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1. Introduction

Phenomena of contact between deformable bodies abound since the dawn of time. In order to un-
derstand their inherent complexity, considerable efforts have been achieved in modeling, mathematical
analysis and numerical simulations, within the weak distributional formulation framework, expressed
in terms of evolutional variational inequalities and hemivariational inequalities. The literature dedi-
cated to this field is increasing day by day. The state of the art can be found in the masterpieces [4],
(6], [71, [8].

This work is a continuation of the paper in [1], where the authors studied a dynamic frictional sub-
differential contact for a short memory visco-elastic body, which was supposed to be fixed in some part
on its boundary. There were no thermal effects and no numerical studies.

Here we investigate the extension of this work to thermal contact with friction, for time depending
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long memory visco-elastic materials, with or without the clamped condition. Moreover, we propose
a fully discrete scheme for numerical approximations of the different solutions, and elaborate a gen-
eral numerical analysis of error estimates. Finally various corresponding numerical computations in
dimension two will be given.

The paper is organized as follows. In Section 2 we describe the mechanical problem, its correspond-
ing variational formulation, and then we claim the main existence and uniqueness result under specific
assumptions, that we prove in Section 3. In Section 4, we introduce a fully discrete approximation
scheme, derive and prove an optimal order error estimate under certain solution regularity assump-
tions. Finally in Section 5, we present several numerical simulations, showing then the evolution of
the displacement field and temperature, as well as of the Von Mise’s stress norm.

2. The contact problem

In this section we study a class of thermal contact problems with sub-differential conditions, for
long memory visco-elastic materials. We describe the mechanical problem, list the assumptions on the
data and derive the corresponding variational formulation. Then we state an existence and uniqueness
result on displacement field and temperature, which we will prove in the next section.

The physical setting is as follows. A visco-elastic body occupies a domain QinRY (d = 1,d = 2
or d = 3) with a Lipschitz boundary I' that is partionned into three disjoint measurable parts, I';, I
and I';. We denote by v the unit outward normal on I'. Let [0, 7] be the time interval of interest,
where T > 0. The body is clamped on I'; X (0, T') and therefore the displacement field vanishes there.
Here we suppose that meas(I'y) = 0 or meas(I'y) > 0, which means that [y may be an empty set or
reduced to a finite set of points. We assume that a volume force of density f, acts in Q X (0,7") and
that surface tractions of density f, act on I'; X (0, T'). The body may come in contact with an obstacle,
the foundation, over the potential contact surface I';. The model of the contact is specified by a general
sub-differential boundary condition, where thermal effects may occur in the frictional contact with the
basis. We are interested in the dynamic evolution of the body.

Let us recall now some classical notations, see e.g. [4] for further details. We denote by S, the
space of second order symmetric tensors on R¢, while “ - and | - | will represent the inner product
and the Euclidean norm on S, and RY. Everywhere in the sequel the indices i and j run from 1 to d,
summation over repeated indices is implied and the index that follows a comma represents the partial
derivative with respect to the corresponding component of the independent variable. We also use the
following notation:
H=(2Q), H={o=(©yloy=0pelXQ), 1<ij<d,

H ={uecH)|&u)eH} H,={oceH|DivoeH}

Here & : Hf — H and Div : H; — H are the deformation and the divergence operators, respectively,
defined by :

1
eu) = (Sij(u))’ Eij(u) = E(”i,j + Mj,i), Div o = (O'ij,j)-

The spaces H, H, H; and ‘H, are real Hilbert spaces endowed with the canonical inner products given
by :

(W, v)n = f u;v; dx, (0, T = f 0 ijTij dX,
O Q
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@, V), = W,v)y + (eW), &), (0, )9, = (0, T)r + (Div o, Div 7).

Recall that D(Q) denotes the set of infinitely differentiable real functions with compact support in €;
and W™P(Q), H"(Q) := W™2(Q), m € N, 1 < p < +oo for the classical real Sobolev spaces; L”(U; X)
the classical L? spaces defined on U with values in X.

To continue, the mechanical problem is then formulated as follows.

Problem Q : Find a displacement field u : (0,7) x Q — R and a stress field o : (0,T)xQ — S,
and a temperature field ¢ : (0,7) x Q — R, such that for a.e. r € (0,7):

o(t) = ANe@(n) + GNeu(n))

+ [)t Bt —s)e(m(s))ds + C,(t,£(1)) in Q 1)
i(t)=Divo(t) + fo(t) in Q (2.2)

uir)=0 on T, (2.3)

oty =f,t) on I, 2.4)

ult)y eU, o¢,t,w)—p,(t,u)>-o@)y-(w-u()) YwelU on I3 (2.5)
(1) — div(K(, VE®)) = Co(t,u(n)) + q(1) in Q, (2.6)

- K.(t,x, V&, x)) v := E(t, x,£(t, x)) € 0p(t, x,&(,x)) ae. xels, 2.7)
&) =6, on INUIy (2.8)

£§0)=& i Q (2.9)

ul)=uy, u0)=vy in Q (2.10)

Here, (2.1) is the Kelving Voigt’s time-dependent long memory thermo-visco-elastic constitutive law
of the body, where o represents the stress tensor; A denotes the viscosity operator depending on
the velocity of infinitesimal deformations &(i), with the notation : for v € S, AT = AL, -, T)
some function defined on Q; here a dot above a quantity represents the derivative of the quantity with
respect to the time variable; G is the elastic operator depending on the linearized strain tensor &(u) of
infinitesimal deformations, with G(t)t = G(¢, -, ) which is defined on €. The term B()t = B(t,-, T)
represents the so called relaxation tensor which is time-depending on the linearized strain tensor and is
defined on Q. Recall that the visco-elastic short memory corresponds to the case 8 = 0. The last tensor
C.(1,0) := C.(t,-,0) denotes the thermal expansion tensor depending on time and on the temperature,
defined on €. For example,
C.(1,0) := =0 C,,,(1) 1nQ,

where
Cexp(t) = (Cij(ta ))

is some time-depending expansion tensor, defined on Q.

