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Abstract: In this paper, we study the special reversed Dickson polynomial of the form
D ey ipessex(1, X), where s, ey, ..., e, are positive integers, £ is an integer with 0 < ¢ < p. In fact, by
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permutation polynomials of F, or not. Finally, utilizing the recursive formula of the reversed Dickson
polynomials, we represent D e, pesiex(1, x) as the linear combination of the elementary symmetric
polynomials with the power of 1 — 4x being the variables. From this, we present a necessary and
sufficient condition for D e 4 pes+e (1, X) to be a permutation polynomial of F,.
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1. Introduction

Permutation polynomials and Dickson polynomials are two of the most important topics in the area
of finite fields. Let I, be the finite field of characteristic p with g elements. Let F,[x] be the ring of
polynomials over IF, in the indeterminate x. If the polynomial f(x) € F,[x] induces a bijective map
from F, to itself, then f(x) € F,[x] is called a permutation polynomial (denoted as PP for convenience)
of F,. Properties, constructions and applications of permutation polynomials may be found in [5], [6]
and [7]. The reversed Dickson polynomial of the first kind, denoted by D,(a, x), was introduced in [4]

and defined as follows
(3]

Dya,x) =) — (” - ’)(—x)"a"‘z"
=0 n-—i l
if n > 1 and Dy(a, x) = 2, where [5] means the largest integer no more than 5. Wang and Yucas [8]
extended this concept to that of the n-th reversed Dickson polynomial of (k + 1)-th kind D, ;(a, x) €
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F,[x], which is defined for n > 1 by

(5] .

Dyala, 0= ' 2N (” R l)(—x)ia”_Zi (1.1)

P n-—i l

and Do(a,x) = 2 — k. Some families of permutation polynomials from the revered Dickson poly-
nomials of the first kind were obtained in [4]. Hong, Qin and Zhao [3] studied the revered Dickson
polynomial E,(a, x) of the second kind. Very recently, the author [1] investigated the reversed Dickson
polynomial D, (a, x) of the (k + 1)-th kind and obtained some properties and permutational behaviors
of them.

In this paper, we study the special reversed Dickson polynomial of the form Dpei, . pesiei(1, X),
where s, ey, ..., e, are positive integers, ¢ is an integer with 0 < ¢ < p. In fact, by using Hermite
criterion we first give an answer to the question that the reversed Dickson polynomials of the forms
D1 k(1, %), Dpsin (1, %), Dpsy3 (1, %), Dpsias(1, %), Dpsipri(1,x) and D sy iy 1(1, x) are permutation
polynomials of F, or not. Finally, utilizing the recursive formula of the reversed Dickson polynomials,
we represent Dpei i 4 pe10k(1, x) as the linear combination of the elementary symmetric polynomials
with the power of 1 —4x being the variables. From this, we present a necessary and sufficient condition
for Dpyeiy 4 pes+ex(1, ) to be a permutation polynomial of FF,,.

Throughout this paper, as usual, for any given prime number p, we let v,(x) denote the p-adic
valuation of any positive integer x, i.e., v,(x) is the largest nonnegative integer k such that p* divides x.
We also assume p = char(F,) > 3 and restrict 0 < k < p.

2. Preliminary lemmas

In this section, we list several properties of the reversed Dickson polynomials D, (a, x) of the
(k + 1)-th kind and some useful lemmas.

Lemma 2.1. [5] Let f(x) € F,[x]. Then f(x) is a PP of F, if and only if cf(dx) + b is a PP of F, for
any given ¢,d € F, and b € F,.

Lemma 2.2. Let s > 0 be an integer and a, b be in F,". Then the binomial ax"T +bx"7" isa PP of F,
if and only if s = 0.
Proof. First we assume that the binomial ax"=" + bx"7" is a PP of F,. If s > 0O, then the equation

p-1 P+l p-1 .. . . . . .
ax 2 +bx 2 =x 2 (a+ bx) =0 has two distinct roots O, —§ which are in [F,. This is a contradiction.

So the integer s must be zero. Conversely, if s = 0, then it is easy to check that ax"T + bx"7" is a PP
of F,. Therefore Lemma 2.2 is proved. |

Lemma 2.3. [1] For any integer n > 0, we have

1 kn—k+2
Pl )= =

and
(k—1-(k=2)y)y" — (1 +(k-2)y)(1 -y)
2y—1

Dn,k(l’x) =
ifx=y(l-y # 3.
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Lemma 2.4. []1] Let n > 2 be an integer. Then the recursion
D, (1, x) = Dy 4(1, x) — xD),2,4(1, x)

holds for any x € F,.
Lemma 2.5. [1] Let p = char(F,) > 3 and s be a positive integer. Then

2D,k (1,x) + k=2 = k(1 - 4x)psT’l_
Lemma 2.6. [2] Let @ and e be positive integers. Let d = gcd(a, e) and p be an odd prime. Then

2, if§ is odd,

(01 1 6_1 —
ged(p® +1,p° = 1) {pd+1, if < is even.

Lemma 2.7. [5] Let f(x) € Fy[x]. Then f(x) is permutation polynomial of ¥, if and only if the
following conditions hold:

(i) f(x) has exactly one root in F,;

(ii) For each integer t with O <t < g — 1 and t # 0 (mod p), the reduction of f(x)' (mod x? — x)
has degree less than g — 1.

Lemma 2.8. Let p be a prime with p > 3 and a be a nonzero element in F,,. Then the binomial X7 tax
is a PP of F . if and only if s = 0.

Proof. Let p > 3,a € IF";. Clearly, if s = 0, then w(x) := x# +ax =1+ axis aPP of F,. In what
follows, we show that w(x) = )CPST_I + axisnot a PP of F,c when s > 0. Let s > 0 and s = 59 (mod 2e)
with 0 < 59 < 2e — 1. Then
pS0 — e
w(x) = T tax (mod x* — x)

p=1 = po-l
2 T 2

for any x € P;e since (mod p° —1),1.e.,

p0-1
wx)=x 2 +ax 2.1
for any x € F.. We consider the following three cases.
Case 1. s > 0 and sy = 0. Then by (2.1) one has w(x) = 1 + ax for any x € ]F;e. So fz(é) =0 It
then follows from f,(0) = O that w(x) = x% + axis not a PP of F ..

Case 2. s > 0 and s is a positive even number. Then X7 =1 for each x € F,. By (2.1) one get
w(x) = l+ax forany x € F;. Therefore w(x) = 0 has one nonzero root —é € F;. Hence w(x) = T tax

does not permute F, since f>(0) = 0. Note that f,(F,) C F,. So one has that w(x) = x# + ax does not

permute F ..

Cask 3. s > 0 and s; is an odd number. Then x& — x> foreach x € IF*‘; It follows from (2.1) that

p-1
wkx)=x7 +ax
for any x € F,. Then we have

(w(x))*> = x*! + the terms of x with the degree less than p—1 (mod x” — x).
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Then by Lemma 2.7, we know that w(x) is not a PP of IF,. Also note that f>(F,) € F,. So w(x) is not a
PP of F .
p-1

The above three cases tell us that w(x) = x = + ax is not a PP of F,. when s > 0. This finishes the
proof of Lemma 2.8. O

3. Reversed Dickson polynomials D .. (1, x)

In this section, we present an explicit formula for D, (1,x) when n = p* + ¢ with s > 0 and
0 < ¢ < p. Then we characterize D, (1, x) to be a PP of F, in this case.

