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1. Introduction

In this paper we consider

H := _ﬁ - x"+V(x) (1)
in LP(R), where V € C(R) is a real-valued and satisfies V(x) > —a(1 + x?) for some constant @ > 0 and
V(x|
dx < oo, 2)
R VI + x2

The operator (1) describes the quantum particle affected by a strong repulsive force from the origin. In
fact, in the classical sense the corresponding Hamiltonian (functional) is given by H(x, p) = p* — x
and then the particle satisfying x = 6,,1:1 and p = —0,.H goes away much faster than that for the free
Hamiltonian Hy(x, p) = p>.

In the case where p = 2, the essential selfadjointness of H, endowed with the domain C7(£2), has
been discussed by Ikebe and Kato [7]. After that several properties of H is found out in a mount of
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subsequent papers (for studies of scattering theory e.g., Bony et al. [2], Nicoleau [10] and also Ishida
[8D.

In contrast, if p is different from 2, then the situation becomes complicated. Actually, papers which
deals with the properties of H is quite few because of absence of good properties like symmetricity.
In the LP-framework, it is quite useful to consider the accretivity and sectoriality of the second-order
differential operators. In fact, the case —j—; + V(x) with a nonnegative potential V' is formally sectorial
in L?, and therefore one can find many literature even N-dimensional case (e.g., Kato [9], Goldstein
[6], Tanabe [14], Engel-Nagel [5]). However, it seems quite difficult to describe such a kind of non-
accretive operators in a certain unified theory in the literature.

The present paper is in a primary position to make a contribution for theory of non-accretive
operators in L” as mentioned above. The aim of this paper is to give a spectral properties of

H = —;—; — x? + V(x) for the case where V(x) can be regarded as a perturbation of the leading part
—% — x?; note that if V(x) = [log(e +|x])]™® (@ € R), then a < 1 is admissible, which is same threshold
as in the short range potential for —% — x? stated in Bony [2] and also Ishida [8].

Here we define the minimal realization H, i, of H in LP = LP(R) as

D(Hp,min) = CSO(R)’

3
H, mintt(x) 1= —u"(x) - x2u(x) + V(x)u(x). )

Theorem 1.1. For every 1 < p < 0o, H}, in is closable and the spectrum of the closure H), is explicitly
given as

2
o(H)) = {/l €eC; |Im4| < ’1 - —'}
p
Moreover, for every 1 < p < g < oo, one has consistence of the resolvent operators:
A+H,)'f=@+H) " 'faeonR YAep(H,)Np(H,), Vfel’ nLi.

Remark 1.1. If p = 2, then our assertion is nothing new. The crucial part is the case p # 2 which
is the case where the symmetricity of H breaks down. The similar consideration for —% + V (but in
L?-setting) can be found in Dollard-Friedman [4].

This paper is organized follows: In Section 2, we prepare two preliminary results. In Section 3, we
consider the fundamental systems of Au + Hu = 0, and estimate the behavior of their solutions. By
virtue of that estimates, we will describe the resolvent set of H, in Section 4. In section 5, we prove
never to be generated Cy-semigroups by +iH, under the condition V = 0.

2. Preliminary results

First we state well-known results for the essentially selfadjointness of Schrédinger operators in L?
which is firstly described in [7]. We would like to refer also Okazawa [12].
Theorem 2.1 (Okazawa [12, Corollary 6.11]). Let V(x) be locally in L*(R) and assume that V(x) >

—c| — ¢o|x, where ¢y, c; > 0 are constants. Then Ho i, is essentially selfadjoint.
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Next we note the asymptotic behavior of solutions to second-order linear ordinary differential equa-
tions of the form

Y'(x0) = (O(x) + P(x)y(x)
in which the term Y(x)y(x) can be treated as a perturbation of the leading part ®(x)y(x).

Theorem 2.2 (Olver [13, Theorem 6.2.2 (p.196)] ). In a given finite or infinite interval (a,,a,), let
a € (ay, ay), Y(x) a positive, real, twice continuously differentiable function, Y(x) a continuous real or

complex function, and
1 & 1 Y(x)
F(x) = f{cb(x)l/“@ ((I)(x)l/4) - (I)(x)l/z} dx.