In (2.2) is the dynamic equation of motion where the mass density o = 1. The equation in (2.3) is the
clamped condition and in (2.4) is the traction condition. On the contact surface, the general relation
(2.5) is a sub-differential boundary condition such that

D) c U,
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where U represents the set of contact admissible test functions and D(Q)¢ is the distribution space.
Here ov denotes the Cauchy stress vector on the contact boundary and ¢, : (0,7) xI'; x RY — R
is a given function. Various situations may be modelled by such a condition, see e.g. the monograph
[6] or the Habilitation thesis [2] p. 117. The differential equation (2.6) describes the evolution of
the temperature field, where K.(z, V&) := K. (¢, -, V&) is some nonlinear thermal conductivity function
defined on €2, depending on time and on the temperature gradient V&. For axample, denote by

Kc(t’ ) = (klj(t’ ))
the thermal conductivity tensor defined on €, we could consider
Ke(t,-, VE) = Ke(t,-) V¢.

In the second member, C,(t,u(t)) := C.(t, -, u(t)) is some nonlinear function defied on €, depending on
the displacement velocity, and g(¢) represents the density of volume heat sources. For example,

on;
Colt,0(t)) = —Cory(1) : Vir(t) = —cij(t, ") a—j(ry
J

The associated temperature boundary condition is given by (2.7) and (2.8), where = and ¢ are some
functions defined on (0, 7") X I'; X R and 6,(¢) represents the ambient temperature. Here
dp(t, x,r) := 0p(t, x,-)(r), ¥(t,x,r) € (0,T) xI's XR
denotes the sub-differential on the third variable of ¢ in the convex or maybe locally Lipschitz frame-
work.

We recall that for a locally Lipschitz function G : R — R, at any point @ € R and for any vector
d € R, we can define the following directional derivative with respect to d :

Tim,_,, 2@ T‘i) —6@ _ 6%, @.11)

We have for all a, d € R, for all £ € 0G(a):

G%a;d) > £d
and
IG%(a; d)| < IG%(@)| % Id], |€] < 1G°(a)l
where G 1 - Ga)
—_— a + - a
limy, 0, 0 A := G%(a).

In the case where G is convex on R, we have
Gl(ad if d>0
G%a;d)=1{ Gj(ad if d<0
0 if d=0,
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and
G°(a) = max{G'(a), G)(a)},

where G, and G/ denotes the right side and left side derivatives respectively.
In the sequel, for a.e. (t,x) € (0,T) X I';, for all (r, s) € R?, we use the notation
@t x, 13 8) == [p(t, x,)]°(r; $),
and

&t x, 1) = [p(t, x,)1°(r).

Taking the previous example for K., we have

0
Ke(t,x,VE) v = kij(t, x) _f V.
0 Xj
Let consider the following standard example
1
o, x, 1) 1= Ske(t, x)(r = Op(t, x))*, ¥(t,x,7) € (0,T) XI5 XR, (2.12)

where 6y is the temperature of the foundation, and &, is the heat exchange coefficient between the
body and the obstacle. We obtain

E(t,x,r) = 0p(t,x,r) = k,(t,x) (r — 6g(t,x)), (t,x,r) € (0,T) xI'5 X R.

Finally in (2.9) and (2.10), &, uo, vo represent the initial temperature, displacement and velocity
respectively.

One may remark that since ¢, is assumed real-valued, then unilateral contact, defined by indicator
functions taking infinite values, is excluded. So the body is in fixed contact with the foundation of the
body according to a friction law. This is consistent with the linear heat conduction modeled in (2.6).
We insist that the new feature here is that we may have the absence of the usual claimed condition in
the case where meas(I';) = 0. However, there is coerciveness with regard to the temperature by (2.7).
To derive the variational formulation of the mechanical problems (2.1)—(2.10) we need additional no-
tations. Thus, let consider V the closed subspace of H; defined by

V={veH |lv=0 on I;}nU.

We remark that the subspace V may be different or not to the whole space H;, depending on the set U
of admissible contact conditions.

On V we consider the inner product given by
@, v)y = (), &)y + @, v)yg  Vu,v eV,
and let || - ||y be the associated norm, i.e.

2 2 2
Ivlly = lleMmllz, + vl VveV.
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It follows that || - ||, and || - ||y are equivalent norms on V and therefore (V, || - ||y) is a real Hilbert space.
Moreover, by the Sobolev’s trace theorem, we have a constant Cy > 0 depending only on Q, and I'3
such that

Mlzay < Colvly — VveV.

For functional reason, it is convenient to shift the ambient temperature to zero on I'; UT",. We introduce
for this propose 6 = & — 6, by assuming 6, € H'(0, T; H'(Q)). Thus we have ¥z € [0, T:
& =6,t)= 6t =0 on TI';UIj.
In what follows, we use the following change of variables:
E=0+0, & =06+ 06,0).
Consider then the following spaces for the temperature field:
E={neH'(Q),n=0 on T,Ul); F=L*Q).

The spaces E and F, endowed with their respective canonical inner product, are Hilbert spaces.
Identifying then H and F with their own duals, we obtain two Gelfand evolution triples (see e.g. [9]
II/A p. 416):

VcH=H cV', ECF=F CFE

where the inclusions are continuous and dense.