Theorem 3.1. Let p = char(F,) > 3 and s be a positive integer. Then

2 — k S+ k pS— 1
Dprialx) = = —=(1 - 407 + Z(1-40 g 5 3.1)
Furthermore, we have
¢ L
pS+2i— .
Dpsioei(1,x) = ZAzf,puZi—l(l —4x) 2+ ZAzf,zj(l —4x),€>0
i=0 =0
and
Gl ps+2i71 ¢ .
Dpsioer14(1, %) = ZA2€+1,p5+2i—1(1 —4x) 2+ ZA2€+1,2j(1 —4x)/,€ >0,
i=0 =0

where all the coefficients A; ; are given as follows:

k 2-k 2-k k 1
Agpso1 = E,Ao,o = T,Al,pm = T,Al,p-V—l = ZaAl,O =3
and
A2m+2,pS+2m+l = A2m+l,p5+2m+l + %AZm,pS+2m—1a if m = 0
A2 psi2i-1 = Aot psa2ic1 — ZILAZm,pHZi—l + iAzm,ps+2i—3, ifl1<i<m
A2m+2,p“—l = A2m+1,pf—1 - %AZm,p-‘—l’ itm=>0
1 : (3.2)
Adm+20 = Admi1.0 — 7A2m0 ifm=0
Aomi22j = Aom12j — %AZm,Zj + %AZm,Zj—b ifl<j<m
Ao ome2 = FA2m2ms ifm>0
as well as
A2m+1,ps+2m+1 = iAZm—l,p~“+2m—l’ itm>0
Ayt ps+2i-1 = Ao pss2ic1 — iAzm—l,puzi—l + iAZm—l,p3'+2i—3’ ifl1<i<m
A2m+l,ps—l = A2m,px—l - %AZm—l,pS—l, if m 2 0 (3 3)
Aspr10 = Asmo — HAom10, itm=>0 .
A2 = Asmoj — $Asmc12) + FA2m-12j-25 ifl<j<m-1
Aomi1om = Aomom + iAzm—l,zm—z, itm>0.
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Proof. First of all, we show (3.1) is true. We consider the following two cases
Cask 1. x # 7. For this case, putting x = y(1 — y) in second identity of Lemma 2.3 gives us that

Dps+1,k(1,x) = Dp°'+1,k(1’y(1 -¥)
k+Q=k)u [ u S+l kt(k=2)u f 1—u\P*+1
B e - At e A

u

_ k((u F D+ D)+ —w)'(1 - u)) + S—Z((u + D W+ 1) = (1 —w'd - u))

#(M“ +1)+ f(ut’“l +1)
1
((u )T+ ((u) )+—

where u = 2y — 1 and u*> = 1 — 4x. So (3.1) follows if x # 1.
Case 2. x = %. By the first identity of Lemma 2.3, one has

| =

1 k(p*+1)— k+2 2 k k 1yt
Dy i(1, ) el (I-4x ) +4—1(1_4XZ)2 +

as required. Thus (3.1) is true for any x € F,.
Now we give the the remainder proof of Theorem 3.1. By Lemmas 2.4-2.5 and (3.1), we readily

find that there exists coefficients A; ; € F, such that

¢ ¢
S +2i-1 .
Dysiaei(1, %) = ZAzf,ps+2i—1(1 —40T 4 ZAZé’,Zj(l —4x)’ (3.4)
i=0 =0

+1 4
pS+2i-1 .
T ) Aspay(1 - 4x)) (3.5)

Dp°'+2€+1,k(1’x) = ZA2£+1,ps+2i—1(1 -
i=0 j=0

with 0 < ¢ < 2L, Therefore we now only need to determine all the coefficients A, ;. Let u> = 1 — 4x

- 2
On the one hand, by (3.4) and (3.5), one then has
2

—u
D sio0i(1,X) = XD psinp—1x(1, %) = Dpsiops(1, x) — TDpS+2[—l,k(1ax)
+1 1 {
- Z 21, ps2im1 U vl

S42i—
= § Aog psioiciul” b+ E Azm,
4 i=0

1c L] £ 1c
Jj 5+2i+1 2j+2
E Agpaju™ + = E Aot psiniciu? - E Agp_rpu™
=0 3 i=0 3 =0

4
1 pi+20+1 : 1 1 pi+2i—1
= ZAzf—l,puM—lM + Z (Aagpssaict — ZAzf—l,ps+2i—1 + ZA2£—1,p»v+2i—3)u
i=1
1 o 1 y
+ (Azf,pS—l - ZAzf—l,pS—l)M + (A2€,2[ + ZA2€—1,2€—2)M
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-1
1 1 . 1
+ Z (Anepj — ZA2€—1,2]‘ + ZAZZ—I,Zj—Z)uzj + Ao — ZAZK—I,O- (3.6)
=

On the other hand, Lemma 2.4 tells us that

D 501 5(1,X) = Dpsinpi(1, x) = xD s i1 (1, X).

So by comparing the coeflicient of the term »' in the right hand side of (3.6) and (3.5), one can get the
desired results as (3.3). Following the similar way, one also obtain the recursions of A; ; as (3.2). So
the proof Theorem 3.1 is complete. O

For any nonzero integer x, let v,(x) be the 2-adic valuation of x. By Theorem 3.1, the following
results are established.

Theorem 3.2. Let g = p° with p being an odd prime and e being a positive integer. Let s be a
nonnegative integer. Then each of following is true.

(). If k = O, then D1 4(1, x) is a PP of F, if and only if either p = 1 (mod 4) and v,(s) > v,(e), or
p =3 (mod 4) and v,(s) > max{v,(e), 1}.

(i1). If k = 2, then D s, (1, x) is a PP of F, if and only if p = 3, v»(s) = 0 and gcd(s, e) = 1.

(). Ifk # 2 and k # O, then D s, (1, x) is a PP of F, if and only if s = 0

Proof. By (3.1) of Theorem 3.1, we have that D s, (1, x) is a PP of F, if and only if the polynomial
Q2 —x"T +kx'T
isaPPof F,.
(1). Let k = 0. Then D, (1, x) is a PP of I, if and only if the monomial x"7" isa PP of IF,, namely,

p’+1
2

So we consider the following two cases on the odd prime p.
Casel. p=1 (mod 4). Then 2~ ! must be odd. It then follows that

ged po-1)=1

p'+1
2

pP+1 pt—1

1 \) e
S 5 ) = peed(p Lyt D).

gcd( ,pe—l):gcd(

So in this case, by Lemma 2.6 we get that gcd(5— “, p¢ — 1) = 1if and only 1f 1s odd which is
equivalent to vo(e) < v,(s).

Case 2. p =3 (mod 4). Then v,(&—~ +1) > 1 when s is odd. In this case we have 2 gcd(”erl,p -1
which is not allowed. So in the case of p =3 (mod 4), s must be even. Then Z— L is an odd number. It
follows from Lemma 2.6 that gcd(” 5= p° — 1) = 1if and only 1f 5 1s odd which is equivalent to
va(e) < va(s) and vo(s) > 1, 1.e., vo(s) > max{l, v,(e)} as desired. Part (1) is proved.

(i1). Let k = 2. Assume that D s, (1, x) is a PP of F .. Then D, (1, x) is a PP of F . if and only

if x"T" is a PP of F,.. Clearly, s > 0 in this case. Suppose p > 3, then X7 is a PP of F, if and only if

N

_1,pe—1):1.

gcd(p >

AIMS Mathematics Volume 2, Issue 4, 586-609
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This is impossible since %I gcd (%, g — 1) implies that

gcd(—,q—l > 1.

Psz—l )Zpgl

So p = 3 and s > 0 in what follows. Now Suppose s > 0 is even, then it is easy to see that
2| gcd(3L, 3¢ — 1) which is a contradiction. This means that s must be an odd number and then so

is 221, Thus we have that x*7 is a PP of Fy if and only if

3 -1

1 1
¢e_1)== $_1.3¢-1)= = gcd(s,e)_lzl
ged 3 -1) 5eed(3 - 13-1) =30 )=1,
which is equivalent to that s is odd and gcd(s, e) = 1. So Part (ii) is proved.

(ii1). k # 0 and k # 2. Then the desired result follows from Lemma 2.2 that (2 — k)x¥ +kx'T isa
PP of F, if and only if s = 0. Part (iii) is proved. O

Theorem 3.3. Let g = p° with p being an odd prime and e being a positive integer. Let s be a
nonnegative integer and sy be the least nonnegative residue of s modulo 2e. Then each of following is
true.

