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1. Introduction

We are interested in the time-harmonic Maxwell equations in and near a composite material with
boundary conditions modeling electromagnetic field radiated by an electromagnetic pulse (EMP). An
electromagnetic pulse is a short burst of electromagnetic energy. It may be generated by a natural
occurrence such like a lightning strike, meteoric EMP, EMP caused by geomagnetic Storm or nuclear
EMP. This focuses on what happens over a period of time of a millisecond during the peak of the first
return stroke. We study the electromagnetic pulse caused by this lightning strike. This is the first step
of a larger study which goal is to understand the behavior of the electromagnetic field and its interaction
with a composite material.

EMP interference is generally damaging to electronic equipment. A lightning strike can damage
physical objects such as aircraft structures, either through heating effects or disruptive effects of the
very large magnetic field generated by the current. Structures and systems require some form of pro-
tection against lightning. Every commercial aircraft is struck by lightning at least once a year on
average. Aircraft lightning protection is a major concern for aircraft manufacturers. Increasing its use
of composite materials, up to 53% for the latest Airbus A350, and 50% for the Boeing B787, aircrafts
offer increased vulnerability facing lightning. Earlier generation aircrafts, whose fuselages were pre-
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dominantly composed of aluminum, behave like a Faraday cage and offer maximum protection for the
internal equipment. Currently, in aircrafts, composite materials consisting of a resin enclosing carbon
fibers have significant advantages in terms of weight gain and therefore fuel saving. Yet,because alu-
minium conducts 100 to 1000 times more than composite, we lose the Faraday effect. Modern aircrafts
have seen also the increasing reliance on electronic avionics systems instead of mechanical controls
and electromechanical instrumentation. For these reasons, aircraft manufacturers are very sensitive to
lightning protection and pay special attention to aircraft certification through testing and analysis.

There are two types of lightning strikes to aircraft: the first one is the interception by the aircraft
of a lightning leader. The second one, which makes about 90% of the cases, is when the aircraft
initiates the lightning discharge by emitting two leaders when it is found in the intense electric field
region produced by a thundercloud, our approach applies in this case. When the aircraft flies through a
cloud region where the atmospheric electric field is large enough, an ionized channel, called a positive
leader, merges from the aircraft in the direction of the ambient electric field. Laroche et al. [15], at an
altitude of 6000 m, observed an atmospheric electric field close to 50 kV/m inside the storm clouds,
100 kV/m to the ground. When upward leader connects with the downward negative leader of the
cloud, a return stroke is produced and a bright return stroked wave travels from aircraft to cloud. The
lightning return strokes radiate powerful electromagnetic fields which may cause damage to aircraft
electronic equipment. Our work is devoted to the study of the electromagnetic waves propagation
in the air and in the composite material. In this artificial periodic material, the electromagnetic field
satisfies the Maxwell equations.

We evaluate the electromagnetic field within and near a periodic structure when the period of this
microstructure is small compared to the wavelength of the electromagnetic wave. Our model is com-
posed by air above the composite fuselage and we study the behavior of the electromagnetic wave in
the domain filled by the composite material, representing the skin aircraft, and the air. We build the
3D model, under simplifying assumptions, using linear time-harmonic Maxwell equations and con-
stitutive relations for electric and magnetic fields. Composite materials consist of conducting carbon
fibers, distributed as periodic inclusions in a matrix (epoxy resin). We impose a magnetic permeability
1o uniform and an electrical permittivity € = €e*, where €* is the relative permittivity depending of
the medium. In the future, we will enrich this model by adding complexity and we will consider non
uniform magnetic permeability and electrical permittivity.

Now, we account for some characteristic values. In the first place we focus on the boundary condi-
tions as we consider them as the source. Then, we use on the upper frontier, the magnetic field induced
by the peak of the current of the first return stroke

— I

H; = —, 1
7 onr M

with current intensity / = 200 kA and r the radius of the lightning strike, this is the worst aggression
that can suffer an aircraft, and we deduce a characteristic electric field E = 20 kV/m. In our model we
consider that we have very conductive - but not perfect conductors - carbon fibers and an epoxy resin
whose conduction depends on its doping rate. The conductivity of the air is non-linear. Air is a strong
insulator [29] with conductivity of the order of 107 S.m~! but beyond some electric solicitation, the
air loses its insulating nature and locally becomes suddenly conductive. The ionization phenomenon
is the only cause that can make the air conductor of electricity. The ionized channel becomes very
conductive.
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Our mathematical context is periodic homogenization. We consider a microscopic scale &, which
represents the ratio between the diameter of the fiber and thickness of the composite material. So,
we are trying to understand how the microscopic structure affects the macroscopic electromagnetic
field behavior. Homogenization of Maxwell equations with periodically oscillating coefficients was
studied in many papers. N. Wellander homogenized linear and non-linear Maxwell equations with
perfect conducting boundary conditions using two-scale convergence in [26] and [27]. N. Wellander
and B. Kristensson homogenized the full time-harmonic Maxwell equation with penetrable boundary
conditions and at fixed frequency in [28]. The homogenized time-harmonic Maxwell equation for the
scattering problem was done in F. Guenneau, S. Zolla and A. Nicolet [12]. Y. Amirat and V. Shelukhin
perform two-scale homogenization time-harmonic Maxwell equations for a periodical structure in [5].
They calculate the effective dielectric £ and effective electric conductivity o~. They proved that homog-
enized Maxwell equations are different in low and high frequencies. The result obtained by two-scale
convergence approach takes into account the characteristic sizes of skin thickness and wavelength
around the material.

1
V@ oo

tivity and w the order of the magnitude of the pulsation shares much with the definition of theoretical
thickness skin 6 = ,/LT%#O The thickness skin is the depth at which the surface current moves to a

On of the parameter we account for in our model: 6 = , where o is the characteristic conduc-

factor of e!. Indeed, at high frequency, the skin effect phenomenon appears because the current tends
to concentrate at the periphery of the conductor. On the other side, at low frequencies the penetration
depth is much greater than the thickness of the plate which means that a part of the electric field pen-
etrates the composite plate. We use the theory of two-scale convergence introduced by G. Nguetseng
[21] and developed by G. Allaire [3].

The paper is organized as follows : in Section 2 we specify the geometry of the model and the
dimensionless equations converting the problem into an equivalent one with which we work in the
following sections. In Section 3 we perform the mathematical analysis of the model. In particular,
we introduce the weak formulation of the problem for the electric field and we regularize it using
divergence term. We establish the existence and uniqueness result for the regularized Maxwell equa-
tions thanks to Lax-Milgram Theorem. We conclude this section by estimate of the electric field. The
last section is devoted to the homogenization of the problems for electric field using the two-scale
convergence concept.

2. Modeling

This section is dedicated to the complete mathematical model we will study in this paper. First,
we consider a problem that seems relevant with the perspective of propagation of the electromagnetic
field in the air and in the skin of aircraft fuselage made of composite material. Secondly, we make a
scaling of this model and finally we operate simplifications. If desired, the reader can go directly to
the mathematical analysis knowing that the problem to be studied is given by (63), (68) equipped with
boundary conditions (66), (67).
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2.1. Notations and setting of the problem

We consider set Q= (7,2 eR3, ye (:Z, d)} for L and d two positive constants, with two open

subsets Q, and P (see Figure 1). The air fills QQ, and we consider that the composite material, with two
materials periodically distributed, stands in domain P.

