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1. Introduction

G. Caginalp introduced in [1] and [2] the following phase-field systems:

%+A2u—Af(u):—A9, (1.1)
00 ou
— - A= —— 1.2
ot ot’ (1.2)

where u is the order parameter and 6 is the (relative) temperature. These equations model phase transi-
tion processes such as melting/solidification processes and have been studied, e.g., in [4] for a similar
phase-field model with a memory term. Egs. (1.1) — (1.2) consist of the coupling of the Cahn-Hilliard
equation introduced in [18] with the heat equation and are known as the conserved phase-field model,
in the sens that, when endowed with Neumann boundary conditions, the spatial average of the order pa-
rameter is a conserved quantity (see below). We refer the reader to, e.g., [6-11,13,14,16,17,19,20,22—
25].
Equations (1.1) and (1.2) are based on the total free energy

Y(u, 0) = f (1|Vu|2 + F(u) — uf — 192)(1x, (1.3)
02 2

where Q is the domain occupied by the material (we assume that it is a bounded and smooth domain
of R, n = 2 or 3) and F’ = f (typically, F is the double-well potential F(s) = 3(s* — 1)*, hence


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/Math.2018.2.288

289

f(s) = s> — 5). We then introduce the enthalpy H defined by

H = -0qy, (1.4)
where d denotes a variational derivative, so that

H=u+0. (1.5)

The gouverning equations for u and 6 are finally given by

ou
— = A0, 1.6
B ¥ (1.6)
OH
E = —ddi, (17)

where ¢ is the thermal flux vector. Assuming the classical Fourier law
g = -V, (1.8)

we obtain (1.1) and (1.2).

Now, one drawback of the Fourier law is that it predicts that thermal signals propagate with an
infinite speed, which violates causality (the so-called “paradox of heat conduction”, see, e.g. [5]).
Therefore, several modifications of (1.8) have been proposed in the literature to correct this unrealistic
feature, leading to a second order in time equation for the temperature.

In particular, we considered in [15] (see also [19] the Maxwell-Cattaneo law)

0
(1+ ’75)‘1 =-Vo, n>0, (1.9)
which leads to ) )
00 00 o‘u  Ju
— = A= = — —. 1.10
”aﬂ * ot nc’)ﬂ ot ( )

Green and Naghdi proposed in [21] an alternative treatment for a thermomechanical theory of de-
formable media. This theory is based on an entropy balance rather than the usual entropy inequality
and is proposed in a very rational way. If we restrict our attention to the heat conduction, we recall
that proposed three different theories, labelled as type I, type II and type III, respectively. In particular,
when type I is linearized, we recover the classical theory based on the Fourier law. The linearized
versions of the two other theories are decribed by the constitutive equation of type II (see [12])

q=-kVa, k>0, (1.11)

where t
alt) = f O(t)dt + ay (1.12)
To
is called the thermal displacement variable. It is pertinent to note that these theories have received
much attention in the recent years.
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If we add the constitutive equation (1.9) to equation (1.7), we then obtain the following equations
0
for a (note that 8—6: =6):

O ou

—_— = = ——. 1.1
or? kAa ot (1.13)

Our aim in this paper is to study the model consisting the equation (1.1) (6 = 6—6:) and the tempera-

ture equation (1.13). In particular, we obtain the existence and the uniqueness of tne solutions.
2. Setting of the problem

We consider the following initial and boundary value problem (for simplificity, we take k = 1):

ou Oa
— +Au—-Af(u) = -A— 2.1
5 T A f(w) 3 (2.1)
0*a ou
— — Ao = —— 2.2
o2~ T (22)
u=Au=a=0 on T, 2.3)
oa
uli=o = up,  ali=o = o, 6—|z:0 =y, (2.4)
t
where I is the boundary of the spatial domain €.
We make the following assumptions:
fis of class C*(R), f(0) =0, (2.5)
f(s)=—-co, ¢co=0, seR, (2.6)
f(s)s=>cF(s)—c; > —c3, ¢1>0, c3,c320, seR, 2.7)

where F(s) = fos f(r)dr. In particular, the usual cubic nonlinear term f(s) = s°> — s satisfies these
assumptions.
We futher assume that
Uy € Hy(Q) N H*(Q). (2.8)

Remark 2.1. We take here, for simplicity, Dirichlet boundary conditions. However, we can obtain the
same results for Neumann boundary conditions, namely,

ou O0Au O«

—_—=— = — = 0 on F, 2’9

ov ov ov 29)
where v denotes the unit outer normal to I'. To do so, we rewrite, owing to (2.1) and (2.2), the equations
in the form

9 e AT

E+A = A(f(w) = {(fw)) = Aat, (2.10)
o’ _ ou
oz A= &1
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where v = v — (v), {vo)| < My, {ap)| < My, for fixed positive constants M, and M,. Then, we note that
v (I=8) 252 + ()2,

where, here, —A denotes the minus Laplace operator with Neumann boundary conditions and acting
on functions with null average and where it is understood that

1
()= m@ Da-1@.m©@-

Furthermore,
v ([P + ()2,
v (IVFIR + (0))3,
and
v o (JAY]P + ()2

are norms in H-'(Q), L*(Q), H'(Q) and H*(Q), respectively, which are equivalent to the usual ones.
We further assume that
lf() <€eF(s)+c., Ve>0, seR, (2.12)

which allows to deal with term (f(u)).