(). If k =0, p = 3, then D,s.» (1, x) is not a PP of Fs..

(). Ifk =0,p > 3,50 = 0, then D s.24(1,x) is a PP of F .

(iii). Ifk =0,p > 3,5 = ¢, then D e, (1, x) is a PP of F, if and only if g = p® = 1 (mod 3).

(). If k = 2, then D542 (1, x) is a PP of F, if and only if s = 0.

(V). Letk =4,p =3. If s = 0 or so = 1, then the binomial D s, (1, x) is a PP of Fz.. If s > 0 and
so is even, then D s, (1, x) is not a PP of Fs..

(vi). Letk = 4,p > 3. Then D 5.2 4(1, x) is a PP of Fpe if and only if s = 0.

(vii). If k # 0,2,4 and p t (4 — k), then D 5.2 4(1,x) is a PP of F, if and only if s = 0 and k # 3.

Proof. By Theorem 3.1, we have that D, (1, x) is a PP of F, if and only if the polynomial
@ —kx" + kT + (2 - k)x

isa PP of F,.

(1). Let k = 0, p = 3. Then D, (1, x) is a PP of F, if and only if the monomial )cpsT+1 + %x is a PP
of F,. Let

pi+1

1
filx) =x7 + Ex.

It is easy to see that f(x) is not a PP of Fs. since f1(0) = f1(1) = 0. So in this case D, (1, x) is not a
PP of Fs..
(ii). Letk = 0, p > 3,59 = 0. Then 252 = 1 (mod p¢ — 1) which implies that

filx) = ;x (mod x*" — x)

for any x € F;. Note that £;(0) = 3 x 0 = 0 and the monomial 3x is a PP of F,. So fi(x) is a PP of F,,.
That is to say Ds.2x(1, x) is not a PP of F ..
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(ii1). Letk = 0, p > 3,5 = e. Then by Theorem 7.11 in [5] we have fi(x) is a PP of I, if and only
if 77((%)2 — 1) = 1, i.e, n(=3) = 1, where 5(-) denotes the quadratic character of F,. One can also find
that n(—3) = l if and only if ¢ = p° = 1 (mod 3), as desired.

(iv). If k = 2, then the desired result follows from Lemma 2.2 that the binomial waTH + waT_l is a
PP of F, if and only if s = 0. So D,s,»x(1, x) is not a PP of F. if and only if s = 0.

(v). Letk =4, p = 3. Then D,s.»x(1, x) is a PP of F, if and only if 2x"7" — xisa PP of F,. Let
s 1
Hx) = Tt 5%

Obviously f(x) = xyT*ly+ x =1+ xis aPP of F3 when s = 0. Now let 0 < s = 59 (mod 2e) with
0 < s9<2e-1.Then % = ”so_l (mod p¢ — 1). Therefore

fz(x)—x02 +x (mod x* = x)

for any x € F}. If 5o = 1, f2(x) = 2x (mod x* — x) and £,(0) = 2 x 0 = 0. This means that f,(x) = 2x
for any x € F,. So f>(x) is a PP of F, when sy = 1. If s > 0 and s is even, then x 5 +x =1+ xfor
any x € [F;. Note that f,(F3) C F3 and f>(0) = fo(=1) = 0, which tells us that f>(x) is not a PP of Fs.
Thus the desired results follows. Unfortunately, following the similar way, we cannot say anything for
the case of s > 0 and s, being odd with sy > 3. ,

(vi). Letk =4, p > 3. Then D, 4(1, x) is a PP of F, if and only if 2prT_1 — x1is a PP of F,. It then
follows from Lemma 2.8 that D, (1, x) is a PP of F, if and only if s = 0, as required.

(vii). Let p >3,k # 0,2,4 and p 1 (k —4). Denote

A = (4 — x> + kT + (2= k).

First, if s = 0, then f3(x) = (6 — 2k)x + k which is a PP of F . if and only if £ # 3. In what follows we
will show that f3(x) is not a PP of F,c when s > 0. Let 0 < s = 59 (mod 2e) with 0 < 59 < 2e— 1. Then

A =G —x T + k" + 2 —=kx  (mod ¥ — x). 3.7)

We consider the following cases.

Case 1. s > 0,590 = 0. By (3.7) we have f3(x) = (6 — 2k)x + k (mod x” — x), which means that
f3(x) = (6 — 2k)x + k for any x € IF'* If £k = 3, then Vx € IF* f3(x) = k. Obviously, f3(x) is not a PP of
F,.. If k # 3, then f3(x) = 0 has one nonzero root ﬂ € P*e since k # 0. But f3(0) = 0. So f3(x) is not
a PP of F. in this case.

%0 +1

Case 2. s > 0 and sy is a positive even number. Then x 7 =xandx R = 1 for each x € F,,
which together with (3.7) imply that f3(x) = (6 — 2k)x + k for any x € F,. If k = 3, then Vx € IF*
f3(x) = k. Obviously, f3(x) is not a PP of F,,. If k # 3, then f3(x) = 0 has one nonzero root > — 2k c € P;
since k # 0. But f3(0) = 0. Therefore f3(x) is not a PP of I, in this case. So is f3(x) of F, since

f(F,) CF,. _

Cask 3. s > 0 and s¢ is odd. Then xpag = = " and x o = x= for each x € ¥, which together
with (3.7) imply that f3(x) = (4 - k)xpTH + kx4 (2 —k)x for any x € F,. If p = 3, then k must equal 1
since 0 < k < pand k # 0, 2,4, which contradicts to the condition p 1 (4 — k). So one has p > 3. Then

[(0)])* = K*x"' + the terms of x with the degree less than p—1 (mod x” — x).
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Then by Lemma 2.7, we know that f3(x) is not a PP of F,,. Also note that f3(F,) € FF,. So f3(x) is not

aPPof F.
Combining the above cases, we verify that f3(x) is not a PP of F,, when s > 0. Thus Part (vii) is
proved. So the proof of Theorem 3.3 is complete. O

Theorem 3.4. Let g = p° with p being an odd prime and e being a positive integer. Let s be a
nonnegative integer and sy be the least nonnegative residue of s modulo 2e. Then each of following is
true.

(). If k =0, p = 3, then Ds<30(1,x) is a PP of Fae if and only if vo(s — 1) > max{1, v2(e)}.

(i1). Let k = 0, p > 3. If s is an even number, then D 5.3 0(1, x) is not a PP of F ..

(). Ifk = 2,5 =0, then Ds,3,(1, x) is a PP of F,

(v). Letk =2,5 > 0,p = 3. If so = 1, then D3s,3,(1, x) is a PP of Fse. If s is even, then Dss,3,(1, x)
is not a PP of Fse.

(V). Letk = 2,p > 3. Then D,s.35(1, x) is a PP of F . if and if s = 0

(vi). If k = 3, then D ,s.3x(1, x) is a PP of F, if and only if p = 3 and v,(s — 1) > max{1, v»(e)}.

(vii). If k #0,2,3, then D ,s.3x(1, x) is not a PP of F ..

Proof. By Theorem 3.1, we have that D ;.3 (1, x) is a PP of I, if and only if the polynomial

(2 - k)x 2 4 oxT 4 kT + (6 — 2k)x (3.8)

isaPPof F,.
). Lettlng k = 0, we have D,3,(1,x) is a PP of F, if and only if (3.8) is a PP of F,, i.e., the

trinomial x" = + 3x i +3xisaPPof F,. Let

P+l

Ja(x) —x 5 +3x7 +3x.