Then in this interval the differential equation

2
% ={D(x) + Y(x)}w

has twice continuously differential solutions

1
w1 (x) :Wexp{i f (D(x)”zdx}(l +&£1(x)),

1
wa(x) = D0 XP {—i f O(x)!? dx} (1 + &(x)),

such that

1 1 '
Wlsj(x)l < exp{i(vaj,x(F)} -1 (j=1,2)

provided that V,; (F) < co (where V,, ,(F) = f |F’(1)| dt is the total variation of F). If Y(x) is real,
then the solutions wi(x) and w,(x) are complex conjugates.

le; ()],

For the above theorem, see also Beals-Wong [1, 10.12, p.355].
3. Fundamental systems of Au — u” — x*u + Vu = 0

3.1. The case A € R

We consider the behavior of solutions to
Au(x) — u” (x) — Xu(x) + V(ou(x) =0, xeR, 4)
where A € R.

Proposition 3.1. There exist solutions u,,u,, of (4) such that u,; and u,, are linearly independent
and satisfy

(0] < Co(1+ 272, a0 < Co(1 + )2 VxeR,
1 | 1
(Ol 2 S0+ 1D ool 2 51+ )7 Vx> R,

for some constants C,, R, > 0 independent of x. In particular, u,;, u, € L (R) ifand only if 2 < p <
00,
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Proof. First we consider (4) for x > 0. Using the Liouville transform

2
V() = (2y)%u ((2y)%), or equivalently, u(x) = x" v (%),

we have
2 2 2 2
(A- x2)x_%v (%) =u"(x) = V(x)u(x) = X2y (%) + %x‘gv (%) - x_%V(x)v (%) .

Therefore noting that y = x?/2, we see that

AV 2-3 V(@)
ww:P@—@)+mﬁ+ %fﬂww=@@+wmm& 5)

Here we have put for y > 0,
-3 V@
16y? 2y

1\
O(y) :=—(1—4—), Y(@) =
Y

Let
2

i d 1
I(y) = [dG) (—@ + ‘I’(Y)) DO F,  y > A = max{1,0}.
Then we see that for every y > A,

-3 2 -2 -1 ) 1 1
- 2 M 2
o <(1-24) 22 L (1o4) Ay (o) o3, V@D M V@)l
4y  64y? dy]  4y3 4y 16y? 2y y2 2y

where M is a positive constant depending only on A. Therefore

00 o .y
[Tmora<m [T Lo [T VO
Ay A y N X

Thus IT € L'((A,, 0)). By Theorem 2.2, we obtain that there exists a fundamental system (v,;,v;5) of
(5) such that

1 . A
vayte™ = 1, vy et -1 as y - oo

(see also [11]). Taking u, j(x) = x‘%vﬂ,j(xz /2) for j = 1,2, we obtain that (1,1, u,>) is a fundamental
system of (4) on (4., o) and

1.4 —iﬁ —i4 1_;4 iﬁ id
uri(Nx22e™T > 274, ugp(x)xT2e T - 2,
as x — oo. The above fact implies that there exists a constant R, > A, such that

1 3
EX_§ < |I/t,1,j(x)| < Ex_z, X > R,, j: 1,2.

We can extend (u,1,u,2) as a fundamental system on R. By applying the same argument as above to
(4) for x < 0, we can construct a different fundamental system (it 1, it,2) on R satisfying

1 3 1 ~
§|X|_7 < i ;(x)] < §|x|_7, x<-R,, j=12
By definition of fundamental system, u, ; can be rewritten as

uy1(x) = ety (x) + craiigpo(x),  uaa(x) = co1itg1(x) + cpity2(x).

Hence we have the upper and lower estimates of u, ; (j = 1, 2), respectively. O
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3.2. The case A€ C\ R

We consider the behavior of solutions to
Au(x) —u’ (x) — X*u(x) + V(x)u(x) = 0, (6)

where 4 € C\R with Im A > 0. The case Im A4 < 0 can be reduced to the problem Im A4 > 0 via complex
conjugation.

3.2.1. Properties of solutions to an auxiliary problem

We start with the following function ¢,:

i a2
pa(x) = T, x> 0. (7)
Then by a direct computation we have
Lemma 3.2. ¢, satisfies
Ao — ¢ = X0+ gap1 =0, x€(0,00), 3)
where g (x) := % x> 0.

Remark 3.1. If 1 = i or A = 3i, then ¢, is nothing but a solution of the original equation (6) with
V =0.