In the study of the mechanical problem (2.1)-(2.10), we assume that the viscosity operator A : (0, T) X
QAXS;— Sy @, x,7) — AL, x, T) satisfies

(1) A(-, -, 7)is measurable on (0, 7) X Q, VT € S4;

(i1) A(t, x, -) is continuous on S 4 for a.e. (t,x) € (0,T) x £;

(iii) there exists m4 > 0 such that
(A, x, 1) = At, X, T2)) - (T1 = T2) 2 malt) — Tl (2.13)
Y11, T2 €8, forae. (t,x) € (0,T) X Q;

(iv) there exists cj' € L*((0,T) X Q;R*), ¢]' > 0 such that
\A@, x,7)] < (1, %) + ] I,
YTeS§y, forae. (t,x) € (0,T) x Q.

In this paper for every ¢ € (0, T), T € S; we denote by A(t) = A(t, -, -) a functional which is defined on
QA x S,and A(t) T = A(t, -, 7) some function defined on €.
The elasticity operator G : (0,T) x QX S, — §, satisfies :

(1) there exists Lg > 0 such that

|G(t,x,&1) — G(t,x,&)| < Lgle) — &)

Ve, & €8y, ae. (1,x) € (0, T) x Q; (2.14)

(1) G(,-,¢&)1s Lebesgue measurable on (0,7) X Q,Ve € S,
(iii) the mapping G(-,-,0) € H.
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We put again G()T = G(t, -, T) some function defined on Q for every € (0,7), T € S .
The relaxation tensor 8 : (0,T) X QX S; — Sy, (t,%,7) —> (Biju(t, x) T1,) satisfies
(1) Bijun € L*((0,T) X Q);
(i) B(o -7 =0 B)T (2.15)
Yo, t€85, ae.t€(0,T), ae. inQ

where we denote by B(1)T = B(t, -, T) which is defined on Q for every ¢ € (0,7), T € S,.
We suppose the body forces and surface tractions satisfy

fo € L*(0,T; H), f, € LX0,T; L* ()" (2.16)

On the contact surface, the following frictional contact function

Yu(t,w) = f @u(t,w) da

I3

verifies
1) ¥, : 0, T)yxV —R iswell defined;

(i) t€(0,T)+— y,(t,w) is Lebesgue measurable Yw € V;

(i) |y, (t,w) < c(t) +d|wl|ly, Yw e V, aee.t € (0,T); @17
(iv) Y,(t,-)isconvex on V a.e.t € (0,7T),
where d > 0 is some constante and ¢ € L*(0, T; R*).
The thermal expansion tensor C, : (0,7) X Q X R — §; verifies
(1) C.(-,-, ) is measurable on (0, T) X Q, V% € R;
(i1) there exists L, > 0 such that
ICe(t, x,01) = Colt, %, 02)| < L [0 — 0] (2.18)

V9, 9 €R, ae. (t,x) € (0,T) X Q;
(ii1) there exists cOCe € L0, T) x Q;RY), CIC“ > 0 such that
ICot, x,9)] < cie(t, x) + ¢ 9], VI €R, forae. (,x) € (0,T)x Q.

Here we recall the notation C,.(t,9) = C.(t,-, ) some function defined on Q, for all r € (0,7) and
e R.

The nonlinear function KX, : (0, T) x Q x RY — R satisfies :
(i) K.(-, -, &) is measurable on (0, T) X Q, V& € R

(ii) K. (¢, x, -) is continuous on R?, a.e. (¢,x) € (0,T) X Q;

(i11) there exists cg(” € L*((0,T) x Q;R"Y), c?(” > 0, such that
K1, %, )| < cle(t,x) + < 1g], VEERY, ae. (,x) € (0,T) x
(iv) there exists mg. > 0 such that (2.19)
(Klt,x,6) — K (t,%,6)) - (€1 — &) = my, |1 — &P
V&L & ERY, aee. (tx) € (0,T) X Q;
(v) there exists ng. > 0 such that K.(1,x,&) - & > ngc €%,
Ve e R, ae. (1,x) € (0,T) x Q.
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We suppose that the nonlinear function C, : (0,T) x Q x RY — R satisfies :

(i) C,(, -, v) is measurable on (0, 7) x Q, Vv € R%;

(i1) there exists Lg, > 0 such that

(2.20)
ICe(t, x,v1) — Ce(t, X, )| < L, [v1 — v,
Vv, v €RY, ace. (t,x) € (0,T) X Q.
We assume for the heat sources density, that
g € L*(0,T; L*(Q)) (2.21)

The nonlinear function E, ¢ : (0,7) X I'. X R — R verifies :

1) Z¢,-,r), ¢(,-,r)are measurable on (0,7) X I'., Vr e R;
(i1) ¢(t, x, ) 1s locally Lipschitz on on R for a.e. (¢,x) € (0,7) X I';;
(iii) there exists ¢ € L*((0,T) X I';;R"), ¢f > 0, such that
02, x, )] < (2, x) + cf|rl, (2.22)
VreR, ae. (t,x) € (0, T)xTI,;
(iv) (B(t, x,r) — B(1,x,12)) (r —r2) 2 0,
Vri, neR, ae. (t,x) € (0, T)xT,.

