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1. Introduction

Balancing numbers are originally obtained from a simple Diophantine equation. They are the
solutions of the Diophantine equation 1 +2+3+...+(n—1)=(n+1)+(n+2)+...+ (n+r), where
r 1s a balancer corresponds to a balancing number » [1, 3]. Balancing numbers satisfy the recurrence
relation

B,.1 =6B,-B,, n>1,

with By = 0 and B; = 1, where B, denotes the n™ balancing number [1]. On the other hand, Lucas-
balancing numbers C, are obtained from the formula C, = /8B2 + 1 and are the terms of the sequence
{1,3,17,99,577,...} [7]. They are recursively defined same as that of balancing numbers but with
different initial values, that is,

Cp1=6C,—C,_1, n2>1,

withCyp = 1and C; =3 [7].

Balancing numbers are generalized in many ways. For details review of some recent works, one
can go through [2,4-6,8-10]. One of the generalization of balancing numbers called as k-balancing
numbers depending on one real parameter k, are recently introduced by Ray in [9]. The n” k-balancing
numbers By, are terms of the sequence {0, 1, 6k, 36k> —1,216k*> — 12k, ...} and are recursively defined
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by
Bk’() = O, Bk,l =1 and Bk,n+1 = 6kBk’n - Bk,n—l for k > 1.

Notice that, for £ = 1, balancing numbers 0, 1, 6, 35,204, ... are obtained.

On the other hand, k-Lucas-balancing numbers that are the natural extension of Lucas-balancing
numbers extensively studied in [9]. The sequence of k-Lucas-balancing numbers {C;.,,} = {1, 3k, 18k* —
1,108k — 9k, .. .} satisfies the same recurrence relation as that of k-balancing numbers with different
initial conditions, i.e.,

Ck,() = I,Ck’l = 3k and Ck,,ﬁ_l = 6ka’n - Ck,n—l fork > 1.

Few properties that the k-balancing numbers satisfy are summarized below.

—n

¢ Binet formula for k-balancing numbers: By, = where A, = 3k + V9k2 —

/l /l_l ’
o Catalan identity for k-balancing numbers: By, — Bk,n—er,n+r = B;,.

e Simson’s identity for k-balancing numbers: B,%n — Biyn-1Brpe1 = 1.

e D’ Ocagne identity for k-balancing numbers: By, Bin+1 — Bims1Bin = B2

k.m—n"*

e For odd k-balancing numbers, By, = Bk l B2

e For even k-balancing numbers, By, = L[ B?

2
6k k,n+1 Bk,n—l] :

o Generating function for k-balancing numbers: fi(x) =
e First combinatorial formula for k-balancing numbers:

—x
1-6kx—x2 "

e Second combinatorial formula for k-balancing numbers:

151
_ 1 n—2i— 2 i
Bin =57 D, (2 N 1)(6k) '(36K% - 4)'.

i=0

2. Identities concerning k-balancing numbers of arithmetic indexes

In this section, we study different sums of k-balancing numbers of arithmetic indexes, say an + p for
fixed integers a and p with O < p < a — 1. Several identities concerning such numbers are established
straightforwardly.

The following lemmas are useful while proving the subsequent results.

Lemma 2.1. For all integers n > 1, /lzl + /lz2 = Bin+1 — Brn-1-

Proof. The proof of this result can be easily shown by using Binet formula for k-balancing numbers
and the fact 4 4, = 1. O
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Lemma 2.2. By y12)+p = (Bia+1 — Bia—1)Biam+1)+p — Brantp-

Proof. Using Binet formula for k-balancing numbers and the result from Lemma 2.1, the first term of
the right hand side expression reduces

1 (n+2)+ (n+2)+ + +
(Bra+1 = Bra-1)Bramsy+p = [/lan P _ ﬂzzn Py /IZ’: p_ ot ]

Ay — A, R ko
a(n+2)+p a(n+2)+p an+p an+p
/lkl - /lkz .\ /lkl - /lk2
Ak, — Ak, A, — Ak,
= Bk a(n+2)+p + Bk an+p>
and the result follows. ]
Since By 41 — Bru-1 = 2Cy,, [9], the previous formula reduces to an identity

Bk,a(n+2)+p = 2Ck,aBk,a(n+l)+p - Bk,an+p-

This identity gives the general term of the sequence of k-balancing numbers {By ...,} as a linear
combination of two preceding terms. Iterative application of this result gives the general term as a
combination of first two terms as follows:

1%

a+i n—1-i n—1-2i n—1-2i
Bk,an+p = Z(_l) " ( i )(ch,a) 2 Bk,aiﬁ?)
i=0
1252 ]

( . n-— 2 - i n—-2-2i n—2—i
+ ZO(—l)m (1 +z)( l. )(2ck,a) B

In particular, for a = 1, then r = 0 and we have the corresponding identity for k-balancing numbers,

Now we will find the generating function for the sequence { By q,+p}. Let G(k, a, p, x) be the generating
function for the sequence { By 4+p}, Where 0 < p < a -1, then

