
To keep the notation compact, here and in the sequel we omit the dependence of w and v on &.

Definition 3.1 (Regular weak solution). For a given T > 0, a pair (w,v) is a regular weak solution of
5 3
(3.1)-(3.3) if (w,v) € L*(0, T:H> x H?), (0w,d,v) € L*(0,T;H"' x H?), and

T
fo (wi(5), () + (Twi(5), Tu()) + (W(s) - VIw(s), v) + (Vw(s), Vu(s))) ds

T 3.5
= f ((VVTVV(S), V() + (Vv Vv, (s), Vv(s))) ds,
0
holds true for every v € C((0,T) X T?), and
T
fo‘ ((VV,(S),Vh(S)) + (V[(w(s) - VI)v(s)], VA(s)) + (Av(s), Ah(s))) ds
3.6)

T
= ﬁ ((Vz(S), h(s)) + ((w(s) - V))v(s), h(s))
+ (fe(v(9)), h(5)) + (V¥(s), VA(s)) = A(n(s), h(S))) ds

for every h(t, x) = Y(t)p(x), with ¢ € H%, Wy e Cy(0,T), and |v(x,0)| < 1 ae. in (0,T) X T2

In the following, we’ll always refer to “regular weak solutions” simply as “weak solutions”, for the
sake of brevity.

Theorem 3.1. Assume (wy, vy) € H: x H%, with [vo(x)| < 1 for a.e. x € T2. Then, systems (3.1)—(3.3),
supplied with (3.4), admits a weak solution (w,v) which is defined for any fixed time T > 0.

The chosen regularity for the initial data allows the reader to compare easily the result here with
what we got in reference [12], realizing our passage from local (short time) to global (large fixed time)
existence. Also, by renouncing to a certain amount of solution regularity (i.e., considering a weaker
class) we could accept data (wg, vy) € H' x H?, obtaining for them once again an existence result (see
Remark 4.1 below).

Remark 3.1. For the integral f]ﬁ V(w-V)v) - Vw dx, withw € H', w € H' andv € H?, we get

f V(w- V) - Vo dx = f 3,(W'9))0 0" dx
T2 T2
= | 9won'0;0" dx + f w00 dx.
T2 T2

The first term on the right-hand side of the above identity is such that

f A0y} 0," dx = f 09w dx= | (V' Vw)- Vwdx,
T2 T?2

T2
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and for the second term we find
f W', v 0,;0w" dx = f 9,V 0;w'w" dx = f V(Vyv)"Vw - w dx.
T2 e T2

For the second term on the right-hand side of (3.1), we compute

Vv'Ay, =V - (Vv'Vv,) = V(Vv) Vy,. (3.7
4. Proofs

We introduce Galerkin’s approximating functions {(w", v")}, prove a maximum principle, by which
the constraint |V"| < 1 is verified, and compute some a-priori estimates. The Aubin-Lions compactness
theorem [24] allows us to get convergence of a subsequence. Actually, we apply Galerkin’s procedure
originally used for the standard Navier-Stokes equations, by adapting it to systems (3.1)—(3.3). (Further
details about such a scheme appear in references [23, §2], [13, Appendix A], [7,11]).

Note: In the sequel, for the sake of conciseness we often avoid writing explicitly the integration
measure in some integrals, every time we find it appropriate.

4.1. Approximate Galerkin solutions

We apply directly Galerkin’s method only to the velocity field w (this scheme is also known as
“semi-Galerkin formulation”; see, e.g, [13]).
For any positive integer i, let us denote by (w;, 7;) € H? x W'? the unique solution of the following
Stokes problem:
Aw; + Vr; = —dw;, in T2,

4.1
V-w; =0, in T2, @D

with frznidx =0,fori=1,2,...and 0 < Ay <4, <...4,...with A, - +0c0, as n — oo. Functions
{w;};7] determine an orthonormal basis in H made of the eigenfunctions pertaining to (4.1).