We assume that the thickness L of the composite material is much smaller than its horizontal size.
We denote by e the lateral size of the basic cell Y¢ of the periodic microstructure of the material. The
cell is composed of a carbon fiber in the resin. We define now more precisely the material, introducing:

P={xy.2eR} -L<y<0} 2)

which is the domain containing the material. Now we describe precisely the basic cell. For this we first
introduce the following cylinder with square base:

7¢ = [—g, g] x [—e,0] X R, 3)

We consider @ such that 0 < @ < 1, and R¢ = a%. We set

D = {(%7) e RY@ +(F + §>2> < (RY). )

We define the cylinder containing the fiber as (see fig 1):

C¢ =D xR. ®)
Then the part of the basic cell containing the matrix is
Ye=Z°\C, (©)
and by definition, the basic cell Y¢ is the couple
(Y3 C). (7)

The composite material results from a periodic extension of the basic cell. More precisely the part
of the material that contains the carbon fibers is

Q.= Pnlie, je,0)+CicZ jeZ), ®)

where the intersection with P limits the periodic extension to the area where stands the material. Set
{(ie, je,0) + C¢,i € Z, j € Z™} is a short notation for

{(ZS}:FE) € R37 31 € Za EI.] € Z_7 H(Xb’yb’ Zb) € 56;3{: Xb + ie,y: Yb + je,FZ: Zb}' (9)
In the same way the part of the material that contains the resin is

Q. = PN {(ie, je,0) + Y5}, (10)

AIMS Mathematics Volume 2, Issue 2, 269-304



273

Figure 1. The global domain

or equivalently

Q, = PN {(e, je,0) + Z° \ C°} = (R x (=L, 0) X R)\ Q.. (11)

So the geometrical model of our composite material is couple (ﬁc, ?2,). Now, it remains to set the
domain that contains the air:

Q, = {&®7,2)/0 <y <d). (12)

We consider that d is of the same order as L and we introduce the upper frontier I, = {(&y2)/y = d)
of domain Q. On this frontier we will consider that the electric field and magnetic field are given. We
also introduce the lower frontier FL = {(x v, 2)/y = —L} with those definitions we have Q NP = 0,
Q ﬂQ =0, P= Q, UQL,Q Q, UP= Q,UQ, UQL,andforany(xyjeaﬂ FdUFLand we
write 7, the unit vector, orthogonal to dQ and pointing outside 2. We have :

— (13)

In the following we need to describe what happens at the interfaces between resin and carbon fibers,
and resin and air. So we define I',, = {(x,y,2) / ¥ = 0} and I, the boundary of the set defined by (9).
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2.2. Maxwell equations

In Q, we now write a PDE model that has to do with electromagnetic waves radiated from return
stroke. We are well aware that the model we write is a simplified one. Nonetheless, it seems to be well
dimensioned for our problem which consists in making homogenization. It is well known see Maxwell
[17] the propagation of the electromagnetic field is described by the Maxwell equations which write:

*

- VxH* = J*, (14)
iy ~

—— + VxE* =0, (15)

V.-D* = p*, (16)

V-B* =0, (17)

inR x Q.

N In (14)-(17), VX and V- are A'Ehe curl and divergence operators. E*(t, X,y,2) is the electric field,
H*(t, x,y, z) the magnetic field, D*(z, x, y, z) the electric induction, B*(¢, x, y, z) the magnetic induction
and p*(t, x, y, z) is the charges density see T. Abboud and I. Terrasse [1].

System of Maxwell equations ((14) — (17)) is completed by the constitutive laws which are given in
RXxQby:

D* = g€ E*, (18)

B* = poH*. (19)

where y and ¢ are the permeability and permittivity of free space. €* is the relative permittivity of the
domains defined by

* _1 * *
o, G, T e, T (20)

where €, and €, are positives constants. In order to account for energy transfer between the electromag-
netic compartment and the propagation of the electric charges, we take for granted the Ohmic law, in
RxQ

J* = oE*, 21
where o is the electric conductivity. Its value depends on the location:
O, =0a0)g, = 0rn0G =0, 22)
where ﬁ;, 5, and SFZVC were defined in (12), (10) and (8).
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Figure 2. Left: The global microstructure in 2D. Right: Z-cell of the periodic structure.

2.3. Boundary conditions

For mathematical as well as physical reasons we have to set boundary conditions on [,and ;. On
I'; we will write conditions that translate that E* and H* are given by the source located in’y = d. The
way we chose consists in setting:

E*Xm=E;x7, H*x@=H!xn on RxTy, (23)
where E;, ﬁ; are functions defined on T, for any r € R. On T';, we chose something simple, i.e :
VXE*x7=0 on RxTj, (24)

that translate that E* does not vary in the y-direction near T,
Problem (14)—(21) supplemented with (23) and (24), is considered as containing all physics we
want to account for. In the following we will consider simplifications of it.

2.4. Time-harmonic Maxwell equations

The first simplification we make, consists in considering the harmonic version of the Maxwell equa-
tions (14)—(22). This simplification is used in many references studying electromagnetic phenomena
and especially for lightning applications [14], in spite of the fact that it considers implicitly that every
fields and currents are waves of the form, forallw € R:

a(%,3,2) cos(~wt + (X, 5,7)) = Rela(F,y,7) exp™ exp®*¥?], (25)

where w is the pulsation, Q(Z')ZE) is the phase shift of the wave and a(x,y,7) is its amplitude. In
particular, it supposes E7}, H} in (23) are of the form, for all weR:

EX(1,%,7) = Re(Ey X, Z) exp™), (26)
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H(1,%,7) = Re(Hy(X,Z) exp™), (27)

where E, and H, take into account the amplitude and the phase shift of their corresponding fields.
Taking (21) into account, the time-harmonic Maxwell equations, which describe the electromagnetic
radiation, are written:

VxH - ivee*E = oE, Maxwell - Ampere equation (28)
VXE + ia,uoﬁ = 0, Maxwell - Faraday equation (29)
V-(&€e*E) = D, (30)

V-(uoH) = 0, (31)

where E*(1,%,3,2) = Re(E(X.5,2) exp™) and H*(1,%.,3,2) = Re(H(X,5,2) exp™), (X.5,2) € Q. The
magnetic field H can be directly computed from the electric field E

VXE. (32)

Now, for the electric approach, taking the curl of equation (32) yields an expression of VxH in term of
V x VXE. Inserting VXH in (28) we get the following equation for the electric field:

VXVXE + (—0 o™ + iopoo)E =0  in Q. (33)
Taking the divergence of the equation (28) yields the natural gauge condition:

V-[(iwge* +)E] =0 in Q. (34)

Notice that iwey + o is equal to iwe + o, in ﬁ;, to iweye, + o, in Splv, and to iweye, + o, In g,i, those
quantities being all nonzero. Then (34) is equivalent to:

V-Eq, =0in Q, V-Eq =0in Q, V-Eg =0 in Q. (35)
with the transmission conditions

(iwey + GG)E@ n = (iwee, + 0',)1:?‘@}7 on I,,,

— ~ ~ _ = (36)
(lweye, + O'r)Eﬁr.n = (lweye, + (TC)E@;.n on I',,.
Summarizing, we finally obtain the PDE model:
VXVXE + (—0 oo™ + iopoo)E =0  in Q. (37)

According to the tangential trace of the Maxwell-Faraday equation (29) we obviously obtain that
using boundary condition (23), is equivalent to using:

VXEX ey = —laﬂoﬁd(TXjZ) X e, on 1::] (38)

where ﬁd is defined in (27) and where we used (13). And on l:L we have the following boundary
condition:

VXEXe; =0 on I, (39)
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2.5. Scaling

In this subsection we propose a rescaling of system ((37)—(39)), we will consider a set of character-
istic sizes related to our problem. Physical factors are then rewritten using those values leading to a new
set of dimensionless and unitless variables and fields in which the system is rewritten. The considered
characteristic sizes are : w the characteristic pulsation, & the characteristic electric conductivity, E the
characteristic electric magnitude, H the characteristic magnetic magnitude. We also use the already
introduced thlckness L of the plate P. We then introduce the dimensionless variables: x = (x,y,z) with
xX= %, y = f’ z=4% and fields E, H and o that are such that

1 - _ _ _
E(w,x) = EE(E(U, Lx, Ly, Lz),

1 ~ _ _ _
H(w,X) = ﬁH(Ew, Lx, Ly, Lz), (40)

1 — — —
o(x) = =o(Lx, Ly, Lz),
o

Taking (22) into account, o also reads:

cx)=28 if 0<Ly<d,
g

ox) =2 it (Ix,Ly,Lz) €9, (41)
(o8

ox) = Z& it (Ix, Ly, I2) € Q..
(oa

Doing this gives the status of units to the characteristic sizes. Since, for instance:
OE LOE
—(a) X) = ——(w(u Lx, Ly, L7), 42)
E Ox
using those dimensionless variables and fields and taking (41) into account, equation (37) gives:

Lo

— w

E VXVXE(w,x) — ( >
C

W +icw wzzuoa(x, w))EE(w, x,y,z) = 0, (43)

for any (w, X) such that (ww, Lx, Zy, L7) € Q. Now we exhibit

1= 22 (44)
w
which is the characteristic wave length and
- 1
0= —, (45)
W THo

which is the characteristic skin thickness. Using those quantities equation (43) reads, for any (w, X) €
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Q:
—2 —2
4n’L 4 -
VXVXE(W,X) + (——-w” + i 2w)E(,x) =0 when  0<ZIy<d,
A 57
47‘(2Z2 5 Zz o, _ —
VXVXE(w,X) + (-———=—€ 0" + i =w)E(w,x) =0 when (Lx,Ly,Lz) € Q,, (46)
A 6 7
4L , Lo, - - - =
VXVXE(w,X) + (————€ 0" + i =w)E(w,Xx) =0 when (Lx, Ly, Lz) € Q..
A 57
In the following expressions, % and % appearing in the equations above will be rewritten in terms of a

small parameter ¢.
The boundary conditions are written

L — — — _  _ _ —
VXE(w,X) X e; = —iwwy EHd(Lx’ Lz) X e; when (Lx,Ly,Lz) €Iy, 7

VXE(w,X) X e; =0 when (Lx, Ly, Lz) € I,

The characteristic thickness of the plate L is about 10~>m and the size of the basic cell e is about
1073m. Since e is much smaller than the thickness of the plate L, it is pertinent to assume the ratio %
equals a small parameter &:

