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Abstract: It is well known that the harmonic sum H,(1) = 1<, % is never an integer for n > 1.
Erdds and Niven proved in 1946 that the multiple harmonic sum H,({1}") = >}, <.<t.<n ﬁ can take
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that H,({1}") is an integer only for (n,r) = (1,1) and (n,r) = (3,2). In this paper, we consider the
integrality problem for the first and second elementary symmetric function of 1,1/2%,..., 1/n", we
show that none of them is an integer with some natural exceptions.
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1. Introduction

A well-known result in number theory states that the harmonic sum

H,(1) := Zn: %
k=1

is never an integer for n > 1. The first published proof went back to 1915 by Leopold Theisinger. In
1946, Erdos and Niven proved that the multiple harmonic sum

1

H,(1)) = —"

1<k)<-<k,<n

is not an integer with finite exceptions. In 2012, Chen and Tang showed a stronger result stating that
H,({1}") is an integer only for (n,r) = (1, 1) and (n, r) = (3, 2).
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For an n-tuple vector s = (s1, 52, -+ , s,) With s; € Z* and n > 2, we define the first ordinary multiple
harmonic sum H,(,l)(sl, ..., 8, as
n
1
1 )
H;g )(SI,...,Sn) = Ti’
i1 !
and the second ordinary multiple harmonic sum H,(f)(sl, ..., 8y as
1
H}gZ)(sla--'asn) = Z e sg.?
L lSj]Sj
1<i<j<n
and the second star multiple harmonic sum H:(z)(sl, ..., 8, as
. 1
Hn(Z)(Sl’ ey Sn) = Z s
1<i<j<n J
We shall prove that H,(ll)(sl, ey Sn), H,(,z)(sl, ...,8,) and HZ(z)(sl, ..., S$,) are not integers except some

special cases.

Let p be a prime and v,(q) be the p-adic valuation of rational number g, that is, if ¢ = Z}’)’ _ with

gcd(a, p) = ged(b, p) = 1 and m,n € Z*, then vp(%) = n —m. It is well known that the following two
statements are true:
(1). For any x,y € Q, one has

Vp(x +y) 2 min(v,(x), vy(y)),

and the equality holds if v,(x) # v,().
(2). For any xy, x5, ..., x, € Q, one has

Vp(X1 + X2 4+ - 4 x,) = min (v, (x1), vp(X2), - . ., Vp(X)),

and the equality holds if there exists an i such that v,(x;) < v,(x;) for all integers j with j # i.

To express concisely, we take the following abbreviations: H,(f) = H,(f)(sl, ey Su), HZ(Z) =
H;Q)(sl, ..., Sy). We denote the sum H,(,z) when s; is fixed and s; — oo by H,(,z)(si = k) and H,(,z)(sj — 0)
respectively.

Now we state our main results.

Theorem 1.1. Let n be an integer withn > 2 and s; € Z* for 1 < i < n. Then HS" is never an integer.

Theorem 1.2. Let n be an integer withn > 2 and s; € Z* for 1 < i < n. Then each of the following is
true:

). H:;(z) is never an integer.

(i1). H,(f) is never an integer except that n = 3, s, = s3 = 1, in which case, H,(lz) is an integer.

Remark 1.1. We can get an approximating value by the following expansion

Iy 1y o 1
HY=5(05) -2 m)
i=1 i=1
Actually, if we fix the valuation of n and s, ..., s,, we can get an approximate value by hand from the
expansion above.
In the next two sections, we first show that when n = 9 and n = 21, Hf,z) is not an integer, i.e. Hé2)
and H;zl) are not integers. And the remaining cases will be treated in the final section. The proofs of

Theorems 1.1 and 1.2 are also given in the final section.
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2. Thecasen =9

In this section, we show the fact that Héz) is not an integer. At first, we have following lemmas.
Lemma 2.1. For a fixed prime p and a positive integer n with p < n, let k := [%],