We denote by ||.|| the usual L?-norm (with associated scalar product ((.,.))) and set ||.||-; = ||(—A)‘% Al
where —A denotes the minus Laplace operator with Dirichlet boundary conditions. More generally, ||.||x
denotes the norm in the Banach space X.

Throughout this paper, the same letters ¢, ¢’ and ¢’ denotes (generally positive) constants which
may change from line to line, or even in a same line. Similary, the same letter O denotes monotone
increasing (with respect to each argument) functions which may change from line to line, or even in a
same line.

3. A priori estimates

The estimates derived in this section are formal, but they can easily be justified within a Galerkin
scheme.
We rewrite (2.1) in the equivalent form

_py1o _da
(8~ At flu) = = (3.1)

0
We multiply (3.1) by a—b; and have, integrating over Q and by parts,

d Ooa Ou
—(IVul®> +2 | Fud 2— =2 . 2
dt(” ull” + fﬂ (w)dx) + 2[|—1?, ((0t at)) (3.2)
) O )
We then multiply (2.2) by o and obtain
oa Ou
—(IVell? = -2((—, — 3.3
(|| I +|| ||) ((at at)) (3.3)

AIMS Mathematics Volume 3, Issue 2, 288-297



292

Summing (3.2) and (3.3), we find a differential inequality of the form

dE
o ||—|| (<, >0,
where
2 2 da ,
=[IVull" +2 | F(wdx +|[Vall” + ||l
Q ot
satisfies

Oa ,
Ey > c(llullm o) + fF(M)dx + [l g + ||E||2) —-c, ¢>0,

(3.4)

(3.5)

3 P
hence estimates on u, & € L*(0, T; H1(Q)), on a_b; € 120, T; H™'(Q)) and on 0—6: € L=(0, T; L2(Q)).

8
We multiply (3.1) by —Aa—l: to find

1d 2 O, ﬁu Oa Ou
5 g AUl + =2l = (A ), Z2) = (A, =),

which yields, owing to (2.5) and the continuous embedding H*(Q) C C(Q),

d ou da du
EIIAMII2 + II(9 I? < QUlulle) - 2((A e =)
s Oa
Multiplying also (2.2) by _AE’ we have
d 2, Oa Ou
E(IIAQII IIV || ) = 2((A6 Yy =)

Summing then (3.6) and (3.7), we obtain

d 5 5 oa , Ou
oAl Al + IV =1 + 1=

In particular, setting
o
= [lAull® + | Al + IIVEIIZ,

we deduce from (3.8) an inequation of the form

Y <00

Let z be the solution to the ordinary differential equation

7 =0@, z0)=y0).

2
I < Qlullrz0)-

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

It follows from the comparison principle that there exists To = To(||luollm2@), llvollm2@), llaillz @) be-

longing to, say, (0, %) such that
y(@) < z(n), Vrel0,Tol,
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hence
”u(t)”HZ(Q) + ||al(t)||H2(Q) ” (t)”Hl(Q) X Q(”uOHHZ(Q)’ ||a0||H2(Q)9 ||a1||H1(Q))7 I< TO'
) ) ) ) i 0 ou
We now differentiate (3.1) with respect to time and have, noting that P =Aa — e
, 0 Ou 814 ou ou
A —— - A— + (W) — = Ao — —.
(A g TG Ty = e

0
We multiply (3.13) by ta—btl and find, owing to (2.6)
d  Ou
E(lllallzl) IIV—II < t(ll || +[Val? )+|| || 1
Ou 2
hence, noting that||—|| c||—|| 1||V—||

d, ou., ou , ou , 5 ou ,

—(t|— HV—II” < ct(|| = \% —

dt( |I5t||_1)+ Il &II c (IIatll_] + Vel )+||6r”“
In particular, we deduce from (3.4), (3.12), (3.14) and Gronwall’s lemma that

2
HE”_I < ;Q(HMOHHZ(Q), ||CY0||H2(Q), ”a'lllH'(Q)), t € (0, To].

Oou
Multiplying then (3.13) by e we have, proceeding as above,

d Ou ou ou
—||— V—I]? < e(||—]]? Val|]?).
d”at” el atll C(Ilatll_1+ll all?)