Let P,: H3? — H, := H3'? N span{w,, w,, ..., w,} be the orthonormal projection of H>/? on its
finite dimensional subspace H,,. Take T > 0. For every positive integer n, we look for an approximate
solution (W",v") € C'(0, T; H,) x L=(0, T, H?) N L2(0, T, H?) to systems (3.1)—(3.3) with

w'(t, x) = Z ¢} (Hw(x), ¢; to be determined. “4.2)
i=1
Consider the following problem defined a.e. in (0, T') x T?:

Wy (t) — Awy (1), v")H1 + ((W"(2) - VYW"(2), v")H% + (Vw"(), Vv")H%

2

4.3

= (VO TV, Vv”)H% + ((V(V")TAvt)(t),v”)H%, W' e H,, ()

(I = M)[0' () = AV'(&) + (W'(@)-V)V' ()] == f:0/' () + V", 4.4)
<1, 4.5)
w'(x,0) = wy(x) := P,(wo)(x), v"(0,x) = vo(x), for x € T2, (4.6)
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where wy € H: and vy € H%, with [vo(x)| < 1 a.e. in T

Instead of exploiting test functions in L?, we take directly the formulation in H'/?, for it provides
the needed regularity, The pertinent analysis develops in two steps:
Step A: Let w" € C'(0, T; H,) be a given velocity field of the form w"(r, x) = 3, &, (Hwi(x), with ¢,
assigned. For

(I = N[V(t) = AV'(0) + (W) - VV' ()] = —f.(V (1)) + V'), ae.in (0,T)x T?,
with v'(0, x) = v(x), for x € T2, we actually look for a vector field
V' e L0, T; H) N [X0,T; H?), v, [X0,T:H")
solving a.e. on (0, T) X T? the following system:
Vi) = AV (@) + (WD) - VIV'(D) = —=G(f(/ (1) + AG(' (1)), 4.7
V'(0, x) = vo(x), for x € T?, (4.8)

where G is once again the inverse Helmholtz operator G = (I — A)~! introduced in (4.1). Since G
has Fourier symbol corresponding to the inverse of two spatial derivatives, the right-hand side part of
(4.7) results to be regularized (i.e., the terms —G f.(v") gains two additional spatial derivatives with
respect to f.(v"); the same occurs for Gv'(¢)). Thus, this new expression can be rewritten equivalently
as a semilinear parabolic equation in the unknown v". The existence of such v" is guaranteed by the
classical theory of parabolic equations (see, e.g., [17]), which also provides higher regularity results
(see [17, Theorem 6, Ch. 7.1]). They allow us to use the regularity of initial data vy € H 3 to get V' €
L0, T; H)N 120, T; H?) and v € L*(0,T; H") (by interpolation we also have that v, € C(0, T; H")).
The following lemma (see [12, Lemma 4.1] and also [14, Lemma 2.1]) guarantees the constraint |v| < 1.

Lemma 4.1 (Weak maximum principle). Let vo € H 3 be such that vo(x)| < 1 for a.e. x € T?. Take
w" € C(0,T;H,). Then, there exists a weak solution V' € L*(0, T} H%) NL*0,T; H%) to the problems
(4.7)—(4.8). Moreover, fixed € > 0 large enough in the definition of f., every such weak solution verifies
V'(x, )| < 1ae. onT?>x[0,T].

In performing the next calculations, we could relax hypotheses by assuming that vy € H' and is
such that [vo(x)] < 1 a.e. x € T?, with w" € C(0,T; H,). Then, there would exist a weak solution
v € L=, T; H") x L*0,T; H*), with [v(x,1)] < 1 a.e. in T2 x (0,T). However, for the sake of
simplicity, we still use the same regularity assumptions previously introduced, and we denote by v and
w the quantities v" and w", respectively for the sake of conciseness.

Proof. Existence of the solution v* € L*(0,T; H %) NL*0,T;:H %) to (4.7)—(4.8) has been already
mentioned above.