1
TP = Z is,-jsj

I<i<j<n,
vp@vp (=1

and
m z= min (= v,(p), ~v,(2p)™), .., =, ((kp)*)).
Ifv,(T),) < m, then H® ¢ 7",

Proof. Since vp(ﬁ) >mforany 1 <i# j<nwithv,(i)v,(j) = 0, it then follows that
vp(Hflz) -T,)>m.
On the other hand, since v,(T,) < m, we have v,(T),) <m < vp(H,(f) —T,). Thus

v (H?) = v, (T, + (H® - T,)) =v,(T,) <0,

the last inequality is true because v,(T),) < m < 0. So H'? is not an integer. O

Remark 2.1. Let 7, = T,p*(2p)*> - - - (kp)*». Then

k
vp(ty) = vp(T)p) + Z v,((ip)*").
=1

Sov,(T,) < mif and only if

k
vp(tp) <m+ Z v,((ip)™). (2.1)
i=1

Remark 2.2. For a fixed k with 2 < k < n, if s5; < 57, then
H,(,z)(sl, s Sk ey Sp) > H,(f)(sl, e Sk e Sn)s
Moreover, for any ¢, satisfies s; > #, we denote all Hf,z)(tk) as Hflz)(sk > 1), then
H,(f)(sk — ) < H,(f)(sk >1) < H,(f)(sk = ).

Lemma 2.2. We have that Héz) is not an integer.

Proof. By Lemma 2.1 and Remark 2.1, we consider the cases satisfying (2.1) for p = 3. Namely,
v3(t3) < m+ 53 + 5S¢ + 259 = min(s3 + S¢, $3 + 289, S¢ + 259), (2.2)

where m = min(—s3, —8¢, —259), 13 = 3% + 6% + 9%, Next, we consider the following cases.
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Case 1. 53 = s = 259. Since s3 = 259 > 2, 50 2 + 2% < 3%.Then we have t; = 3% + 6% + 32 =
3%3(2 + 2%) < 325, which implies that

v3(t3) < 283 = min(s3 + Sg, §3 + 259, Sg + 259)

Case 2. There is only one of s3, s¢, 259 equals to min(ss, S¢, 259). Hence it is obvious that v3(f3) =
min(ss, Sg, 259) < min(s; + Sg, 53 + 259, S¢ + 259).

Case 3. 54 = 259 < s3. Then one has 3 = 3% + 329(1 + 2°%). But 1 +2*% = 1 + 4% = 2 (mod 3),
so we deduce that

va(ts) =v3(3% + 32%9(1 + 22%))
=v3(32%(1 + 22%)) = 259

<459 = min(s3 + 56, S3 + 259, S¢ + 259)

Case 4. 53 = 259 < S¢. Thus 13 = 2 X 3% + 6% = 2 x 3% + 2%3% _gince 3 does not divide 2 or 2%,
then it follows that

vi(ts) = v3(2 X 3%9) = 259 < 4s9 = min(s; + Se, 53 + 259, 56 + 259).

Case 5. 53 = 56 < 259. We divide the proof into the following subcases.
Case 5.1. 2 < 53 < 259 < 2s3. Then we have 13 = 3% + 6% + 329 < 35(1 +2%) + 32972 =
3% (1 + 2% + 3%72). Since 53 > 2, s0 1 + 2% + 3%72 < 3% which implies that

v3(t3) < 253 = min(s3 + Sg, $3 + 259, S + 259)

as excepted.
Case 5.2. 2 < 53 < 253 < 259. One has

vi(t3) = v3(35(1 + 2%) + 3%9)
=v3(3%(1 +2%))

< 253 = min(s3 + S, 53 + 289, Sg + 259).

Case 5.3. 1 = 53 = 56 < 2s9. In this case, we consider Héz)(sz =4,83 =854 =85=25¢ =257 =53 =
so = 1). Then it is easy to see that

V3(t3) =2 = min(s3 + S¢, S3 + 2S9, Se + 2S9),

1.e. (2.2) does not hold any more. Thus we have to investigate (2.1) for another prime. Actually, we
choose p = 2, that is, we will prove the following inequality

() < min(52 +2s4+ 1,8 + 1+ 355,254+ 1+ 353,85 + 2854 + 353).
Notice that 353, 55,254 > 1, then we only need to show
vo(t) < min(sy + 254, 52 + 355,254 + 3s3) + 1. (2.3)
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Subcase 5.3.1. s, = 1. Then we deduce that £, = 22 x 3 +225++3 4 23435 4 2254435 wwhich implies that
() =2 < 2+ min(2sy4, 355) = min(sy + 254, 52 + 385,284 + 355) + 1.