We notice that these assumptions are verified for the example (2.12).
Finally we assume that the initial data satisfy the conditions

Uy € H, Vo € v, 9() e E. (223)

To continue, using Green’s formula, we obtain the variational formulation of the mechanical problem
Q in abstract form as follows.
Problem QV : Findu : [0,T] — V,60:[0,T] — E satisfying a.e. t € (0, T):

@)+ A a) + B(u@) + C@) 6(1), w — u(®))yxy

+( f B(t — 5) &(u(s)) ds, W) — @)y + Y (t, W) — (1, 1(D)) (2.24)
>(f),w—ut)yxy YweV

<0),n >pxe + < K@) 0@), 1 >pxe +9(t,0();n) (2.25)
>< R(Ou(t),n >pxe + < Q),n >pxe, Y1 €E. .
u0) =wuy, ua0)=vy, 60)=0,. (2.26)

Here, the operators and functions A(t), B(t) : V — V', Ct) : E — V', f : [0,T] — V’,
Kit) : E— E,y¥t,;) : EXE —R/R(t) : V— E and Q : [0,T] — E’ are defined by
Vv e V,Vw e V.VTr € E,Vn € E,ae. t€(0,7T):
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(A v, w)ysy = (A(L) ev, 8W)ay; (2.27)
(B, Wy = (G0 v, oW (2.28)
(COLWY ey = (Colts £C) + 0u(0)), EW); (2.29)
O vy = FolDwhit + (o Wiy (230)
(K)o = f K1, VL + VOu(0)) - Vs 231)
Q

Yy, &m) = fr @(t, x, £(x) + 0,(); (%)) da(x); (2.32)
RV s = f Cult, ) 0 dx; (233)

Q
Q). M = fg () = 0u() 7 dx. 2.34)

We verify that from (2.22) then the term (¢, {;n) is well defined for all { € E, n € E, for a.e.
te (0, 7).
The inequality (2.25) is a consequence of the equation below,

. (2.35)

{ <0),n >pxe + < K@) 01, >pxe +f E(1,0(1) + 0,())n da
=< R@®u(t),n >pxe + < Q),n >pxe, YN €E,

where recall that Z(z, r) := E(¢, -, r) defined on I'5, for (¢, ) € (0,T) X R.

Our main existence and uniqueness result is stated as follows, that we prove in the next Section.

Theorem 2.1. Assume that (2.13)—(2.23) hold, then there exists an unique solution {u, 6} to problem
QV with the regularity :

u e W'20,T;V) N W>0,T;V')n C'(0,T; H)
(2.36)

0el*0,T;E)n W“3(0,T;E")N C(0,T; F).
3. Proof of Theorem 2.1

The idea is to bring the second order inequality to a first order inequality, using monotone operator,
convexity and fixed point arguments, and will be carried out in several steps.

Let us introduce the velocity variable
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The system in Problem QV is then written for a.e. r € (0, T):

u(t) =uy+ fot v(s)ds;
(@) + A (@) + B(H)u(r) + C(1) (1), w —v(1))vrxv

X f B~ 5) () ds, 68) — £6ONp + Yt w) — Ui, V(D)
>(f(), w—=v(O)yxy YWEeV;

< 0(0),n >pxe + < K@) 0(t),n >pxe +Y(t,0(1);1)
> < R®u(t),n >pxe + < Q1),n >pxe, Y1 €E;

W0) = o, 60) = o,

with the regularity
{ vevel*0,T;V)NW"Y0,T;V)NC(Q,T;H)

0 e 120,T,E) N W20, T;E") N C(0,T; F).

To continue, we assume in the sequel that the conditions (2.13)—(2.17) of the Theorem 1 are satisfied.
Let define

W = LX0,T;H).

We begin by
Lemma 1. For all n € ‘W, there exists an unique

v, € L*(0,T; V)N W"0,T; V') N C(0, T; H)
satisfying

V(@) + A vy (1), w = vy ([O)vixv + (1(0), W) — 8w, (1))94
‘H,l/u(l, W) - l//u(t’ vﬂ(t)) 2 <f(t), w - vﬂ(t)>V'><V7

(3.1
YVweV, ae.tre(0,7T),
v,(0) = .
Moreover, dc > 0 such that Vn,, 7, € W:
! !
[V, (1) = v DI +f Vo, = vally < ¢ f lIm = mll3,  Vre[0,T1. (3.2)
0 0

Proof. Let n € W. Using [9] II/B p. 893, we deduce the existence and uniqueness of v,,.
Now let iy, 7, € ‘W. In (3.1) we take (7 = i1, w = v,,,(1)), then (7 = 172, w = v,,(¢)). Adding the two
inequalities, we deduce that for a.e. r € (0; T):

Dy () =V, (1, Vi, (1) = Vi D) vy + {A@) vy, (1) = A vy, (1), Vi, () = vy (D) vy
< =(m() = m(0), 8, (1) — &y, (D))
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Then integrating over (0, ), from (2.13)(ii1) and from the initial condition on the velocity, we obtain:
Ve [0,T], (@) = vy I +my [ y,(5) = v () ds
! !
<- f (m2(8) = m1(5), (W, (8) — €Wy, ($)))gr ds + My f V3, (8) = v, (I, ds.
0 0
We conclude that dc¢ > 0 such that Vn, n, € W, Vt € [0, T]:
WD) = v OIB, + [ 119, (5) = vy (Il
' > ' 5 (3.3)
<c f I71(s) — m()llzds + ¢ f vy, (5) = v, (Dl ds.
0 0

Now let fix T € [0, T]. We have V¢ € [0, 7]:

IMN%WMM@SCLIm@%w%m&+0£nm@%WMM@w.

Using then Gronwall’s inequality, we obtain V7 € [0, T']:

) = O < (¢ [ 105) = )
0

Finally, integrating the last inequality and reporting the result in (3.3), we get (3.2).
Here and below, we denote by ¢ > 0 a generic constant, which value may change from lines to lines.