~1072% =¢. (48)

Then, in what concerns the characteristic pulsation w, in the tables below we consider several val-
ues. The lightning is seen as a low frequency phenomenon. Indeed, energy associated with radiation
tracers and return stroke are mainly burn by low and very low frequencies (from 1 kHz to 300 kHz).
Components of the frequency spectrum are however observed beyond 1GHz (see [16]). So, in the case
when we want to catch low frequency ie we consider w = 100 rad/s, (in our study we will consid-
er = 10° rad/s), for medium frequency we set w = 10'° rad/s and for high frequency phenomena
= 10'? rad/s. Then, concerning the characteristic electric conductivity it seems to be reasonable to
take for o the value of the effective electric conductivity of the composite material. Yet this choice
implies to compute a coarse estimate of this effective conductivity at this level.

For this we take into account that the composite material is composed of carbon fibers and epoxy
resin. The resin can be doped, which increases strongly its conductivity, or not. The tables below
summarize the cases when the resin is doped and also when the resin is not doped. We also account
for the fact there is not only one effective electric conductivity but a first one in the fiber direction : the
effective longitudinal electric conductivity (in cases 1, 2, 5 and 6 of the tables below), and a second
effective electric conductivity, in the direction transverse to the fibers (considered in cases 3, 4, 7 and
8). In this context, we consider the basic model which is based on the electrical analogy and the law of
mixtures. It corresponds to the Wiener limits: the harmonic average and the arithmetic average. The
effective values are the extreme limits of the conductivity of the composite introduced by Wiener in
1912 see S. Berthier p 76 [7].
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case 1 || case2 case3 | case4 <caseS |case6 case7 | cased
L(m) 103 | 102 107 | 102 107 | 10 1073 | 107°
e(m) 1073 107 1073 1073 107 107 107 1073
A(m) 106 106 10° 10° 106 10° 10° 10°
o(S.m~") 40000 || 40000 1071 | 107 40000 | 10* 10719 1073

5(m) 0,1 0,1 107 10° 0,1 | 0,1 107 10°
o(S.m™h) o T g ;54 T T g ;54
o(S.m™") &7 T o o e'oT o o o
o, S.m™ o o o o o o ;:’5 g

4@2 & & & & & &9 & &
%_j &2 &2 £l0 & &2 &2 £l0 &

Table 1. for @ = 100rad.s™".

The effective longitudinal electric conductivity corresponding of the upper Wiener limit is expressed
by the equation:

T =0long = feTet (L= fo)op (49)

where f, = ﬂ% is the volume fraction of the carbon fiber.
The effective transverse electric conductivity corresponding of the lower Wiener limit is expressed
by

1

0 = Otrans = A + a-£) " (50)

o o
For the computation, we take values close to reality. We consider composite materials with similar
proportions of carbon and resin, this means that « is close to % When the resin is not doped o, ~
10719 S.m~" is much smaller than o, ~ 40000 S.m~"'. Then, o = Tlong is close to n%z o, ~ o, and

— . o
0 = Otrans 1S close to (1—;&) ~ O
7

Now, we express the electric conductivity of the air in terms of o, we consider two possibilities. The
first one is relevant for a situation with a ionized channel. The second one of situation with a strong
atmospheric electric field but without a ionized channel. In this situation air is not ionized and has a
low conductivity. All possible situations are gathered in the tables below. Cases 5 to 8 are associated
with the first situation with air conductivity o, being 0 ignming = 4242 § .m~! for an ionized lightning
channel see [13]. Cases 1 to 4, to the second one, with o, = 107* S.m~!.

All calculations of the different cases of the tables are detailed in Annex A. In our study we consider
the case 6 for w = 10° rad.s™!, which corresponds to the air ionized, a resin doped and the effective
longitudinal electric conductivity of the carbon fibers.

As it is well known the tables confirm that at high frequencies the thickness of the plate is much
greater than the skin depth. This one depends on ¢ and w and decreases strongly for high conductivity
or high frequencies. For @ = 10'° rad.s™" and & = 4 x 10* S.m™!, the effective conductivity in the
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case 1l || case2 <case3 | cased caseS | case 6 case7 | case &
Z(m) 1073 1073 1073 1073 1073 1073 1073 1073
e(m) 107 107 107 107 107 107 107 107
Z(m) 10° 10° 10° 103 10° 10° 10° 10°
o(S.m~Y 40000 || 40000 10710 103 40000 | 40000 1070 1073
E(m) 1073 1073 10° 10 1073 1073 10° 10
o(S.m™h) o o g g o o % g
o.(Sm™ o go T T go | o T o
o (S.m™") &7 e g o &0 g0 g% g
4%@2 &5 &5 &5 &5 &5 &5 &5 &5
%—j 1 1 gt & 1 1 g8 g
Table 2. for w = 10%ad.s™'.
case 1l || case2 <case3 | cased4 caseS | case6 case7 | case 8
L(m) 1073 103 1072 | 102 107 | 10 107 | 1077
e(m) 107 107 107 107 107 107 107 107
A>m) 10t | 100t 10t | 10t 10t | 1000 107t | 107!
o(S.m~Y 40000 || 40000 10710 103 40000 | 40000 10710 1073
8(m) 10 || 107 10° | 1072 107° | 107 10° | 10712
o(S.m™h) o o g g o o g %
o.(Sm™y o go o o g'o o o o
o(Sm™) &7 o go o &o eo ;:’; %
4’%2 & g g & & & & g
=)
5 = % & & + % €’ €’

AIMS Mathematics

Table 3. for @ = 10'°rad.s~".
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case 1 || case2 case3 |case4 <caseS | case6 case7 | case8
L(m) 103 | 10 1073 | 103 1073 | 10 107 | 1073
e(m) 107 1073 107 107 1073 107> 1073 1073
A(m) 1073 1073 1073 1073 1073 1073 1073 1073
o(S.m~") 40000 || 40000 1071 | 107 40000 | 40000 107! | 1073

8(m) 107° 107° 1 10732 10°° 107° 1 10732
o(S.m™) o o Z Z o o L Z
o (S.m™)y & T o o e'oT o o o
o (S.m™) &7 go g0 P o eo ;—’; ;—’;

=
4’% 1 1 1 1 1 1 1 1
=)
L 1 1 1 1
5 ) ) & € ) ) € €

Table 4. for w = 10%rad.s~".

direction of the carbon fibers, which the skin effect phenomenon appears. Indeed, for high frequencies
w = 10%rad.s7' and when © is the effective conductivity is in direction of the carbon fibers i.e. in
high conductivity, 6 = 10~* m. In low frequencies and low conductivity & is large so the electromag-
netic wave can penetrate the composite material. The high conductivity limits the penetration of the
electromagnetic wave to a boundary layer whose depth is about 6.

Now, we will discuss on the values of E and p. It seems that the density of electrons in a ionized
channel is about 10'° part.m~>. Hence we take p = 10'°. When the air is not ionized, the charge density
is much smaller, and we choose: p = 1.

For the boundary conditions, in the context of the case 6 and w = 10° rad/s, we consider the peak
of the current of the first return stroke. Then the magnetic field magnitude H is H, given by (1).

