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Abstract: In this note, a regularity criterion of weak solutions to the 3D-Boussinesq equations with
-r

respect to Serrin type condition under the framework of Besov space B, . It is shown that the weak

solution (u, 0) is regular on (0, T] if u satisfies

fllu( t)ll“' dt < o,

for 0 < r < 1. This result improves some previous works.
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1. Introduction and main result

In this work, we consider the Cauchy problem of 3D viscous incompressible Boussinesq equations
[17]:
O+ u-Vu—Au+ Vr = ez,
00+ u-Vo—-A0 =0,
Vou=0 (1.1)
(l/l, 9)(-xa O) = (u09 90)(.X), X € R39
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where u = u(x,t) and 6 = 6(x,t) denote the unknown velocity vector field and the scalar function
temperature, while u, 8y with V-u, = 0 in the sense of distribution are given initial data. e3 = (0, 0, DT,
n = n(x, 1) the pressure of fluid at the point (x,#) € R® x (0, c0). There are a huge literatures on the
incompressible Boussinesq equations such as [1,3-5,7,9-11,22,24-27] and the references therein.
When 6 = 0, (1.1) reduces to the well-known incompressible Navier-Stokes equations and many
results are available. Since Leray [16] and Hopf [12] constructed the so-called well-known Leray-
Hopf weak solution u(x, ) of the incompressible Navier-Stokes equation for arbitrary u, € L*(R?)
with V - up(x) = 0 in last century, the problem on the uniqueness and regularity of the Leray-Hopf
weak solutions is one of the most challenging problem of the mathematical community. There are two
approaches to tackle this problem : The first is to study the partial regularity of suitable weak solutions
to Navier-Stokes equation which was initiated by L. Caffarelli, R. Kohn and L. Nirenberg [2]. The other
way is to propose different criteria to guarantee the regularity of the weak solutions which was studied
by G. Prodi [19], J. Serrin [20], Struwe [21], etc. However, similar to the Navier-Stokes equations,
the question of global regularity of the weak solutions of the 3D Boussinesq equations still remains a
big open problem. This paper is concerned with the second approach and is devoted to presenting an
improved regularity criterion of weak solutions for the 3D Boussinesq equations in the Besov space.
There has been a lot of work on the regularity theory of Boussinesq equations [6,22,24,25,27,28].
In particular, Fan and Ozawa [6] showed that the weak solution becomes regular if the velocity satisfies

T
f DI, dt < oo,
0 .

Before stating our main result, let us first recall the definition of the homogeneous Besov space (see
e.g. [23]).

Definition 1.1. Let {(p j}jez be the Littlewood-Paley dyadic decomposition of unity that satisfies ¢ €
Cy (B:\B,) 9,(¢) = ¢(277¢) and

Z@(é) =1 forany & #0,
JEZ
where By is the ball in R’ centered at the origin with radius R > 0. The homogeneous Besov spaces
B;’q(ﬂ@) are defined to be
B &) ={f € SE)/PE) : |[flly, < oo}

where 1

(J§Z||2js¢j *f”;;)q if 1<gq< oo,

sup2/*
JEZ

A1l =

pq

o fll, if =0,

for s € R, 1 < p,q < oo, where S is the space of tempered distributions and P is the space of
polynomials.

To aid the introduction of our main result, we recall the definition of weak solutions.
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Definition 1.2. Let (1, 6y) € L*(R?) with divuy = 0 in the sense of distributions. A measurable pair
(u, 0) is said to be a weak solution of (1.1) on (0, T), provided that

a) (u,0) € L~(0,T; L*(R*) N L*(0, T; H'(RY));
b) (1.1),,3 are satisfied in the sense of distributions;

¢) the strong energy inequality

!
[, DT> + 160G, DI, +2 f UIVuC, DI + IVOC, DT < lluC, OlIF, + 16¢, e)lI7, ,

forall0<e<t<T.
By a strong solution we mean that a weak solution (i, 8) of the Boussinesq equations (1.1) satisfies
(u,0) € L*(0,T; H'(R%)) N L*(0, T; H*(RY)).

It is well known that the strong solution is regular and unique.
The main result on the regularity criterion of the weak solutions now reads :

Theorem 1.3. Suppose (uy,0,) € L>(R?) with divuy = 0 in the sense of distributions. Assume that
(u(x, 1), 0(x, 1)) is a weak solution of (1.1) on R* x (0, T) and satisfies the strong energy inequality. If u
satisfies

T
fllu(~,t)||§," dt <oco with 0 <r<1, (1.2)
0 00,00

then the weak solution (u, 6) becomes a regular solution on (0, T].

Remark 1.1. If r > 0, we have

-r
Bl.=L"0B, and ||flly ~Iflly +Ifl-.

Here B, , is the inhomogeneous Besov space. Definitions and basic properties of the inhomogeneous
Besov spaces can be find in [23]. For concision, we omit them here. So this result is an improvement
of the earlier regularity criterion.

In order to prove our main result, we need the following lemma.