Define ¢(x,t) = ([v(x,0)|* — 1), where z, = max{z,0} for each z € R. Assume there exists a
measurable subset B C T? with positive measure |B| > 0 such that [v(x,#)| > 1 a.e. in B X (t1, 1],
0<t <tp <T,and |v(x,1)] = 1 a.e. in OB X (t1,1;]. By taking ¢v as a test function against (4.7), we

get
1
. f P+ f (w-V)vie + f V- (gv)
T2 T2 T2

—%f G(IVIZ—1)v'90V+/lf(GV)-(<,0V)=0,
€ T2 B
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which is equivalent to

: f BP)p+ f (w - V)P + f V- Vigv)
’ ’ ’ 4.9)
_ é fG1/2(90V) . Gl/2(g0V) + /lf(Gl/ZV) . (Gl/zv) - 0.
B B

With || - || indicating || - [|,2(5), We can also write

1 1 1d
- 0 2 - _ 0 2 1 - - 2,
sz (V9 2f3 (V" = Dy 4dt”(’0”

f(w -V)biPe = f(w V(WP - Dy = f(w Vg9 =0,
B B B

1
f V- Vign) = 5 f VD) - Vo + f VP
B B B
1
-2 f V(i - 1)V + f VP
B B

1

1
= §||V<P||2 + fIVV|290 > EIIVQDII2 > 0.
B

Then, Eq. (4.9) becomes

d 4
—llgl* + 2[Veall* + 4 f VvPe — = f G'"(pv) - G (pv)
dt 5 € Js (4.10)

+42 f (G'2v) - G"(pv) = 0.
B

Since ¢(t;) > ¢(t;) (here, ¢(t;) = 0), by integrating in time over (t;,1,], we get

5] 5] 4
2 f Vel + 4 f ( f VWP - = f (G'?) - G (gv)
I8t f B € B
L4 f (G'y) - Gl/z(gov)) <0.
B

In principle, B may have more than one connected component with positive measure. However,
these components are finite in number for B is compact. Thus, previous inequality can be rewritten as

th 2 4
Z(z f f IVel* +4 f ( f VvlPe - < f G'"(pv) - G (pv)
i 4] B; 141 B; € B;

+41 f (G”zv)~G”2(gov)))s0.
B;

Then, there exists at least one connected component B;, with |B;| > 0, on which

5] 15} 4
2 f f VP +4 f ( f Vg - = f G'(pv) - G'(v)
f Bj 1] Bj € B_,'

+42 f G”Z(v)-Gl/z(gov)) <0,
B.

J
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and hence, by(2.13), we have

1 12 4 2
2 VeI, +4 IVvPe < = G'*(pv) - G'*(pv)
I3 ¢ ]) n B/' 62 n Bj
t2
_ 4/lf f GI/Z(V) . Gl/z(SOV))
it VB
t2
C
z‘[ “()DV”?.]—I(BJ,)
t2
f f G'2() - G ()
1 Bj

Since [v(x,1)] = 1 a.e. on 0B X (t1,1,), we get o(x, t) = 0 a.e. on 0B X (t,1,) and, in particular, ¢(x,1) = 0
a.e. on 0B; X (11, 1,). Assume that B; is the closure of an open set. By using the Poincaré inequality on
left-hand side first term of (4.11), along with the control (2.4) (see also [29]), we obtain

(4.11)

+ 44

2 2 2 2 2 ~ 2
||90V|| -1 S ||(’0||H'(Bj)||V||L2(Bj) S C”"O”Hl(B,-)||V||L°°(0,T;L2(T2)) = c”(’D”H'(Bj)’
and

44 < 44Vl g1

f G'*(v)- G (pv)
B

< AAVIPllell

< e f (VIP = 1) dx + 1)llgll
& (4.12)

%
<cd (f (VPP = 1)? dX) el + cAllel|p
Bj

< cAligllligllm + el
< eAligllz -

Hence, the inequality

153 %) l‘2 E_ %)
2 2 2 A 2
C [Tyt [ 1y + 4 [ [ 195 2d) [ el
131 n 151 j I3

where C is the constant involved in the Poincaré inequality, holds true. Then, we find

1 2 ~ 1
C A
1 1 j 1

which gives an absurd by assuming that € is sufficiently large as A is small.
The general case, when B; is not the closure of an open set, follows the same line of the argument
in reference [12]. O
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Step B: Letv" € L*(0,T; H %) NL*0,T;H %) be the vector field just determined in the previous step.
We search the approximating velocity field w" € C'(0, T; H,) satisfying the equation

(WD), V), HTWIO, TV 1+ (T (0, W), + (7' (0) - VW', ") 1.

