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Abstract: In this article we will investigate monotonicity for the first eigenvalue problem of the
Witten-Laplace operator acting on the space of functions along the Ricci-Bourguignon flow on closed
manifolds. We find the first variation formula for the eigenvalues of Witten-Laplacian on a closed
manifold evolving by the Ricci-Bourguignoni flow and construct various monotonic quantities. At the
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1. Introduction

Let (M, g(7)) be a closed Riemannian manifold. Studying the eigenvalues of geometric operators is
a very powerful tool for the understanding Riemannian manifolds. It is well known that the spectrum
of p-Laplacian and other geometric operators on a compact Riemannian manifold M is an important
analytic invariant and has important geometric meanings. There are many mathematicians who inves-
tigate properties of the spectrum of geometric operators and estimate the spectrum in terms of the other
geometric quantities of M. In [12], Perelman showed that the functional

F = f R+ Ve dv
M

is nondecreasing along the Ricci flow coupled to a backward heat-type equation, where R is the scalar
curvature with respect to the metric g(#) and dv denotes the volume form of the metric g = g(?).
The nondecreasing of the functional F' implies that the lowest eigenvalue of the geometric operator
—4A + R is nondecreasing along the Ricci flow. As an application, Perelman shown that there are no
nontrivial steady or expanding breathers on compact manifolds. Then, Li [11] and Cao [3] extended
the geometric operator —4A + R to the operator —A + cR and both them proved that the first eigenvalue
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of the geometric operator —A + ¢R for ¢ > }L is nondecreasing along the Ricci flow. Zeng and et *al [15]
studied the monotonicity of eigenvalues of the operator —A + ¢R along the Ricci-Bourguignon flow.
In [8] and [13] have been studied the evolution for the first eigenvalue of geometric operator —A,4 + I—;
under the Yamabe flow and Ricci flow, respectively, where —A, is the Witten-Laplacian operator,
¢ € C*(M), and constructed some monotonic quantities under this flow. For the other recent research
in this direction, see [5, 6, 7, 9, 10, 14].

Also, over the last few years the Ricci flow and other geometric flows as the Ricci-Bourguignon
flow have been a topic of active research interest in both mathematics and physics. A geometric
flow is an evolution of a geometric structure under a differential equation related to a functional on a
manifold, usually associated with some curvature. They are all related to dynamical systems in the
infinite-dimensional space of all metrics on a given manifold.

Let M be an n-dimensional manifold with a Riemannian metric gy, the family g(¢) of Riemannian
metrics on M is called a Ricci-Bourguignon flow when it satisfies the equations

d
780 = ~2Ric(3(1) + 2pR(g(0)g(1) = —2(Ric — pRg). g(0) = go (1.1)

where Ric is the Ricci tensor of g(¢), R is the scalar curvature and p is a real constant. In fact the Ricci-
Bourguignon flow is a system of partial differential equations which was introduced by Bourguignon
for the first time in 1981 (see [2]). Short time existence and uniqueness for solution to the Ricci-
Bourguignon flow on [0, 7') have been shown by Catino and et ’al in [4] for p < ﬁ When p = 0,
the Ricci-Bourguignon flow is the Ricci flow.

Motivated by the above works, in this paper we will study the first eigenvalue of the Witten-Laplacian
operator whose metric satisfies the Ricci-Bourguignon flow (1.1).

