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Abstract: This paper deals with the initial-value problem for the linearized equations of coupled
sound and heat flow, in a bounded domain Ω in RN , with homogeneous Dirichlet boundary conditions.
Existence and uniqueness of solutions to the problem are established by using the Hille–Yosida theo-
rem. This paper gives a simpler proof than one by Carasso (1975). Moreover, regularity of solutions is
established.
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1. Introduction and results

We consider the following initial-boundary value problem:

wtt = c2∆w − c2∆e + m2w, x ∈ Ω, t > 0,

et = σ∆e − (γ − 1)wt, x ∈ Ω, t > 0,

e = w = 0, x ∈ Γ, t ≥ 0,

w(x, 0) = w0(x), wt(x, 0) = v0(x), e(x, 0) = e0(x), x ∈ Ω,

(1.1)

where c > 0, σ > 0, m ∈ R and γ > 1 are constants. We assume that Ω is a fixed domain in RN and that
the boundary Γ := ∂Ω is bounded and smooth. This problem originates from the following linearized
equations of coupled sound and heat flow (cf. [3, 4]):

∂w
∂t

= c∇ · u, (1.2)
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∂u
∂t

= c∇w − c∇e, (1.3)

∂e
∂t

= σ∆e − (γ − 1)c∇ · u. (1.4)

As stated in [4, Section 1.4], these three equations appear in the flow of a compressible fluid. In such
flow there are often considerable differences of temperature from one point to another, and the transfer
of energy by thermal conduction may have a significant effect on the motion. The parabolic equation
of heat flow is then coupled to the hyperbolic equations of fluid dynamics and the two phenomena
must be calculated concurrently. This effect occurs also for infinitesimal or acoustic vibrations and
is responsible for absorption of ultrasonic waves. Taking the divergence of both sides in (1.3) and
eliminating ∇ · u from the resulting system, we obtain two equations for the unknown scalar fields
w(x, t) and e(x, t), namely, (1.2), (1.3), (1.4) are reduced to the two equations in (1.1) with m = 0.

Carasso [2] constructed and analyzed a least-squares procedure for approximately solving the prob-
lem (1.1) with m = 0. As a consequence existence and uniqueness of solutions were established.

The purpose of this paper is to give a simple proof of existence and uniqueness of solutions to (1.1)
of Klein–Gordon type with m ∈ R by applying the Hille–Yosida theorem.

The first main result reads as follows.

Theorem 1.1 (existence and uniqueness). Assume that w0 ∈ H2(Ω) ∩ H1
0(Ω), v0 ∈ H1

0(Ω) and e0 ∈

H2(Ω) ∩ H1
0(Ω). Then there exists a unique solution (w, e) of (1.1) satisfying

w ∈ C([0,∞); H2(Ω) ∩ H1
0(Ω)) ∩C1([0,∞); H1

0(Ω)) ∩C2([0,∞); L2(Ω)), (1.5)
e ∈ C([0,∞); H2(Ω) ∩ H1

0(Ω)) ∩C1([0,∞); H1
0(Ω)) ∩C2([0,∞); L2(Ω)). (1.6)

Moreover, for some α > 0, the following estimates hold:

‖w(t)‖2H1(Ω) +
1
c2 ‖v(t)‖2L2(Ω) +

1
γ − 1

‖e(t)‖2H1(Ω)

≤ e2αt

(
‖w0‖

2
H1(Ω) +

1
c2 ‖v0‖

2
L2(Ω) +

1
γ − 1

‖e0‖
2
H1(Ω)

)
∀ t ≥ 0, (1.7)

‖v(t)‖2H1(Ω) +
1
c2 ‖c

2∆w(t) − c2∆e(t) + m2w(t)‖2L2(Ω) +
1

γ − 1
‖σ∆e(t) − (γ − 1)v(t)‖2H1(Ω)

≤ e2αt
(
‖v0‖

2
H1(Ω) +

1
c2 ‖c

2∆w0 − c2∆e0 + m2w0‖
2
L2(Ω) +

1
γ − 1

‖σ∆e0 − (γ − 1)v0‖
2
H1(Ω)

)
∀ t ≥ 0. (1.8)

The second main result reads as follows.