2

= (V)T Vv")H% +(V(v”)TAV,,v”)H%, YW e H,,
with
w'(x,0) = wi(x) = P,(wp)(x), for x € T2,

where both v* and w" are given. Thanks to the Cauchy-Lipschitz theorem, we can prove existence of a
unique maximal solution w" of the above problem.

4.2. Global existence

In the sequel, as short-hand notation, we use the same symbol || - [|.»¢ 7.1+ for both the norm in
LP(0, T; L¥) and the one in LP(0, T; (L¥)"). We employ the same convention also for L?(0, T; W**) and
LP(0, T; (Ws5yn) (also LP(0, T; H*) and LP(0, T; (H*)")).

Proof of Theorem 3.1. First, we deduce a priori estimates. Then, we apply a compactness criterion
proving that the limiting pair (W, V) is actually a weak solution to (3.1)—(3.3), supplemented by (1.4).
Only for the sake of conciseness we use (w, v) instead of (w",v").

Step 1: Energy a priori estimates. Consider Eq. (3.3), to which we apply the operator G = (I — A)7!,
and take the L2-product with test v, obtaining

2 dt &2

¢ 2 2
<L = WVl g-=2IVIE+ eI,
&

1d 1
5= IVIP + 119V S—f IG((l—IVIZ)V)IIVIdx+/1f IGTV dx
T2 T2

f (4.14)
=5l - MPWIIVIE+ ealviP

c 2
<(5 + )P,
where the constraint [v|> < 1 plays arole. Given T > 0, the Gronwall Lemma implies v € L*(0, T; L*)N

L*0,T;H").
By taking the L*-product of (3.1) with w, we compute

1d
——(IWIP? + IVWIP) + [IVw|[? :f (Vv'Vy) - dex—f Vv Av, - wdx
2 dt T2 T2
= f (Vv'Vy) - Vwdx + f (Vv'Vy,) - Vwdx (4.15)
T2 T2
+f V(Vv)"Vv, - wdx,
T2

where, to get the second equality, we have used relation (3.7), integrating by parts the first term
obtained.

AIMS Mathematics Volume 5, Issue 1, 79-95.



89

By multiplying (3.3) by v; and integrating over T2, we obtain
1d
SV + IAVIP) + VP + 19w = - f V((w-V)v)- Vv, dx
2dt T

- | wW-V)y) v, dx
2

—ffg(v)-vtdx+/lfv-vtdx.
T2 T2

Remark 3.1 implies that the first term in the right-hand side of (4.16) can be rewritten as

f V(w-V)v)-Vy,dx = f (Vv'Vv,) - Vwdx + f V(Vv)'Vy, - wdx.
T2 T2 T2
Then, by summing up (4.15) and (4.16), we infer

Id
5 (1P + 19IPT + 1AVIP) + 19wl + [P + 19,1

< [ vwivvpdx + f WlIVvilv,| d
TZ

T2

4
+f |fe(V)||Vr|dx+/1f Vv, dx =: ZL’-
T T2 =1

For the terms [;, i = 1, 2, 3, we have the following bounds

L <[IVwllIVVI,
<c[IVwlllIVvlllAvil
<ce|VwIPIVVIP + CllAvP,

L <[Wll IVl vill
1 1 1 1
Zcl[wllZ[Vw||2[[VV[2[|Av]]2[|v]]
c 2
SgIIWIIIIVWIIIIVVIIIIAVII + 0|l

c
<SIVwIIVVIiAv] + Slvill?

Ce 2 2 2 2
SEIIVWII [IVVII” + cllAVII® + olvll7,

2
L < Sl
&
< WP + s,
&4
and
I, < AWl

cA
< KIIVII2 + A6||v,I%.

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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Estimates above, together with inequalities (4.14) and (4.17), allow us to write

d
d—t(IIWII2 + VWP + IV + IAVIE) + VWP + (1 = (A + 2)8)|il + IVl 4.22)
< CesallVIP + cllAVIE + co sl VwIP|VvIP.