Lemma 2. For all n € ‘W, there exists an unique
6, € L*(0,T; E)yn W"*(0,T; E') N C(0,T; F)

satisfying

< Oy(0),n >prxe + < K@) 0,(1), 1 >prxe +f E(1, 0,(1)n da
r

= < RUWy(1), 1 >exe + < O, >pwes V1 € E, ae. t € (0,T); (3.4)
6,(0) = 6.

Moreover, dc > 0 such that Vny, n, € ‘W:

!
”97]1(t) - gnz(t)”% <c f ||v7]1 - vl]z”%/’ Yt e [O’ T] (35)
0

Proof. The existence and uniqueness result verifying (3.4) follows from standard result on first order
evolution equation (see e.g. [5]). Indeed we verify that from the expression of the operator R, we have

v, € L*(0,T;V) = Rv, € L*(0,T; E'),
as Q € L*(0,T; E') then Rv, + Q € L*(0,T; E").
Using the assumptions (2.19) and (2.22), the operator ¥(¢) : E — E’ for a.e. t € (0, T) defined by

< \P(t)g’n >pxE =< K(t)garl >E'XE +f E(tag)ndaa vga n e E

I3
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is strongly monotone.
Now for 1y, 7, € ‘W, we have for a.e. t € (0;T):

(B, (1) = 0,,(0), 0, (1) = 0y, (D) i + (K () 0, (1) = K (1) 0,, (1), 0y, (1) = 0, (D))ot
= (R(D) vy, (1) = R(@) v,,, (1), 6, (1) — 6,,()) ErxE-

Then integrating the last property over (0, 7), using the strong monotonicity of K(¢) and the Lipschitz
continuity of R(t) : V — E’, we deduce (3.5).

Proof of Theorem 1.

We have now all the ingredients to prove the Theorem 1.
Consider the operator A : ‘W — W defined by for all n € W:

An (1) = Geu, (1)) + f B(t — s) 8(u,(5)) ds + C(1,0,(r)), VYt €[0,T],
0
where
u,(t) = uy + f v,(s)ds, Yt €[0,T]; u, € W"0,T;V)nW>*0,T;V')nC 0, T; H).
0

Then from (2.14), (2.15), and Lemma 2, we deduce that for all ;, n, € ‘W, forall ¢t € [0, T]:

A7 (8) — A (Dl5, < 16, (1) = 0, D)7 + ¢ f v, (5) = v (I3, ds
¢ 0 (3.6)
<c f V., (8) = Vo ($)II5, ds.
0

Now using (3.6), after some algebraic manipulations, we have for any 8 > O:

; T
j(; ePT AT (T) = A (Dl < [Ef j; e P Ini(t) = (0l dr.

We conclude from the last inequality by contracting principle that the operator A has a unique fixed
point 7* € ‘W. We verify then that the functions

!
u(r) :=uo+f vy, VE€[0,T], 6:=6,
0

are solutions to problem QV with the regularity (2.36), the uniqueness follows from the uniqueness in
Lemma 1 and Lemma 2.

4. Analysis of a numerical scheme

In this section, we study a fully-discrete numerical approximation scheme of the variational problem
QV. For this purpose, let {u, 6} be the unique solution of the problem QV, and introduce the velocity
variable

v(t) =u(t), Vtel0,T].
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Then )
u(t) =uy + f v(s)ds, Ytel0,T].
0

Here we make the following additional assumptions on the different data, operators and solution fields:

A e C(0,T]; LV, V")),

B e C([0,T]; C(V, V")),

C e C([0,T]; LV, V")),

B e C([0,T]; LIH, H)),

Y. € C([0,T]; C(V,R)),

¥ € C([0,T];C(E X E, R)),

S €C(0,T]; V"),

K € C([0,T]; L(E,E")),

R e C([0,T]; L(E,E)),

Qe C(0, T, E),

v € C([0,T]; V) N C\([0, T]; H),
0 € C(0,T];E) N C'([0,T]; F).

4.1)

Moreover we assume that for all r,r, 7, € R, a.e. (t,x) € (0,T) x T, :

(1) ‘70/(t’x’r;rl + r2) < ‘P/(t,x’r;rl)+‘70/(t,x,r;r2);
(1) ¢'(t, x,r2511 — 1) + @' (t,x, 1151, — 1) <0

4.2)
(ii1) there exists ¢¥ > 0 such that

@' (1, x,r151) + @' (1, X, 125 =r) < #|(ry = ) 1.

We remark that the example of ¢ given in (2.12) satisfies the hypotheses (4.2).

From Theorem 1, {v, 8} verify for all ¢ € [0, T']:

(@) + A v(0) + B u®) + C1) 6(1), w = v())yrxv

+( f B(t — 5) u(s)) ds, W) — @)y + Y t, W) — Y, (1, (1)) (4.3)
>(f@®, w—v(®))yxy, YWeV.

< 0(t),n >pxe + < K@) 0(0),n >pxe +Y(1, 0(1); 1)
>< R@u(t),n >pxe + < Q),n >pxe, YN € E.
u0) =uy, v0O)=vy, 60) =80, 4.5)

Now let V# ¢ V and E" C E be a family of finite dimensional subspaces, with & > 0 a discretization
parameter. We divide the time interval [0, 7] into N equal parts: t, = nk,n =0, 1,..., N, with the time

4.4)
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stepk =T/N.

For a continuous operator or function U € C([0, T]; X) with values in a space X, we use the notation
U,=U(, € X.

Then from (4.3) and (4.4) we introduce the following fully discrete scheme.