Now let p = 3. Then f4(x) is a PP of FF, if and only if x*7* isa PP of [F,. The latter is equivalent to
ged(32,3° — 1) = 1. Now we let gcd(3+3 3¢~ 1) = 1. If s is even, then one has v,(32) > 1. It
follows that 2| gcd(3 3 3¢_ 1), which is a contradiction. So s must be odd. Then 333 +3 is an odd integer.
It follows from Lemma 2.6 that ged(352,3¢ - 1) = ged(& 2“, 1) = 1ged(3* ¥ +1,3-1) = 1if
and only if —%— gcd(s 9 is odd. This means that gcd(yT”, 3¢ —1) = 1if and only if vy(e) < vo(s — 1) and
vo(s — 1) > 1, namely, v,(s — 1) > max{1, vo(e)}, as desired.

(ii). Let k = 0, p > 3. Then 22 = 222 (mod p* — 1) and 57 = 221 (mod p© — 1). So

falx) = x# + SJCVOTﬂ +3x (mod x” — x). 3.9)
Clearly, if 5o 1s even, then x e x% and x o x for any x € IF; Then by (3.9) we have fy(x) =

x? + 6x = x(x + 6) for any x € F,. Hence f4(x) = 0 has one nonzero root —6 in [F,. But f4(0) = 0. It
then follows that f4(x) is not a PP of FF,. One notes that f4(F,) C F,. Therefore f4(x) is not a PP of IF ..
It follows that D 5,3 (1, x) is not a PP of F, when s, is even.

(111) Lettlng k = 2, we have D3 k(l x) is a PP of F, if and only if (3.8) is a PP of F,, i.e. ,

3x2 +x2 + xisa PP of F,. Let
fs(x) = 3x/rT+I + xpT_] + x.
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Let s = 0. Then fs5 = 4x + 1, which clearly is a PP of F,. So D s,34(1, x) is a PP of F,.

(iv). Let k = 2, p = 3,5 > 0. Then the desired result follows from the proof of Part (v) of Theorem
3.3.

(v). Let k = 2, p > 3. By Part (iii) we only need to show that D,s,3,(1, x) is not a PP of F, when
s>0.Let0 < s =5y (mod 2¢) with 0 < 5y < 2¢ — 1. Then one has

fs(x) = 3x - +x Ty (mod x”* — x).

If 59 is even, then fs(x) = 4x + 1 for any x € F,. In this situation, fs(x) = 0 has one nonzero root
—i € F,. So f5(x) is not a PP of F,, since f5(0) = 0. Also note that f5(IF,) € F,. Thus fs(x) is not a PP

of F . in this case. If s is odd, then f5(x) = 3x"T + x'T + x for any x € F. Soin F,, we have
(fs(x))> = x*! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f5(x) is not a PP of F,. We note that f5(IF,) C F,. Therefore fs(x)
is not a PP of F.. It infers that D ,s,3(1, x) is not a PP of F, when s > 0. Part (v) is proved.
(vi). Let k = 3. Then D,s,3,(1, x) is a PP of F, if and only if (3.8) is a PP of F,, i.e., the trinomial

fox) = =T 4 6x" T 4 34T

is a PP of F,. By the result of Part (i), we then have from the fact D3s,33(1, x) = D3s,30(1, x) that fe(x)
is a PP of of F3. if and only if v,(s — 1) > max{1, v,(e)}. Then we only need to show that f;(x) is not a
PP of F,. when p > 3. Let s = 59 (mod 2e) with 0 < sy < 2e — 1. Then one has

Fo) = —x" +6x7 +3x5T (mod X — x).

If s is even, then fs(x) = —x? + 6x + 3 for any x € F,. Then fs(x) is not a PP of F, since fq(2) =
f6(4) = 11. Also note that f¢(F,) € F,. Thus fs(x) is not a PP of F,. for p > 3 and s, being even. If s

is odd, then fq(x) = x4 6x"% + 3x"= for any x € F . So in F,, we have
(fo(x))* = 92" + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that fs(x) is not a PP of F,. We note that fs(IF,) C F,. Therefore fs(x)
is not a PP of F, when p > 3 and s, is odd. So fs(x) is a PP of IF, if and only if p = 3 and vo(s — 1) >
max{l, v,(e)}, that is, D,s3x(1, x) is a PP of F, if and only if p = 3 and v,(s — 1) > max{1, v,(e)}. Part
(vi) is proved.
(iv). Let k # 0,2,3 and 0 < k < p. Then D s,34(1, x) is a PP of F, if and only if (3.8) is a PP of F,,
1.e., if and only if , , ,
£ = Q2 -kx"T +6x"7 +kx"T + (6 - 2k)x

isaPPof F,. Let s = 59 (mod 2e) with 0 < sy < 2e — 1. Then one has
fix) =2 - k)x T t 6x e ' kx > f 4 (6 —2k)x (mod x* — x).

If so is even, then f;(x) = (2—k)x* +(12—2k)x+k for any x € F;,. One then finds that f5(;%) = f,(3=%

8—2k ) ;
k2 = 2x +4x+4f0ranyx€IF,
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which implies f7(=1) = f7(3) when k = 4. Therefore f7(x) is not a PP of F,. Also note that f7(F,) C F,.
Thus f7(x) is not a PP of F,. when s is even. If s is odd, then

Fx) = 2= k)xT +6xT +kx'T + (6 - 2k)x (3.10)

for any x € F),. We consider the following two cases.

Case 1. Let p = 3. Then k = 1 since k < p and k # 0,2. Hence Yx € F;, f7(x) = x® + 2x. It then
follows from f7(0) = f7(1) = 0 that f7(x) is not a PP of F;. We note that f;(FF3) C F3. Therefore f;(x)
is not a PP of Fs..

Casg 2. Let p > 3. By (3.10), in F,, we have

(f5(x))* = K*x""! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f;(x) is not a PP of F,. We note that f;(IF,) € F,. Therefore f7(x)
is not a PP of FF,. when p > 3 and s, is odd.

Hence f7(x) is not a PP of F,. when k # 0, 2, 3, from which we deduce immediately that D ,s,3 (1, x)
is not a PP of F,. when k # 0, 2, 3. Part (vii) is proved. So we completes the proof of Theorem 3.4. O

Theorem 3.5. Let g = p° with p being an odd prime and e being a positive integer. Let s be a
nonnegative integer and sy be the least nonnegative residue of s modulo 2e. If D ,s.4,(1,x) is a PP of
IF,, then either k = 0 and sy is odd, or k > 0,k # 2 and s = 0.

Proof. It is sufficient to show that D ,s.44(1, x) is not a PP of FF, when k = 0, s¢ 1s even, or k > 0, s > 0.
By Theorem 3.1, we get

32D, as(1,2) = k(1 — 47 + (8 + 2k)(1 — 4x)">"
£ (8=30)(1 =407 +2+ 3k + (12 = 26)(1 — 4x) + 2 — K)(1 — 4x)2.

Then D,r,44(1, x) is a PP of F, if and only if kx"T + (8 +2k)x"2" +(8=3k)x"2" + (12 = 2k)x+ (2 —k)x2
isaPPof F,. Let

Fu0) = kx4 8+ 205 + (8 = 30)x"T + (12 = 2k)x + (2 — k).

Now we show that f3(x) is not a PP of F, when k = 0, s is even, or k > 0, s > 0. Then the following
cases are considered. : )
p50 +1 S0 43
Case 1. k = 0 and s, is an even. Then fz(x) = 4x" 7T +4x T + 6x + x2. It infers that

0+l p°0+3 2
fs(x)=4x 7 +4x 7 +6x+x" (mod x? - x).
... 041 043 . .
Additionally, Vx € ]F;, x77 =xand x"7 = x% since So 18 an even. Therefore
fs(x) =5x(x +2)

for any x € . Then f3(0) = f3(=2) = 0. So fs(x) is not a PP of F,. Also fs(x) is not a PP of F since
fs(F,) CF,.
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Case 2. k = 2. Then . . o0
fi(0)=2x"7T +12x7 +2x'7 +8x.

suBcase 2-1. p = 3. Then fy(x) = 2x"7" + 2x"%" + 2x. So fy(x) = 22 + 2x + 2 when s = 0, which
then follows that f3(0) = fg(2) = 2. If s > 0, we have easily that fg(0) = fs(1) = 0. Thus f3(x) is not a
PP of Fs. whenever.