Subcase 5.3.2. 5, > 1, and there’s only one of s,, 254, 353 equals to min(s,, 254, 3sg). Just like Case
2 stated, v,(f;) = min(s,, 254, 3sg) + 1, so

Vo(ty) < min(s, + 284, S2 + 355,254 + 3sg) + 1.

Subcase 5.3.3. 353 = 254 < 55. Then we have t, = 2527254+1 4 2454 4 3 2941 4 3% 2254%2 Qbviously,
we only need to compare 254 + 2 with s, + 2s4.
(1) 2s4 +2 # s, + 1. Then

() =min(2ss + 2,50+ 1) <2+ 2s4 <4s4+ 1 = min(s, + 254, 52 + 355,254 + 3s58) + 1,
(2) 254 + 2 = 55 + 1. We deduce that
Vo(t)) = 284 + 3 < 4s4 + 1 = min(s, + 254, 52 + 355,254 + 355) + 1.
Subcase 5.3.4. 1 < 55 = 254 < 3s3. It infers that
£y = 22kl ods 3 ¥l | 3y 922

Moreover, it’s easy to see 2s4 + 353 + 1 > max(4sy, 353 + 1,254 + 2).
(1) s4 > 3, s0 s, > 6. Then we have 254 + 2 < 3sg + 1 and 2s4 + 2 < 4s4, which implies that if
2S4 +2= 3S8 + 1, then

VZ(t2) — v2(22s4+3ss+1 + 2454 +3 % 2254+3)
=2s4+3
<1+ 4s4 = min(sy + 254, 52 + 355,254 + 3s55) + 1.

and if 2s4 + 2 < 3sg + 1 we have
Vo(t)) =2+ 284 < 1 + 454 = min(s, + 254, 52 + 355,254 + 355) + 1.
(2) 54 = 2,50 55 = 4. Then we have 254 + 2 < min(4sy4, 3sg + 1), which infers that
() =284 +2 <1+ 4sy = min(s, + 254, 52 + 355, 254 + 353) + 1.
(3)ss =1and sg =1,s0s, =2. Then t, = 27 + 3 x 2%, and we derive that
Vvo(th) =4 <7 =min(s, + 254 + 1,50 + 1 + 355,254 + 1 + 353).

(4)S4: 1,S822,SOS2:2.

In this subcase, the inequality (2.3) does not hold. In fact, we have t, = 23%+3 + 26 + 3 x 23%+! and
min(s, + 284, S + 355,284 + 3sg) + 1 = 1 + min(4, 2 + 2sg). Then it follows that v,(#,) = min(6, 3sg) >
1 + min(4,2 + 2s3) (s3 > 2).

But fortunately, we can calculate the approximate value. Recall that s3 = 54 = s¢ = 1 and sg > 2.
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If s5 > 3, then by the expansion in Remark 1.1 and Remark 2.2 we have

1 < HY(s3
< HP(s3

S4 =8¢ = 1,8 =2, 55,57, 53, S9g — 00)

S4:S6:1,S2:2,S523,S822)

SHSZ)(S3:S4:S6:S7:S9:1,32238:2,S5:3)<2.

Hence Héz)(s3 =s54=205¢=1,8 =2,55 > 3,53 > 2) is not an integer.
If 55 = 2, we have to classify the case by s7, s9. Indeed, one has

1<Héz)(53:S4ZSe=1,S2=S5=2,5822,S7:1,s922)<2

and
1<Héz)(S3:S4:S6: 1,S2:S5:2,S822,S722,S9: 1)<2

Moreover H§2)(s3 =54 =256 =1,8 =55 =2,58 > 2,57 = 59 = 1) is a decreasing function with the
single variable sg. Thus we derive that

Héz)(s3 =54 =5=57=59=1,8 =55 =153 =2) = 2.02,
and by Remark 2.2,
1 <Héz)(s3 =S4 =S¢=57=S9=1,8 =s55=2,58 >3) < 1.99,

which yields that Héz)(s3 =54 =25 =1,5 =55 =2,53 > 2) is not an integer.
if s5 = 1, as the discussion above, we get that

2<H52)(S3:S4:S6:S5:1,S2=2,S822,S7=S9=1)<3,

2<Hé2)(S3 S4 = 8¢ = 85 = 1,S2:2,S822,S7: 1,S9> 1)<3,
2<H(s3=s4=ss=s5=1,59=2,53>2,59= 1,5, > 1) <3,
1<Héz)(S3:S4:S6:S5: 1,S2:2,S822,S7> 1,S9> 1)<2

80O Héz)(s3 =54 =56 =255 = 1,5 =2,s53 > 2) is not an integer.
Subcase 5.3.5. 1 < s, = 353 < 2s4. Then

t = 2234+3Sg+1 + 26S3 +3 % 22S4+1 +3 % 23Sg+2.