Problem P, Find v"* = (y!*}V ' v ¢ = (0"} = c E" such that
vk =vh gk = oh (4.6)

and forn=1,--- ,N,

M _ A hk h _ ,hk B hk h _ y,hk
( =L wh -y ) +{A VL W=V vy +(Bau W=V gy
+(C, 0,’1"1, wh = VI + Yt W) = (8, V) @7
+(k Yoo Bty — 1) 8@), ey — £(¥'*))y
> (f,, wh=v®y, v, VYwheVh
H]ll\ ghk
{ (2 1) g + K O 0V + 00 O ) “5)
> (R, Vnk, T exe + (Ouexe, Y1 € E".
where
u* =u"™ kv, ult = ul (4.9)

Hereul € V", vi e V", 6! € E" are suitable approximations of the initial values uo, v, 6.

Forn = 1,...,N, suppose that un I 1, Hhkl are known, then by using standard result on elliptic
variational 1nequa11tles of the second kind (see e.g. [9] p. 892), we calculate v* by (4.7), 8% by (4.8)
and u’* by (4.9). Hence the discrete solution v"* c V", §"% ¢ E" exists and is unique.

We now turn to an error analysis of the numerical solution. The main result of this section is the
following.

Theorem 2. We keep the assumptions of Theorem 1. Under the additional assumptions (4.1), then
for the unique solution v** c V" @ c E" of the discrete problem P*, we have the following error

estimate
max<uey 1vn = VIR, + (k 20, v, = vI4I1)
+max <,y 16, — 0212 + (k 20, 16, - 614112)
2 2 2
< cllug — uflR, + cllvo = viKIZ + clloo — 612

+cC maxi<;<ny ”vn - wz”H +C maxi<;<ny ”911 - 772”%‘

4.10
Fek SN Iy = whE + ek XY 16 - o2 (+10)

2
e (25w, = wh = @ =W Dlln)
_ 2
+c(XX510; = 7t = 01 — 7, DIF)

N
+ck* +ck 2 v — W?”v,

where for j=1,...,N, w’} e vh, 17’]1. € E" are arbitrary.
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Proof. The method takes again and generalize classical techniques used in [2], where we refer for
details. Here we mention only the main steps of the proof.
Denote

e, =v, v”k 8,,:9,,—92”‘, 0<n <N,

the numerical solution errors.
We begin by the estimate of (&,).
Letfixn=1,---,N. From (4.4) where we putt = t, and n = -1, " € E", then add to (4.8), we obtain

, o H,ik hk o h
(8 = 1) iy * K O = K O 1
< w(tna Qna _nh) + w(tna ghk, nh) + <R Vo — Rn vZk7 nh>E/><E

Writing then
ik hk
6, — Hn 1 _ ; Oy — 61 " En — En-1

én_—_—en_ )
k k k

and replacing n" by "' — 6, + &, we obtain

En—&n-1 _ hk
( k ’ 8")L2(Q) + <Kn 011 Kn Qn ’ 8n>E’><E
< <Kn 0}1 - Kn 92k9 Qn - 7]2>E’><E

+<Rn Vo — Rn vzk» 8n>E’><E + <Rn Vo — vhk, 911 - UZ>E’><E

+(9” e B - n")LZ«z) (9” - 8”)L2(Q>
Y (ts O3 =11") + (20, G155 177,
From (2.19) we have
(KK 6 = K 63, 0, = 1lercil < 116, = 61l X 116, = )l
From (2.20) we have
KR, vy — RV, el < v = VE¥lli2i) X 1 l220)-
Then using (4.2) we obtain
Wt 6 =11") + (1, 6,5 17") < 116, = 6,1z X116, = 1yl

Consider the quantity forn =1,--- | N,

—_ En — En-1 ik
=, = (T, 8”)F +(K, 6, — K, 6,°, €n)ErxE-

We have for some cx > 0,

2 2 2
(leallF: = llewarl}) + cx lieall.

S
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Summing then E; from j = 1 to j = n, and after some manipulation, we obtain

Denote now by

1
7 (lealZ = llsol2) + 2y llesli

0j—0-1

2
/ n2
S A I IR R

2 Ej—Ej-
+e X0 Nl + ¢ Ty (S, 0,- 7).

M, = max<,<y |l€.llF,

ATy := max<uen 16, — 72|,

o

2
— VN ||/ ;=01

AT, := 31, 116, = I,

ATs = Z]Jy:1 6; — 771} — (041 — 77?+1)”F~

We deduce from the last inequality that for some constant ¢ > 0 and forn =1,--- , N,

lleall% + kZ'}zl lejllz < clleolls + cATg + ck (AT, + AT))

+eATs M, + ck X, llell3.

We now turn to the estimate of (e,).
Letfixn=1,---,N. Using (4.3) where we put ¢t = t,, and w = v"*, and adding to (4.7) where w" = w",

we have

hk vh/{_vhk [ hk
¥ n —1 n
(vn,vn—vn)H+( . ,wn—vn)

+<An Vs Vzk - Vn>V’><V + <An Vﬁk’ Wﬁ - vzk>V’><V

hk  ,hk hk h hk
HBuu, , v, —V)vxy +(Bou," [, w, =V, vy

+<Cn Hn’ vﬁk - vn>V’><V + <Cn th

n—1°

+Rﬁk + Wu(tn, w,hq) - l/’u(tna Vn) > < n WZ - vn>V’XV?

h hk
wn - vn >V’XV

where forn=1,--- ,N:

Writing then

AIMS Mathematics

R = ( f " B, — 5) eu(s) ds — k
0

ke X0 Bt = 1) £, £W)) = 607)) .

m=0

i i vhk_vhk vhk_vhk
vn:vn_ Vlknfl Vlknfl;

_ hk hk
Ay, =A v, — Ay + A v

(4.11)

Vwhe vh

n—1
D Blty = t) s(u)y), —sen),
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we obtain
€,-€,_ hk
(_1, en)H + <An Vo — An Vn ’ en)V’XV

< (A Wl =y Yy

n

. V,-V,. vhk vf;k
Hon - B ) (B )
+<Bn u, - Bn un 1° en>V’><V + <B un 1° wh - vn>V’><V
+<Cn 911 - C szl’ en)V’XV + <C ezlkl’ W - Vn>V’><V
+Rzk + lp(tn, WZ) - wu(tn» Vn) - < ns Wn - Vn>V’><V
Consider the quantity forn =1,--- , N,

_ (& €n-1 hk
En - ( k ’e”)H + <An Vp — An Vn ’en>V’><V-
We have
1 2 2 2
E, > % (lleall7; — llea1ll7) + ma (llealls — lleall7)-
For N large enough (recall that k = %), we have 2_1k —mg > 1, then
1
E, 2 5= (leully = lleailly) + ma lley.