SUBCASE 2-2. p > 3. Then

S0 +1 5043

Js(x) = 23" 12077 £ 245 4 8x (mod x”* — x).

If s0 is even, then fz(x) = 2x> + 20x + 2 for any x € [F,. This implies that fs(—4) = f3(—6), which then
follows that f3(x) is not a PP of F,,. Note that f3(F,) € F,. So f3(x) is not a PP of F, when s, is even.

If s is odd, then f3(x) = 2x5 +12x"% + 2x5 + 8x for any x € F,. We then deduces that
(fs(x))* = 4x"' + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f3(x) is not a PP of F,. We note that f3(F,) C F,. Therefore f3(x)
is not a PP of . when s, is odd.

Thus D,s.42(1, x) is not a PP of F . for any nonnegative integer s and odd prime p.

Case3. k=6,5 > 0. Then p > 7 and

P43

fS(x) = 6xpéT_1 + ZOXPDTH —10x 7 —4x%

If s > 0 and s is even, then fzg(x) = —14x*+20x+6 for any x € [F,. This implies that f3(0) = fs(-=1) =0
if p=7,0r fy(3) = fz3(2) if p > 7. This means that f;(x) is not a PP of F,,. Note that fs(F,) € F,. So

f3(x) is not a PP of F, when s, is even. If s > 0 and s, is odd, then f3(x) = 6x7 +20x7 —10x> — 42>
for any x € [F, which implies that

(fs(x))? = 36x"~! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f3(x) is not a PP of F,. We note that f3(IF,) € F,. Therefore fg(x)
is not a PP of F,. when s, is odd.

Thus D,s.46(1, x) is not a PP of F,,. when s > 0.

Cased. k=p—-4,5s>0. Then p > 5 and

F0) = (p = 4x"T +(20=3p)x"% + (20 = 2p)x + (6 — p)x.

If s > 0, 50 is even, then fzg(x) = 26x* + 20x — 4 for any x € F,. This implies that f3(0) = fg(%) =0if
p =13, 0r fg(%) = fs(f—g’) if p # 13. This means that f;(x) is not a PP of F,. Note that fz(F,) C F,. So

3(x) is not a PP of F, when sy is even. If s > 0, 5¢ is odd, then f3(x) = —4x 4 ZOxg +20x + 6x? for
q
any x € F, which implies that

(fs(x))* = 16x”~! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f3(x) is not a PP of F,,. We note that f3(F,) C F,. Therefore f3(x)
is not a PP of . when s, is odd.
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Thus D,s.4 -4(1, x) is not a PP of F, when s > 0.
Case5. p| (Bk—8),s>0.Thenp >5, p4 (2 —-k)and

Fo) = k' T+ 8+ 2027 + (12 = 20)x + (2 — b2

If s > 0, 50 is even, then f(x) = (2—k)x>+20x+k for any x € F;,. This implies that f3(55) = fs(=) = 0.
This means that f3(x) is not a PP of F,. Note that f3(F,) C F,. So fg(x) is not a PP of F, when s is
even. If s > 0, 50 is odd, then fy(x) = kx'= + (8 + 2k)x’= + (12 = 2k)x + (2 — k)22 for any x € F*, which

implies that
(fs(x))* = k*x""! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that f3(x) is not a PP of F,. We note that f3(FF,) C F,. Therefore f3(x)
is not a PP of F,. when s, is odd.

Thus D s.44(1, x) is not a PP of F,. when p | (3k —8) and s > 0.

Case6. k#0,2,6,p—4,s>0and p 1t 3k — 8). Then

Fu0) = kx4 (8 + 20T + (8 = 30)x"T + (12— 2k)x + (2 — k).

If s > 0, 59 is even, then fz(x) = (10 — 4k)x> + 20x + k for any x € F,. If p| 2k —5), then p # 5 and
fs(x) =20x+k,Vx € F,. It implies that f3(0) = fg(%‘) = 0. So fg(x)is not a PP of F, when p | (2k-35).
If p 4 (2k—5), then fy(57=) = fs(525), which means that fi(x) is not a PP of F, when p { (2k—5). Thus
f3(x) is not a PP of F,, when s > 0, 50 is even. Note that fz(F,) CF,. So f3(x) is not a PP of F, when s
iseven. If s > 0, 5 is 0dd, then fi(x) = kx> +(8+2k)x> +(8—3k)x"> +(12—2k)x+ (2 —k)x? for any
X € IF;. If p = 3, then k = 1. In this case f3(x) = 2x + 2x? + 2x*, which implies that f3(0) = fz(1) = 0.
It then follows that fg(x) is not a PP of 5. If p > 3, then

(fs(x))? = K*x”"! + the terms of x with the degree less than p—1 (mod x” — x).

Then by Lemma 2.7, we know that fg(x) is not a PP of IF,,. Thus fg(x) is not a PP of IF,, when s, is odd.
We note that f3(F,) C F,. Therefore f3(x) is not a PP of F, when s, is odd.

Thus Ds444(1, x) is not a PP of F, when k # 0,2,6,p —4, s > 0 and p 1 (3k — 8). Combining all
of the above cases, we have the desired result. Therefore Theorem 3.5 is proved. O

Corollary 3.6. Let g = p° with p being an odd prime and e being a positive integer. Let s and k be
nonnegative integers with O < k < p. Then D ,s.4x(1,x) is a PP of F, if and only if s = 0 and p | (2k-5).

Proof. The desired result follows immediately from the proof of Theorem 3.5. m|
4. Reversed Dickson polynomials D s, (1, x)

In this section, we present an explicit formula for D, (1, x) when n = p* + p’ + £ with < 5 < r and
0 < ¢ < p. Then we characterize D, (1, x) to be a PP of F, in this case.

Theorem 4.1. Let p = char(F,) be an odd prime. Let s and t be integers such that 0 < s < t. Then

P+

2)_

k pi-1 pl- k-2
Dyerpa(lix) = (1 =407 +(1 - 4x)7T) - (L + (1 -4
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Proof. We consider the following two cases.
Case 1. x # }1. For this case, putting x = y(1 — y) in the second identity of Lemma 2.3 gives us that

Dp°'+p’,k(la X) :Dp5+pt,k(1a )’(1 - Y))
(k=1 =k =2y = (1 + (k= 2)y)(1 = y)"*”
B 2y —1

k+(2-ku ( utl )pf+p’ _ ktk=2u g 1-u )pupf
2 2 2 2

u
zg(ul’s-l +uf 7y - %(1 +ul" 7
k pi-1 s +,
=Z((u2) )T )——(1+(u) ),

where u = 2y — 1 and 4> = 1 — 4x. So we obtain that

k -1 k—
Dpesps(Lx) = Z(1 40T +(1 _ 40T )——(1 +(1-

as desired.
CaSE2. x = }1. By the first identity of Lemma 2.3, one has

1 kpP+pH)—k+2 —k+2
Dpraprall, ) = = = .

20+ S 4
Besides,
k - k-2 L pwt s —k 2
Ka—axdys pazax] )*)——(1+(1—4>< D= "
4 4
Thus the required result follows. So Theorem 4.1 is proved. O

Theorem 4.2. Let g = p° with p being an odd prime and e being a positive integer. Let s and t be
positive integers with s < t. Then each of following is true.

(). If k = 0, then D s, 4(1, x) is a PP of F, if and only if either p = 1 (mod 4) and v,(t - s) > v»(e),
or p =3 (mod 4) and v,(t — 5) > max{v,(e), 1}.

(i1). Letk = 2. If p > 3, then D,s.pi(1,x) is not a PP of Fpe. If p = 3 and st is even, then
D s, pii (1, x) is not a PP of Fe.

(iii). Ifk # 0,2, then D s, i (1, x) is not a PP of F,.