In the present case the penalisation parameter £ > 0 is constant, so we omit such a term along with
0 and A in the next calculations. From (4.22) we obtain

%(HWH2 + VWP + IV + IAVIP) < c(IMIP + 1AV + IV wlPIIVVIF)
< WP + c(IVwl” + IAVIP)(A + [[VVIP).
Sety = (|w|l> + [[Vw|[> + |IVV|* + ||Av|[*). The differential inequality
Y < vl + y( + IV

implies
(Wl + 119wl + IVVIP + 1AV )(0)

t 2
<(IIwo, Vo, Vg, Avel[?)eb T GIRds

t
'(+IVvOIP)de
+|IV||LM(0,T;Lz)fefs<+II WOPYe 4
0

Since (w, v) stands for (w", V"), as a consequence of the above estimates, for any fixed 7" > 0, it follows
that ||w", VW””I%‘”(O,T;W) + |Vyv", Av”lliw(o’T; i) is uniformly bounded with respect to n € N. The control
(4.22) implies v, € L*(0, T; H").

Step 2: Further a priori estimates. We take the H'/-inner product of (3.1) and (3.2) with w and v,,
respectively, as in the case of Eqgs (4.15) and (4.16). After integration by parts, we obtain

(4.23)

1d 2 2 2
Ed_;(”W”H% + IIlelH%)+IIVw|IH%
= ~((w-VIw),w) 1 +(Vv'V»), Vw) 4 (4.24)
+ (Vv V), w) 1+ (V(Vv)"Vy,, Wb

and d
2 2 2 2

SV L+ AV ) + Il + IVl

2dt H?2 H2 H? H

[S]

=—((Vv'Vv), VW)H% - (V(Vv)"Vy,, w)H% (4.25)

- ((W . V)V)9 VI)H% - (f&‘(v)9 VI)H% + /l(Va VI)H% .
From Egs (4.24) and (4.25), we get

1d 2 2 2 2 2 2 2
——(wWlI" , +IVWI=, + 1YV +IAVIE ) +1IVWIE  + (vl + IVl
2dt H H H H2 H2 H2 H

D=

1
2

D=

1
2

<[ - Dy w) |+ (@) W)y

+(- I ] + [0,

+ A '(v, V’)H%‘ =: 25: L,

i=1

(4.26)
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For the terms L;, i = 1,...,5 we actually use the norm induced by ( -, ')H% = (A%(-), A%(-)) instead

of the full norm H %, although we still keep the same norm notation || - IIH I Previous evaluation of the
lower-order terms in the steps already described motivates our notational choice. Also, for the velocity
vector filed w, the norm ”W”H ! is equivalent to the full norm ||w||H Iy

Consider L,. Since sz(w “V)A2w - Atwds = 0, we get

L, sf I(AZw - VYw||A2w|ds
Tz

o2
< AWVl

. ) 4.27)
< [IAZwIIAZIwlIVwI < clwll  IVwillVwl] y
C
< <[wlP VW + ellVwll® | .
€ H?2 H?2
Then, by exploiting (2.3), with s = 1/2, r =2 and p; = p, = q1 = g, = 4, we find
1
Ly < VYTV VWL g < el AZ OOV wl g
1 1 1 1 1 1
< c(IAZVVRIAZ AVIE IV [AVIE) I w] g (4.28)
C
< (VP IVVIP + [IAVIE  [IAVIP) +€llVwl
€ H?2 H?2 H2
1 1
Ly <|lw- VI s lvill, s < (AW IVVLs + IwllsIAZ OVolvil, g
c (4.29)
< =(IVWIPIVYIE | + Il AVIEP) + el |
€ H?2 H?2 H?2
1 1
Lo = (AL £0), A < cll vl g
c (4.30)
< — (PP + IVVIP) + elvilP? |
EE H2
and 1 1
Ls = A|(adv, Abv)| < el s vl
4.31)

¢ 2 2
< — IVl + el s
€ H?2 H?2

after using Holder’s, Ladyzhenskaya’s, and Young’s inequalities as well as the continuous embedding
W1/2,2(T2) C L4(T2)

By using the estimates (4.27)—(4.30) along with (4.26), and absorbing the parameter £~ in a generic
constant ¢, we obtain

1d 2 2 2 2 2 2 2
=—(WIE, + VW, + IV, +IAVIE ) + (1 =collVwll™ , + vl°, + (V"
2dt H? H? H? H? H H H?