To continue, we denote in the sequel by
M, := maxi<u< |lealln,
BVy := maxicusw [V, — Wil

o vN ||ViVi
BV, := Z/zl‘T_ My

. N . ] . N

BV =Y v = willy;  BVa:= X v, —whilv,
. N-1

BV3 = 300 = wh) = w0 = wh Dl

N-1
Sl

=1
BV4 = ijl ||u] u]_1||2, AT, = Z}Vzl ||9j —9]'—1”2,

b

BVs = X KBjwj1, v = whival,  ATs = )" KC;8j1, v = Wil
J=1
F = Zi-vzl KA;vj, v — W?)v’xv +u(t),v)) - Wu(lj,W?) —fpvi— W?)v'va
Then we sum E; from j = 1 to j = n. After some algebraic manipulations, we obtain for N large
enough, for any small & > 0, for some constant ¢ > 0, forn =1,--- , N,

lleall7, + &k Xy llejlly < clleolly, + ¢ llwo — gy,
+cBVy+ck(BVy+BV,+ BV, + BVs+ 1)+ cBV3; M,
+ck(AT4 + ATs) + ck F

+ek X5y (@) + ck X Bl = whily

+ek X5 el + ck 30 (kL lledl),
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where forn=1,--- ,N:

ot = || [ Bt - 5) sis)) ds — k Tl Bt — 1,) el

”

Bl = || 2 Bty — 1) et
From (4.1) and after some upper bound computations, we obtain forn = 1,--- | N:

2 2 -1 2

kX (@) <ok + ek Sy k= w,
2 2 -1 j 2.
<k +cllug —ufl + ckI+ck Tt (kL lleil?);

and
k2o ﬁl}k Ilv; — W?Hv <ck Y4 llu* - u,ll3 + ck(BV2 + BV>)
< clluo —ufl} + ckI+ck Xl (kXL lleid?) + ck(BV; + BV»):

and
kl<ck?

kAT, < ck?;
k BV, < ck?;
kAT, < ck?;
kBV, < ck?;
ATs + BVs + F < ¢ BV,.
Using then (4.11), we deduce for some constant ¢ > 0, forn =1,--- , N,
lleally; + &k X7y llells,
<c ||e0||%{ +cllug — ugll%, +c ||80||12F +cBVy + cATg
+ck(BV, + BV,) + ck AT, + c k2
+cBV3s M, + cAT; M,

+ek X001 (k 2L, lledi).

Using then Gronwall’s inequality, and again the estimation (4.11), we conclude that for some constant
c>0,andforn=1,---,N,

max (el + k X%, llejlis lleall + k 27y llel12)
< clleglly, + cllo -l + ¢ lleoll2 + ¢ BVy + ¢ AT?
+ck(BV, + BV,) + ck AT,
+ck* + cBV32 + cAT%.
This gives the estimation (4.10) stated in Theorem 2.

The inequality (4.10) is a basis for error estimates for particular choice of the finite-dimensional sub-
space V" and under additional data and solution regularities.
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As a typical example, let us consider Q C RY, d € N*, a polygonal domain. Let 7" be a regular
finite element partition of Q. Let V" ¢ V and E" c E be the finite element space consisting of
piecewise polynomials of degree < m — 1, with m > 2, according to the partition 7". Denote by

I . H™(Q)Y - V" and 1% : H™(Q) — E" the corresponding finite element interpolation operator.
Recall (see e.g. [3]) that:
”W - Hl‘l/W”HI(Q)d < Chm_l |W|Hm(Q)d, Vwe Hm(Q)d,
Il — H};;UHH’(Q) <ch™! [lEm), YneH"L).
where [ = 0 (for which H® = L?)or [ = 1.
We assume more generally the following additional data and solution regularities for some a > 1:
uy € H‘H’](Q)d;
v € C([0, TT; H**'(Q)), v e L'0,T; H(Q)), (4.12)
0 € C([0,T]; H**'(Q)), 6 € L'(0,T; H*(Q)).
Then we choose in (4.10) the elements
up =My, vp =Ty, 6 =IIL6,
and
wh=Tyv, n=H46;, j=1---N.
From the assumptions (4.12), we have:

o — ullly < ch®,  lleolln < ch®, lleollr < ch®;
ATO < C]’lw, BV() < C]’lza;
AT3 < Cl’lw, BV3 < Cha;
kAT, < ch®, kBV,<ch®, kBV,<ch™.
Using these estimates in (4.10), we conclude to the following error estimate result.

Theorem 3. We keep the assumptions of Theorem 2. Under the additional assumptions (4.12), we
obtain the error estimate for the corresponding discrete solution v*, " n=1,... N.

n*>n?

1/2
N
maxXozeew [1Vn = V¥l + (k X0 10, = VI )

1/2
+maxocuen 6, = 641l + (k Zoo 116, = 61F) < ¢ (b + k).