Next we construct another solution of (8) which is linearly independent of ¢,. Before construction,
we prepare the following lemma.

Lemma 3.3. Let A satisfy Im A > 0 and let ¢, be given in (7). Then for every a > 0, there exists F! € C
such that

f o) dt —» F! asx — oo

and then x — fa * ()72 dt — FY is independent of a. Moreover; for every x > 0,

f A dt - F;} - éx’”e"‘x2 < Cpxma2,

1| Red \’
h =—11 l+{————1 |.
where C, 4[ +\/ +(Im/l+2)

Remark 3.2. If a = 0 and 1 = i, then F}, gives the Fresnel integral lim,_,« fox ¢~ dt. Hence F b=

Va/8(1 —i).

Proof. By integration by part, we have

X . . . . . X
f (i =it g ( 1 ip=id® _ 1 g e—ia2) + Ai (X/u'—z i _ 2 e—ia2) _ /ll(/l; -2) f A3 it gy
a a

2 2 4
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Noting that -3¢ is integrable in (a, o), we have

X . . . . 00

o I . . Al . - (i =2 - -

f t1+/lle—lt2 dt — __a/lte—zaz _ _a/lz—Ze—ta2 _ ( ) t/lt—?ae—ltz dr =: Fj
a 2 4 4 a

as x — co. And therefore | T {1+lig=i gy — FA is independent of a and
X . . . (o)
P2 l P2 A 2 Ai(Ai =2 ; 2
f tl+/lte—zt dt — F(/ll _ 5X/lle—lx — ‘_X—/I—Ze—zx + ( 7 ) f t/lz—3e—zt dt‘ < C/lx—lm/l—Z.
a X

4
This is nothing but the desired inequality. O

Lemma 3.4. Let ¢, be as in (7) and define ¥, as

Ya(x) := goﬂ(x)f — Fipa(x), x>0. (©))

(t)2

Then r, is independent of a and (¢, ¥,) is a fundamental system of (8). Moreover, there exists ay > 0
such that

1 ImA+1 ImA+1
2 @l s e fa o)

Proof. From Lemma 3.3 we have

mA+ i —Ai ‘xz m A+ u . .
K Wa(x) — —x e = ™ 1|()0/l(x)| f ——dt - F!- x’he_m2 <Cix?
2 a /l( )
Putting ay = (6C 4)%, we deduce the desired assertion. O

3.2.2. Fundamental system of the original problem

Next we consider
Aw—w' —x*w+gw=58h x>0 (10)

with a given function s, where g, is given as in Lemma 3.2 and g, := g, — V. To construct solutions of
(6), we will define two types of solution maps 4 — w and consider their fixed points.

First we construct a solution of (6) which behaves like y, at infinity.

Definition 3.5. For b > 0, define

Uh(x) := ya(x) — %(X)fb Qa($)81(h(s)ds — %(X)f Ya()8a(s)h(s)ds, x € [b, c0)

for h belonging to a Banach space

X,(b) := {heC([b, c0)); sup (x'm§“|h(x)|)<oo}, Wl == sup (x"2" [A(x)]).

x€[b,00) x€[b,00)
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Remark 3.3. For arbitrary fixed b > 0, all solutions of (10) can be described as follows:

Wey e, (X) = c1(x) + e p(x) + fb (SOA(X)%(S) - SOA(S)l/’A(x))g/l(S)h(S) ds,

where ¢;,c, € C. Suppose that & € C7((b, 0)) with supph C [by,b;]. Then w,, ., € C([b,)). In
particular, for x > b,,

by

b
Ya($)81(s)h(s) dS) @a(x) + (Cz - f ®a($)8a(s)h(s) dS) Ya(x).

We, e, (X) = (61 +
by

by
Therefore w,, ., behaves like ¥, (that is, w,, ., € X,(b)) only when
b) 00
€1 =- Ya(s)ga(s)h(s) ds = —f Ya(s)ga(s)h(s) ds.
by b
In Definition 3.5 we deal with such a solution with ¢, = 1.
Well-definedness of U in Definition 3.5 and its contractivity are proved in next lemma.

