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1. Introduction

Let A(p) denote the class of functions of the form

Q=2+ ) an,d"? (peN={1,2,..)), (1.1)
n=1

which are analytic and p-valent in the open unit disk
E={z:C and |z < 1}.
In particular, we write
A() = A.

Furthermore, by S ¢ A we shall denote the class of all functions which are univalent in E.
The familiar class of p-valently starlike functions in E, will be denoted by S*(p) which consists of
function f € A(p) that satisty the following conditions

R zf"(2)
( f(@

)>O (Vz€E).
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One can easily see that
S'(H =8,
where S* is the well-known class of starlike functions.

Moreover, for two functions f and g analytic in E, we say that the function f is subordinate to the
function g and write as

f<g or f(2)<g,

if there exists a Schwarz function w which is analytic in E with
w(@0)=0 and w2 <1,

such that
f@=gw@).

Furthermore, if the function g is univalent in E then it follows that

J(z) <glz) (z€E)= f(0)=g(0) and f(E)C g(E).

Next, for a function f € A(p) given by (1.1) and another function f € A (p) given by
g(x)=7"+ Z bup?"? (Y z€E),
n=2
the convolution (or the Hadamard product) of f and g is given by

(F*@D =2+ Y drpbuny?™ = (g% ) 2.
n=2

Moreover, the subclass of A consisting of all analytic functions and has positive real part in E is
denoted by #. An analytic description of £ is given by

hz) =1+ Z .7 (¥ zeBE).
n=1

Furthermore, if
Re{h(2)} > p,

then we say that / be in the class £ (p) . Clearly, one can easily observed that
PO) =P.

Historically in 1955, Bazilevic [2] define the class of Bazilevic functions, which is the subclass of S,
firstly, as follows.

Definition 1.1. For & € , g € §* and f be given by (1.1) may be represented as

1@ =@+ [ h(t)g(r)%iv—ldr]“”’”
0

where « and 7y are real numbers with @ > 0. The class of all such Bazilevic functions of type 7y is
denoted by B(«a, y, h, ).

AIMS Mathematics Volume 3, Issue 3, 353-364



355

Furthermore, in 1933, Spacek [19] was the first who introduced S-spirallike functions as follows.

Definition 1.2. A function f € A is said to be in the class §* (B) if and only if

(oL

f(Z))>O (Vz€eE),

for x
BeR and |B] < >

where R is the set of real numbers.

In 1967, Libera [12] extended this definition to functions spirallike of order p denoted by SZ (B) as
follows.

Definition 1.3. A function f € A is said to be in the class S; (8) if and only if

%Gﬁ%%§)>p (Vz€E),

for P
(O§p<1, BER and |ﬂ|<§),

where R is the set of real numbers.

In fact, Kanas and Wisniowska were the first (see [7, 8]) who defined the conic domain €, k > 0,

as
54:{u+w:u>kJW—1f+ﬂ} (1.2)

and subjected to this domain they also introduced and studied the corresponding class k-S7 of k-
starlike functions (see Definition 1.4 below).

Moreover for fixed k, € represent the conic region bounded successively by the imaginary axis
(k =0), for k = 1 a parabola, for 0 < k < 1 the right branch of hyperbola and for £ > 1 an ellipse.
For these conic regions, following functions p;(z), which are given by (1.3), play the role of extremal
functions.

E=142427+ (k = 0)
2
1+2 (log1 ) (k=1)
(@) = ) (1.3)
k2 sinh ( arccos k) arctan h \/E} O0O<k<1
1 u(@) 1
I+e5 (2K(K) b mm) t e (k>1),
where -
K
u(z) = (Vz€E)
1- \/_Z
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and « € (0, 1) is chosen such that
k = cosh (7K’ (x)/ (4K (k))).
Here K (k) is Legendre’s complete elliptic integral of first kind and
K'(x) = K(V1 - x2),
that is K’ (k) is the complementary integral of K (k). Assume that
@ =1+Pz+P*+... (Vz€E).

Then it was showed in [5] that for (1.3) one can have

2 O<k<1)
P, = %, (k=1) (1.4)
7'(2
4R (k) *(1+K) vk (k> 1)
and
Py = D(k)P;, (1.5)
where ,
/% O0O<k<1)
D) ={ = (k=1) (1.6)

(4K (k2 +6x+1)-n?
24K (k)2 (1+K) VK

(k>1)

with A = % arccos k.

These conic regions are being studied and generalized by several authors, for example see [6, 15,
18].

The class k-S7 is define as follows.

Definition 1.4. A function f € A is said to be in the class k-S7, if and only if

zf" (2)
f@

Q%(Zf’ (z)) . k‘zf’ @) 1"
f@ f @)

In the recent years, several interesting subclasses of analytic functions have been introduced and
investigated from different viewpoints for example see ([1, 10, 11, 13, 14, 16]). Motivated and inspired
by the recent research going on and the above mention work, we here introduce and investigate two
new subclasses of analytic functions using the concept of Bazilevic and spirallike functions as follows.

