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Abstract: A generalization of the Laplacian for p-forms to arbitrary tensors due to Lichnerowicz
will be applied to a 2-tensor which has physical applications. It is natural to associate a divergence-
free symmetric 2-tensor to a critical point of a specific variational problem and it is this 2-tensor that
is studied. Numerous results are obtained for the stress-energy tensor, such as its divergence and
Laplacian. A remarkable integral formula involving a symmetric 2-tensor and a conformal vector field
is obtained as well.

Keywords: Basis; tensor; connection; differential system; Laplacian; bundle; harmonic map
Mathematics Subject Classification: 53C20, 58E30

1. Introduction

Variational problems arise in various areas of mathematics and physics. Suppose (M, g) is a Rie-
mannian manifold with volume form dvy,, it is the case that functionals of the form

Ip.g) = fM (. 8) dvay (L.1)

very often occur [1,2]. Here ¢ could be a mapping between Riemannian manifolds of a vector bundle
valued differential form. Given a variational problem starting from (1.1), the stress-energy tensor S
can be derived by considering variations of the metric on M. If I has a critical point with respect to
variations of ¢, then the stress-energy tensor is divergence free, and there are conservation laws.

To provide some motivation, let (M, g) and (N, k) be two smooth Riemannian manifolds which are
connected, compact, orientable and without boundary, and ¢ : (M, g) — (N, h) a smooth map. The
differential of ¢ which is d¢ can be thought of as a section of the bundle T*M ® ¢~'TN, with norm
lde|. If {x'} and {u®} constitute local coordinate systems around x and ¢(x), respectively, then in terms

of coordinates, we can write
0

S0(1
Ox!

Op?
xi’

ldel* = g" hay(g) A (1.2)
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where (J¢®/0x") is the local representation of d¢. Then the energy density of ¢ can be defined as e(¢) =
1/2|d¢|* and the energy density of the field is given by the positive functional E(¢) = fM e()dvy.

A large class of maps which come up in physics, especially in gravity, are called harmonic. A
mapping ¢ : M — N is harmonic if and only if it is an extremal of the energy. Consequently, it is the
case that a map ¢ is harmonic if and only if it satisifes the Euler-Lagrange equation

() = —=d"d ¢ = trV de.

This defines the tension field of ¢, and may be expressed in local coordinates on M and N as follows

a

; .0 0 .
_ J a a
Vo, (dy) = (—axi )dx’—aua +¢5(Vy, dxj)_@u“ +¢tdx’V,,

ous
= ¢, = " + " 00 (1.3)

1

The tension field is the trace of (1.3),
(@) = g/ (Vdp)j; = —A¢" + T ol g". (1.4)

Thus (1.4) is a semilinear, elliptic, second-order system. If N is the space R, a harmonic map is called
a harmonic function [4,7, 8].

2. Energy Functional and Critical Point

Now let us extend this idea to another object which may be defined on a manifold. Let M be a
Riemannian manifold and E a Riemannian vector bundle over M, where each fiber carries a positive
definite inner product denoted by (-, -). Let QP(E) be the space of smooth p-forms which have values
in E, where it is assumed throughout that p > 1. For w € Q?(E), define the energy functional

I(a),g):f(a)(eil,...,eip),w(eil,...,eip))Edvm. 2.1)
M

where {e;} is an orthonormal basis on M and repeated indices are summed for 1 < ij,...,i, < m and
m = dim M. With respect to a local coordinate system {x'} on M and local frame {s,} of E, the norm of
w, which is the integrand of (2.1) can be written

2 i\ j inj b
lwl” = wleiy, ..., e), we, ... e )) =g - .glpfpwf‘l,“ipwjlmjphab. (2.2)

Suppose M is compact, then vary the integral (2.1) with respect to metric g. If g(u) is a smooth,
one-parameter family of metrics such that g(0) = g, then the variation 6g = dg/du|,— is a smooth
symmetric tensor on M.