Lemma 3.6. The following assertions hold:

(i) for every b > 0, the map U : X,(b) — X (b) is well-defined,

(i) there exists by > O such that U is contractive in X;(b;) with

1
IUhy — Uhsllx,) < §||h1 - hollx, ),  hi,ha € Xa(by)

and then U has a unique fixed point wy € X (b,);
(iii) w, can be extended to a solution of (6) in R satisfying

1 _Ima+1 ImA+1

Y s Wil <207 27, x € [by, ).

Proof. (i) By Lemma 3.4 we have ¥, € X,(b). Therefore to prove well-definedness of U, it suffices to
show that the second term in the definition of U belongs to X,(b).
Let h € X;(b). Then for x € [b, 00),

ImA+1

x 7 |pa(x) f Ya($)g(s)h(s)ds

Im A ~ImA-1) 5 1
<x™ ”h”Xf s ds < IAllxlls™ 8allL (beo)
X

and

ImA+1
X 2

Llu(X)f Pa()8()h(s)ds Sllhlle sTHEa(s) ds < Illxlls™ Zalli o,
b b

Hence we have Uh € C(|b, o0)) and therefore Uh € X,(b), that is, U : X;(b) — X;(b) is well-defined.
(i) Let iy, h, € X;3(b). Then we have

Uhi(x) = Uhy(x) = —l/u(X)fb Pa(8)82()(h1(s) = ha(s)) ds — 904()6)[ Ya($)8a(s)(hi(s) — ha(s)) ds.
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Proceeding the same computation as above, we deduce

1~
Uhy — Uhsllx,i) < 2lls™ 8allLt b0 1A = Ballx, )

Choosing b large enough, we obtain |[Uh; — Uhs||x,») < 57"k - h|lx,@), that is U is contractive in
X,(b). By contraction mapping principle, we obtain that U has a unique fixed point w; € X,(b).

(iii) Since w, satisfies (10) with 2 = wy, wy is a solution of the original equation (6) in [b, c0). As in the
last part of the proof of Proposition 3.1, we can extend w; as a solution of (6) in R. Since Uw; = w;
and UO = ¢, it follows from the contractivity of U that

1 1 1
w1 = dally = IUwy = U0y < Slwilly < Sliwi = ally + Slallx-

Consequently, we have [lw; — ¥,llx < 47 'Wallx < 47! and then for x > b,

1 ImA+1 1 ImA+1
W1 (Ol 2 ()] = [wi(x) — ¢a(x)| = (5 = |lw1 - %IIx) Xtz px e
]
Next we construct another solution of (6) which behaves like ¢, at infinity.
Definition 3.7. Let b > 0 be large enough. Define
Uh(x) := @a(x) + f (@a(xa(s) = @a(Pa(2))a($)h(s) ds
b
for h belonging to a Banach space
Ya(b) = {h € C([b,0)) ; sup (x 7 [h()]) < oo} v, = sup (x5 ().
x€[b,00) x€[b,00)
Lemma 3.8. The following assertions hold:
(i) for every b > 0, the map U: Z"(b) — Y (D) is well-defined,;
(i) there exists by > 0 such that U is contractive in Y (b,) with
— o~ 1
U — Uhally,@) < g”hl —lly,wy,  h1,ha € Yy(ba)
and then U has a unique fixed point wy € Y,(b,);
(iii) W, can be extended to a solution of (6) in R satisfying
I ma - Im-1
Ex 2 < W) <2x 2, x€[by, ).
Proof. The proof is similar to the one of Lemma 3.6. O
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Considering the equation (6) for x < 0, we also obtain the following lemma.

Lemma 3.9. For every A € C with ImA > 0, there exist a fundamental system (wy,w;) of (6) and
positive constants c,,C,, R, such that

ImA-1 ImA+1

wi)| <Ca(T+1x) 2, x<0, wi) <Ca(l+1x)" 27, x>0, (1)
wa(0)] < Ca(1 + [x])"27,  x <0, w0l < Ca(1 +1x) ™5, x>0 (12)
and
ImA+1 ImA+1
w1l = (1 + )72, x2 Ry W@ = c(L+ )7, x<-Ry. (13)

Proof. In view of Lemma 3.6, it suffices to find w, satisfying the conditions above.

Let w, and W, be given as in Lemmas 3.6 and 3.8 with V(x) replaced with V(—x). Noting that w,
can be rewritten as wi(x) = c;w.(—x) + cow.(—x), we see from Lemma 3.6 and 3.8 that (11) and the
first half of (13) are satisfied. Set w,(x) = w.(—x) for x € R. As in the same way, we can verify (12).