[se]
2 3
G(k» a, p, x) = Z Bk,an+pxn = Bk,p + Bk,a+px + Bk,2a+px + Bk,3a+p-x +.... (2.1)
n=0

Multiplying 2C; ,x and x? in (2.1) by turns and subtracting the first one from (2.1) and then adding the
second one, we obtain

(1 = 2Ckox + X)G(k,a, p, x) = By p + (Biasp — 2Bi yCra)X (2.2)

+ Z(Bk,a(n+2)+p - (Bk,a+l - Bk,a—l)Bk,a(n+1)+p + Bk,an+p)xn-
n=2
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The expression within the summation vanishes in view of Lemma 2.2. On the other hand, using the
convolution identity By +p = By pBia+1 — B p-1Bkq and the fact By .1 — By -1 = 2Cy,, the expression
By + (Bia+p — 2By ,Cr o) reduces to

Bk,p + (Bk,a+p - ZBk,ka,a) = Bk,ka,a—l - Bk,aBk,p—l = _Bk,a—p-

Therefore, (2.2) gives
Bk,p + Bk’a_px
1 —2Crax + x%

Fora = 1, then p = 0 and G(k,1,0,x) = Txxi—xz which is indeed the generating function for

G(k,a, p,x) =

k-balancing numbers. While Choosing a = 2, p will be 0 and 1 and we have G(k,2,0, x) = 1_6615‘;”2
and G(k,2,1,x) = l_ékﬁ
The following theorem establishes the sum for k-balancing numbers of the type an + p.
Theorem 2.3. Let a be any integer and 0 < p < a — 1, then
Bk amn+)+p — Bk Jan+p Bk,p - Bk,a—p
Z Bk ai+p = .
Bk,a+l Bk,a—l -2
Proof. Using Binet formula, the formula for geometric series and the fact 4; 47 = 1, we get
B i /lat+p /lal+p
1 /121:1+p+a _ /1p /121;Z+p+a _ /1272]
S~ A | A -1 A4 -1
1 an+p
= - - (A, Ay
(A = D) [y Ay ) = ¢ = AL + 1] 4,7
- /lZ”p T /lfl A, + /lfl - Z;”p (A, A" + /lZ;’“’ o /lflezl - /lfz]
| A
(A = A2 = (A + DT Ay — A
an+p+a an+p+a a a
_ A, pra A, P /lfl - /lf; .\ /lkl/lfz - Afl/lkz
Ay — Ay Ay — A, Ay = A,

By virtue of Lemma 2.1 and by Binet formula, we get the desired result. O

The following results are immediate consequence of Theorem 2.3 by setting a = 2¢ + 1 and a = 2t
respectively.

Corollary 2.4. The sum of odd k-balancing numbers of the kind an + p is

. By 2t+1) s 1y+p — Br@estynsp — Bip — Bri+1)-p
Z By ot tyivp = Bros — Bra — 2 .
L2+ 21
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Corollary 2.5. The sum of even k-balancing numbers of the kind an + p is

n
Z B _ Biownryep = Bromep = Bip — Brop
k2ti+p — .
pary g Byt — Bip-1 — 2

Obsevation 2.6. Lett =0, then a = 1 and p = 0. Therefore from Corollary 2.4, we obtain

- By — Bin — 1
B i = - .
2; ¢ 6k — 2

For k = 1, the sum of balancing numbers is Z By,

=0
have

Bn - Bn -1 o
Zol Tn Similarly, fort = 1, a = 3, we

n
By 3tsty+p = Bisnep — Bip — Bis-p
By sivp = .
i=0

Bis — Byp—2
For p =0,

i B . = By sm+1) = Bisn — Bis
k3i — )
— o Bia = Bip =2

. B3 — B3, — 35
andfork:O,lZ:(;B3i: Snt3 1963 . Forp =1,

n
Z B _ Bisnsa = Bianrr — Bra— 1
k3i+1 —
— Bia— Bia—2

C B n - B n - 7
For k = 0, the sum formula for balancing numbers is given by Z By, = —t ot

— 196
Finally, for p = 2,
Zn: B _ Bisnes — Bianra — Bra— 1
k3i+2 = .
pary " Bya—Bip—2
- Biuis — Byn — 7
Again, k = 0 gives ZB3,‘+2 = 19; 2 Similarly, by virtue of Corollary 2.5, fort = 1,
i=0
< Bionsa — Biow — 6k -
then a = 2 implies that for p = 0, Z Bioi = = +§6k2 k’24 . For p = 1, we have Z Bioiv1 =
i=0
By on+s = Bione1 — 2

i=0
TTE and so on.

n
Now we will find the recurrence relation for the sequence { By 4,+,}. For that, let us denote Z Bi givp

as S k.an+p- In view of Lemma 2.2, we have

n
Sk,(m+p = E Bk,ai+p
i=0

i=0

AIMS Mathematics

Volume 4, Issue 2, 308-315.