Proof. By Theorem 4.1, we have that D, ,(1, x) is a PP of F, if and only if

pS—1 -1 S +pl
k(x7 +x72 )= (k=2)x

isa PP of F,.
(1). Let k = 0. Then D,s,x(1, x) is a PP of F, if and only if x2" isa PP of IF, if and only if

N

p +p
2

t

ged p-1)=1
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Additionally, ged (222, p¢ — 1) = ged (£ F;” ,p° — 1). Then the desired result follows from the same
way as proving Part (i) of Theorem 3.2.
(ii). Let k = 2. Then Dy, (1, x) is a PP of F, if and only if x"= + x"= is a PP of F,. Let

p’=1 p'-1

gix)=x72 +x7.

So

p’0-1 p0-1 e
gix)=x 7 +x 2 (mod x —Xx).
Then the following cases are considered.

Case 1. s > 0 and both sy and 7, are even. Then g,(x) = 2 for any x € F,. So g(x) is not a PP of
IF,. One also notices that g;(F,) € F,. Thus g;(x) is not a PP of FF,.

Case 2. s > 0 and one of sy and 7, is even, the other is odd. Then g(x) = X7 + 1 for any x € .
If p =3, then Vx € F.g(x)=x+1, which implies g1(0) = g;(—1) = 0. So g;(x) is not a PP of F5. If
p > 3, then

()P = 21 +2x7 + 1 (mod x* — x).

It follows from Lemma 2.7 that g;(x) is not a PP of FF, when p > 3. Therefore g;(x) is not a PP of F,,.
Obviously, g1(F,) € F,. Hence g;(x) is not a PP of I, in this case.

Case 3. s > 0,p > 3 and both sy and t, are odd. Then g;(x) = 2% for any x € F,. But
gcd(”—;], p—1) = pT_l > 1. Therefore g;(x) is not a PP of F,. Note that g,(F,) C F,. Hence g;(x) is not
a PP of I, in this case.

Combining the above cases, we know that part (i) is true.

(iii). Let k # O and k # 2. Let

Pt

g2(x) = k(x# + x#) —k-2)x 2 .

Then

200 = k(" + X" T — (k= 2)x" 7 (mod ¥ — x).
Then we divide the proof into the following three cases.
Cask 1. Both sy and 7y are even. Then g,(x) = 2k — (k — 2)x for any x € F,. So g,(x) is not a PP of
IF, since g,(0) = gz(li—’;). One also notices that g,(F,,) C F,. Thus g,(x) is not a PP of .
Caske 2. One of sy and ¢ is even, the other is odd. Then g,(x) = k+kx'T - (k— 2)x% for any x € F,.
If p =3, then k = 1 and so g,(0) = g»(1) = 0, which implies g,(x) is not a PP of F5. If p > 3, then

(g2(x))* = K*x"! + the terms of x with the degree less than p—1 (mod x” — x).

It follows from Lemma 2.7 that g,(x) is not a PP of FF, when p > 3. Therefore g,(x) is not a PP of F,,.
Obviously, g,(F,) € F,,. Hence g,(x) is not a PP of FF, in this case.

Caske 3. Both sy and ¢, are odd. Then g,(x) = 2kx'r — (k= 2)x for any x € F,. If p=3,thenk =1
and so g>(x) = 0, Vx € F,,, which implies g>(x) is not a PP of F3. If p > 3, then

(g2(x))* = 4k*xP~" + the terms of x with the degree less than p—1 (mod x” — x).

Since 4k € [, it then follows from Lemma 2.7 that g»(x) is not a PP of F, when p > 3. Therefore
g>(x) is not a PP of IF,,. Obviously, g,(F,) C F,. Hence g»(x) is not a PP of F, in this case.

Combining the above cases, we deduce that g>(x) is not a PP of F, in the condition of k # 0, 2. Thus
Dsi (1, x) 1s not a PP of F,. The proof of Theorem 4.2 is completed. O
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Theorem 4.3. Let g = p°® with p being an odd prime and e being a positive integer. Let s and t be
positive integers with s < t. Then

1 t 1 1 s_ t
Dyerppenslx) = Z(1 - i Z + 50 - 407 +(1-407)

- u((1 — 40T (1 - 40, (4.1)

Furthermore, D s, .1 x(1, x) is not a PP of F,.

Proof. We consider the following two cases.
Case 1. x # %. For this case, putting x = y(1 — y) in the second identity of Lemma 2.3 gives us that

Dp~‘+p’+1,k(1’ X) = Dp“+p’+1,k(lsy(1 - )’))
(k=1 = (k= 2y P = (1 + (k = 2)y)(1 — y)r+7'*!

2y—1

M(m)mp’ﬂ _ k=2 u)pwpm

__ 2 2 2 2
u

k S s k - 2 s N
:g(l +u” T T Ty - S T

1 s 1 k N k_ 2 s
=—uP P T - 2w u?h,

4 4 8 8

where u = 2y — 1 and u*> = 1 — 4x. Then we have that

1
T2
+ ((1—4x) (1 —4n)T )——2((1—4x) £ (1 =40

1
D pS+pli+l, K(1,x) = _(1 -

as desired.
Case 2. x = %. On the one hand, by the first identity of Lemma 2.3, one has

1 kpP+p +1D)—-k+2 1
Dps+p’+1,k(1’ Z) = ! = Z
On the other hand,
(1 4 x )7+1+ —((1-4x- ) +(1 4x— )*) ((1 4x— ) +(1 4X1)pr+])_1
4 8 4 4

Combing Case 1 and Case 2, we know that (4.1) always holds. So D, .1 (1, x) is a PP of F, if and
only if the polynomial

g3(x0) 1= 267 4 25T 4 X = (k= 2)(x" T + x'T)
isa PP of F,.
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In what follows, we show that g3(x) is not a PP of IF,. Now let s = 5y (mod 2e) and t = 1, (mod 2e)
with0 < s90<2e—-1,0<1¢ <2e¢—1. Then

50 +p/0 50— )10 — 50 + 10 +
g(0) = 2x" 2 +2(x" T +x" T ) — (k= 2)(x" T +x"7T) (mod x7 — x).

First we let k = 2. In this case we have

S0 +pt0 pso -1

g(x)=2x 7 +2x 7 + ZxMT_l (mod x7 — x).

If both s¢ and £, are even, then Vx € F, g3(x) = 2x + 4. It follows that g3(x) is not a PP of F,, since
83(0) = g5(-2) = 0.

If exactly one of sy and ¢, is even, then g3;(x) = 2x'T +2x'T + 2 for any x € F. In this case if
p = 3, then g3(0) = g3(1) = 0, which implies g3(x) is not a PP of F5. If p > 3, then

(g3(x))2 = 4x"7! + the terms of x with the degree less than p—1 (mod x” — x).

It follows from Lemma 2.7 that g3(x) is not a PP of F, when p > 3. Therefore g3(x) is not a PP of F,,.
If both sy and ¢, are odd, then g3(x) = 2x + 4x% for any x € F . If p = 3, then g3(x) = 0,Vx € F,
which implies g3(x) is not a PP of F5. If p > 3, then

(g3(x))* = 4xP7" + the terms of x with the degree less than p—1 (mod x” — x).

It follows from Lemma 2.7 that g3(x) is not a PP of F, when p > 3. Therefore g3(x) is not a PP of F,,.

Combining the above discussions, we derive that g3(x) is not a PP of F,,. Note that g;(F,) C F,. So
g3(x) is not a PP of F, when k = 2.

Now let k # 2. The following cases are considered.

If both so and 7, are even, then Vx € F, g3(x) = (6 — 2k)x + 4. Clearly, if k = 3, then g;3(x) is not a
PP of F,,. If k # 3, then g3(0) = gg(%) = 0. This implies that g3(x) is not a PP of F,.