Theorem 1. For w € QP(E) and p > 1,

dl 0
g = f (S (@), oluco) vy, (23)
du M ou
where S (w) is the symmetric two-tensor defined by
1
S@) = Slofg=p Y (@ enve) o en ). (2.4)
i, i
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where {¢;} is an orthonormal basis on M.
Proof: Let {x'} be a local coordinate system on M, and {s,} a local frame for E,

dl(w) f Olw|? f ,0(dvy)
7 lu= —90 i d 0 ije 2.5
du | 0 — u ag” 8ij Yy + y |(1)| 3&'/‘ &ij ( )

The volume form on M is given by
dvy = (det )2 dx' A ... A dx™,

where det g is the determinant of the metric tensor g;; and therefore,

0 1
—dvy = —(detg) 1ﬂ—(detg) dx' A AndX" = =g  dvy.
(9g,J 8glj 2

Differentiating the expression for the metric tensor gg ;. = &}, the following relation holds

agixjs
0gi i

— _ghighi,

The first term in (2.5) is
Olw|? ..
N Y gL lpd b
0gij 0 (e 8, Wiy )
p
. - b
= - Z gzm - .gl.zgj J.o.. g” Jr w?.-~-i5~~-i,,wj|~~-js-«-j,, . hab-

s=1

Therefore,
8|a)|2 ‘ .
E ... § Is §Js .. olpip g8 b
glkg]l g é6[ gﬁ ]7wil"'i.v"'i17w]1 """ ]bh b
— _pol2i2 ... olpip,ya b .
= —pg g’ Iwkizmi,,wljzmjp hap.
O

Definition 1. Let M be an arbitrary not necessarily compact Riemannian manifold, and let E be a
Riemannian vector bundle over M. Let w € Q”(E) and define the stress-energy tensor of the form w to
be the following symmetric 2-tensor

1
S((J)) = Elwlzg_p Z <(L)(, €jyy ,ejp),(l)(', €y aejp)>E (26)

Jissdp

at each point x where there is an orthonormal basis {e;}.
Let the vector bundle E be endowed with a Riemannian connection denoted by VZ so

X(s,0)F = (VEs, 1E + (5, VER)E, (2.7)

Theorem 2. Let w € QP(E) and S (w) be the stress-energy tensor associated with w, then for all
x€ Mandeach X € T M,

div S (w)(X) = (w, dw]X) + p{d*w, w]X) (2.8)
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where the contraction of a p-form with a vector field X is given by
(W]X)(X1,. .., Xp 1) = (X, Xy, .., Xp1).

Proof: Let {¢;} be an orthonormal basis at x and extend objects to a neighborhood of x. Suppose
that V,, e; = 0 at x for all i, j. The tensorial property allows one to evaluate at X = ¢, without loss of
generality. Consequently,

1
divS(X) = ) (VeS)epe) = ) eS(ene) = 3 ¢jizlolgle) ) = plwlejwlen)
J J J

= (Vow,w) = p ) (Ve (wle)), wlewy = p ) (wle;, Ve (@]ep)). (2.9)
J J

At x, it is the case that
* E
d'w(ej,....ej, ) ==V, (w(ej.ej,....ej, ),

and

p
E ko E A
dwlew iy, e;) = Vi (@ei..oe) + ) (~DVE (ler, €. 8 ei,).
k=1

Solving for ka and substituting it into the divergence, we get

divS (X) = {dw ey, w)

)4
= D1 DL EDRVE (@lew iy s ), e )

i, 5ip k=1

+p(d w,w|X) = p ) (wle;, Ve (len).
J

The double sum in this can be simplified to the form

p
DT EDENE @lews i b6 wlens s €)

i, J‘p k=1

=p ) (Ve le)), wle).

J=1

The claim follows as a result of these

div S (w) = (w,dw]ex) + p{d*w, wlex) + p Z(Ve_,(a)]ek), wlej) {wlej, Ve (wler))
J

={w,dw]ey) + p{d*w, , w]ey).

O
The form w € QP(E) is called harmonic if and only if dw = d*w = 0. Substituting these derivatives
into the right-hand side of (2.8), we prove the following result.
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Corollary 1. If w € QP(E) is a harmonic form, then div S (w) = 0. O

Clearly, S is symmetric and so given a symmetric, divergence-free 2-tensor S, conservation laws
can be formulated by contracting with a Killing vector field. If X is a Killing vector field, then S |X
is also divergence free. However, the converse of Corollary 1 is not true. If divS(w) = 0, it may not
be concluded that w is harmonic. However, when w is a differential of a submersive mapping, there is
equivalence.