Theorem 1.2 (regularity). Assume that the initial data w0, v0, e0 satisfy

w0 ∈ Hk(Ω), v0 ∈ Hk(Ω), e0 ∈ Hk(Ω) ∀ k ∈ N,

and the compatibility conditions

∆ jw0 = 0 on Γ ∀ j ≥ 0, j integer,

∆ jv0 = 0 on Γ ∀ j ≥ 0, j integer,

∆ je0 = 0 on Γ ∀ j ≥ 0, j integer.

Then the solution (w, e) of (1.1) belongs to C∞(Ω × [0,∞)) ×C∞(Ω × [0,∞)).
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This paper is organized as follows. In the following section we will rewrite the initial-boundary
value problem (1.1) as the Cauchy problem for a single abstract evolution equation dU/dt + AU = 0,
where A is a matrix of operators. We will also collect theorems in the Hille–Yosida theory which will
be used in this paper. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we will give the
proof of Theorem 1.2.

2. Abstract formulation toward the Hille–Yosida theory

Putting v := wt, we rewrite equations in (1.1) as
wt = v,

vt = c2∆w − c2∆e + m2w,

et = σ∆e − (γ − 1)v,

(2.1)

so that (2.1) becomes 
wt

vt

et

 =


v

(c2∆ + m2I)w − c2∆e
−(γ − 1)v + σ∆e


=


0 I 0

c2∆ + m2I 0 −c2∆

0 −(γ − 1)I σ∆




w
v
e


= −


0 −I 0

−c2∆ − m2I 0 c2∆

0 (γ − 1)I −σ∆




w
v
e

 .
Setting

A :=


0 −I 0

−c2∆ − m2I 0 c2∆

0 (γ − 1)I −σ∆

 , U :=


w
v
e

 , (2.2)

we rewrite (1.1) as 
dU
dt

+ AU = 0, t > 0,

U(0) = U0,
(2.3)

where

U0 :=


w0

v0

e0

 .
We also note that

AU =


−v

−c2∆w + c2∆e − m2w
−σ∆e + (γ − 1)v

 . (2.4)

The following definition plays an important role in the Hille–Yosida theory.
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Definition 2.1. An unbounded linear operator A : D(A) ⊂ H → H is said to be monotone if it satisfies

(Av, v) ≥ 0 ∀ v ∈ D(A).

It is said to be maximal monotone if, in addition, R(I + A) = H, i.e.,

∀ f ∈ H ∃ u ∈ D(A) such that u + Au = f .

We next introduce two useful theorems (for the proof see [1, Chapter 7]).

Theorem 2.1 (Hille–Yosida). Let A be a maximal monotone operator in a Hilbert space H. Then,
given any u0 ∈ D(A) there exists a unique function

u ∈ C1([0,∞); H) ∩C([0,∞); D(A))

satisfying 
du
dt

+ Au = 0 on [0,∞),

u(0) = u0.
(2.5)

Moreover,

‖u(t)‖ ≤ ‖u0‖ and
∥∥∥∥∥du

dt
(t)

∥∥∥∥∥ = ‖Au(t)‖ ≤ ‖Au0‖ ∀ t ≥ 0.

Theorem 2.2. Assume u0 ∈ D(Ak) for some integer k ≥ 2. Then the solution u of (2.5) obtained in
Theorem 2.1 satisfies

u ∈ Ck− j([0,∞); D(A j)) ∀ j = 0, 1, . . . , k.

In order to apply the Hille–Yosida theory to (2.3) derived from (1.1) we define the domain of A
given by (2.2) as

D(A) = (H2(Ω) ∩ H1
0(Ω)) × H1

0(Ω) × (H2(Ω) ∩ H1
0(Ω)).