If exactly one of sy and ¢, is even then g3(x) = (4 — k)xpT+1 +2xT - (k= 2)x + 2 for any x € F,.
If p=3,thenk =0ork =1. And g3(0) = 0,g3(1) = k + 2,g3(—1) = 2. So in this case, either
g3(1) = g3(-1) =2if k = 0, or g5(1) = g3(0) = 0 if k = 1, which implies g3(x) is not a PP of F5. If
p > 3, then

(g3(x))> = 4xP7" + the terms of x with the degree less than p—1 (mod x” — x).

It follows from Lemma 2.7 that g3(x) is not a PP of IF, when p > 3. Therefore g3(x) is not a PP of F,,.
If both sy and 7 are odd then g3(x) = 2x” + 4x'7 — 2(k — 2)x'T for any x € Fi. If p = 3, then
g3(1) = g3(—=1) = k — 2, which implies g3(x) is not a PP of F5. If p > 3, then

(g3(x))* = 16x"7! + the terms of x with the degree less than p—1 (mod x” — x).

It follows from Lemma 2.7 that g3(x) is not a PP of IF, when p > 3. Therefore g3(x) is not a PP of F,,.
From them, we derive that g3(x) is not a PP of FF, when k # 2. Note that g3(F,) € F,. So g3(x) is
not a PP of IF, when k # 2. Hence g3(x) is not a PP of F,. Thus D s, .1 (1, x) is not a PP of . O

By Lemma 2.4 , Theorem 4.1 and Theorem 4.3, we have the following general result.
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Theorem 4.4. Let g = p°® with p being an odd prime and e being a positive integer. Let s and t be
positive integers with s < t. Then

2 - +p'+ 2+k S+p! 4 -k S+ '+
Dpropreai(l,x) = —(1 4Ry o140 —((1 —40)7 +(1-40)7)
2 2 2-k
+—((1 40T (140 )+—(1 — 4x) + . (4.2)
16
Consequently, D s, p424(1, x) is a PP of F, if and only if the polynomial
Q- F T T+ Q" + G =T+ xT)
is a PP of F,. Furthermore, let { > 0 be an integer. Then
D sy priaei(l, x) = Z Bo ps s praai(l — 4 Z Booj(1 — 4x)
i=0 Jj=0
‘ 1 ! 4+2i-1
P — pr+2i—
+ 3 Bapriaia((1= 4077 + (1 - 40
i=0
and
L4
p +p +2i .
Dyespriaesri(l, x) = Z Byt propsai(l =405 + ) Byipi(1 = 4x)/
i=0 j=0
{+1 1 21 p
P - P - -
+ Z Bost pss2ic1 ((1 = > +(1-4x) 7), 0< ,
i=0
where all the coefficients B; j are given as follows:
2-k k 2-k
Bo,p5+p’ = T7B0,ps—l = Z,BO,O = T,
1 2-k 1 1
By pspr = Z,Bprl = T,Bl,ps—l = g,Bl,o =1
and
BZm+2,pS+p’+2m+2 = iBZm,p5+p’+2m9 ifm>0
B2m+2,ps+p’+2i = B2m+l,p5+2i - %BZm,pJ+p’+2i + iBZm,pS+2i—2a if 1 < i <m
BZm+2,ps+p’ = BZm+1,pS+p’ - }LBZm,pHp', ifm>0
BZm+2,p“+2m+1 = B2m+l,p5+2m+1 + iBZm,pHZm—l’ lf m = 0
Bomio,ps+2i-1 = Bomet psi2ic1 — iBzm,puzi—l + iBzm,ps+2i—3, ifl1<i<m 4.3)
B2 pi-1 = Boms1,ps—1 — %BZm,pS—]’ ifm>0
Boni20 = Boms1.0 — 1 Bomo, itm=>0
Boni22j = Bomi12j — $Bomaj + 1Bomaj-2s ifl1<j<m
Bonioomer = iBZm,Zm’ ifm>0

AIMS Mathematics Volume 2, Issue 4, 586-609



604

as well as
_ 1 .
B2m+1,p3+p’+2m - BZm,pS+p’+2m + ZBZm—l,p‘+p’+2m—2’ ifm=>0
_ 1 1 ) .
Bomi1psipiai = Bampssai = 3Bom-1psapriai ¥ 7Bom-1psi2ia, 1 <i<m—1
_ 1 -
Bzm_',l’ps_'_pt = anf’p.v_'_pt - ZBZm—l,p“+p” ifm=>0
Bom+1,ps+2mr1 = 3Bom—1,ps+2m-15 iftm>0
_ 1 1 ) .
Bzm+1,ps+2i—1 = Bzm,ps+2i—1 - ZBZm—l,pS+2i—l + szm—l,ps+2i—3, ifl1<i<m (4.4)
_ 1 )
Bomi1,ps-1 = Boamps—1 = 3Bom-1,p5-1, ifm=>0
_ 1 )
Bom+10 = Bamo — 7Bam-1.05 itm=>0
_ 1 1 . )
Bom+12j = Bam2j — 3Bam-12j + 3 Bam-12j-25 fl<j<m-1
_ 1 )
Bom+12m = Boamam + 7Bom-12m-2s iftm=0

Proof. The identity immediately follows from Lemma 2.4 , Theorem 4.1 and Theorem 4.3. Moreover
we readily find that there exists coeflicients B; ; € F, such that

¢ ¢
_ S+ p42i 2j
Dps s priaci(l, x) = Z Bog psspraitt” TP+ g By ju™

i=0 j=0
£+1 »
S5 tyi_
+ ZBZ€,pS+2i—l(up L P 0< < 4.5)
i=0
and
14
S4+p'+2i 2j
DP5+P’+25—1J€(1’ x) = Z BZt’—l,pS+p’+2iup P + Z Bzg_l,zj'u /
i=0 =0
{+1 » 1
S4+2i—1 42i-1 B
+ D Bor o (@ w0 <0< > (4.6)
i=0

where u?> = 1 — 4x. Now let’s determine all the coefficients B; j. On the one hand, by (4.5) and (4.6),
one then has
1 —u?

—Dpsipriae-14(1, %)

Dps s priaci(1, x) = XD ps i prop-1.4(1, ) = Dpsyprioes(l, x) — 1

¢ ¢ ¢
— S+p'+2i S+2i—-1 ' +2i—1 2j
= Z Bog psipraoitt? TP + g By prsnioi (u? +u? )+ Z Bogpju

i=0 i=0 j=0
1 -1 1 14
Syt i9; S fioi
_ Z Z B2£—1,pS+p’+2iup +p'+2i Z Z BZ(—],pf+2i—1(up +2i—1 +uP +2i 1)
i=0 Jj=0
-1 -
1 ; 1 Sy tan
S+pl+2i+2
- = By 12] - 2(—1,ps+pf+2iup P
4 j=0 4 j=0
1 < 1<
S+2i+1 '+2i+1 2 j+2
+ 4_1 Z Bzf—l,ps+2i—1(up +u” ) + Z Z By 12U /
j=0 j=0
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-1 1

1. . 1 ‘
_ S+pl+20 S+ pl 420
= (Bzf,ps+pf+2l + Z)Mp P + § (Bzaps+pf+2i - ZBzf—l,pupwzi + ZBzf—l,pupwzi—z)Mp P
i=1

1 5 ' 1 S
+ +20+1 '+20+1
+ (Bzg’ps_‘_pr - —Bzg_l’ps_,_pr)up Pt —ng_l’ps_‘_zg_](up + u? )

4 4

¢
1 1 S0 ‘
S+2i—1 '+2i—1
+ (Bzf,ps+2i—1 - ZBze—l,psni—l + ZB2€—1,p5'+2i—3)(up +u” )
i=1
1

s _ 1
+ (Bagps-1 — ZBzz—l,ps—l)(up P wf ) + (Bagae + 1325-1,25—2)M25

-1

1 1 - 1
+ Z (Baeaj — 1325—1,21' + ZBze—l,zj—z)uzj + Bao — 1325—1,0- 4.7)
=)

On the other hand, Lemma 2.4 tells us that

Dps+p’+2€+1,k(1’ x) = Dp°'+p’+2[’,k(1’ X) — XDp°'+p’+2t’—1,k(1a X).