Then the dimensionless boundary conditions (38) writes:

L—
VXE(X,w) X e = —iw@,uoEHde(x, 7) X es, (51)

where H Hy(x,7) = E(Zx, Lz) and where G,uo%ﬁd being of order 1, with the characteristic electric

field £ = 20 kV/m. B o
From the physical spatial coordinates (x,y,7) € Q we definey = (£,v,{) with & = 2,y = 2,7
or equivalently & = g,v = i,g = § And we now introduce Y, the basic cell. It is built from:

Z =[-31,31x[~1,0] X R and the set C = D x R with the disc D defined by:

D={¢v)eR /E+(v+ %)2 <R, (52)
and R = 5. The set ). is then defined as:
Q. ={110+C,icZ,jeZ}. (53)
We denote Y, as Y, = Z\C and then the set

Q, ={(i,j,0)+Y,icZ jeZ). (54)
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Then unit cell Y is defined as Y = (Y,, C). Finally, we define the domain €2,:

Q. ={y=¢»0 [/ v>0L (55)

Using this, we will give a new expression of the sets in which the variables range in equations (46).
We see the following:

- - — ~ (Lx, Ly,Lz) € P,
Lx,Ly,L7) € Q, & 56
(b by £2) {(L LyLlyeq, 0
ie.
- - - = Lx,Ly,Lz) € P
(Lx,Ly,L7) € Q, & { ()_Cxi gy)’ ezzlj ’ (57)
In the same way:
- - - = Lx,Ly,Lz) € P.
Ix,IyI) €. & { (E, gy) Ezzf ’ (58)
and:
— R?
OSLySd@{)Z}yE<d (59)
or
Ly<d
(Lx,Ly,L2) € Q @{(}_Cyl eq, (60)
We define:
2 in Q,
2(y) =2 =] % in Q, (61)
22 in Q,,

where X2 = %5—2, 2= ‘; 5—2 and X¢ = ‘(’T L have their expressions in term of &£ given from Tables

above depending on the case we are 1nterested in. The detail of this expresswns are in appendix B. The
model that we present is the case w = 10° rad.s™!, p = 5,35 = 5,2 = g* and ¢ = 1.
Defining also mapping

v, RP >R

62
(x,y,2) (— z g), (02)

we can set QF as ;' (Q,) N (R X [0, %] X R), QF as y7'(Q,) N P and QF as y;'(Q.) N P. We also define
the boundaries I'; = {x e R?, y = %} and I, = {x €e R, y = —L}and interfaces I,, = {x € R?, y =0}
and I'¥, = 0Q,.. Hence equation (46) reads:
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VXVXE® + (—w*€"e* + i w o®(x,y,2)E* =0 in Q, (63)

where Q = QU QU = {x e R}, -1 <y< %} does not depend on &. Only its partition in QF, QF
and Q! is e-dependent where

X Z
oF(x,y,2) = (5,2, 2, (64)
E &£ &
with £? given by (61) and
—2
4m’L
gl = T, (65)

with the value of n > 0 extracted from Tables, and where we replace E by E?, to clearly state that it
depends on &.
Equation (63) is provided with the following boundary conditions:

VXE? X e = —iwHy(x,7) X e; on 'y, (66)
coming from (51). And, coming from (47),
VXE? X ey =0onT;. (67)

From (63) we can deduce the condition on the divergence of E® which can be written in two ways. As
previously in (34), (35) and (36) we obtain:

V- [(-w’e"e* + iwo®)EF] =0 in Q, (68)
which will be preferentially used with (63) and its second one is
V-Eq. =0 in Qf, V-Eo. =0 in QF, V-Ej5. =0 in Q, (69)
with the transmission conditions on the interfaces I',, and I'%,

(" + iwX’) Elq: - nigs = (—~w’E"€, + iwZ?) Eq: - mgz on Iy, 70

(—w?e’e, + iwZ?) Elge - nigs = (—w’ee. + iwZ?) Ejge - gz on T7,.
Before treating mathematically the question we are interested in, we make a last simplification. Since
it seems clear that physical relevant phenomena occur in the upper part of the plate. The boundary
condition on the lower boundary of the plate has very little influence on the physics of what happens
in the upper part, we consider that the lower boundary of Q is located in y = —co in place of y = —1,
making the second boundary condition useless. Besides, as L and d are of the same order it seems
reasonable to set I; = {x € R?>, y = 1} and consequently

Q={xeR}y<1}=0Q°UQ UQ, with,

Q= (Q),
Q= (@), 1
& =y (Q),

with . defined in (62). We have that the border of Q is I';. In the following section we will establish
existence and uniqueness results.
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3. Mathematical analysis of the models

3.1. Preliminaries

We are going to make precise the variational formulation. First of all, we need to introduce the
following functional spaces. We have the standard function spaces L*(Q?) = [L*(Q?)]*

H(curl, Q) = {u e L2(Q) : Vxu € L}(Q)},

. ) ) (72)
H(div, Q) = {u e L°(Q) : V-u e L(Q)},
with the usual norms:
2 2 2
0 et = W2y + 190 .
2 2 2
002 iy = W2y + 1941
They are well known Hilbert spaces.
We use in this paper, the trace spaces H ‘%(curl, I'y)and H ‘%(div, I'y) defined by
H 2 (curl,Ty) = {u € H*(Ty,R?), (n-w)yr, =0, curlr,u € H2 (T4, RY)}, (74)
H3(div,Ty) = {u € H2([T,RY), (n-wyr, = 0, divr,u € H 3 (T4, RY) (75)
where the surface divergence divr,u and the surface rotation curlr,u are defined by
(divr,u, V)iar,) = =W, Ve, Vg, z9, ¥V e CH(T,) 6

Curlpdu =n- (V X l/l|rd)

and the surface gradient V.,V is defined by the orthogonal projection of V on I';, n denotes the outward
unit vector normal to I',.

Finally we recall the trace theorems, see J.C Nédélec [19] for the demonstration, stating that the
traces mappings

vr : H(curl,Q) — H ‘%(curl, I'y), that assigns any u € H(curl, Q) its tangential components n X
(u X n), is continuous and surjective, that is:

@l cur ) < Crrllyeuriy Y € Hecurl, Q)

v: : H(curl, Q) — H™2(div, T), that assigns any u € H(curl, Q) its tangential components u X n, is
continuous and surjective:

Yl 4 iy S Crllillgeurlay Yo € Hicurl, Q).

2

Moreover, H ‘%(div, I';)) is the dual of H ‘%(curl, I';,) and one has the Green’s formula:

f(VXu “V—u-VxV)dx ={uxn,Vr)r, Y(u, V) € H(curl, Q). (77)
Q
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We define the next space:
X(Q) = {u € H(curl, Q) | Ve € LX), Vouyge € LH(QF), Vouge € LA(QF)). (78)
Our variational space is:

X(Q) = {u e X(Q) | (~w?e" + iwdfgz)umg ey = (—wele, + ia)ofgf)um; - ey, 79

2 . 2 .
(—w e + lwaﬁlﬁ)um -anf = (—w &g, + la)afgi)umg . ”E)f
Finally

X(Q) = {u € X(Q) | (—0*e" + iwZd)uge - €2 = (~w’e'e, + iwE)ug: - s,

. . (30)
(—w*e, + W) ug: - nfgf = (-w*e. + W) ug: - nfgi}.

This space is equipped with the norm

2 — 2 2 2 2 2
||u||X5(Q) - ||u||L2(Q) + ||V'M|Q§||L2(QZ) + ||V'M|Q‘,9||L2(Q<;) + ||V'M|Qf||L2(Q;‘) + ||VXM||L2(Q)-

3.2. Weak formulation

Now, we introduce the variational formulation of our problem (63), (66) and (67) for the electric
field. Integrating (63) over Q and using the Green’s formula and (66) we obtain

f VXE® - VXV dx + f (—w?e" + iwXf)E® - V dx
Q

0;

+ | (~w’ee +iwIDE -V dx + f (~w*e"e, + iwEf)E® -V dx
Qs Qs

(81)
= f (VXE? X ey) - Vy dor
Ty

= f —iwHy; X ey - Vi do

Iy

where V is the complex conjugate of V and V; = (e, X V) X e,. We introduce the sesquilinear form
depending on parameters 77 and &:

For E?,V € X*(Q),

a®"(E?, V) = f VXE? - VXV dx + Z f (—w’e"e + iwX?) E° -V dx. (82)
Q i=a,r,c QF
Hence, the weak formulation of (63), (66) and (67) that we will use is the following:
Find E? € X®(Q) suchas ¥V V € X®(Q) we have :
(83)

a®"(E®, V) = —ia)f H;X e, Vydo.
Ly
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Integrating by parts in the variational formulation (81), we find the following transmission problem:

VXVXE? + (—w?e" + i w ZE)E* =0 in QF,
VXVXE® + (-6, + i w ZE)EF =0 in QF,
VXVXE?® + (—w?e’e, +i w TE)E* =0 in QF.
Eﬁlg X ey = EfQ X ngs on I'yy, (84)
Eizzg Xngs = EE}9 X ng: on Ffr,

VXEE)g X e, = V><E|8Qf X e on I'yy,

& — & &
VXEIQf Xng: = VXEIQ? X nps on Fcr,

where e, is the unit outward normal to €, njq: is the unit outward normal to Qf and njqs is the unit
outward normal to Qf. We refer to Annex C for the proof that transmission problem (84) is equivalent
to ((63), (66), (67), (69)).