Lemma 1.4. Let f : R, — R, be a function such that f(x) = ax'™" + bx™", forall 0 < r < 1 and

a,b € R,. Then there holds
() (e
1-r r

The proof of this lemma is straight forward and can be obtained by simple calculations.

f(x) <
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2. Proof of Theorem 1.3

Proof: Apply V operator to the equation of (1.1); and (1.1),, then taking the inner product with Vu and
Vo, respectively and using integration by parts, we get

1d
Ed—t(lqulliz +1IV6I2) + IAully, + IA6I7

= —f Vu~Vu-Vudx+f V(Heg)-Vudx—f Vu-Veo-Vodx
R3 R3 R3
= I1+1,+171;. 2.1
According to the homogeneous Littlewood-Paley decomposition, Vu can be written as
+00 N +00
Vu = Z A(Vu) = Z Aj(Vu) + Z A;(Vu),
Jj=—0c0 Jj=—00 Jj=N+1

where N is a positive integer to be chosen later. We decompose 7 as follows

N +00
I, = - f D" A{(Vu)- Vu - Vudx - f > A{Vu) - Vu- Vudx
R o R INT
N +00
< U D Aj(Vu) - Vu - Vudx| + f > Aj(Vu) - Vu- Vudx
R o R? iIN+1
N N
< ) fR (A (V| IVu dx + 2 > fR [A sl 1Vl 16w dx
j=—00 3 j=—00 3

= 7 11+ I 12-
For 7,;, by Holder inequality and the definition of Besov space, for 0 < r < 1, we derive that

N
1AV 19l

Jj=—00

N
= |IVul}, > 271

Jj=—o0

C ( ZNl 2(1—F)j] sup (2(—1+r)j

J— JE€Z

I

IA

. 2

IA

AV, ) IVl

1-r)N 2
< C2UN VUl v (Va7

< 20N fully (IVuls (22)

For 7 ,, in view of the definition of Besov space, it follows that

+00
T < ) [Au],. IVl Al

j=N+1
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+00
= Va2 w2 Y 277 (27| Aju] )
j=N+1
+00
) c[ 5 2—rf] (s s v
J=N+1 Jez
<

-N
C27" lully NVullp2 [|Aull 2 -

It follows from (2.2)-(2.3) and Lemma 1.4 with x = 2", a = ||Vu||;> and b = ||Aul|;> that

I,

by choosing

<

IA

IA

1-r)N 2 -N
C2 Ml uls + C27 flullyr Va2 (| Al
1-r)N -rN
Cllully 1Vull2 (27" Va2 + 27 (| Aul)

roA 1=\ ~,
Clully 11Vulls [(ﬁ) + (T) ] 19l 1Al

1 1-
Cllully NVull 2" lAull2"

12

1 Al
N=|—In[—— .
[mz n(1 — 7 IVall,2

By Young’s inequality, we get

1 2 = 2
I, < 5 lAu|l;, + C||u||Br IVl -

We estimate 7 in the same way as 7 ;. We decompose 1 as follows

N +00
—f > A,-(Vu)-ve-vedx—f > A{(Vu)- V6 Vodx
R3 R

13

IA

7 j=—oo ? =N+

N N
> f |A (V)| IVOP dx+2 ) f |Aju| IV6)1A6] dx
jmeo VB jmeo VR

I31+I32.

Then, by using Lemma 1.4, 75 can be estimated as

Ve

<

IA

IA

C2V llullyr V6N, + C27V flullyy 196l 1AG)
Cllully VeIl (24N 19612 + 27 1A6) )
Cliully 196l A6l

12

1 2
3 ladli;, + C IIMII;ZM Iveli;,

The term 7, can be estimated by Cauchy’s inequality as
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(2.3)
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Plugging all the estimates into (2.1) yields that
d 2
E(IIVulliz +IVOII7) + lAull7, +11A0]7, < C(1 + leell 5" )(Vully, + IVOII7.).

Applying Gronwall’s inequality, we get
(u,0) € L=(0,T; H'(R*)) N L*0, T; H*(R)).

Therefore, by the standard regularity arguments of weak solutions to drive high-order derivative bound-
s, which would imply
(u,0) € C*(R* % (0,7))

by Sobolev imbedding theorems, as desired. The proof of Theorem 1.3 is completed. O

Acknowledgments

Part of the work was carried out while the second author was long term visitor at University of
Catania. The hospitality and support of Catania University are graciously acknowledged.

Maria Alessandra Ragusa is supported by the second author Ministry of Education and Science of
the Russian Federation (Agreement number N. 02. 03.21.0008)

Conflict of Interest

All authors declare no conflicts of interest in this paper.

References

1. J. R. Cannon and E. Dibenedetto, The initial problem for the Boussinesq equation with data in L7,
Lecture Notes in Mathematics, Springer, Berlin, 771 (1980), 129-144.

2. L. Caffarelli, R. Kohn, and L. Nirenberg, Partial regularity of suitable weak solutions of the navier-
stokes equations, Comm. Pure Appl. Math., 35 (1982), 771-831.