2. Preliminaries

In this section, we will first give the definitions for the first eigenvalue of the Witten-Laplace op-
erator A, then we will find the formula for the evolution of the first eigenvalue of the Witten-Laplace
operator under the Ricci-Bourguignon flow on a closed manifold. Let (M, g(¢)) be a compact Rieman-
nian manifold, and (M, g(¢)) be a smooth solution to the Ricci-Bourguignon flow (1.1) for ¢t € [0, T).
Let V be the Levi-Civita connection on (M, g(¢t)) and f : M — R be a smooth function on M or
f € WI2(M) where W'2(M) is the Sobolev space. The Laplacian of f is defined as

Af = div(V[) = §%(8:0,f ~ T} f)- 2.1

Assume that dv the Riemannian volume measure, and du the weight volume measure on (M, g(t))
related to function ¢; i.e.
du = e *Vdy (2.2)

where ¢ € C2(M). The Witten-Laplacian is defined by
Ay =A-Vop.V (2.3)

which is a symmetric operator on L?>(M, 1) and satisfies the following integration by part formula:
f <Vu,Vv>du= —f VAgudu = —f ul4vdu Yu,v € C*(M),
M M M
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The Witten-Laplacian is generalize of Laplacian operator, for example, when ¢ is a constant function,

the Witten-Laplacian operator is just the Laplace-Belterami operator.

We say that 4,(?) is an eigenvalue of the Witten-Laplace operator A, at time ¢ € [0, T) whenever for

some f € W'"2(M),

= Asf = (DS,
or equivalently
f <Vf,Vh>d,u:/11ffhdy Vh e C*(M),
M M
hence
IV Py
1= —fM dp

the first eigenvalue of the Witten-Laplace operator defined as

A = min {f \Vfdu : feC(M), ffzd,u = 1}.
f#0 M M

Lemma 2.1. If g, and g, are two metrics on Riemannian manifold M which satisfy

1
1+e€

g1<g <(1+e)g,

then
Ag) = Ag) < (1 + e =1+ 73 (1 + )2 Ag).

In particular, A is a continuous function respect to the C*-topology.

Proof. The proof is straightforward. We have
(1 + € 2dug, < dug, < (1+ €)2du,,.

Let
6(s. f) = f IV R,
M

then

f Pty Glar f) - f Py 6@, )
M M

f P, f IV A2, dytgs f P, f VA2, dy
M M M M
f m ( f VA2, dytge — f |Vf|§1dugl)
M M M
+( | s~ [ fzdu&) I
M M M

((1+e)3+1—1)ff2d,uglflVflgldugl
M M

IA

(2.4)

(2.5)
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+(1-(1+e7F) fM frduy, fM IV T dbte,

so that
g(gZ’f) g(gbf)
frduy, f IV£15,de ( - )
fM * Ju o fM [rdpg, fM frdug,
< (A+of' - +o7F) f Py, f 1V Tyt
M M
it implie that
Vfd
G2 /) _ G f) s(<1+e)¥+1—<1+6)—3)fM' U
fM fzd:ug2 fM f2d:ug1 fM f2d/-1g2
hence
AMg2) —Ag) < (1 + 03 = (1 +e)73) (1 + )2 A(g0),
this completes the proof of lemma. m|

Ifa= fM |V f°du then f is eigenfunction corresponding to A. Normalized eigenfuctions are defined

as fM f2du = 1. At time 1, € [0, T), we first let fy = f(t,) be the eigenfunction for the eigenvalue A(t)
of Witten-Laplacian. We consider the following smooth function

det(g,'j(to))]é
det(g;;j(1)

along the Ricci-Bourguignon flow. We assume that

h(®) = fo [

h(t)

) = ———
(S en2dpe)’

which f(¢) is smooth function under the Ricci-Bourguignon flow, satisfies fM f2du = 1 and at time f,,
f 1s the eigenfunction for A of Witten-Laplacian. Now we define a smooth eigenvalue function