Then A is an operator in the Hilbert space

H := H1
0(Ω) × L2(Ω) × H1

0(Ω)

equipped with inner product

(U1,U2) :=
∫

Ω

∇w1∇w2 +

∫
Ω

w1w2 +
1
c2

∫
Ω

v1v2 +
1

γ − 1

∫
Ω

∇e1∇e2 +
1

γ − 1

∫
Ω

e1e2,

where

U j :=


w j

v j

e j

 ( j = 1, 2).

Also, the norm in H is given by

‖U‖2 = (U,U) = ‖w‖2H1(Ω) +
1
c2 ‖v‖

2
L2(Ω) +

1
γ − 1

‖e‖2H1(Ω) for U =


w
v
e

 . (2.6)

In particular, we see from (2.4) that

‖AU‖2 = ‖v‖2H1(Ω) +
1
c2 ‖c

2∆w − c2∆e + m2w‖2L2(Ω) +
1

γ − 1
‖σ∆e − (γ − 1)v‖2H1(Ω). (2.7)
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3. Existence and uniqueness

In this section we prove Theorem 1.1 by using Theorem 2.1.

3.1. Monotonicity

Let A and H be as in the end of Section 2. Let

U =


w
v
e

 ∈ D(A).

Then it follows from the definition of the inner product and integration by part that

(AU,U) =

∫
Ω

∇(−v)∇w −
∫

Ω

vw +
1
c2

∫
Ω

v(−c2∆w − m2w + c2∆e)

+
1

γ − 1

∫
Ω

∇[(γ − 1)v − σ∆e]∇e +
1

γ − 1

∫
Ω

e
[
(γ − 1)v − σ∆e

]
= −

(
1 +

m2

c2

) ∫
Ω

vw +
σ

γ − 1

∫
Ω

|∆e|2 +
σ

γ − 1

∫
Ω

|∇e|2 +

∫
Ω

ve.

Since the second and third terms on the right-hand side are nonnegative, we have

(AU,U) ≥ −
(
1 +

m2

c2

) ∫
Ω

vw +

∫
Ω

ve

≥ −

(
1 +

m2

c2

) ∫
Ω

|v||w| −
∫

Ω

|v||e|

≥ −
1 + m2

c2

2

∫
Ω

(v2 + w2) −
1
2

∫
Ω

(v2 + e2)

= −

(
1 +

m2

2c2

) ∫
Ω

v2 −

(
1
2

+
m2

2c2

) ∫
Ω

w2 −
1
2

∫
Ω

e2.

We define a positive constant α0 as

α0 := max
{

1
2

+
m2

2c2 , c2
(
1 +

m2

2c2

)
,

γ − 1
2

}
.

Then we conclude that A + α0 is monotone:

((A + α0)U,U) ≥ −
(
1 +

m2

2c2

) ∫
Ω

v2 −

(
1
2

+
m2

2c2

) ∫
Ω

w2 −
1
2

∫
Ω

e2

+ α0

∫
Ω

w2 +
α0

c2

∫
Ω

v2 +
α0

γ − 1

∫
Ω

e2

+ α0

∫
Ω

|∇w|2 +
α0

γ − 1

∫
Ω

|∇e|2
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=

[
α0 −

(
1
2

+
m2

2c2

)] ∫
Ω

w2 +

[
α0

c2 −

(
1 +

m2

2c2

)] ∫
Ω

v2

+

(
α0

γ − 1
−

1
2

) ∫
Ω

e2 + α0

∫
Ω

|∇w|2 +
α0

γ − 1

∫
Ω

|∇e|2

≥ 0.

3.2. Maximal monotonicity

We divide the proof into four steps.

Step 1. Writing down the aim. We will select α > 0 later. The aim is to show that A +αI is maximal
monotone, i.e.,

∀ F ∈ H ∃ U ∈ D(A) s.t. U + (A + αI)U = F.

To see this we take 
f
g
h

 ∈ H.

Then we shall find


w
v
e

 ∈ D(A) s.t.