So by comparing the coeflicient of the term »' in the right hand side of (4.6) and (4.7), one can get the
desired results as (4.4). Following the similar way, one also obtain the recursions of B;; as (4.3). So
the proof Theorem 4.4 is complete. O

5. Reversed Dickson polynomials D e\, yer ... pes 0 4(1, X)

Let s > 1 be an integer. Let ey, e,, - , ey, € be integers with 0 < e; < e; < --- <eyand 0 < € <
p. In this section, we present an explicit formula for D, (1, x) presented by elementary symmetric
polynomials in terms of the power of (1 —4x) when n = p°' + p®> + - - - + p® + {. Then we characterize
D, (1, x) to be a PP of F, in this case.

Let oi(x1, x5, - - , x;) be the elementary polynomials in s variables xi, x,, - - - , x; which are defined
by

oo(xp, X2, ,x5) =1,

Ul(xl’XZ"“ ,xs) = Z Xj,

1<j<n

O2(X1, X0, + , Xg) = E Xj Xk,
1<j<k<n

03(x1, X2, 0+, Xg) = E XXX,
1< j<k<t<n

and so forth, ending with

Os(X1, X0, , X5) = X1 X2 -+ X

Now we give the first result of this section.
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Theorem 5.1. Let g = p°® with p being an odd prime and e being a positive integer. Let s be a positive
integer. Let ey, - - - , e, be nonnegative integers with e; < --- < e;. Then

1 €1 es
Dyrvapss(1.0) = (@ =K Y ol(1=40)T - (1-40)'T)

1<i<s
ieven

kD o= (1-4077),

Consequently, D e\, 15 1(1, X) is a PP of B, if and only if the polynomial

jail s PV Pos-Lfi
(2-k) E oi(x7T, -, xT)+k E oilx 7 - x 2
0<i<s 1<i<s
i even iodd

is a PP of F,,.

Proof. We divide the proof into the following two cases.
Case 1. x # %. For this case, putting x = y(1 — y) in the second identity of Lemma 2.3 gives us that

Dpel+...+p“',k(1a x) = Dpel+...+p“,k(1’y(1 - y))
(= 1= (= 2 = (1 (k= 2)(1 =y
- 2y -1

k+<2—k>M(M)Pﬂ‘ Hekp®S k+(k—2)u(ﬂ)!’”‘ ook pts
2 2 2 2

u

k+(2- k)ul—[(pl ke 2)ul—[(1

2p“1+ +pes+1 2P+t pes+l

es

((k+(2 ) D i@y =k (= 2u) ) (~D o u™))

s+1
2 0<i<s 0<i<s
1 ] es e _ . .
’ 1 l °s—1/i
:5((2—k) Z oW’ - uP )+ k Z o Y P /)),
0<i<s 1<i<s
ieven iodd

where u = 2y — 1 and u> = 1 — 4x. Then we have that

1 ‘1 e
Dyrvapss(10) = (@ =K Y ol(1=40T (1 -40)'T)

0<i<s
ieven

Tk oi((1 - L(1-40"7).

1<i<s

as desired.
Case 2. x = i. On the one hand, by the first identity of Lemma 2.3, one has

I, k(p+---+p*)—k+2 2-k
_) - 2p61+_“+p('5 - 25 .

Dp"'l +...+pfs,k(1, 4
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On the other hand,

1 i} s

5((2—k) > o(l-407, - (1-40)T)

0<i<s
po1-1/i P —l/z 2—k
FEY (140 T (1 -4y ))Lzl/4 -
Vo

Thus the required result follows. So Theorem 5.1 is proved. O

Theorem 5.2. Let g = p° with p being an odd prime and e being a positive integer. Let s be a positive
integer. Let ey, - - - , e be nonnegative integers with e; < --- < e;. Then

2H](z > o((1-407, - (1-40)7)

Dpel +...+p€x+l,k(1’ X) =

+ (2= = 4x) + k) Z (1 - L(1-40"7),

Consequently, D e\ 1. 1pesv14(1, %) is a PP of F, if and only if the polynomial
2 ), T D @ hx k) Y T T

0<i<s I<i<s
ieven iodd

is a PP of F,.

Proof. We consider the following two cases.
Case 1. x # %. For this case, putting x = y(1 — y) in the second identity of Lemma 2.3 gives us that

Dpfl +...+pL’S+1,k(1» x) = Dp"1+...+pf»f+l,k(1ay(1 - y))
(k= 1= Ge= 2y — (1 (k= 29)(1 =y

2y —1
k+(2—k>u(ﬂ)p“1+~~+p“+l _ k+(k=2)u 1;u)p"1+-~~+p”+1
2 2

u

wry e 1) - D 1—[(1 w1~ )

2p‘1+ +pes+2 2pel+ +p‘5+2

((k F24 Q=) Do) = ke (4= 20ud) Y (=D, u™))

?+2
2 0<i<s 0<i<s
1 e s e ; es :
:2s+1(2 Do)+ (@ -kt k) Y o T ),
0<i<s I<i<s
ieven iodd

where u = 2y — 1 and u?> = 1 — 4x. Then we have

1 e
w2 2, o= 407, (1= 40)7)

D e +...+p“»r+l,k(1 ,X) =

0<i<s
ieven
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as desired.

Jadl

Q-1 =40 +k) > o((1-40

-4 ),

Case 2. x = %. On the one hand, by the first identity of Lemma 2.3, one has

I, k(p+---+p*+D)—-k+2 2
Dp€1+...+p“+1,k(1’ Z) = QP+t pes+1 = s+’
On the other hand,
1 Ed z
W(Z Z O'i((1—4X)z,"',(1—4X)2)
0<i<s
pel-1/i pes-1/i 2
H@-BA-40)+k) > o((1-40"7 - (1 -4 ))'Fl/4 = e

Thus the required result follows. So Theorem 5.3 is proved.

Then Theorems 5.
Theorem 5.3. Let g =

integer. Let eq,---
identities is true.

Dper s apessaei(l, x) =

Dpfl +...+p'-°~f+2€+1,k(la x)

, es be nonnegative integers with e; < ---

1<i<s
iodd

1-5.2 together with Lemma 2.4 show that the general result is true.

p¢ with p being an odd prime and e being a positive integer. Let s be a positive
< es. Then for any £ > 0 each of the

¢ ¢
2j €1 es 2j e 1
(Zczazjujzm(up s ul )+ZQ2¢’,2]M’ZO’1‘(MP fyere
Jj=0

j:() 0<i<s 0<i<s
£+1

i even i odd
2
E Ore+12 ju !
j=0

1
2s+2€

Z o ) +

0<i<s
i even

ep 1
Zo.i(up e

0<i<s
i odd

1 ¢
_ - 120
- 2s+2[+1(z :C%’*l’zlu
J=0

where u* = 1 — 4x, and the coefficients C, 5, and Q2 can be determined as follows:

as well as

AIMS Mathematics

Coo=2-k,Qoo=kCip=k,01p=2-k,

Coms20 = 2Copmi1,0 — Compos ifm>0
Coms22j = 2Comi12j + Compjr — Compjy i1 < j<m
Coms22m+2 = Comoms ifm>0 5.1)
Oomi2,0 = 202m41,0 = Q2m0s ifm>0 :
Oomi22j = 200ms12j + Qomaj2 — Qompjr 1< j<m
Oomr22m+2 = 2Q2ms12me2 + Qomoms ifm>0
Comi10 = 2Comp0 — Com-10s itm>1
Comi12j = 2Com2j + Como12j2 = Coe12jy M1 < j<m—1
Coms12m = 2Comom + Con—1.2m-2, ifm>1 5.2)
Oom+1,0 = 2Q2m2j — Qom-1,0s ifm>0 :
Owmr12j = 2Q0m2j + Oom-12j-2 = Qom-12j, i1 <j<m
Qomr12m+2 = 2Q2m—12m> ifm>1
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