A1) = f v Fdu 2.6)
M

where A(f (1), t)) = A(ty), f is smooth function and satisfies
f fPdu=1. (2.7)
M
3. Variation of A(7)
In this section, we will give some useful evolution formulas for A(¢) under the Ricci-Bourguignon
flow. Now, we give a useful proposition about the variation of eigenvalues of Witten-Laplacian under

the Ricci-Bourguignon flow.
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Proposition 3.1. Let (M", g(t)) be a solution of the Ricci-Bourguignon flow on the smooth closed
manifold (M", g¢) for p < Z(nl—l)' If A(¢) denotes the evolution of the first eigenvalue under the Ricci-
Bourguignon flow, then

d
A Dy = (A =1pA(0) [ R Pdps(n=2p =) [ RIVfPdu+2 [ RieCWL Va1
M M M

Proof. A(f,t) is a smooth function and by derivating (2.6) we have

4 _ [ 4vp 2 d
dt/l(f’l)_jj;dz(lvﬂ )d,u+fM|Vf| dt(d'u)' (3.2)
On the other hand, we have
(,Uz) lrg( )d,u, (3.3)
and
d d( o .. .
EW%)=EQMWﬂ:—WWﬁw+w%ﬂW (3.4)

g@ﬂ8@MVf%f+2<Vfo>
Replace (3.3) and (3.4) in (3.2), then
d
E/l(f’ n = f { ! Jk—(gzk)V SV f+2< VL Vf >} du (3.5)
M
2
+ fM IVf] Etrg(a)du-

From (1.1), we can then write

d
GAD = 2 [ =g Ricu + pRe V.Y < VTS >} (3.6)

M
+JﬁWﬂOw—D&m
M
_ 2fRic(Vf,Vf)d,u+2f <V Vf >y
M M

+H(n-2)p-1) f IV fI*Rd.
M

fﬁw=h
M

2ffwm=aﬂwj}%w, 3.7)
M M

Now, using (2.7), from the condition

and the time derivative, we can get
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(2.5) and (3.7) imply that

f VIS > du = Alt) f 7 fd =521~ np) f PRy, (3.8)
M M M

Replacing (3.8) in (3.6), we obtain

d
LA Dy = (= mp)A(0) [ R Pt (=D~ 1) [ RIS +2 [ RictWf. 9
M M

M

O

Theorem 3.2. Let g(t), t € [0,T), be a solution of the Ricci-Bourguignon flow (1.1) on a closed
manifold M", p < ﬁ and A(t) be the first eigenvalue of the Witten-Laplace operator of g(t). If
¢ = min R(0) and
xeM
I1-(n-2)p
2

then the quantity A(t)(n — 2(1 — np)ct)? is strictly increasing along the Ricci-Bourguignon flow.

R,‘j RgUZO in MnX[O,T)

Proof. According to (3.1) of Proposition 3.1, we have

d
E/l(/l(f’ t)|t:to

(1 = np)Alto) fM R fdu + fM @Ry~ (1 - (n - Dp)Rg V.V, f du

> (1 -np)a(ty) f R fdp, (3.9)
M
on the other hand, the scalar curvature under the Ricci-Bourguignon flow evolve by
OR
i (1 —2(n — D)p)AR + 2|Ric|* — 2pR?

and inequality |Ric|* > Rf yields

oR > (1-2(n- 1),0)AR+2(l - p)R*. (3.10)
ot n

Since the solution to the corresponding ODE y’" = 2(% — p) with initial value ¢ = mgl R(0) is
Xe€

nc
o(t) = e R on [0,T7).

using the maximum principle to (3.10), we get R, > o(t). Therefore (3.9) becomes %/l( foDli=y =
(1 — np)A(ty)o(ty), this results that in any sufficiently small neighborhood of ¢, as I, we get

d
d—t/l(f 1) = (1 = np)A(f, o ().
Integrating the last inequality with respect to ¢ on [#{, fy] C I, we have

A(f (1), 1) o o 2(1 = np)cty
VL0 )
A(f(t), 1) n—2(1 - np)cty

[STE
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Since A(f(ty), to) = A(tp) and A(f(t,), t;) > A(t;) we conclude that

—7(] -
1 Ado) =20~ np)ety

- T S apyen,)

that is the quantity A(f)(n — 2(1 —np)ct)? is strictly increasing in any sufficiently small neighborhood of
fo. Since fy is arbitrary, then A(t)(n — 2(1 — np)ct)? is strictly increasing along the Ricci-Bourguignon
flow on [0, T). O

Remark 3.3. If p < 0 and ¢ > 0 then function (n—2(1—np)ct)? is decrasing in z-variable, thus Theorem
3.2, implies that A(z) is strictly increasing along the Ricci-Bourguignon flow on [0, 7).