3. D. Chae and H.-S. Nam, Local existence and blow-up criterion for the Boussinesq equations, Proc.
Roy. Soc. Edinburgh, Sect. A, 127 (1997), 935-946.

4. B. Q. Dong, J. Song, and W. Zhang, Blow-up criterion via pressure of three-dimensional Boussi-
nesq equations with partial viscosity (in Chinese), Sci. Sin. Math., 40 (2010), 1225-1236.

5. J. Fan and Y. Zhou, A note on regularity criterion for the 3D Boussinesq system with partial vis-
cosity, Appl. Math. Lett., 22 (2009), 802-805.

6. J.Fan and T. Ozawa, Regularity criteria for the 3D density-dependent Boussinesq equations, Non-
linearity, 22 (2009), 553-568.

7. S. Gala, On the regularity criterion of strong solutions to the 3D Boussinesq equations, Applicable
Analysis, 90 (2011), 1829-1835.

AIMS Mathematics Volume 2, Issue 3, 451-457



457

8.

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

S. Gala and M.A. Ragusa, Logarithmically improved regularity criterion for the Boussinesq equa-
tions in Besov spaces with negative indices, Applicable Analysis, 95 (2016), 1271-1279.

S. Gala, Z. Guo, and M. A. Ragusa, A remark on the regularity criterion of Boussinesq equations
with zero heat conductivity, Appl. Math. Lett., 27 (2014), 70-73.

Z.Guo and S. Gala, Regularity criterion of the Newton-Boussinesq equations in R}, Commun. Pure
Appl. Anal., 11 (2012), 443-451.

. J. Geng and J. Fan, A note on regularity criterion for the 3D Boussinesq system with zero thermal

conductivity, Appl. Math. Lett., 25 (2012), 63-66.

E. Hopf, Uber die Anfangswertaufgabe fiir die hydrodynamichen Grundgleichungen, Math. Nach.,
4 (1950/1951), 213-231.

Y. Jia, X. Zhang, and B. Dong, Remarks on the blow-up criterion for smooth solutions of the
Boussinesq equations with zero diffusion, C.P.A.A., 12 (2013), 923-937.

T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations, Commun.
Pure Appl. Math., 41 (1988), 891-907.

C. Kenig, G. Ponce, and L. Vega, Well-posedness of the initial value problem for the Korteweg-de-
Vries equation, J. Amer. Math. Soc., 4 (1991), 323-347.

J. Leray, Sur le mouvement d’un liquide visqueux emplissant I’espace, Acta. Math., 63 (1934),
183-248.

A. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean, Courant Lecture Notes
in Mathematics, AMS/CIMS, 9 (2003).

M. Mechdene, S. Gala, Z. Guo, and M.A. Ragusa, Logarithmical regularity criterion of the three-

dimensional Boussinesq equations in terms of the pressure, Z. Angew. Math. Phys., 67 (2016),
67-120.

G. Prodi, Un teorema di unicita per le equazioni di Navier-Stokes, Ann. Mat. Pura Appl., 48 (1959),
173-182.

J. Serrin, The initial value problem for the Navier-Stokes equations, In Nonlinear Problems (Proc.
Sympos., Madison, Wis.), Univ. of Wisconsin Press, Madison, Wis., 1963, 69-98.

M. Struwe, On partial regularity results for the Navier-Stokes equations, Comm. Pure Appl. Math.,
41 (1988), 437-458.

N. Ishimura and H. Morimoto, Remarks on the blow-up criterion for the 3D Boussinesq equations,
Math. Meth. Appl. Sci., 9 (1999), 1323-1332.

H. Triebel, Theory of Function Spaces, Birkhduser Verlag, Basel, 1983.

H. Qiu, Y. Du, and Z. Yao, Blow-up criteria for 3D Boussinesq equations in the multiplier space,
Comm. Nonlinear Sci. Num. Simulation, 16 (2011), 1820-1824.

H. Qiu, Y. Du, and Z. Yao, A blow-up criterion for 3D Boussinesq equations in Besov spaces,
Nonlinear Analysis TMA, 73 (2010), 806-815.

Z. Xiang, The regularity criterion of the weak solution to the 3D viscous Boussinesq equations in
Besov spaces, Math. Methods Appl. Sci., 34 (2011), 360-372.

AIMS Mathematics Volume 2, Issue 3, 451-457



458

27. E. Xu, Q. Zhang, and X. Zheng, Regularity Criteria of the 3D Boussinesq Equations in the Morrey-
Campanato Space, Acta Appl. Math., 121 (2012), 231-240.

28. 7. Ye, A Logarithmically improved regularity criterion of smooth solutions for the 3D Boussinesq
equations, Osaka J. Math., 53 (2016), 417-423.

©2017, Sadek Gala, et al., Ilicensee AIMS Press.

,:ATIG-& AIMS Pr This is an open access article distributed under the
‘T'_'_'_'_._.__ rcss terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 2, Issue 3, 451-457


http://creativecommons.org/licenses/by/4.0

	Introduction and main result
	Proof of Theorem ??