−v + (α + 1)w = f ,

−c2∆w − m2w + c2∆e + (α + 1)v = g,

(γ − 1)v − σ∆e + (α + 1)e = h.

Step 2. Reducing the equations. We first delete v and then we have

−c2∆w +
[
(α + 1)2 − m2

]
w + c2∆e = (α + 1) f + g, (3.1)

−σ∆e + (α + 1)e + (α + 1)(γ − 1)w = (γ − 1) f + h. (3.2)

Now let δ , 0 which will be fixed later. Making (3.1) × δ + (3.2), we have

−δc2∆w − (σ − δc2)∆e +
[
δ(α + 1)2 − δm2 + (α + 1)(γ − 1)

]
w + (α + 1)e

= [δ(α + 1) + (γ − 1)] f + δg + h. (3.3)

If there exists a constant k such that

σ − c2δ

δc2 =
α + 1

δ(α + 1)2 − δm2 + (α + 1)(γ − 1)
= k, (3.4)

then (3.3) is reduced to

−δc2∆u + [δ(α + 1)2 − δm2 + (α + 1)(γ − 1)]u = [δ(α + 1) + (γ − 1)] f + δg + h, (3.5)

where u := w + ke.
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Step 3. Finding two kinds of (δ, k) in (3.4). We rewrite (3.4) as

δc2(α + 1) = (σ − δc2)[δ(α + 1)2 − δm2 + (α + 1)(γ − 1)].

Dividing the both sides, we have

δc2 = (σ − δc2)
[
δ(α + 1) −

δm2

α + 1
+ (γ − 1)

]
= σ(α + 1)δ −

σm2

α + 1
δ + σ(γ − 1) − c2(γ − 1) − c2(α + 1)δ2 +

c2m2

α + 1
δ2 − c2(γ − 1)δ.

Therefore,

ϕ(δ) := c2
[
(α + 1) −

m2

α + 1

]
δ2 +

[
c2γ − σ(α + 1) +

σm2

α + 1

]
δ − γ(γ − 1) = 0. (3.6)

In order to find two solutions δ = δ1, δ2 of this equation we show that the discriminant D is positive for
α > |m| − 1. Indeed, we observe that

D =

[
c2γ − σ(α + 1) +

σm2

α + 1

]2

+ 4c2
[
(α + 1) −

m2

α + 1

]
γ(γ − 1),

where if we take α as

α > |m| − 1, i.e., α + 1 > |m|,

then

(α + 1) −
m2

α + 1
=

(α + 1)2 − m2

α + 1
> 0.

Thus we deduce that D > 0. Noting that ϕ(0) = −γ(γ − 1) < 0, we see that (3.6) has two solutions
δ = δ1, δ2 such that δ1 < 0 and δ2 > 0:

δ1 =
−

[
c2γ − σ(α + 1) + σm2

α+1

]
−
√

D

2c2
[
(α + 1) − m2

α+1

] ,

δ2 =
−

[
c2γ − σ(α + 1) + σm2

α+1

]
+
√

D

2c2
[
(α + 1) − m2

α+1

] .

So we find two kinds of (δ, k) in (3.4):

σ − c2δ

δc2 =
α + 1

δ(α + 1)2 − δm2 + (α + 1)(γ − 1)

=

k1, if δ = δ1,

k2, if δ = δ2.
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Step 4. Conclusion. Let us consider the 2 parameters of Step 3, δ = δ1(< 0) and δ = δ2(> 0). Note
that k1 , k2. Hence we can find two solutions u = u1, u2 of (3.5) with δ = δ1, δ2, respectively (see [1,
Theorems 9.21 and 9.25]):

−δ1c2∆u1 + [δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)]u1

= [δ1(α + 1) + (γ − 1)] f + δ1g + h, (3.7)

−δ2c2∆u2 + [δ2(α + 1)2 − δ2m2 + (α + 1)(γ − 1)]u2

= [δ2(α + 1) + (γ − 1)] f + δ2g + h, (3.8)

which are equivalent to

−c2∆u1 +

[
(α + 1)2 − m2 +

(α + 1)(γ − 1)
δ1

]
u1 =

[
(α + 1) +

(γ − 1)
δ1

]
f + g +

h
δ1
, (3.9)