Corollary 2. Let ¢ : M — N be a smooth mapping between Riemannian manifolds and let w = dp
be the corresponding ¢~!T N- valued one-form on M. Then for each vector field X,

divS (de)(X) = (1(¢), dp(X)). (2.10)
In (2.10), 7(¢) is called the tension field of ¢ and is defined as
() = =d"de. (2.11)

If ¢ is a submersive almost everywhere, then 7(¢) = 0 if and only if divS (dy) = 0.
Proof: Substitute w = dy into (2.8) and use the identity d(dy) = O to obtain,

div S (dp)(X) = (de,ddp]X) + (d"dp,dp|X) = —(1(¢), dp]|X). (2.12)

Clearly, if 7(¢) = 0, then the right side of (2.12) vanishes, divS (d¢)(X) = 0, and conversely. O

The form w is a critical form with respect to variations of the metric, so the conditions under which
the stress-energy tensor vanishes should be studied.

Definition 2. The form w € QF(E) is conformal if the map X — w]|X is conformal for each x € X,
or equivalently, w is conformal if and only if there is a real A such that

(WX, w]Yy = 22X, Y), X, Y e T.M. (2.13)

To obtain an expression for A2, evaluate S (w) in (2.13) on the vectors X = Y = ¢; € T M and carry
out the trace on both sides

mA® = |wl. (2.14)

If ¢ : M — N is a smooth map between Riemannian manifolds, then dy € Q!'(¢™'TN) is a conformal
form if and only if the map is conformal as well.

Lemma 1. For w € QP(E) which is not identically zero, the stress-energy tensor (2.6) vanishes
identically if and only if m = 2p and w is conformal.

Proof: Evaluating S (w) on the pair (e;, ¢;) we obtain,

1
S(w)(ei, e) = §|w|2 - plwle;, wle;).

Tracing on both sides gives
m
wSw)=(5 - plol.

This vanishes for w # 0 when m = 2p. The definition of conformal form (2.13) gives equivalence. O
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3. Weizenbock Formulas and Applications to the Stress-Energy Tensor

Now consider the Laplacian of the tensor S (w). The Laplacian on p-forms was extended to arbitrary
tensors on a Riemannian manifold by Lichnerowicz [5,6]. For a 2-tensor Q, the Laplacian on Q is given
by

AQX,Y) = —rV?Q(X, Y) + S (Ricci”(X), Y) + S (X, Ricci¥(Y))

—2 ) (RM(X,e)Y, ) (eie)). (3.1)
ij

where {e;} is an orthonormal basis. The curvature tensor on M is represented by RY with sign conven-
tion
RM(X,)Z = —=VxVyZ + VyVxZ + Vix 1 Z. (3.2)

In (3.2), Ricci is the Ricci tensor defined by Ricci” (X, Y) = tr(Z — RM(X, 2)Y).

The following theorem given first by Lichnorowicz [35, 6] is very useful and is presented without
proof.

Proposition 1. (Lichnerowicz) Let M be a Riemannian manifold with VRicci” = 0. Let Q be a
2-tensor on M, then the divergence commutes with the Laplacian

div(AQ) = A(divQ), (3.3)

where the right-hand side is now the standard Laplacian on one-forms.
Define the symmetric 2-tensor L(Q) to be

L(Q) = Q(Ricci” (X), Y) + Q(X, Ricci¥(¥)) = 2 > (RM(X, enY, ;) Qe e)). (3.4)
i.J

Suppose E — M is a vector bundle endowed with a metric and Riemannian connection and associated
curvature RE. The Ricci operator on a p-form w written as Ricci” = Ricci is defined to be

(Ricci(@)(Xi, ..., X,) = Y (RP(en X)w)(en X1, .. Rer.., X,). (3.5)
ik

In (3.5), R? is the canonical curvature and is defined to be [4]

(R*(X, V) X1, ..., X,) = REX, V) (w(X,,...,X,))
- X R VXL X)), (3.6)
k

The following theorem is due to Weizenbock [3].
Proposition 2. (Weitzenbock) Let E — M be a Riemannian vector bundle over a Riemannian
manifold M. Then for any w € QF(E),

0 Aw = —trV?w + Ricci(w).
(3.7)
(i) %A|w|2 = (Aw, W) — |[Vw|> = (Ricci(w), w).
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Proof: Let us prove (ii) by using (i) for —trV?w,
1 2 1 2
EAlwl = —EtrV dlw|” = —trV{Vw, w) = —tr{VVw, w) — (Vw, Vw)

= (Aw, w) — (Ricci(w), w) — [Vow|*.