Corollary 3.4. Let g(¢) and A(¢) be the same as in Theorem 3.2 where assume n = 3 and é <p< A—It. If

1_
> T”Rgi,- in M" x {0}

then the conclusion of Theorem 3.2 is also true.

R

Proof. The pinching inequality R;; > ]%pRg,' ;1s preserved along the Ricci-Bourguignon flow, therefore,
for r € [0,T) we have R;; — l%oRgij > (0, which Theorem 3.2 implies that the quantity A(¢)(3 — 2(1 —
3p)ct)% is strictly increasing. O

Theorem 3.5. Let g(¢), t € [0,T), be a solution of the Ricci-Bourguignon flow (1.1) on a closed
manifold M" and A(t) be the first eigenvalue of the Witten-Laplace operator of g(t). If C = max R(0)
xXe

and

1-(n-2)p
2

then the quantity A(t)(1 — CAt)in_] is strictly decreasing along the Ricci-Bourguignon flow on [0,T")

where T’ = min{T, &} and A = z(n(@y - p).

OSRij<

Proof. The proof is similar to that of Theorem 3.2 with the difference that we need to estimate the
upper bound of the right hand (3.1). Note that R;; < @Rgi ; implies that |Ric|* < n(@)sz. So
the evolution of the scalar curvature under the Ricci-Bourguignon flow evolve by

R
(?9_; = (1 -2(n - Dp)AR + 2|Ric|* - 2pR*
yields
R 1-(n-2
(?9_1 <(1-2(n- 1)p)AR+2(n(#)2 — PR (3.11)

Applying the maximum principle to (3.11) we have 0 < R,;) < y(f) where

l-(n-2 -!
y(1) = C‘1—2(n((+)p)2—p)t =

T_CAs on [0,7).

Substituting 0 < Ry, < ¥(r) and R;; < =%=URg,; into equation (3.1) we obtain $A(f(»), t?l <
%xi( f(®),t) in any sufficiently small neighborhood of %y, hence the quantity A(¢)(1 — CAt)"pA is

strictly decreasing. O
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Theorem 3.6. Let (M, g(¢)), t € [0,T) be a solution of the Ricci-Bourguignon flow (1.1) on a closed

manifold M" and p < ﬁ Let A(t) be the first eigenvalue of the Witten-Laplace operator of the metric
g(®). If there is a non-negative constant a such that
I-(n-2
Ry - #Rgﬁ > —ag;; in M"x[0,T) (3.12)
and )
R>—""" in M"x {0} (3.13)
1 —np

then A(t) is strictly monotone increasing along the Ricci-Bourguignon flow.

Proof. By Proposition 3.1, we have
d
Eﬂ(f s Dli=r, = (1 = np)A(to) f R f2dy + f (2R;j = (1 = (n =2D)p)Rgip)VifV,f du (3.14)
M M

combining (3.12), (3.13) and (3.14), we arrive at d%/l( f(®),t) > 0 in any sufficiently small neighborhood
of 1y, then A(f(t1),t1) < A(f(t),t) on [t1,t]. Since A(f(ty),t9) = A(ty) and A(f(t)),t;) = A(t;) we
conclude that A(¢;) < A(ty) which show that A() is strictly monotone increasing in any sufficiently small
neighborhood of #,. Since 1, is arbitrary, then A(¢) is strictly increasing along the Ricci-Bourguignon

flow on [0, T). O
Theorem 3.7. Let (M", g(1)), t € [0,T) be a solution of the Ricci-Bourguignon flow (1.1) on a closed
manifold M" with positive curvature operator and p < ﬁ Let A(t) be the first nonzero eigenvalue of

the Witten-Laplace operator of the metric g(t). Then A(f) — +oo in finite time, where R;; + V¢ > aRg;;
in M" X [0, T) and a is a constant positive real number.