Finally, we prove the last half of (13). Since H,, is essentially selfadjoint in L?*(R), A belongs
to the resolvent set of H,, that is, N(A + H,) = {0}. This implies that w, ¢ L?>(R). Noting that
wy € L*((—00,0)), we have w, ¢ L%((0, 0)). Now using the representation

wr(x) = ciwi(x) + cowi(x), x€R,

we deduce that ¢, # 0. Therefore using Lemma 3.6 (iii) and Lemma 3.8 (iii), we have

C ImA-1 ImA+1 C ImA-1
a0 = Jeal (0] = leal i (9] = 122 ooy 24t 5 2l o
2 4

for x large enough. O
4. Resolvent estimates in

The following lemma, verified by the variation of parameters, gives a possibility of representation
of the Green function for resolvent operator H in L”.

Lemma 4.1. Assume that A € p(ﬁ) in L?, where H is a realization of H in LP. Then for every
u € Cy(R),
ICON S w

u(x) = W) wo(s)f(s)ds + ;éj) f"o wi(s)f(s)ds, xéeR,

where f := Au —u" — Xu+Vue Cy(R) and Wy # 0 is the Wronskian of (wy, w»).

Proposition 4.2. Let 1 < p < oo. If |1 — %l < Im 4, then the operator defined as

G f " a(s) f(s)ds +
A —00

RS () = =

w2 f CwOf(s)ds, feCT®)
A X

can be extended to a bounded operator on LP. More precisely, there exists M, > 0 such that

-1

o) 2
IR fllr < M, [Ilm/ll2 - (1 - 1—)) } Ifllrs  f € LP(R). (14)
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In particular, H, iy is closable and its closure H), satisfies

{/IGC; [Im A| >

2

1- —'} C p(H)p).
p

Proof. Let f € CJ(R). Set

up (x) := Wl(x)f wa()f(s)ds,  ur(x) := Wl(x)f wi(s)f(s)ds.

We divide the proof of u; € L”(R) into two cases x > 0 and x < 0; since the proof of u, € LP(R) is
similar, this part is omitted.

The case u, for x > 0, it follows from Lemma 3.9 and Holder inequality that

] 59
uy ()] < C3(1 + [xf)™ 2" [ f (1 +1s)™" 7 1f ()l ds + f <1+|s|>‘"“é“|f(s>|ds]
—co 0

ImA+1 , P _Ima+l
SC%( > —1) e (1 + 1)~

1

R »
SYR ds)’ ( f (1 +Is)™ | f(s)l? dS)
0

ImA+1 , v _Ima+
SC%( > —1) 1Nl (1 + ™%

+CI(1 + [x) ( f (1 +s])
0

P —ap + 1) T ( f (1 + [sD£(5))” ds)" (15)
0

ImA-1

+Cﬁ(

ImA+1

with 0 < @ < == + 1/p’. By the triangle inequality we have

mA+1 | 1)‘13' (Im/l +1

luillrr,) < Ci( P - 1) fllzrey + L1(a)

2 P 2
and
ImA-—1 e x
(I () = Cip( = 5 p—ap + 1) f (1+|x)~'er (f (1 + [sD*f (I dS) dx
0 0
P
ImA-1 o 0
= Cﬁ"( ——p —ap+ 1) (ap)” f F()I" ds.
0
Choosing a = i (%p’ + 1), we obtain
mA+1 , \7(ImA+1 i ma-1 1)\
il rr,) < Cﬁ( > P~ 1) ( P~ 1) lf ey + Ci( > + 17) f1lzrr,)-
The case u; for x < 0, by the same way as the case x > 0, we have
mAi+l , , \7 i * .
luy (x)|P scjl’( P - Bp —1) (1 + |x]) “ﬁl’f (1 +|sDPPI£(s)I ds, (16)
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where 0 < g < 4=l — i. Taking 8 = - (%p’ - 1), we have
Imi+1 1\
il rm_y < Cﬁ( 5 - 17) fllr )

Proceeding the same argument for u#, and combining the estimates for u#; and u,, we obtain (14). O