O
It is worth noting a few important applications of this proposition. If w € Q°(E), then (3.7) reduces
to

1
Aw = —trVdw, 5A|a)|2 = (Aw, w) — [Vl (3.8)
If w € Q'(E) and X € I'(T M), then

Aw(X) = -tV w(X) = Y RE(e, Xw(e) + ) w(R(es, X)e,), (3.9)
where {e,} is an orthonormal basis for T M and

1
EAIwI2 = (Aw, w) — |Vol* + Z(RE(ei, ejw(e;), w(e;))) — Z (w(Ricci(er)), wler)). (3.10)
ij k

Theorem 3. Let X, Y € I'(T M), it holds that
(trV{wa, wa)X, Y) = (tV?w) X, waY) + (wX, (rV?w)JY)
23 (Vo) X, (Vow)aY). (3.11)
Proof: Differentiating once gives,
Vej(a)_n-, wi)X,Y) = (Vejw_nX, waY) +{wiX, Vejw_nY).
Differentiating a second time gives
Vo Velwa, wa )X, Y) = (V. V,waX, waY) + (Vo,wiX,V, w1Y) + (V,waX, V, waY)

+{waX, Ve,- Veja)_n Y).

Tracing on both sides of this equation yields (3.11). O
Theorem 4. Let w € QP(FE) be a vector bundle valued p-form with stress-energy tensor S (w). The
Laplacian of S (w) can be written in the following way,

AS (W) = 28 (Awar, wa)) — 28 (Z(Veja)_n-, V,,wa)) — 28 ((Ricci(w) -, wa) + LS (). (3.12)
J

where Ricci is the Ricci tensor and the symmetric 2-tensor L(S ) was introduced in (3.4). Substituting
Weitzenbock formula (3.7) (i) into (3.11), it follows that

V2w, wa )X, Y) = {(Aw — Ricci(w))X, waY) + (wX, (Aw — Ricci(w))LY)
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) Z (Vo,wiX,V,waY)

= (AwaX, wiY) — (Ricci(w) X, waY) + {wiX, AwaY) — {wiX, Ricci(w)aY)
=23 (VewaX, Vowa?). (3.13)
Substituting (3) into (3.12), it follows by symmetry and linearity that,

AS(w)(X,Y) =25 (AwaX, waY)) = 28 (Z (Vo,wiX,V,wiY))

-2S ((Ricci(w)=X, Y)) + L(S (w)(X, Y).

This is the required result. O
For any 2-tensor Q € I'(*T*M), define the p-th stress-energy tensor associated to Q to be the
2-tensor

1
S,(0) = E(trg Q)¢ — psymQ, (3.14)
where trQ = ), O(e;, e;), and {e;} is orthonormal with respect to the metric g. Moreover, define
1
(SymQO)(X, Y) = E(Q(X’ Y) + O(Y, X)). (3.15)
Then sym Q in (3.15) is called the symmetrization of Q. For a p-form w € QF(E), this is simply
S(w) =S,(ws,wa)). (3.16)

The previous result can be written in completely symmetric form in terms of S,,.
Corollary 3. Let w € QF(E) be a vector-bundle valued p-form with associated stress-energy tensor
S (w). The Laplacian of S (w) is given by

AS (w) = 28,(Awa-, wa+)) — 2317(2 (Vywa-V,wa)) =28, ((Ricci(w) s, wa)) + LS (w)).  (3.17)

m]
It is also worth writing this out for the special case of a 1-form.
Corollary 4. Let w € Q'(E) be a vector bundle valued 1-form, then (3.17) takes the form

AS (@) = 28(Aw, ) = 280 (Vow, Vo)) + 28 (RE (@) r, wr))

— 28((w(Ricci” (), w)) + L(S (w)). (3.18)

Moreover, for w € Q'(E), a closed vector bundle valued 1-form,

AS (w) = 2S8({Aw, w)) — 25 (Vw) + ZS(Z (RE(e;, Yw(er), w(-)))