(1) s4 =2 . We can get an approximate value in the same way.

ie. 1 < H(s3=s6=s3=1,5 =3,5 =2) < 2. Itimplies that H\(s3 = 56 = 53 = 1,5, = 3,54 =
2) is not an integer.

(2) s4 >3 and 2s4 > 3s3 + 1. Then

Va(t)) = 353 + 2 < 1 + 653 = min(s, + 254, 52 + 355,254 + 355) + 1.
(3) 54 >3 and 2s4 = 3s3 + 1. Then we have ¢ = 25%+2 4 2655 4 3 x 23%+3 which implies that
vo(t) = 3sg + 3 < 1 + 653 = min(sy + 254, 52 + 355,254 + 3s5) + 1.

Thus we finish the proof of Lemma 2.2. O
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3. Thecasen =21

In this section, we take the same results of Lemma 2.1 and Remark 2.1 in proof. And we have the
following lemma. This is also needed in the proof of Theorem 1.2.

Lemma 3.1. We have that V7(H§21)) <0. So H;zl) is not an integer.

Proof. By Lemma 2.1 and Remark 2.1, we consider the cases satisfying (2.1) for p = 7. That is,
v7(t7) < m+ s7+ Si4 + $21 = min(s7 + Si4, §7 + Si4, S14 + $21) (3.1)

where m = min(—s7, —S14,—821), 13 =T + 14% + 21,

Case 1. s; = si4 = s»;. Then we have t; = 7(1 +2% +3%) < 7579 = 77 and it implies
v7(t7) < 287 = min(s7 + S14, $7 + S14, S14 + $21).

Case 2. There’s only one of s7, 514, 521 equals to min(s7, s14, 521). Just like the process we took
before, we have

vi(t7) = min(7“'7, 1451, 21S21) < min(sy + $14, S7 + S14, S14 + S21).

Case 3. 57 = 514 < s21. We can simplify 7 = 7*7(1 + 2%7) + 7°213%21, Since 7 does not divide 1 + 27,
then
v7(t7) = min(s7, s31) = s7 < 257 = min(s7 + $14, §7 + S14, S14 + 521).

Case 4. 514 = 531 < §7. Consider the following cases:
(1) 514 < 2514 < 57. Thus 2% 4 354 < 754, So we have 7°4(2°4 + 3%14) < 7?14 < 7% It means

vi(t7) = va(7714 (2% + 3%14) + 7°7)
— V7(7814(2S14 + 3S14))

< 2s14 = min(s7 + S14, 87 + S14, S14 + 521).

(2) 514 < 57 < 2514. Then t; = 794(7577514 4 2514 4 3814) < 7914(751471 4 5%14) < 72514 Hence vy(t7) <
2S14 = min(s7 + S14, 857 + $21, S14 + S21).
Case 5. 57 = 551 < s14. Then t; = 7(1 + 3%) + 7514254, Since 7 divides 1 + 3% sometimes, let
v = vy(1 + 3°7).
Case 5.1. v # s14 — 7. Then v;(#;) = min(s; + v, 514) < 57 + v. Since 1 + 37 < 7%, so v < s7, which
implies that
vi(t7) < 57+ v < 2s7 = min(s7 + S14, 57 + S21, S14 + $21).

Case 5.2. v = s14 — 57. Since 3 = —1 (mod 7"), then 3% = 1 (mod 7").
On the other hand, it is easy to see 3 is a primitive root module 7, which yields that the order of 3
modulo 7" is (7 — 1)7""! = ¢(7") (see [6], Theorem 3.6), that is, 3 is a primitive root module 7". Then

257> ¢(7") = 6 x 7""'. Hence s7 > 3 x 7! > 3v, so we have “Z* < s; — v. Then it follows that

a="T7+ 14" + 21° =77 + 1477 4 217

1 +3%7 s+
+47T)
7v

< 7S7+V(3S7—V + 4S7—V)

— 7;Y7+V(
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< 7S7+V7S7—V — 7257-

Thus v7(#;) < 257 = min(s7 + S14, S7 + S14, S14 + S21)-
Therefore, Lemma 3.1 is proved. m]

4. Proofs of Theorems 1.1 and 1.2

In this section, we present the proofs of Theorems 1.1 and 1.2. We begin with the proof of Theorem
1.1.