Proof. In [1], Bakry and Emery proved that on a closed manifold M", for any smooth function f,
1
§A¢|Vf|2— <V, VAsf >= V2 [ + (Ric + V2¢)(Vf, V)

then by integration of both above equation, we obtain

f (Ao = V2 F) dpa = f (Ric + V*¢)(Vf.V f)dp. (3.15)
M M
We easily get the following inequality

(Ao f)

S V.V f%. (3.16)

(AP = (Aof + V.V f)2 >

By Cauchy-Schwartz inequality, we obtain

(AsfP V).V JP

3.17
2n n ( )

1
IV2fP > —(Af) >
n
and |[V@.V f|* < |Vé*IVf|>. On the other hand ¢ € C*(M), then |V@|* is uniformly bounded, we assume
that exist a constan real number b > 0 such that |V¢|> < b. Hence |V¢.V f|* < b|V f]?, this yields

(AfP  BIVSP

V22>
|f|_2n n

(3.18)
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Recall that A, f = —Af, which implies

f (Apf)du = 2 f frdu = A* (3.19)
M M
Combinnig (3.18) and (3.19), we get
2n—1 b
f (A = IV2£1) du < T2y 2 (3.20)
i, 2n n

Putting (3.20) into (3.15) results that

2n —1 b
f (Ric + V*¢)(VF,Vfdu = f ((A¢ f)F —|V? f|2) du< " 2420 (3.21)
M M 2n n
The inequality R;; + V2¢ > aRg;; leads to
2n—1 , b )
A@®)" + —-A(t) = a | RIVfI"du = aRyin(1)A(2), (3.22)
2n n M
then
A(t) > Rin(?) + 2b (3.23)
= op— T o '
Since R,i,(t) — +oo in finite time Ty = m where a = m%? R(0) (see [4], Proposition 4.1) then
Xe
A(t) — +oo in finite time. |

3.1. Variation of A(t) on a surface
Now, we write Proposition 3.1 in some remarkable particular cases.

Corollary 3.8. Let (M?,g(t)), t € [0,T) be a solution of the Ricci-Bourguignon flow on a closed

surface (M?, go) for p < % If A(¢) denotes the evolution of the first eigenvalue of the Witten-Laplace

operator under the Ricci-Bourguignon flow, then
d
74 Dli=y = (1= 20)A(00) f R f2dp. (3.24)
M

Proof. In dimension n = 2, we have Ric = %Rg, then (3.1) implies that

d
E/l(f, t)'t:to

a—mwgfm%hfmwmmfmwml
M M M

u—mwmfRﬁw.
M
O

Lemma 3.9. Let (M?, g(1)), t € [0, T) be a solution of the Ricci-Bourguignon flow on a closed surface
(M?, go) with nonnegative scalar curvature for p < % If A(t) denotes the evolution of the first eigenvalue
of the Witten-Laplace operator under the Ricci-Bourguignon flow, then

2(0)
T—c(l=2p) =~ AW

’ _ : ’ : 1
on (0,T") where c = rxlggll R(0) and T’ = min{T, C(l—ﬂp)}‘
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Proof. In dimension two we have Ric = %Rg, and the evolution of the scalar curvature R on a closed
surface M under the Ricci-Bourguignon flow is

% = (1 - 2p)(AR + R?). (3.25)

The minimum of R satisfies the differential inequality

T Ruin > (1= 20)R0y,. ¢ = min R(O0) (3.26)

and this inequality yields R, > m. Therefore

C

¢ <R 0,7 3.27
T—c(l—2p) on [0.7) -27)

where 7’ = min{T According to (3.24) and [ f?du = 1 we have

> C(1- 2)}

c(1 =2p)A(f, t)
T—c(l =20 =

— (f D, (3.28)

in any sufficiently small neighborhood of #y. Integrating above inequality with respect to time ¢, we get

A((0),0) Ato).