3.3. Regularized Maxwell equations for the electric field

The sesquilinear form a®” is not coercive on X®(€2), so we regularize it adding terms involving the
divergence of E® in 2, Qf and Q. Thanks to the additional terms, existence and uniqueness of the
regularized variational formulation solution will be established by the Lax-Milgram theory. Let s be
an arbitrary positive number, we define the regularized formulation of problem (83):

Find E® € X*(Q) such that for any V € X*(Q)

ay"(E°, V) =a®(E®,V) + s f V-E°V-V dx
Q8

_ _ (85)
+s | V-EVVdx+s | V-EVVdx
Qs Qs

= —la)f deez"_/TdO'.
rd

For any € > 0 and any > 0, sesquilinear form a;"(., .) 1s continuous over X?(Q) thanks to the
continuity conditions. We will show that it is also coercive. The following proposition was inspired by
article [9] Lemma 1.1.

Proposition 3.1. For any € > 0, for any n > 0 and for any s > 0, there exists a positive constant
wo which does not depend on & and such that for all w € (0, wy), there exists a positive constant C
depending on &,, €., s, w but not on € such that:

7T & & £ &£
VE* e X°(Q), Rlexp(-ig) a;"(E° E)] 2 CollE I (86)
Proof. We have:

‘R[exp(—ig) a(EF, E)] = a5(E°, E°) — f W EE dx

o
—f w*e"e,|E?)? dx—f w*e"e,|E°)? dx.
Qs Q:
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with
aS(E°, E°) = f IVXE?®|* dx + s f |V-E*|* dx
Q Q7

+s | |[V-ESPdx+s | |V-E?] dx

o . (88)
+ f WEE|E°P dx + f WEf|EF* dx
QF Qs
+ f WZE|E?? dx.
QZ
We have the following estimate:
laG(E?, E*)| = min{L, w, s)IVXE R g + IV-E R ) + IV-E 122 g, )
+ ”VEslliZ(Qi) + ||E€||i2(Q))-
Then we have:
| aZ(E°, E)| > min{1, w, sHIE°(I3eq)- (90)
Returning to formulation (86), for n > 0, since max(Z?, X%, X7) > &7, inequality (86) is valid with
Co = min{1, w, s} as soon as w’ min{1, &,, &.} < min{1, w, s} or w < n‘fl‘;’}{lls“’;}} This ends the proof of
Proposition 3.1. O

Thanks to Proposition 3.1 we can state the existence and uniqueness of the solution to regularized
problem (85).

Theorem 3.2. Under the assumptions of Proposition 3.1, there exists a unique solution E?® to regular-
ized problem (85).

Proof. The sesquilinear form ay,” is continuous, bounded, coercive thanks to Proposition 3.1 and the
right hand side is continuous on X*(Q2), then problem (85) has a unique solution in X?(Q) thanks to the
Lax-Milgram Lemma. O

3.4. Existence, uniqueness and estimate

Theorem 3.3. For any € > 0, for any n > 0, there exists a positive constant wy which does not depend
on € and such that for all w € (0, wy), there exists a unique solution of (84) or ((63), (66), (67), (69)).

Proof. We show that for an appropriate choice of s that E® satisfies all equations (84) or ((63), (66),
(67), (69)). It is obvious that any solution of (84) or of ((63), (66), (67),(69)) is also solution to (85).
Indeed, since from (84) or from ((63), (66), (67),(69)) we have V~E|898 =0, V-Elggg =0, V~Eng =0, the

additional terms s [, V-E°V-V dx + s [, V-E°V-V dx + s [, V-E*V-V dx cancel in (85).
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Uniqueness follows from that if E{ and ES are two solutions to (63) with the boundary condition
(67) their difference ¢ = E — EY satisfies the problem (63) with (67). Then it comes

f IVxe’? dx + | (—w*e" + iwZ?)|e®|* dx
Q QF

(—w’ee. + iwi‘.‘f)le‘gl2 dax + f (—w’ee, + i(,uZ‘f)le’Sl2 dx O

Qs QF

=0.

Taking the imaginary part of the expression we get fgg wXelet? dx+ fg, wX?le®? dx+ j;) wXeleP dx = 0
and then ¢® = 0.

Let us consider the reciprocal assertion, according to the same proof of S. Hassani, S. Nicaise, A.
Maghnouji in [23], we define H,(Q, A) the subspace of ¢ € H}(€Q¥) such that A(y) € L*().

Let EZ be the solution of the regularized formulation (85). In (85) we take a test function V = Vi
where y € Hy(QF, A), extended by zero outside QF. We get:

f sV-ESV-(Vy) dx + (€. + iwZ?)E? - Vi dx = 0. (92)

Q

By Green’s formula, Yy € Hé (Q2, A), we obtain:

2
f V-ES(AY + m% W) dx = (93)
Q

&
c

W e ~iwEs

Thus, if we choose s such that is not an eigenvalue of (A, €27): the Laplacian operator in
Q¢ with Dirichlet condition on its boundary, then for all ¢ € L(€¥)? there exists ¢ € H}(QF, A) solution
of
w’e'e, — iwXE
Ay + ——— g =¢. (94)
s

Then, we conclude that
V- Eflﬂf =0. 95)

w?e —iwXy

A similar argument in QF yields V-E‘8 = 0 for s such that is not an eigenvalue of (A, €2)).

In the same way, we obtain in Q?, V- ESIQF = 0 with s such that wiee i

(Adir, €27).

Hence V-E? = 0 in Qf, this cancels the additional term s ng V-E?V-V dx in (85). In the same way,
V-E? = 0in Q% and V-E? = 0 in Q¢ cancel sf V-E°V-V dx and szF V-E®V-V dx in (85). So, (85)
becomes (81). Applying Green’s formula, we find (63). O

is not an eigenvalue of

Theorem 3.4. Under the assumptions of Theorem 3.2, E® € X*(Q) solution of (85) satisfies
IE®lxe) < C (96)

e
with C = =7 I HallHeurno

AIMS Mathematics Volume 2, Issue 2, 269-304



289

Proof. The sesquilinear form a;”(ES, V) is coercive, weak formulation (85) becomes:

-7T &. £ £
Coll E°lIze(q) < %(GXP(—IZ)aR’"(E . E®))

T & e ) & e
< lexp(=i7)- ay'(E®, E®)| = |ag"(E®, E®)|

<| f —iwH, X ey - E5. do| 97)
Ty

< . €

<lHq % eZ”H‘%(dlv,rd)”ET”H‘%(curl,rd)

E
< G),Cy,lIHg % eleH(curl,g)HE ”H(Curl,Q)

C,,C
e I Hallaeur.o)

where E7. = e, X (E® X ;) and the continuous dependence of the trace norm with C =
gives:

IE®IRe) < CIE®lgcurl) < CIE® k- (98)

]
4. Homogenization

With the aim to obtain a convergence result for the problem (63), (66) and (67), we propose an
approach based on two-scale convergence. This concept was introduced by G. Nguetseng [21, 22] and
specified by G. Allaire [3, 4] which studied properties of the two-scale convergence. M. Neuss-Radu in
[20] presented an extension of two-scale convergence method to the periodic surfaces. Many authors
applied two-scale convergence approach D. Cionarescu and P. Donato [8], N. Crouseilles, E. Frénod, S.
Hirstoaga and A. Mouton [10], Y. Amirat, K. Hamdache and A. Ziani [2] and also A. Back, E. Frénod
[6]. This mathematical concept were applied to homogenize the time-harmonic Maxwell equations S.
Ouchetto, O. Zouhdi and A. Bossavit [24], H.E. Pak [25].

In our model, the parallel carbon cylinders are periodically distributed in direction x and z, as the
material is homogenous in the y direction, we can consider that the material is periodic with a three
directional cell of periodicity. In other words, introducing Z = [-1, 11x [~1, 0]%, function =° given by
(61) is naturally periodic with respect to (¢, {) with period —%, %] X [—1,0] but it is also periodic with
respect to y with period Z.

Now, we review some basis definitions and results about two-scale convergence.