Proof of Theorem 1.1. 1f n > 2, then by Bertrand’s postulate, there exists one prime p such

that 3 < p < n. Then p < n < 2p. Thus one has

" 1 11 1
H = g — + —-—=—+ —.
n iS,' l'S,' Sp l'S,‘

1<i<n, 1<i<n, p 1<i<n,

i=p i#p i#p
1
pr

Since v,(+) = 0> v,(57) = —s, forany 1 < i < n withi # p, then

1
1
vp(HV) = v,(—) = -5, < 0.
pr
ie. forn > 2, Hf,]) is never an integer. O

In order to prove Theorem 1.2, we need the following lemmas.
Lemma 4.1. Let n > 2. If there is a prime p and p € (3, 5], then H is not an integer:
Proof. Since p € (5,5], then 2p < n < 3p. Hence

1 1 1 1
@ — § § — E
Hn - 15 jSi + 15 jSi - 2sZ,,psp+sz,, + l‘stj-"_/’

I<i<j<n, 1<i<j<n, 1<i<j<n,
Vp(l')Vp(_/')>0 \’p(i)\’p(_f):() Vp(i)Vp(_/):O

Since for any 1 < i # j < n withv,(i)v,(j) = 0, we have

1 . 1
vp(l'sijsj) > mm(—sp, —Szp) > —(Sp + Szp) > Vp(m).

The last inequality holds for the case of p = 2. Then

v,(HP) = v,( ) < —(s, + 53,) < 0.

2szpps,,+szp
So if n > 2 and there is a prime p such that p € (g, 51, then H,(lz) is not an integer. O
Let
H = U[2p, 3p)
pEP

where P is the set consisting of all primes. Then for any integer n, it is easy to see that n € H if and
only if there exists one prime p, such that p € (%, 5]. Moreover, we have the following lemma.

non
322
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Lemma 4.2. ([3]) The set Z*\H is finite and max(Z*\H) = 21.

We can now give the proof of Theorem 1.2 as the conclusion of this paper.

Proof of Theorem 1.2. We divide the proof into two parts. First of all, we prove that HY is
never an integer except thatn = 3,5, = 53 = 1.

Case 1. n € H. Then by Lemma 4.1, we have H'” is not an integer.

Case 2. n ¢ H. By Lemma 4.2, we have Z*"\H is finite and max(Z*\H) = 21. So if n > 21, then
n € H. Furthermore, we have that

H=14,6)| Jio.n| Jio.15)| Jusa.2n | ) 12p.3p)
p>T1,peP

Thus it follows that if n ¢ H, n equals to one of 2,3,9,21. Next, we will prove that none of
Héz), ng), Héz) and ngl) is an integer.
Case 2.1. n = 2. Then it is obvious that

o_ 1

H, T ¢,
SO Hf) is not an integer.
Case 2.2. n = 3. Then we have
1 1 1 1% 4 2%2 4 3%

2
HY = foge ¥ T * 3o3n = Toawde

Since (22 — 1)(3% — 1) > 2, we have 2*23% > 2% + 3% + 1. Thus we get that H,” < 1, and H}" = 1 if
and only if s, = 53 = 1.

Case 2.3. n =9 and n = 21. Then Lemma 2.2 and Lemma 3.1 give us the desired result.

Secondly, we give a brief proof to the fact that when n > 2, H;® is never an integer. This will finish
the proof of Theorem 1.2.

If n > 2, then by Bertrand’s postulate, there is at least one prime p such that 3 < p < n. Then

p <n<2p,and v,(i) = 0 or 1 for any integer i with 1 < i < n. Thus one has

) 1 1 1 1
o= 3 = ot 2 g p 2 i

I<i<j<n, I<i<j<n, I<i<j<n,
vp(D=vp(=1 vp(vp()=0 vp(vp(/)=0

Since 0 > v,(55) > vp(35;) = =25, forany 1 < i, j < n with v,(i)v,(j) = 0, then
. 1
v, (H;®) = v,,(ﬁ) = -2s, <0.

So when n > 2, H;® is never an integer.
Therefore Theorem 1.2 is proved. O
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