1=l —2py =0
Since A(f(0),0) > A(0), we have 5 L?](O)z TR < A(f). Since 1y is arbitrary, then ; Cﬁfo)z TS < A(r) on
0, T). O

Lemma 3.10. Let (M?, go) be a closed surface with nonnegative scalar curvature, then the eigenvalues
of Witten-Laplacian are increasing under the Ricc-Bourguignoni flow for p < %

Proof. From [4], under the Ricci-Bourguignoni flow on a surface, we have

R _ (1 -2p)(AR + R?)

ot

by the scalar maximum principle, the nonnegativity of the scalar curvature is preserved along the Ricci-
Bourguignoni flow. Then (3.24) implies that %/l( f>Dli=, > 0, this results that in any sufficiently small
neighborhood of 7, as I, we get %/l(f, 1) > 0. On interval [t, ty] C Iy, we have A(f(¢)), ;) < A(f(ty), to).
Since A(f(ty), to) = A(ty) and A(f(#1),t;) = A(t;) we conclude that A(#;) < A(ty). that is the quantity A()
is strictly increasing in any sufficiently small neighborhood of #,. Since %, is arbitrary, then A(%) is
strictly increasing along the Ricci-Bourguignon flow on [0, T'). O

3.2. Variation of A(t) on homogeneous manifolds

In this section, we consider the behavior of the spectrum when we evolve an initial homogeneous
metric.
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Proposition 3.11. Let (M", g(¢)) be a solution of the un-normalized Ricci flow on the smooth closed
homogeneous manifold (M", go). If A(f) denote the evaluation of an eigenvalue under the Ricci-
Bourguignoni flow, then

A0y =2 [ RictV L9 it 2pRACw). (3.29)
M

Proof. Since the evolving metric remains homogeneous and a homogeneous manifold has constant
scalar curvature. Therefore (3.1) implies that

d
ZAU D=y = (1= np)AC0)R f

M

Pdu+((n-2p - DR f v Fdu
M

+2 f Ric(V£,VF)du =2 f Ric(V £,V f)du — 2pRA(to).
M M

3.3. Variation of A(t) on 3-dimensional manifolds

In this section, we consider the behavior of A(7) on 3-dimensional manifolds.
Proposition 3.12. Let (M?, g(1)) be a solution of the Ricci-Borguignon flow (1.1) on a closed manifold
M? whose Ricci curvature is initially positive and there exists 0 < € < % such that

Ric > eRg

then the quantity e~ b A®47 (1) is nondcreasing along the Ricci-Borguignon flow (1.1) on closed mani-

- -1 .
fold M®, where A1) = 557555 + (0 — 1 +26) (-2(1 = p)t + 1) . @ = max R(0) and 8 = min R(0).

Proof. In [4] has been shown that the pinching inequality Ric > eRg and nonnegative scalar curvature
are preserved along the Ricci-Borguignon flow (1.1) on closed manifold M?, then using (3.1) we obtain

\%

GOy > (=30 [ Rffdu+ @) [ RV P+ 2¢ [ RIVfPa
M M M

(1= 3p)A(t5) f Rfdu+(p—1+2) f RIV fPd,
M M

on the other hand the scalar curvature under the Ricci-Bourguignon flow evolves by

OR
i (1 — 4p)AR + 2|Ric|* — 2pR?,
by |Ric> < R? we have

OR
% = (1 —4p)AR + 2(1 — p)R*.
Let o(¢) be the solution to the ODE y’ = 2(1 — p)y* with initial value o = 1’1’12}&( R(0). By the maximum
Xe

principle, we have

-1
R(t) <o(r) = (—2(1 —p)t+ é) (3.30)
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on [0,T"), where T’ = min{T, m}. Also, the inequality |Ric|> > %2 results that