−c2∆u2 +

[
(α + 1)2 − m2 +

(α + 1)(γ − 1)
δ2

]
u2 =

[
(α + 1) +

(γ − 1)
δ2

]
f + g +

h
δ2
, (3.10)

where the coefficients of the second terms on the left-hand sides are positive for some α > 0. Indeed,
the coefficient of u2 is positive when α > |m| − 1, because δ2 > 0. As to the coefficient of u1, we see
that

1
δ1

= −
2c2

[
(α + 1) − m2

α+1

][
c2γ − σ(α + 1) + σm2

α+1

]
+
√

D

= −
2c2

[
(α + 1) − m2

α+1

] {[
c2γ − σ(α + 1) + σm2

α+1

]
−
√

D
}

−4c2
[
(α + 1) − m2

α+1

]
γ(γ − 1)

=

[
c2γ − σ(α + 1) + σm2

α+1

]
−
√

D

2γ(γ − 1)
.

Hence it follows that

(α + 1)2 − m2 +
(α + 1)(γ − 1)

δ1

= (α + 1)2 − m2 + (α + 1)

[
c2γ − σ(α + 1) + σm2

α+1

]
−
√

D

2γ
> 0

⇐⇒ (2γ − σ)(α + 1)2 + c2γ(α + 1) + (σ − 2γ)m2 > (α + 1)
√

D. (3.11)

Let α > |m| − 1. First consider the case 2γ ≥ σ. In this case, since

(2γ − σ)(α + 1)2 + c2γ(α + 1) + (σ − 2γ)m2

= (2γ − σ)
[
(α + 1)2 − m2

]
+ c2γ(α + 1)

≥ 0,
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we have

(2γ − σ)(α + 1)2 + c2γ(α + 1) + (σ − 2γ)m2 > (α + 1)
√

D

⇐⇒
[
(2γ − σ)(α + 1)2 + c2γ(α + 1) + (σ − 2γ)m2

]2
> (α + 1)2D

⇐⇒ (γ − σ)(α + 1)4 + c2(α + 1)3 − 2(γ − σ)m2(α + 1)2

− c2m2(α + 1) + (γ − σ)m4 > 0

⇐⇒ (γ − σ)
[
(α + 1)2 − m2

]2
+ c2(α + 1)

[
(α + 1)2 − m2

]
> 0 (3.12)

⇐⇒
[
(α + 1)2 − m2

] [
(γ − σ)(α + 1)2 + c2(α + 1) − (γ − σ)m2

]
> 0. (3.13)

Therefore, if γ ≥ σ, then the coefficient of u1 in (3.9) is positive in view of (3.12). If 2γ ≥ σ > γ, then
from (3.13) it suffices to choose α such that

(γ − σ)(α + 1)2 + c2(α + 1) − (γ − σ)m2 > 0,

that is,

(σ − γ)(α + 1)2 − c2(α + 1) − (σ − γ)m2 < 0.

Solving this inequality and noting that α + 1 > |m| ≥ 0, we have

(|m| < ) α + 1 <
c2 +

√
c4 + 4(σ − γ)2m2

2(σ − γ)
. (3.14)

Next consider the case 2γ < σ. In this case, from (3.11) it suffices to take α such that

(2γ − σ)(α + 1)2 + c2γ(α + 1) + (σ − 2γ)m2 > 0,

that is,

(σ − 2γ)(α + 1)2 − c2γ(α + 1) − (σ − 2γ)m2 < 0.