— 2S8({w(Ricci¥(+), w)) + L(S (w)). (3.19)

where S (Vw) denotes the stress-energy tensor of the 7*M ® E valued one-form Vyw.
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Proof: First (3.18) is a consequence of (3.17). For (3.19), since w is closed, dw = 0, and it follows
that (V,w)(X) = (Vxw)(e;), consequently }};(V,w, V,w) = (Vw, Vw). O

Theorem 5. Let ¢ : (M,g) — (N, h) be a smooth map between Riemannian manifolds and let
dp € Q1 (¢™'TN) be its exterior derivative.

AS (dp) = —28(V1(p), dp)) — 28 (Vdg) — 2S8({dg(Ricci”(-)), dp(-)))

- 2S(Z<RN(dso(€i), de()) dy(e:), de(-))) + L(S (dy)), (3.20)

where 7(¢) = —d*dy denotes the tension field of the map ¢.
Proof: For the one-form w, substitute w = d¢ into (3.19). Since it follows that Ady = (d*d +
dd*)de = —dt(¢) = —V1(¢p), and R" o dy is the induced curvature in the bundle E = ¢~'TN. O
Theorem 6. Let ¢ : (M2, g) — (N?, h) be a harmonic map between surfaces where M? has Gaussian
curvature ¢¥, then the folowing holds,

AS (dp) = =25 (Vdy) + 2cMS (dy). (3.21)

In particular, if M has constant curvature, then it follows that divS (Vdy) = 0.

Proof: If ¢ is harmonic, then V7(¢) = 0, so the first term in (3.20) vanishes. Suppose o(Q) =
%(trQ)g —sym Q is a stress-energy tensor associated to the 2-tensor Q on M. Suppose z is an isother-
mal coordinate, then o-(Q) can be expressed in diagonal form o(Q) = adz ® dz + adz ® dz for some
function a = a(z, 7). If 0(Q) is divergence free, then a; vanishes, so 0(Q) = a dz®dz defines a quadrat-
ic differential form on M?. When ¢ is a smooth map, then locally ¢*h can be diagonalized to the form
©'h = 1] w®W; +Lwr,®w,, where {w;, w,} is an orthonormal basis of 1-forms. If M and N have Gaus-
sian curvatures ¢ and ¢V, then letting {e;, e,} be the basis dual to {w;, w>}, summing oni = 1,2 we have
(RV(dp(e;), dp()dp(e), d()) = c¥ 128, and consequently o((R" (di(e;), dp(-))dp(e:), di())) = 0.
Moreover, L(S (¢)) = 4c™S (dg) and o({(dp(Ricci¥ (), dp(-))) = ¢S (dy), so substituting these calcu-
lations into (3.20), equation (3.21) is the result.

Recall that if w € QP(E) is harmonic, then divS(w) = 0. If we use w = dp € Q!(E), then
divS (d¢) = 0. Take the divergence of both sides of (3.21) and note that ¢ is constant, then the result
follows since divergence and Laplacian commute be Proposition 1. O

Now 7(¢) defines an energy functional which is called the biharmonic energy functional

1
B0 = [ IR d. (3.22)
M
and has the associated stress-energy tensor S, (de),
1
Sa(dy) = EIT(QD)Izg +28((V(ep), dp)). (3.23)
Theorem 7. Let ¢ : (M,g) — (N, h) be a smooth map between Riemannian manifolds and let
dp € Q' (¢™'TN) be the derivative.
(i) The Laplacian of S (dy) is given as

1
AS(dy) = EIT(w)IZg — S1(dp) — 28 (Vdy) — 28(dg(Ricci (), dp(-)))
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+ 23(2 (RN (de(e;), dg(-)) de(e), dp(-))™) + L(S (dp)). (3.24)
(ii) If ¢ : M — N is an isometric immersion,

ST — S(d) ~ 25 (Vdg) ~ 25(Ricei)

+ ZS(Z (RN (dg(e), de(-)) de(er), dg(-))) = 0. (3.25)
(iii) If N is a space form of constant curvature KV = —1,0, +1,
1
§|T(90)|2g — S5(d) = 28(dy) — 2S8(Ricci™) + 2(m — DKV S (dg) = 0. (3.26)