4.1. Two-scale convergence

We first define the function spaces

Hy(curl, Z) = {u € H(curl,R?) : u is Z-periodic} ©9)
H,(div, Z) = {u € Hdiv,R*) : u is Z-periodic}
and where H(curl, R*) and H(div, R?) are defined by (72) with Qf replaced by R*. We introduce
L3(2) = {u € L*(R), u is Z-periodic}, (100)
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and
HL(Z) = {u € H'(R?), u is Z-periodic}, (101)

where H'(R?) is the usual Sobolev space on R*. First, denoting by C(Z) the space of functions in
C°(R?) and Z-periodic, C)(R?) the space of continuous functions over R? with compact support, we
have the following definitions:

Definition 4.1. A sequence u®(x) in L*(Q) two-scale converges to uy(X,y) €
L2(Q, Ly(Q)) if for every V(x,y) € CJ(Q,Cy(2))

lim | u®(x)-V(x,x/€) dx:ffuo(x,y)-V(x,y) dxdy. (102)
-0 Q QJz

Proposition 4.2. If u®(x) two-scale converges to uy(x,y) € L2(Q, Lﬁ(Z)), we have for all v(X) € Co(ﬁ)
and all w(y) € LA(Z)

limfug(x)~v(x)w(§) dx:ffuo(x,y)-v(x)w(y) dxdy. (103)
20 Jo & QJz

Theorem 4.3. (Nguetseng). Let u®(x) € L*(Q). Suppose there exists a constant ¢ > 0 such that for all
£

l®]l 12 ) < c.

Then there exists a subsequence of € (still denoted &) and uy(x,y) € L*(Q, Li(Z)) such that:
u(x) = up(X,y). (104)

Proposition 4.4. Let u®(x) be a sequence of functions in L*(Q), which two-scale converges to a limit

uy(x,y) € L2(Q, Lﬁ(Z)). Then u®(x) converges also to u(x) = f uo(x, y)dy in L*(Q) weakly. Further-
Z
more, we have

liL%HMSHLZ(Q) > ||luoll2xy) = llullz)- (105)

Remark 4.5. : - For any smooth function u(X,y), being Z-periodic in'y, the associated sequence
u®(x) = u(x, ) two-scale converges to u(X,y).

- Any sequence u® that converges strongly in L*(Q) to a limit u(x), two-scale converges to the same
limit u(x).

- If u® admits an asymptotic expansion of the type u®(X) = uo(X, X/€) + euy (X, X/&) + £2ur(X, X/€) + ...

, Where the functions u;(X,y) are smooth and Z-periodic in'y, two-scale convergence allows to identify
u®(x)—up(x,%)

. . L R o
the first term of the expansion uy(X, y) with the two-scale limit of u® and the two-scale limit of .

with u,(X,y) see (Frénod, Raviart and Sonnendrucker [11]).
Proposition 4.6. Let u®(x) in L*(Q). Suppose there exists a constant ¢ > 0 such that for all &

l®]l 2y < c.
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Up to a subsequence, u®(X) two-scale converges to uy(x,y) € L>(Q, Lﬁ(Z)) such that:
uo(X,y) = u(x) + uo(x,y), (106)
where uy(x,y) € L*(Q, Ly(2)) satisfies

f uy(x,y) dy =0, (107)
Z

and u(x) = f uo(x,y) dy is a weak limit in L*(Q).
Z

Proof. u(x) is bounded in L?(Q), then by application of Theorem 4.3, we get the first part of the
proposition. Furthermore by defining ug as

%(X’ Y) = uO(X’ Y) - L MO(X’ Y)dy’ (108)

we obtain the decomposition of u. O
Defining V4 = (%; %; %), V, = (%; 0%; %), we have
Proposition 4.7. Let u®(x) be bounded in H(curl, Q). Then, up to a subsequence, there exists a function
u; € LX(Q, Hy(curl, 2)) such that
Vxu®(x) -» Vi X up(x,y) + Vy X ui(X,y), (109)

where uy is given by Proposition 4.6.

Proof. From Theorem 4.3, since u® and Vxu® are bounded in L*(Q2) then, up to a subsequence, they
two-scale converge to up(x,y) € L*(Q,L(2)) and ny(x,y) € L*(Q,Li(Z)). So we have for all
V(x,y) € CY(Q; CUZ)):

limfug(x) -V(x,x/e) dx = ffuo(x, y) - V(X,y)dxdy, (110)
&e—0 Q QJz

lim | Vxu®(x)-V(x,x/g) dx = f f no(x,y) - V(x,y)dxdy. (111)
e—0 Q [e) Z

Next, by integration by parts, we have:
1
fVXME(X) -V(x,x/g) dx = f u’(x) - (Vx X V(x,x/e) + =Vy X V(X,X/¢g)) dx. (112)
Q Q €

If we choose a test function V € Cg(Q, Cg(Z)) such that Vy x V = 0, passing to the limit in the left-hand
side (111) we get

fVX X u®(x) - V(x,x/g) dx — f f up(x,y) - Vy X V(X,y) dxdy
Q QJz

= f f Vi Xup(X,y) - V(X,y) dxdy.
QJZ
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This means that with the difference between (111) and (113):
f f [70(X,y) — Vx X up(x,y)] - V(X,y) dxdy = 0, (114)
QJZ

for all functions V € C(l)(Q) with Vy x V' = 0. It follows that function 7y(X,y) — Vx X up(Xx,y) is
orthogonal to functions with zero rotational in L*(Q, Hy(curl), Z). This implies that there exists a
function u; € L*(Q, Hy(curl, Z)) such that

Vy X M](X, y) = UO(Xa y) - VX X MQ(X, y) (115)

Thus
Vxu®(x) » Vi X up(x,y) + Vy X ui(X,y). (116)
O

Proposition 4.8. Let u® be a bounded sequence in H(curl, Q). Then a subsequence u® can be extrated
Jfrom g€ such that, letting € — 0

u®(x) -» u(x) + VyO(x,y). (117)
where ® € L*(Q, H! () is a scalar-valued function and where u € L*(Q). And we have
Vxu®(x) — Vi X u(x) weakly in L*(Q). (118)
where u(x) is given by Proposition 4.6.

Proof. Proof of (117), for any V(x,y) € C;(Q, C4(Z)), we have

1
f Vi (x) - V(x, =) dx = f W)Yy X VX, 2) + —V, x V(X, 1)} dx. (119)
Q &€ Q & & &€
Multiplying by € we have
& f Y (x) - VX, X) dx = f W (X){eVy X V(X, =) + Vy X V(X, 2)} dx. (120)
0 E Q E E

Taking the two-scale limit as € — 0 we obtain

:ffuo(x,y)-vyxV(x,y) dxdy, (121)
QJZ

which implies that Vy X uy(x,y) = 0. Thus uy(x,y) is a gradient with respect to the variable y for
some scalar function ®(x,y). And according to Proposition (4.6) uy(X,y) can be written as uy(X,y) =
u(x) + VyO(x,y), where u(x) = fz up(x, y)dy for some scalar function d(x, y).

Next, we choose a test function V(x) € L*(Q). Integration by parts yields:

hm V><u x)-V(x)dx = hmf u®(x) - VxXV(x) dx
fqu(X y) dy - VXV(X) dx (122)

= fVXu(x) - V(x) dx.
Q

O
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These results are important properties of the two-scales convergence. We note that the usual con-
cepts of convergence do not preserve information concerning the micro-scale of the function. However,
the two-scale convergence preserves information on the micro-scale.

4.2. Homogenized problem

We will explore in this section the behavior of electromagnetic field E® using the two-scale conver-
gence to determine the homogenized problem. We place in the context of the case 6 with 6 > L and
@ = 10%rad.s™", then we have p = 5 and X¢ = g, 3¢ = &*, £¢ = 1 which gives the following equation:

UXVXE® — e k(€)E® + iw[(l‘é(z) + 8412(2))1{),<0} + elyo0]E° = 0, (123)

where for a given set A, 14 stands for the characteristic function of A and where 1%, (x) = 14(%), hence
17. and 1% are the characteristic functions of the sets filled by carbon fibers and by resin. And where

k(e) = (Eclé(x) + Erl;’;(X))l{)KQ} + l{y>0}.

Remark 4.9. We recall that €. and €, are respectively the relative permittivity of the carbon fibers and
the resin. You should not confused with the microscopic scale &.

On this purpose, we have the following Theorem:

Theorem 4.10. Under assumptions of Theorem 3.4, sequence E? solution of (85) or (84) or ((63), (66),
(67), (69)) converges to E(x) € L2(Q) which is the unique solution of the homogenized problem:

0,V X V, X E(X) + iwbE(x) = 0 in Q,

6,Vy X E(X) X ey = —iwH; X ey onTy, (124)
ViXEX)Xer =0 only,

with 6, = fz Id - Vx(y) dy and 6, = fz 1c(y)(Id = V,x(y)) dy.
And where the scalar function y is the unique solution, up to an additive constant in the Hilbert
space of Z periodic functions Hy(Z), of the following boundary value problem

Ay(x(y)) = 0 in Z\0Q,
P
[%J = —n; on 9Qc, (125)

x] =0 on dQc,

where [ f] is the jump across the surface of 0Qc, nj, j = {1,2,3} is the projection on the axis e; of the
normal of 0Q)c.