Corollary 4.3. Let R(Q) be as in Proposition 4.2. Then for every f € LP(R), R(A)f € C(R) and
sup (1 + )P IRDS]) < Call Il (17)

xeR

Proof. Let f € CP(R) and set u; and u, as in the proof of Proposition 4.2. Since the proof for u; and
u, are similar, we only show the estimate of u;. From (15), we have for x > 0,

ImA

1
, v _ma, 11
p - 1) 1f 1 zproy (1 + |x])~ 2 T2

1 ImA+1
(L + |xD) 7wy (x)] < Cﬁ( >

1

ImaA—1 i x ;
+Cﬁ(m2 p’—ap’+1) <1+|x|)-“( | (1+|s|)"”|f(s)lf’ds)
0
mA+1 , \7 mi-1, , \7
< Cﬁ( P 1) ||f||LP(R_)+C§( P oap < 1) A Nlr )

where 0 < a < % + 1% This implies (17) for x > 0. If x < 0, then from (16) we can obtain

. ml+el . \77
(1 + [ 7 fur ()] < Cﬁ( > P —-Bp’ - 1) 1/ 1lzr ey
where 0 < g < 4=l — i. This yields (17) for x < 0. The proof is completed. O

By interpolation inequality, we deduce the following assertion.

Proposition 4.4. Let 1 < p < ooand p < g < . Then
D(H,) c {w e CR); (x)r iw e L7).

More precisely, there exists a constant C, , > 0 such that

1_1
s =su| | < Cpg(IHpules + lldls), € DCH,.

Proof. The assertion follows from Proposition 4.2 and Corollary 4.3. m|

Proposition 4.5. (i) [f2 < p<ooand 0 <|ImA| <1 - % then N(A + H,) # {0}, and then
2
{/l €eC; |ImA <1- —} C o(H)p);
p
(i) Ifl<p<2and0 < |ImA| < 1% — 1, then N(A + H,) € L?, and then

2
{/l €eC; |ImAa £ — - 1} C o(H)p).
p
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Proof. (i) 2 < p<oo,ImA<1-— %) Noting that
ImA+1 1 ImA-1 1
—_— > > -,
2 p 2 p
we have by (11),

00 O o
f le<x>l”dxsca( f (1+1s) ™57 ds + f <1+|s|>-"“’z‘“1’ds)
. . )

1-ImA U Ima+1 -
o[t (2t

< 00,

2 2

This means that wi, w, € N(1 + H)).
(i) (1 <p<2,Ima< % — 1) Note that H), is the adjoint operator of H, . Since w, € D(H,,) for every
u € CyR),

f (Au + Hyu)w, dx = f u(Aw; + Hyw)dx = 0,

o0

the closure of R(4 + H,,) does not coincide with L?, that is, R(1 + H),) ¢ L.
Since o(H,) is closed in C and we can argue the same assertion for ImA < 0 via complex conjuga-
tion, we obtain the assertion. O

Combining the assertions above, we finally obtain Theorem 1.1.
5. Absence of Cy-semigroups on L” (p # 2,V =0)

In Theorem 1.1, we do not prove any assertions related to generation of Cy-semigroups by +iH,,.
In this subsection we prove

Theorem 5.1. Neither iH, nor —iH, generates Cy-semigroup on L?.

Proof. We argue by a contradiction. Assume that iH, generates a Cy-semigroup 7'(f) on L?. Then it
follows from Theorem 1.1 (the coincidence of resolvent operators) that we have T(¢t)f = S(¢)f for
every t > 0 and f € L?> N L”, where S (f) is the Cy-group generated by the skew-adjoint operator iH,.

Fix fy € L?> N L? such that ¥ fy ¢ L” (F is the Fourier transform). Then by the Mehler’s formula
(see e.g., Cazenave [3, Remark 9.2.5]), we see that

1 % —i 1 X 2 e _;’x_ —i 1 12
[S (t)]f(x) — (m) e 2[anh(21)‘ | f e~ smh@n Y o7 Zanh2n bl f(y) dy
In other words, using the operators

ik N
M.g(x) = e g(x), D.g(x):=12g(x""x),
we can rewrite S(f) as the following form S()f = MunmenT Dsinh2yMuannnf. Taking f;, =

Ml D e L”, we have

_1 f
tanh(2£9)" sinh(219)< 0

S (t0) fio = Muannen¥ fo ¢ L.
This contradicts the fact 7'(¢) f;, € L”. This completes the proof. m|
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