Solving this inequality gives

(|m| < ) α + 1 <
c2γ +

√
c4γ2 + 4(σ − 2γ)2m2

2(σ − 2γ)
. (3.15)

Hence the same way as in the case 2γ ≥ σ yields that the coefficient of u1 in (3.9) is positive when
α satisfies (3.14) and (3.15). Thus we can find two solutions u = u1, u2 of (3.5) with δ = δ1, δ2,
respectively. For k1, k2 and u1, u2 constructed above, we solve the following system with respect to
w, e: w + k1e = u1,

w + k2e = u2.
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Then we find

w =
1

k2 − k1
(k2u1 − k1u2), (3.16)

e =
1

k2 − k1
(u2 − u1). (3.17)

Moreover, setting

v =
α + 1

k2 − k1
(k2u1 − k1u2) − f , (3.18)

we shall show that w, v, e are the desired functions in Step 1. Indeed, we see that (3.18) implies the
required equation

−v + (α + 1)w = f . (3.19)

Making (k2 − k1)[(3.16) + k1 × (3.17)] and (k2 − k1)[(3.16) + k2 × (3.17)], we have

(k1 − k2)(w + k1e) = (k1 − k2)u1, i.e., u1 = w + k1e,

(k1 − k2)(w + k2e) = (k1 − k2)u2, i.e., u2w + k2e.

Therefore, in view of (3.7) and (3.8),

− δ1c2∆(w + k1e) + [δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)](w + k1e) = [δ1(α + 1) + (γ − 1)] f + δ1g + h,

− δ2c2∆(w + k2e) + [δ2(α + 1)2 − δ2m2 + (α + 1)(γ − 1)](w + k2e) = [δ2(α + 1) + (γ − 1)] f + δ2g + h,

of which the first equation is equivalent to

− δ1c2∆w + [δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)]w
+ [−δ1c2∆e + δ1(α + 1)2e − δ1m2e + (α + 1)(γ − 1)e]k1

= [δ1(α + 1) + (γ − 1)] f + δ1g + h.

Recall the definition of k1:

σ − c2δ1

δ1c2 =
α + 1

δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)
= k1.

Then it follows that

k1δ1c2 = σ − c2δ1, k1

[
δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)

]
= α + 1,

and hence

− δ1c2∆w − (σ − δ1c2)∆e +
[
δ1(α + 1)2 − δ1m2 + (α + 1)(γ − 1)

]
w + (α + 1)e

= [δ1(α + 1) + (γ − 1)] f + δ1g + h. (3.20)
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In the same way as above we can deduce

− δ2c2∆w − (σ − δ2c2)∆e +
[
δ2(α + 1)2 − δ2m2 + (α + 1)(γ − 1)

]
w + (α + 1)e

= [δ2(α + 1) + (γ − 1)] f + δ2g + h. (3.21)

Making (3.20) − (3.21) and (3.20) × δ2 − (3.21) × δ1, we have

− (δ1 − δ2)c2∆w + (δ1 − δ2)c2∆e + (δ1 − δ2)(α + 1)2w − (δ1 − δ2)m2w

= (δ1 − δ2)(α + 1) f + (δ1 − δ2)g,

− (δ2 − δ1)σ∆e(δ2 − δ1)(α + 1)(γ − 1)w + (δ2 − δ1)(α + 1)e
= (δ2 − δ1)(γ − 1) f + (δ2 − δ1)h.

Thus we arrive at (3.1) and (3.2). Making (3.1)− (3.19)× (α+ 1) and (3.2)− (3.19)× (γ− 1), we obtain

−c2∆w − m2w + c2∆e + (α + 1)v = g,

(γ − 1)v − σ∆e + (α + 1)e = h.

Consequently, we conclude that w, v, e are the desired functions which satisfy
−v + (α + 1)w = f ,

−c2∆w − m2w + c2∆e + (α + 1)v = g,

(γ − 1)v − σ∆e + (α + 1)e = h.

3.3. Proof of Theorem 1.1

Since A +α is maximal monotone as proved above, it follows from Theorem 2.1 that for U0 ∈ D(A)
the problem 

dV
dt

+ AV + αV = 0 on [0,∞),

V(0) = U0

has a unique solution V ∈ C1([0,∞); H) ∩C([0,∞); D(A)) such that

‖V(t)‖ ≤ ‖U0‖ and ‖AV(t)‖ ≤ ‖AU0‖ ∀ t ≥ 0.