Proof. Step 1: Two-scale convergence. Due to the estimate (96), E? is bounded in L*(Q). Hence, up
to a subsequence, E two-scale converges to Ey(X,y) belonging to L*(€, Li(Z)). That means for any
V(x,y) € Cj(Q, Cy(Z)), we have:

lim | E°(x)- V(x, §) dx = f f Ey(x,y) - V(x,y) dydx. (126)
#20 Jo € oJz
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Step 2: Deduction of the constraint equation. We multiply the equation (123) by oscillating test
function V*(x) = V(x, ¥) where V(x,y) € C;(Q, Cy(2)):

1
fﬁﬂﬂ@(VxW@ )+V7XW@—D+[w§Md
Q
+ iw((1¢ - ) + 8412( Mo + el 1E° - VE(X, —) dx (127)
= —iwf H; X ey (e, xV(x,1,z,§¢, —,{)) X ey do.
Iy &
Integrating by parts, we get:
X 1 X
fEa(x) - (Vi X Vi X VE(x, —) + =V, X Vi X VA(x, —)
Q &
1 1
+ - V x Vy x VE(X, )+ = Vy X Vy X VA(x, —))+[ w*&k(€)
(128)
la)(l ( ) + .941;( Ny<o + €l ] ES(X) - VE(X, —) dx
= —iwf H;xey (e, xV(x, 1,z,¢, ;,{)) X es do.
Ty

Now we multiply (128) by &? and we pass to the two-scale limit, applying Theorem 4.3 we obtain:

f f Ey(x,y)(Vy X Vy X V(x,Y)) dydx = 0. (129)
QJZ

We deduce the constraint equation for the profile Ey:

Vy X Vy X Eg(X, y) = 0. (130)

Step 3. Looking for the solutions to the constraint equation. Multiplying Equation (130) by E|
and integrating by parts over Z leads to

L Vy X Vy X Eg(X,¥)Eo(X,y) dy = L [Vy X Ep(X, y)|2 dy = 0. (131)
We deduce that equation (131) is equivalent to
Vy X Ey(x,y) = 0. (132)
Moreover a solution of (132) is also solution of (130). So (130) and (132) are equivalent.
Hence, from Proposition (117) we conclude that Ey(X,y) can be decomposed as
Ey(x,y) = E(x) + VyDy(X, y). (133)

Step 4. Equations for E(x) and ®y(x,y). The divergence equation of (123) is multiplied with
V(x, %) = ev(x)¥(%), where v € C! 0(Q) and ¥ € H! 4(Z). Theorem 4.3 and integration by parts yields for
all y € H! +(2) and Ve CO(Q)
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&e—0

i [ - ROE ) + I0l15C) + £ BN e + 21 X WIrxC) d
Q

= —lim [ (-0 kOB X) + iW[15(D) + 15 )1 )
E E E

“ X < (134)
+ elyso]E7 - (evU(2) + vx)Vy (D) dx

=~ [ [ 0900 lioemEatx. )1 dydx = o
eJz
from which it follows that
Vy - liwlc(y)Eo(x,y)] = 0, (135)
with E, given by the decomposition (117). So we obtain the local equation
Vy - [iwlc(YHE(X) + Vy@o(x, y)} dy = 0. (136)
The potential @, may be written on the form
3
Do(x,y) = Y xj(¥e; - EX) = x(y) - EX). (137)

J=1

From (133) and (137), we get:
Eo(x,y) = (Id + Vyx(V)E(X). (138)

Inserting E, in (136) we obtain
Vy - liwle(y)(Id + Vyx ()] = 0. (139)
Now, we build oscillating test functions satisfying constraint (133) and use them in weak formulation

(128). We define test function V(x,y) = a(x) + V,B(x,y), V(x,y) € Ci(Q, C4(Z)) and we inject in
(128) test function V¢ = V(x, g), which gives:

2
fE‘S(X) (VX Vi X V(X 2) + 2V, x Yy X V(X, =)
Q & € £
1 X 2.5 . & X
+ 5 Vy x Vy X V(x, =) + [~w e’k(e) + iw((1E(-)
& & x & (140)
+ 341;(5))1{y<0} + elpso)E°(x) - V(x, ;) dx

= —ia)f H;x ey (ey X Vi(x, 1,2,£,0) X e; do,
Ly

with V(x, 1,2,&v,0) = V¥(x,1,z,&, () the restriction on V which does not depend on v. The term
containing the constraint, the third one, disappears. Passing to the limit & — 0 and replacing the
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expression of V by the term a(x) + V,5(x,y), we have

Vi xVy X V(x,y) = Vx X Vy X [a(x) + VyB(X, y)]
= Vy X Vy X (a(x)) + Vy x Vy X (V,6(x,Yy)) (141)
= Vi x Vy X (VyB(x,y)).

Since Vy x (Vy) = 0, the term %VX x Vy x VyB(x,y)) vanishes. Therefore, (140) becomes:
f f Ep(X,y) - Vx X Vi X (a(x) + VyB(X,Y))
QJZ

+iwlc(Eo(X,y) - ((x) + VyB(X, y) dydx (142)

=—iw | HyXey- (e X (alx,1,2) + VyB(x, 1,2,£,0))) X e; do.
Iy

Now in (142) we replace expression E, giving by (138). We obtain

fg fz (Id + Vix(0)E(X) - (Vx X Vi X (a(x) + VyB(X, y))
+iwlc(y)Id + Vyx(y)E(X)) - (a(x) + VyB(X,y)) dydx (143)

=—iw | HyXey-(exX(alx,1,2) +VyB(x,1,2,£,0)) X e; do.
Ly

Taking a(x) = 0 in (143), we obtain

fg fz (Id4+V, (1) X T X EG)VA(%, )

(144)
+iwle(y)(Id + Vo (NEX) - V,A(x, y)dydx = 0.
Integrating by parts
-V, -{Id -V Vix Vi X E ,
| fz y +10d = Vo () Vs X Vs x E®IBK,Y) e
— iwVy - {1c(y)(Id = Vyx () E(x)}B(x,y) dydx = 0.
And since Vy - {1¢(y)(d + Vyx(y))E(x)} = 0 we obtain
[ [Tt 4 D)7 Vi x Elpx. ) dydx =0, (146)
QJZ
which gives the cell problem
Vy - [Id + Vyx(y)] = 0. (147)

From (139) and (147), the scalar function y is the unique solution, thanks to Lax-Milgram Lemma, up
to an additive constant in the Hilbert space of Z periodic function Hy(Z) of the following boundary
value problem

Ay(x(y)) = 0 in Z\0Qc,

P
[ai;] = —n; on dQc, (148)
[x] =0 on 0Qc,
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where [ f] is the jump across the surface of 0Q¢ and nj, j = {1, 2, 3} is the projection on the axis e; of
the normal of 0Q.

Remark 4.11. (148) can be seen as an electrostatic problem. Solving (139) and (147) reduces to look
for a potential induced by surface density of charges. Then y is this potential induced by the charges
on the interface of carbon fiber.

Setting S(x,y) = 0 in (143) and integrating by parts, we get

f f (Id + Vyx(y))Vx X Vi X E(X) - a(x)
QJZ
+ iwlc(y)(Id + Vyx(y) E(X)a(x) dydx (149)

= —iwf H;xe, (e xa(x,1,2) Xe, do,
Ly

which gives the following well posed problem for E(x)

6.V, X Vy X E(X) + iwh,E(X) = 0 in Q,
0, Vy X E(X) X 5 = —iwH,; X ey onTy, (150)
Vx X E(X) X ey = 0 on FL,

with 6, = [ 1d + Vyx(y) dy and 6, = [ 1c(y)(Id + Vyx(y)) dy.
This concludes the proof of Theorem (124). O

5. Conclusion

We presented in this paper the homogenization of time harmonic Maxwell equation by the method
of two-scale convergence. We started by studying the time harmonic Maxwell equations with coef-
ficients depending of . We remind that A is the wave length, ¢ is the skin length, L is thickness of
the medium and e the size of the basic cell and then € = 7 is the small parameter. We find for low
frequencies the macroscopic homogenized Maxwell equations depending on the volume fraction of the
carbon fibers and we find also the microscopic equation.