Proof: (i) Let w = dg then solve for the second term in (3.23) and substitute it into the previous
result (3.21) which gives (3.24). (ii) If ¢ : (M, g) — (N, h) is an isometric immersion, then

1
$(dg) = 5m=2)g, (3.27)

hence the left-hand side of (3.24) as well as L(S dy)) both vanish. (iii) Finally, if we map into a space
form, the second fundamental form Vdy can be identified with the derivative of the associated Gauss
map I" and (3.26) follows. O

As an application of this theorem, suppose ¢ is a minimal immersion of a surface into Euclidean
space, then 7(¢) = 0, S2(dy) = 0 and o(Ricci™) = 0. Then equation (3.26) implies that S (dy) = 0.

If the divergence of both sides of (3.26) is worked out, since divS(Ricci”) =0 as a consequence of
the Bianchi identity, (3.26) implies that if ¢ : M — N is an isometric immersion into a space form, it
follows that

1
§d|T(()D)|2 — divSa(dy) — 2div S (dy) = 0. (3.28)
4. Further Results Including an Integral Theorem

Let us examine the influence of conformal vector fields to finish [3]. A monotonicity formula
describes the growth properties of extremals of the functional (2.1) and may be used to establish their
regularity in appropriate situations.

Let (M, g) be a Riemannian manifold of dimension m. A vector field X on M is called conformal if
it satisfies

Lxg=¢&g 4.1)

for some function ¢ : M — R and L is the Lie derivative in the direction of X. Equivalently, X is
conformal if and only if

1
sym g(V;) = Z(divX)g, (4.2)

in which case, we have & = (2/m)divX.
Theorem 8. Let 7 be a symmetric 2-tensor, and let X be a conformal vector field, then

div(T2X) = (divT)(X) + %(diVX) ~trT. 4.3)
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Proof: Let {¢;}] be a locally defined frame field. If X is a conformal vector field, the divergence can
be calculated as follows,

div(T LX) = V. (T2X)(e;) = (V. T)X, e) + T(V. X, e;)
= (divD)(X) + TV, X, e;)e;, e1).

Since T is a symmetric 2-tensor, the definition of conformal implies that

div(T2X) = (divT)(X) + %((VeiX, ej) + (Ve X,eNT (e, e))

1 1
= (divT)(X) + —divX g(e;, ej) T(e;, e;) = (divl) + —divXtrT,
m m

since we have trT = g(e;, e;) T (e;, e;).
Integrate (4.3) over a compact region, U, to obtain the monotonicity formula. The divergence
theorem permits us to write

fdiV(T_:X)de:f T(X,n)day. 4.4)
U

ou

where day, is the volume form on dU.

Theorem 9. Let (M, g) be an oriented Riemannian manifold and let X be a conformal vector field
on M. Suppose that U C M is a compact region with a smooth boundary dU. Then for any symmetric
2-tensor 7 on M,

1
f T(X,n)day = f(divT)(X)de+ —f divX trT dvy,, 4.5)
U U mJm

where dv), is the volume element on M and day, is the volume element on AU, n the outward pointing
normal on 0U. O

This is a remarkable theorem as there are numerous applications of it, but only one will be presented
here. Let ¢ : B™ — (NN, h) be a harmonic map from the Euclidean m-ball of radius R and S = e(¢)g—¢*h
the corresponding stress-energy tensor. Clearly, divS = 0 and trS = etrg — tr¢*h = em — 2e =
(m — 2)e(p). Take X to be the conformal vector field X = rd, where r = [x|, x € R”. By direct
calculation, divX = m, hence substituting these facts into (4.5), the following result holds for r < R,

f S(rd,,0,)da = f (m—2)e(p)dvy. 4.6)
a mn Bm
Substituting for S yields
oo &
(m—2) f e(@) dvy = f rle(o) — (ZE, P2V day,. 4.7)
B’TI a I ar ar

The following conclusion can be drawn from (4.7). If m > 2 and ¢|spn = ¢ for some r < R and constant
¢, then ¢ must be constant, that is, for e(¢)|gpn = %h(('),go, 0,¢) gives the upper bound

f e(p)dvy <0,
BITI

which in turn implies that e(¢) = 0.
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