OR 1
— > (1 —4p)AR + 2(= — p)R>.
at‘( 0)AR + (3 0)

we assume that y(¢) be the solution to the ODE y’ = 2(% — p)y? with initial value 8 = m%r} R(0). Then

the maximum principle implies that

_ 3B
R(t) = y(t) = 32201 = 3p)t on [0,7). (3.31)
Hence
d 3B 1\
E/l(f, =ty = (1 - 3p)/1(t0)3 T2 - o) + (o —1+2e)A(ty) (—2(1 — Pty + E)

A(19)A(to)

this results that in any sufficiently small neighborhood of 7, as I, we get

d
24D 2 AL DAD.

Integrating the last inequality with respect to ¢ on [#;, )] C Iy, we have

A(f (1), 10) 0
In m > \ftl A(T)dT

Since A(f(ty), to) = A(tp) and A(f(t,),t;) > A(t;) we conclude that

Alto) "
In ) > ‘le A(t)dr.

that is the quantity A(¢)e™ b A@ar i strictly increasing in any sufficiently small neighborhood of #,. Since

to is arbitrary, then A(f)e~ b A®4" is strictly increasing along the Ricci-Bourguignon flow on [0,T). O

Proposition 3.13. Let (M?, g(¢)) be a solution to the Ricci-Bourguignon flow for p < 0 on a closed
homogeneous 3-manifold whose Ricci curvature is initially nonnegative, then the eigenvalues of the
Witten-Laplacian are increasing.

Proof. In dimension three the nonnegativity of the Ricci curvature is preserved under the Ricci-
Bourguignon flow [4]. From (3.29), its implies that A(¢) is increasing. O

4. Example
In this section, we show that the variational formula is effective to derive some properties of the
evolving spectrum of the Witten-Laplace operator and then we find A(¢) for some of Riemannian man-

ifolds.

AIMS Mathematics Volume 2, Issue 2, 230-243



242

Example 4.1. Let (M", gy) be an Einstein manifold i.e. there exists a constant a such that Ric(g() = ago.
Assume that we have a solution to the Ricci-Bourguignon flow which is of the form

g(1) = u(ngo, u(0)=1
where u(¢) is a positive function. We compute

0
a_f = u'(1)go, Ric(g(1)) = Ric(go) = ago = %g(”’ Rey = %

for this to be a solution of the Ricci-Bourguignon flow, we require

2pa
u'(1)g0 = —2Ric(8(1)) + 2pRy1g(1) = (=2a + T)go

this shows that

2
W () = —2a + 24
u(t)

therefore satisfies on
Qaru(n-1 u(t) — pn —1
1 —pn ’

so g(?) 1s an Einstein metric. Using equation (3.1), we obtain the following relation

EAF, Dl = (1= )2 21 f Fdu+ (@n = 2p - -0 f IV fPdp + 2 f v Pd
ai) ™ |, u(io) w(io)

or equivalently 2a(l )A(to)
a(l — np)A(z
u(to)

this results that in any sufficiently small neighborhood of 7, as I, we get

2a(1 —np)A(f,1)
u(t)

Integrating the last inequality with respect to f on [#y, fy] C I, we have

1 AU (o). f0) f * 2a(1 - np) e
Af@), ) Jy o u(D)

Since A(f(ty), to) = A(tp) and A(f(t,),t;) > A(t;) we conclude that

Aty) " 2a(1 — np)
In ) > ft: —u(T) dr

d
A Dli=y =

d
E/l(f’ t) =

that is the quantity A(t)e” b *i3Pr ig strictly increasing along the Ricci-Bourguignon flow on [0, T).
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