It thus follows from (3.4), (3.16) and Gronwall’s lemma that
u ou
”E”El < €CtQ(||M0||H2(Q), lvoll g2y ”CVIHHl(Q))”E(TO)“%], t =T,

hence, owing to (3.15),

||—|| 1S eaQ(HMOHHZ(Q)a”aonHz(Q)’”CZIHH‘(Q)) t 2 Ty.
We now rewrite (3.1) in the forme
- Au+ f(u)y="h,(t), u=0 on T,

fort > T, fixed, where
u (')a/

0
hu(t) = (= A)_ o

satisfies, owing to (3.4) and (3.18)

1A ()] < eCtQ(HMOHHz(Q)’ llvoll 2y llillm), £ = To.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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We multiply (3.19) by u and have, noting that f(s)s > —c,c > 0, s € R,
IVull® < cllhu@IP + ¢, (3.22)
Then, multipying (3.19) by —Au, we find, owing to (2.6),
AUl < el @) + IVull?). (3.23)
We thus deduce from (3.21) — (3.23) that
(Dl < € Qo ol llally)s 1> To, (3.24)
and, thus, owing to (3.12)
(Dl < € Qluollr ) lloll ey, laillaig)s ¢ > 0. (3.25)

Returning to (3.7), we have

oa ou
—A +V A—I1* + || =1*. 3.26
(II all’ + |l ||) Il az” IIatll (3.26)
Noting that it follows from (3.4), (3.16) and (3.18) that
" O Oou
(IIAEII2 + IIEIIZ)dT < e“ Qlluollr s ol llaillgngy), ¢ = Tos (3.27)
To
we finally deduce from (3.12) and (3.25) — (3.27) that
IIM(t)IIip(Q) + IIOZ(t)IIi,z(Q) || (t)ll o < ¢ Qluollzq), laollrq, leillmq), >0, (3.28)

4. Existence and uniqueness of solutions

We first have the following.

Theorem 4.1. We assume that (2.5) — (2.8) hold and (ay, a;) € (Hé(Q) N H*(Q)) x Hé(Q). Then,

0
(2.1) — (2.4) possesses at last one solution (u, «, a—(:) such that

u,a € L0, T; Hy(Q) N H*(Q)), % e L*(0,T;H Q) and ‘;—C: € L¥(0,T; H)(Q)).

Proof. The proof is based on (3.28) and, e.g., a standard Galerkin scheme. O
We have, concerning the uniqueness, the following.

Theorem 4.2. We assume that the assumptions of Theorem 4.1 hold. Then, the solution obtained in
Theorem 4.1 is unique
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PG da®
Proof. Let (uV, oV, 7) and (u®,a®, 6_) be two solutions to (2.1) — (2.3) with initial data

(uf)l),aél),all)) and (u(z) af)z),al )) respectively. We set

O oV da®
(0,0 = (0, =) - @, 0, =)
and
(o, @0, 1) = (), ), @) = (U, o, @'?).
Then, (u, @) satisfies
ou Oa
— + Nu - A(f) - fu®) = —-A— 4.1
5 T AU (f@”) = f(u?)) P 4.1)
Pa ou
ﬁ — Aa = —E, (42)
u=a=0 on 0Q, 4.3)
o
ul=o = Uo, ali=o = @, —— o =0 = a;. 4.4)

oa
We multiply (4.1) by (-A)~ 1— and (4.2) by — P and have, summing the two resulting equations,

4 2 2 1920y 4 1 e DY _ £u@)P
IVl + Vel + 1=+l 115 < IVO) = f@)IF. (4.5)

Furthermore,
1
IVCF@™) = f@) = [|V( f £+ s@® — uVyydsu)
0

1 1
</ f £ + s@® - uP))dsVul| + || f £ + s@® = uDNVu® + 59w - uVy)dsul|
0 0

1 2 2 1 2
< QU gy 165 2060y e s XS e s 110 Mzt s 122 )
1 2
X (I1Vull + el VD)l + 11l V| 1])

< QU 20y 1657 1206270 e Nzt s 11X et 110 Mzt s 122 @)1V . (4.6)
We thus deduce from (4.5) and (4.6) that
d oo ou
Eﬂww?wwmﬁﬂkﬂﬁ+w7m

1 2 2 1 2 2
< QU gy, 16571 r202y0 e izt s XS ezt s 11028 Mzt s 122 Nk )Vl (4.7)

In particular, we have a differential inequality of the form

— < QF,, (4.8)

where 3
Jo%
E; = ||Vull® + [Vl + IIEII2
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satisfies
2 2 oa , /
Ex > cllully o, + el g + 151 = ¢ (4.9)

It follows from (4.8) — (4.9) and Gronwall’s lemma that

oa
2 2 2 2 2 2
”u(t)”Hl(Q) + ”a(t)”Hl(Q) + ”E(t)” < Cth(”u()”Hl(Q) + ||a0||Hl(Q) + ”a/1|| ), t > 09 (410)

hence the uniqueness, as well as the continuous dependence with respect to the initial data in the
H' x H' x L>-norm. |
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