<pi(@ (VzeE and k>0).

or equivalently
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Definition 1.5. Let f € A(p). Thenfork > 0and (0 < pu < 1), f € k-S(B, ) if and only if
R [e’ﬁ (@)#] > k|e? (@)ﬂ -1
b4

z
Definition 1.6. Let f € A(p). Thenfork >0and (0 <u < 1), f € k-M(B, A, ) if and only if

+ pcosf (,BER and |ﬁ|<7—2r)

RALB, .k, D} > kLB, 1, k, A) = 1] + pcos, (BER and L3|<g)

where

H u-l
LB,k ) =éP ((1 - (@) + Af'(2) (@) ) (1eR) (1.7)

and R is the set of real numbers.

2. A Set of Lemmas

Each of the following lemmas will be needed in our present investigation.

Lemma 2.1. (see [17]) If h(2) is analytic in E with
1
h)=1 and R{h(0)}> > (Vz€B),

then for any function ¥ analytic in E, the function h = F takes values in the convex hull of the image of
E under F.

Lemma 2.2. (see [4]) If a function w, of the form given by
w(z) =c1z+ 2 + ... and w(z)| < Iz VzeE), 2.1
then for every complex number s, we have
|C2 - scﬂ <1+(s|-1) |c%|

Lemma 2.3. [12] An analytic f (z) is B- spirallike of order p (0 <p<l, |8l < ’57) if and only if there
exist an analytic function w (z) satisfying

w()=0 and |w(| <l

such that :
P zf" (2)
f@
Lemma 2.4. [3] Let w(2) be analytic in E with

w(0)=0

1-w(2)
1+w(2)

=pcosB+ (1 —p)(cosp) +ising (Vz€E).

if there exist a zy € E such that

max (w |z] = w|zol)
zI<lzol

then
20w’ (20) = mw (2p)

for some m > 1.
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3. Main results and their demonstrations

In this section, we will prove our main results.

Theorem 3.1. Let the function be defined by (1.1) and 0 < k < oo be a fixed number. If the function f
is a member of the function class k-M(B, A, p) then for —co < v < oo

e N (S IR
|as - va3| < L‘ 1 (< v<m) (3.1)
27 e (u + 22)
(A ) v <),
where .
AGD) 2D (k) e® (u+ 1) — (u+22) (u—1) P,
2eB (u + 1)
2+7p-p° 2 2
yo (2P [, 2¥3p kP (3.2)
3p+p*-p’ 2+7p-p’
_ 1+ D(k)
m = P
D) -1
m = —P1
and Py, D (k) are given by (1.4), and (1.6), respectively.
Proof. If f(z) € k-M(B, A, 1) then there exists a Schwarz function w in E, such that
LB, .k, D) = pi(w (2)). (3.3)
where L (B, u, k, 1) is given by (1.7) . We find after some simplification that
P1C1
= —, 34
TRy G4
P 2 P% 2
= — Ak)c] —v———s .
Ty I el )
where v is given by (3.2) .
Making use of (3.4) and (3.5), we have
P Py (u+22)
2\ _ 1 _ 1 2
(a3 - vaz) = B sl TN o+ {A (k) v—ew " e } cl] . 3.6)
Taking the moduli in (3.6), we thus obtain
P Py (u+22)
2 1 2 1 2
- =|l——7=|lc2—c]+{1 +A(k) ~v———— . 3.7
o = ves) ‘e’ﬂ(;z+2/1) e { © veiﬁ(ﬂmf}c‘ G7
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In order to prove the first inequality in (3.1), we assume that v > 7, then using the estimate
from Lemma 2.2 and the known estimate |c;| < 1 of the Schwarz Lemma, as a consequence, we have

P +22)
B (u + )

P1
eB (u+ 2/1)

|a3 - va§| <

-A (k)|

and thus the first inequality in (3.1) is now proved.
To prove the last inequality in the (3.1), for this let v < 1, then from (3.7), we have

PG 24)}| 2|]
e (u+ )?

|caf + {A (k) =

|a3 - va§| < ‘

P,
eP (u+22)
Applying the estimates
leo] < 1 — |c%|

of Lemma 2.2 and the known estimate |c;| < 1, we have

P Py (u+2a
|a3—va§|é.—] 1+ A(k)—ng—l |c% ,
¥ (u+24) B (u+ )

P
— 2 <‘—1’ AkK)—-y—— 2=
|a3 va2|_ TG 2 (k) Ve"ﬁ(u+/l)2

This is the last expression of (3.1).
Finally, if n, < v <, then

l{A (k) — vw} <1. 3.8)

eB (u + 1)

Therefore (3.7) yields

Py

eP (u+22)
Py

eP (u+22)|

[leal + |

|a3 - va§| <

Thus, we have the middle inequality of (3.1). Now, we have completed the proof of our Theorem. O