313

n
= Bk,p + Bk,a+p + Z Bk,ai+p
i=2

n
= Bk,p + Bk,a+p + Z(zck,ka,a(i—l)ﬂ) - Bk,a(i—2)+p)
i=2

n—1 n-2
= Bk,p + Bk,a+p + 2Ck,p Z Bk,ai+p - § Bk,ai+p
i=1 i=0

= Bk,p + Bk,a+p + 2Ck,p(S ka(m-1)+p — Bk,p) - Sk,a(n—2)+p-

It follows that,
Sk,a(n+l)+p = Bk,p + Bk,a+p + 2Ck,p(Sk,an+p - Bk,p) - Sk,a(n—l)+p-

Consequently,
Skamenyep = CCrp + DS kansp — CCrp + DS kat-1)+p + S kam—2)4p>

which is the desired recurrence relation for the sequence { By .+ p}-
3. Identities concerning k-Lucas-balancing numbers of arithmetic indexes

In this section, we study the k-Lucas-balancing numbers of arithmetic indexes of the form an + p.
A repeated application of the formula in Lemma 2.2 gives an identity that relates k-Lucas-balancing
numbers with k-balancing numbers, that is, for natural numbers n and /,

Cin = Cin-a-1yBrp = Crn-1Br-1-
But for I = —n, Ci,, = Cr2nBin+e1 — Ckons1 Brn- Also it is observed that Cy _, = Cy .

Lemma 3.1. Leta # 0 and 0 < p<La-— 1, then Ck,a(n+1)+p = 2Ck,aCk,a,,+p — Ck,a(n—1)+p-

Proof. Clearly 2Cy qn+1)+p = Bicagm+1)+p+1 — Bram+1+p-1. Therefore, using Lemma 2.2, we get

2Ckamety+p = Brast = Bra1)Brantp+1 = Bram—-1)+p+1

—(Bia+1 = Bia-1)Bianip-1 + Brag-1)+p-1
- 2Ck,a(Bk,an+p+l - Bk,an+p—l) - (Bk,a(n—l)+p+l - Bk,a(n—l)+p—l)
= 2Ciq X 2Ckan+p — 2Ckatn=1)+p>

and we obtain the desired result. O

In particular, for p = 0 the above identity reduces to Ciniq = 2CioCran — Cran—a- Applying
iteratively the identity in Lemma 3.1 gives rise to the following sum formula.

m m .
Ck,an+p = Z(_l)l ( i ) (2Ck,a)m Ck,a(n—m—i)+p’ O <m<n.
i=0
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Further, for m = n, this formula reduces to Cy 4+, = Z(—l)i (’:) (2Ck,a)”_"Ck,p_a,-.
i=0
In order to find the generating function of the sequence {Cj 4.+ ,}, We proceed in the following way.
Let g(k, a, p, x) be the generating function for the sequence {Cy 44}, Where 0 < p < a — 1, then

o0
2 3
g(k’ a, p, X) = Z Ck,an+p-xn = Ck,p + Ck,a+p-x + Ck,2a+p-x + Ck,3a+px +.... (31)
n=0

Multiply (3.1) by 2Cy.x and x* and proceed as in case of the sequence {By 4.+,}, We get the generating
function for the sequence {Cy 41+p} as

Cip + [Crasp = 2C1aCrplx

k’ b b =
g(k.a. p.x) 1 —2C.x + X2

It is observed that for @ = 1, then r = 0 and we have the generating function for k-Lucas-balancing

numbers, g(k, x) = 1_16‘](3;‘:;2. Further, for k = 1, the generating function for Lucas-balancing numbers
1-3x = :
g(x) = ;=== 1s obtained.

Theorem 3.2. Let a be any integer and 0 < p < a — 1, then

n
Ck,an+p - Ck,a(n+1)+p + Ck,p - Ck,a—p
Ck,ai+p = .

i=0

2(1 = Cra)
Proof. The proof of this theorem is analogous to Theorem 2.3. O
As an observation, one can see that, for ¢ = 1 then r = 0 gives the identity
- Con1—-C,+2 c, +1 . th . .
ZCi = — 1 = 7 where ¢, is the n™ Lucas-cobalancing number with
i=0

Cpi1 —C, = 2¢, [2].

We end this section by establishing an important relation between k-balancing and
k-Lucas-balancing numbers.

Theorem 3.3. Fort > 1,

-1
Bk,Z’n t
= 2 Ck,Z’rr
Bi i=0

Proof. Using Binet formula and Lemma 2.1, the left side expression becomes

2'n _ 32

Biow A~
~ g _ n

By /lkl /lkz

2t71n _ ﬁztfln
_ 211y 2=l ki ko
- (/1/61 + /lkz ) A =
ki ko
202 32172,
_ 22, 212, Yy ks
= 2Chan (" + A
ki k>
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2[7311 _ /12t73l1
2 2173 2!73 k k
=2 Ck’Zt—lan,zt—Zn(/lkl "+ /lkz n)ﬁ
ki~ "k
Continuing in this way, we finally get
-1
B '
5 =2 |G
kn i=0
This completes the proof. O

In particular, for # = 1, the above identity reduces to By, = 2B,Cr,, a known identity for k-
balancing numbers.
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