Setting
U(t) := eαtV(t),

we deduce that U ∈ C1([0,∞); H) ∩C([0,∞); D(A)) satisfies
dU
dt

+ AU = 0 on [0,∞),

U(0) = U0,

with the estimates
‖U(t)‖ ≤ eαt‖U0‖ and ‖AU(t)‖ ≤ eαt‖AU0‖ ∀ t ≥ 0.

The properties (1.5), (1.6), (1.7), (1.8) follow from those for U. This completes the proof of Theorem
1.1. �
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4. Regularity

We use the same notation as in the end of Section 2.

Proof of Theorem 1.2. We first recall the definition of D(Ak) which is given by induction as follows:

D(A1) := D(A), D(Ak) := {U ∈ D(Ak−1)| AU ∈ D(Ak−1)}, k ≥ 2.

It is easy to see, by induction on k, that

D(Ak) = Dk :=




w
v
e


∣∣∣∣∣∣∣∣∣∣

w ∈ Hk+1(Ω), ∆ jw = 0 on Γ (0 ≤ ∀ j ≤ [ k
2 ])

v ∈ Hk(Ω), ∆ jv = 0 on Γ (0 ≤ ∀ j ≤ [ k+1
2 ] − 1)

e ∈ Hk+1(Ω), ∆ je = 0 on Γ (0 ≤ ∀ j ≤ [ k
2 ])

 .
Indeed, when k = 1, we have

D(A1) = (H2(Ω) ∩ H1
0(Ω)) × H1

0(Ω) × (H2(Ω) ∩ H1
0(Ω))

=




w
v
e


∣∣∣∣∣∣∣∣∣

w ∈ H2(Ω), w = 0 on Γ

v ∈ H1(Ω), v = 0 on Γ

e ∈ H2(Ω), e = 0 on Γ

 = D1.

If D(Ak) = Dk holds for k, then the statement for k + 1 reads as follows:

D(Ak+1) = {U ∈ D(Ak) = Dk| AU ∈ D(Ak) = Dk}

=




w
v
e


∣∣∣∣∣∣∣∣∣∣

w ∈ Hk+1(Ω), ∆ jw = 0 on Γ (0 ≤ ∀ j ≤ [ k
2 ])

v ∈ Hk(Ω), ∆ jv = 0 on Γ (0 ≤ ∀ j ≤ [ k+1
2 ] − 1)

e ∈ Hk+1(Ω), ∆ je = 0 on Γ (0 ≤ ∀ j ≤ [ k
2 ])



∩




w
v
e


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−v ∈ Hk+1(Ω), ∆ j(−v) = 0 on Γ (0 ≤ ∀ j ≤ [ k
2 ])

−c2∆w − m2w + c2∆e ∈ Hk(Ω),
∆ j(−c2∆w − m2w + c2∆e) = 0 on Γ (0 ≤ ∀ j ≤ [ k+1

2 ] − 1)
(γ − 1)v − σ∆e ∈ Hk+1(Ω),
∆ j((γ − 1)v − σ∆e) = 0 on Γ (0 ≤ ∀ j ≤ [ k

2 ])


= Dk+1.

In particular, D(Ak) ⊂ Hk+1(Ω) × Hk(Ω) × Hk+1(Ω) with continuous injection. Applying Theorem 2.2,
we see that if U0 ∈ D(Ak), then the solution U of (2.3) satisfies

U ∈ Ck− j([0,∞]; D(A j))
⊂ Ck− j([0,∞]; H j+1(Ω) × H j(Ω) × H j+1(Ω)) ∀ j = 0, 1, . . . , k.

Therefore we conclude by [1, Corollary 9.15] that under the assumption of Theorem 1.2 (i.e., U0 ∈

D(Ak) ∀ k ∈ N), U ∈ Ck([0,∞); Ck(Ω) ×Ck(Ω) ×Ck(Ω)) ∀ k ∈ N. �
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