In particular, for @ = 1, we have

1/2
N
maxozuzy [P = Vil + (k S I, = VIR

1/2
+ maxoenen 110, = O llr + (k X0 16, = 0412) ™ < c (h + k),
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5. Numerical computations

Here we provide numerical simulations derived from the previous discrete schemes, by using Mat-
lab computation codes, in the case of bilateral contact with Tresca’s friction law.
Here the following classical examples are taken :

C.(1,0) :== =0(c;(r)) in Q;
K.(t,V0) = (k;j(1)) V6 in Q;
Co(t,v) = —ci(t) g_ in Q;

ot 1) = Lk (1) (r = 6x(0)? on T,

On the contact surface I';, we consider a bilateral condition and satisfies (see e.g. [4], [6]):

uv = O’ |0-T| S g(t)a
o | < g(t) = u, =0, on (0,7) xI';.
lo.| = g(t) = u, = —Ao,, for some A > 0,
Here g(¢) represents the friction bound, i.e., the magnitude of the limiting frictional traction at which

slip begins, with g € L*((0,T) x I'3), g(t) > 0 a.e. on I'5. We deduce the admissible displacement
space:

V.i={we H;; w,=00nTIj3},

and the sub-differential contact function independent on time:

‘,Du(t, x7y) = g(t7 x)ly-r(x)l vx € F39 y € Rd»

where y ) 1= ¥ = Yy V(X), Yy := Y - ¥(x), with ¥(x) the unit normal at x € I's. We have then

Yu(t,v) = f g v/|lda, YveV

I3

is well defined on V and independent on time with the property: for some ¢ > 0,
W (t, w) = (6, V) < cllv = wllaqpe,  Yv, weV.

Thus from the definition it is clear that y,(¢,-) : V — R is convex. By using the continuous embed-
ding from V into L*(I';)? and the last inequality, we find that

Y, (t, ) is Lipschitz continuous on V.

Then the assumptions in (2.17) are verified.
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We consider for simulations a rectangular open set, linear elastic and long memory viscoelastic opera-
tors, with non clamped condition.

Q= (Oa Ll) X (Oa L2)5 1—‘l = 07
I = ({0} X [0, Ly]) U ([0, L] X {Lx}) U ({Ly} X [0, Lp]);  I's = [0, L] x {0}

E@)«(t E(t ..
G071 = 1(_,)(5()2)(7'11 +722) 0 + %K()t)ﬁj, 1<i, j<2, 1€8y

(ADT)@)i; = @) (T +722) 6+ T35, 1<4, j<2, TES);
B 1)ij=Bi(@)(t11 +10) 6+ Bo(D) 735, 1<, j<2,71€8,, 1€[0,T]

Here E(z) is the Young’s modulus, «(¢) the Poisson’s ratio of the material, ¢;; denotes the Kronecker
symbol, u(t) and n(¢) are viscosity constants, at each time ¢ € [0, T].

We refer to the previous numerical scheme, and use spaces of continuous piecewise affine functions
V" c V and E" c E as families of approximating subspaces. For computations we considered the
following data (IS unity), V¢ € [0, T]:

L1:L2:1, T:1

20 4 0,2
u@) =8e, n@) = 152 E(1) = T+7 k(1) = 112 Sox,t) = (0, =51)

fo(t,x) =(0,0), Vxe({0}x][0,L,]

frt,x)=(1+1,0), Vxe([0,L1]x{L}) U {L} X [0, Lo])
cu(® = cnp) =cn(®) =1, cnlt) =1

kii(0) = ko) = 1 +1, k() = ko(1) =t

k(t)y=1+t, q@) =€

Bi(f) = B,(t) = 102 ¢

uy=(0,0), vy=(0,0), 6,=0

In Figure 1 (see figures below) is representing the initial configuration.

In Figure 2 we have the deformed configuration at final time, where 6x(f) = 0, ,(f) =S¢, 0 <t < 1,
for two different types of Tresca’s friction bounds. For smaller friction bound with respect to the
surface fraction on I',, where g(z, x) = tTT", 0<r<1,0< x <1, we observe on the contact surface a
slip phenomena in the direction of the fraction: which means that the friction bound has been obtained.
Whereas for large friction bound, e.g. for g(f,x) = 9(t +x),0 <t < 1,0 < x < 1, then slip in the
direction of the traction could be less easy, friction in this case appears more important as well as for
the deformation.

In Figures 3, we compute the Von Mises’ norm which gives a global measure of the stress in the body.
We observe that stress is more important for larger friction bounds, at the contact surface or at the
traction surface.

In Figures 4, we show the influence of the different temperatures of the foundation (6x(r) = O or
Or(t) = 30) on the temperature field & of the body.
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f,
r —p —p
& —» ,
I l fo ! ! _>
—»
@) .

Thermal Contact

Figure 1. Initial configuration

0.8
0.6
0.4 i i H

0.2F i

gt,x) = (t+x)/4 81, x) =9(t+x)

Figure 2. Deformed configurations at final time, 6z(¢) = 0,0,(t) =5¢7,0<t <1

AIMS Mathematics Volume 2, Issue 4, 658-681



680

-0.2 -0.2
0

git,x)y=(t+x)/4 g(t,x)=9(t+x)

Figure 3. Von Mises’ norm in long memory deformed configurations, 6;(t) = 0, 6,(¢) =
5¢7

0.8 0.8

0.6 0.6
0.4 0.4

0.2 0.2

, i , P \
Or(t) =0, 6,(t)=5e" Or(1) =30, 6,(t)=5¢"

Figure 4. Temperature ¢ at final time in long memory, g(#, x) = 9 (¢ + x)
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