6. Annexes
A. Presentation of all cases of tables 1, 2, 3 and 4

- The case 1 corresponds to the air not ionized, a resin not doped and o is the effective electric
conductivity in the direction of the carbon fibers. We have for the effective electric conductivity o =
o, ~ 40000 S.m™!, the resin conductivity is about o, ~ 1071 §.m™! and the conductivity in the air is
about 107'* S.m™". So when we want to calculate the ratio in (2?)-(41) depending on & we get: Z ~ &’

Ta . 9

and = ~ &°.
[oa

- In case 2, the air is not ionized, the resin is doped and o is the effective conductivity is in direction
of carbon fibers. We have like the case 1 & = 0. ~ 40000 S.m™'. The resin conductivity is about

o, ~ 107 S.m™" and the conductivity in the air is about 107'* S.m™". So & ~ &* and 2 ~ &°.
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- In case 3, the air is not ionized, the resin is not doped and o is the effective conductivity is
orthogonal to the fibers. & = o, ~ 1071° S.m~!. The carbon fiber conductivity is about o ~ 10* §.m™!
and the conductivity in the air is about 107'* S.m™!. Z ~ L and 2 ~ &%,

- Case 4 corresponds to the air non ionized, the resin doped and o is the effective conductivity
orthogonal to the fibers. The effective electric conductivity is & = o, ~ 107> S.m~!. The carbon fiber

o 1

conductivity is about o, ~ 40000 S.m™" and the conductivity in the air is about 107'* S.m™". Z ~ &
and 2 ~ £5.

- In case 5, the air is ionized, the resin is not doped and o is the effective conductivity is in the
direction of the carbon fibers. This one is equal & = o ~ 40000 S.m™!, the resin conductivity is about
o, ~ 107" §.m™" and the conductivity in the air is now about 4242 S.m™". Z ~ &’ and Z* ~ &.

- Case 6 corresponds to the air ionized, the resin doped and o is the effective conductivity in di-
rection of the carbon fibers. This one is equal & = o ~ 40000 S.m™!, the resin conductivity is about
o, ~ 10° S.m™" and the conductivity in the air is now about 4242 S.m™'. Z ~ &* and Z* ~ &.

- Case 7 corresponds to the air ionized, the resin not doped and o is the effective conductivity
orthogonal to the fibers. The effective conductivity is & = o, ~ 1071° S.m~!, the carbon fibers conduc-

Oc

tivity is about o ~ 40000 S.m~! and the conductivity in the air is now about 4242 S.m™". = ~ 8% and
[ 1
T T . .

- Case 8 corresponds to the air ionized, the resin doped and o is the effective conductivity orthogonal

to the fibers. The effective conductivity is & = o, ~ 107> S.m™!, the carbon fibers conductivity is about

e ~ 40000 S.m™" and the conductivity in the air is now about 4242 S.m™'. & ~ 1 and Z ~ 4.

B. Structure of the equations depending of ¢

For @ = 100 rad.s™', we have

Case 1

n=9and Xf = g, 3¢ = &%, ¢ = & (151)
Case 2

n=9and Xf = g, 3¢ = £ % = &% (152)
Case 3

n=9and X = &2, 3¢ = 0, 3¢ = &°. (153)
Case 4

n=9andXf =gl ¥ = ¢’ 3¢ =&’ (154)
Case 5

n=9and Xf = &,%° = &, 3¢ = &2 (155)
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Case 6
n=9and Xf = &, ¢ = &5, % = &2 (156)

Case 7
n=9and Xf = &,%° = ¢l0, 2% = &°. (157)

Case 8
n=9andXf =g, % =¢’, 3 = &. (158)

For w = 10° rad.s™!

Case 1
n=5and X =¢, ¥ =¢",% = 1. (159)

Case 2
n=5and X =g, =¢* 2 = 1. (160)

Case 3
n=5andXf =g ¥ = &b 3 = (161)

Case 4
n=5andXf =g, X =5,% = 1. (162)

Case 5
n=5andXf =g X =¢’, ¥ = 1. (163)

Case 6
n=5and X =g X =", X = 1. (164)

Case 7
n=5and ¥ =&, =683 =¢. (165)

Case 8
n=5andXf =g, ¥ =¢, % = 1. (166)

For w = 10'° rad.s™!

Case 1

n=1land¥f=¢", 3 =& 5 = L. (167)
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Case 2

Case 3

Case 4

Case 5

Case 6

Case 7

Case 8

For @ = 102 rad.s™!

Case 1

Case 2

Case 3

Case 4

Case 5

Case 6

Case 7

Case 8

AIMS Mathematics

n=1land Xt =¢’,2° =& %¢
n=1and Xt = &8 3¢ = &6, %¢
n=1andXf =g, 3 =&, ¢
n=1andXf =13 =¢ 3¢
n=1and 3 =1 3¢ =¢ 3¢
n=1and%

1 N
2,25—8,28

n=1landXf =g, X =&, %¢

n=0and X = £° %° = &* %¢
n=0andX
n=0and Xf =¢&,3 =&, ¢
n=0and X
Oand Xf = 5, ¢ = &%, X¢
OandZszg—lz,Z
n=0andX?

1 — 3
8—2,2{;—8,25

n=0and¥f =13 =¢ ¢

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)

a77)

(178)

179)

(180)

(181)

(182)
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C. The transmission Maxwell problem

Taking a test function V € C'(€) with compact support in ¢, in weak formulation (83) associated
with the problem ((63), (66), (67)). Since

f VXEf, - VXV dx = (VXVXEg,, V), (183)
Q

we deduce the third equation in (84). Similarly, taking V € C'(Q) with compact support respectively
in Q7 and Qf, we obtain the first and the second equation in (84). Now, since Eq: € H(curl, Qf) and
Ejq: € H(curl, ), let V e Cj(Q | Q) integrating by parts we get

f E - VXV dx :f
QUQs Q4

= f VXEjg: -V dx + f VXEj: -V dx (184)
Qz

o

E|_QZ . VX‘_/ dx + f E|Qf . VX‘_/ dx
Q7

+ f (E|Q«Z Xey — E|Q§ X nmf) . ‘_/ ds.
rra

Since on every point of I, e; = —njq: the assumed continuity require

E|QZ Xey = E|Q§ X nqs, (185)

we obtain the fourth relation in (84). With the same argument on I'%,, we obtain the last relation in (§4).

This shows that (83) implies (84). And, if E? is solution to (84) following that for any regular set € in
Q the Stokes’s formula gives, for more details see p 57, 58 of P. Monk’s book [18]:

V E,V € H(curl, Q) fijT/—E-VxT/ dx = (E X ng, V)5 (186)
Q

H(curl, ﬁ) has the same definition as H(curl, Q) with Q replaced by Q and where Vr=mxV)Xn,
and ng is the unit outward normal of 8Q. Forall V € H(curl, Q), Vio: € H(curl, QF), Vio: € H(curl, €X))
and Vio: € H(curl, ). Hence, fixing any £’ € H(curl, Q) according to the second equation in (84), we
have VXE?,. € H(curl, Q) then applying (186) in Q? with £ = VXE?, and V we get

17 17

f VXEg, - VXV dx = f VXVXEfp, - V dX + (VXEg, X ngg, Vrr,
(o' Qs (187)

+ <VXEFQ? X n|Q§,V_T>rgr.

Doing the same for 2, we have

fg VXEjg, - VXV dx = fg VXVXEjg, -V dx + (VXEjg, X nigy, Vrrs,. (188)

Finally for QF, we have
f VXEf, - VXV dx = f VXVXEg, Vdx + (VXEg,: X 2, Vooir,
Qs Qz (189)
- <VXE|Z§ X e, VT>F§a-
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Summing the relations above since in every point of I, nio: = —e;, and in every point of I, nig: =
—njq:, it comes

foES LVXV dx = foVxEs -V dx+ < [VXE® xnl, Vg >r,
“ “ o _ (190)
+ ([VXE® xn],Vr)r, — iwf H;xn® -Vydo.
Ly

According to (83) and the first, second and third equations in (84) we have

(VXE[Zi X nige, V_T>r§, - <V><E|‘9Qf X nqe, V_T>l"f,. (191)
+ <V><E|'9Qf X n|Q§,V_T>rm + (VxEl‘EQZ X ez,V_T>r,,, =0,

for all V € H(curl, Q) which causes the last two equalities in (84) and concludes the first part of the
proof.
Reciprocally, integrating by parts (84) we have:

v Ve XA (Q), f VXE® - VXV dx + f (—w*e" + iwXf)E® - V dx
Q

Q

(192)
= —iwf H;xn® Vydo,
Iy
and
V Ve X{Q), f VXE? - VXV dx + f (—w’e"e, +i WIE® -V dx = 0, (193)
Q Q
and
vV VeX(Q), f VXE® - VXV dx + f (—~w?e"e, +i WEP)E® -V dx = 0. (194)
Q Qz

By adding these three integrals, we get the variational formulation (83) associated with the problem
((63), (60), (67)).
Taking the divergence of the first three equations of (84) we get (69).
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