Theorem 3.2. Letp > 0 and |B| < 5. Then

k-M(B, A, 1) € 0-S(B, ).
Proof. Let f € k-M(B, A, 1) and let

u
e’ﬁ(@) :pcosﬁ+(1—p)cosﬁ(l_w)+isin,8. (3.9
Z I+w

Clearly in view of Lemma 2.3 it is sufficient to show that

w(z)| < 1.
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From (3.9), we have

- M _ .. iB
e’ﬁ(f(z)) _ (2pcosB —cosB +isinfw() +e ' (3.10)
Z 1 +w(z)
Differentiating (3.10) logarithmically and after some straightforward simplification, we have
M u-1
e l(l —A)(@) +/lf’(z)(M) l
Z Z
Am(2 - s e
:pcos,B+isin,8+3 m(2p cos 8 cos,8+lsmﬁ)+m e . G.11)
4u 4u
Suppose that there exist { € E such that
max (w |z| = w|{])
|zI<I¢]
and, from Lemma 2.4,
W' () = mw ()
for some m > 1, so we have
7 u-1
a2 e |
Z Z
2 - s e
_ ‘R[pcosﬁ+isinﬁ+ 3Am(2p cos B — cos B + i sin B) L maer ] (3.12)
4u 4u
After some simplification, we have
H u-l1
a2 o2 )
Z Z
mA
=pcosf— 2—(1 —-3p)cosfB <pcosfB, (A(1-3p)>0;0<p<1).
u
Now consider
H u-l
k e"ﬁ((l —A)(@) +Af'(z)(@) )— 1|+ pcosp
Z Z
2 -  si e
— k|pcos B+ ising + 3Am(2p cos B — cos B + isinf) N mAde + peosf
4u 4u
1 2 2
= k\/l(p -1+ mAGp 5 )Cosﬁ) + (1 + Am sin,B) + pcosf > pcosp. (3.13)
u 7

From (3.12) and (3.13), we have

-1
R [eiﬁ l(1 ) (@)# +Af(2) (f(z))” H

<
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u—1
keiﬁ[(l—z)(@) +/lf()(f(Z)) ]—1 +pcosf.

This contradicts the fact that f(z) € k-M(B, A, i). Thus [w(z)| < 1 in E. This implies that f € 0-S(3, u),
which completes the proof. O

Theorem 3.3. For 0 < A; < Ay,
k-M(ﬁ’ /ll’l’t) c O-M(ﬁ7 /12’ /J)

Proof. Let f(z) € k-M(B, A2, u)

Now
pu—1
,ﬂ((l . )(f(z)) A )(f(z)) )
u—1
4fr-nl el )
/12 Z
_(/l] ) ,ﬂ(f(Z))
Ay Z

_ %Nl )+ (1 - %)Nz(z) - NG,

where .
Ni(z) = e [(1 —@)(f f)) + btz )(f (Z)) } € Pliy,) < P(p)

and

u
Na() =¥ (@) € P).

Since P(p) is a convex set (see [9]), therefore N(z) € P(p). This implies that € 0-M(B, A,, ). Thus
k_M(B’ /11 ’lu) - O_M(ﬁ, AZ? /‘t) o

Theorem 3.4. f € A(p)satisfies the condition

1 1 1
: - < = 0<p<l1; yeR 3.14
FQ 2 < 2 O<p x €R) (3.14)

if and only if, f € 0-M(0, A, w),where

u—1
F(2) = [(1 _/l)(f(z)) AP )(f(z)) ]

Proof. Suppose f satisfies (3.14), then we can write

2p — eXF(2)
eXF(2)2p

2p
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o 2 2
=) <[

— (2p — eXF (z)) (m) < e ¥F(2)eXF(z)

= 4p” = 2 [eVF ) + " F(2)| + FQF &) < FQF Q)
= 4p* - 2p [e‘i)‘ﬁz) + ei)(F(z)] <0

= 2p-2R[e"F(2)| <0

— ‘R [e’*F (z)] >p

= R [e’* ((1 - ) (@)# +4f'(2) (f(z))ﬂ_l]} >

<

This completes the proof. O

Theorem 3.5. Let f € k-S (B, 1) and ¢ (z) € A (p) with
¢\ _ 1

Then
h(z) =(¢=*f)(2) €k-S B,p.
Proof. Since f € k-S (B, u) therefore

7
, k
y\(etﬂ (@) ) > M_ (3.16)
Z k+1
Moreover we can write p p
| h )
e’ﬂ(ﬁ) _ (_"’ (Z)) ; (elﬁ(@) ) (3.17)
z 7P z

Finally, by applying Lemma 2.1 in conjunction with (3.15), (3.16) and (3.17) we obtain the result
asserted by Theorem 3.5. m|

The following result (Theorem 3.6) can be proved by using arguments similar to those that are
already presented in the proof of Theorem 3.5, so we choose to omit the details of our proof of Theorem
3.6.

Theorem 3.6. Let f € k-M(B, A, n) and ¢ (z) € A(p) with

() _ 1
Then
h(2) = (¢ * [)(2) € k-M(B, A, ).
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