2

[Nl

SCIIWllz%(l + VW + 971 + 1AVIP) + CIIVVII;(l + WP + IV + 1AV

2 2
+cllAvI[” | lAV]|
H?2

with € > 0 small enough in a way that the coefficient ¢ := (1 —ce) is positive. Fix T > 0. By Gronwall’s
lemma, we get
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Iw@IE , HIVWOI? | + V@I | + AVl
H2 H H H

1
2

!
- 2 2
e f (VWP , + I
0 H?2 H

!
S,Bexp{cf [(1 + [WlP? + VW] + IV + [|AvIPP)] ds}
0

D=
=

+ Vil ,) ds
H2

=

forany 0 <t < T, with

2 2 2 2
B = c(lwoll” , +IVwoll” , + Vwoll” , + lAvoll” ),
H H H H2

1 1 1
2 2 2

and the quantity on the right-hand side of the above inequality is bounded, for 0 < ¢ < T, thanks to Eq.
(4.23) and the hypotheses on initial data.

Until here, we mainly used the notation (w,v) in place of (w",v") but, in view of extracting a
convergent subsequence, in the last part of the proof we’ll employ the (w", v") notation.
Step 3: Estimate for w}. In order to extract a convergent subsequence of {(u",v")}, we exploit the
classical Aubin-Lions lemma; to this end we have first to provide a suitable control on w/. The next
calculations also fixes a minor issue present in the analogous control in reference [12], where we
estimate acceleration in L'(0, 7; H™).

Consider Eq. (3.1). For ¢ € H, sz @dx =0, with |[Vg|| = 1. Then, we get

W) = AWy, @ g1 g0 KW" - V), w")| + (V" Vo)

+ f IVV'[* |Vl dx + ¢ f IVV"|IVV! V| dx
T2 T2
+c| (VWY TVV, @)
<IMIZ: IV ell + Vw1 Vel (4.32)
+ IV 12NVl + VY19V 11411 Vel
+c[[V(VV) VY[Vl
c(IW'IIIIVW [l + VWl + [V [IIAY]
IV VL s + 1AL IV 1),

2
after using the estimates performed in previous steps along with Holder’s, Ladyzhenskaya’s, and

Poincaré’s inequalities. In the last inequality above, we have also exploited the continuous embedding
W'22(T?) ¢ L*(T?) and the Sobolev product laws (see, e.g., [?,3,29]) to get the estimate

V0 9V ls < 1AV VYL
< 1AV, 41915

Hence, we find

T
2 2 2 2
jo‘ ||W:l||(]—{l dS Sc[(l + ||Wn||Loo(0,T;L2))||VWn”LZ(O’T;LZ) + ”AVnHL2(O’T;L2)

2 2 2
FAVIE IR IR,
Le(0,T;H?) L®(0,T;H2) L2(0,T;H?)

AIMS Mathematics Volume 5, Issue 1, 79-95.



93

As a final step in our argument, to extract a convergent subsequence from {(w",v")}, we can use
the Aubin-Lions lemma following the same line as in the proof of [12, Theorem 3.1, Step 3]. Also,
passage to the limit in weak formulation follows the same path exploited in reference [12]. So, we can
conclude stating existence. O

Remark 4.1. By assuming initial data (wo, vy) € H'x H 2 we can still reproduce the same calculations
of Step 1, while Step 2 would require higher-order estimates, which are not available in the present
setting. However, by using an approach similar to the one in Step 3, we could obtain a weaker control
on w, by using Eq. (3.1) and providing a uniform estimate on

IAW; |2 = sup KAW}, @)gi-2 4]
llpll 2 =1

Indeed, also in this case, the worst term to be controlled is |(V(VV")TVV?, go)|. For it, we get
T ) T
f |V )| ds < f VOOV VI el ds
0 0
T
< f AV IPIIVVII ds
0

T
2 2
< IV By [ IV s
0

on the basis of inequalities (4.22), (4.23), and the product law (2.4). Then, to conclude about the
existence of weak solutions, we can use again the same idea behind limiting and convergence
procedures in [12, Theorem 3.1, Step 3 ].
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