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Abstract: In this paper, we are devoted to establishing several necessary and sufficient conditions for
f e LP(R"), g € LYR") with %+r_11 < 1 to satisfy the Bedrosian identity H(fg) = fHg, where H denotes
the n-dimensional Hilbert transform. In addition, we also show that the distribution f € D} ,(R") can
be represented by functions in the Hardy space on tube.
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1. Introduction

The complex signal method especially analytic signal method is a classical way of defining the
phase and amplitude of signals, which plays an important role in meteorological as well as atmospheric
applications, ocean engineering, structural science, and imaging processing, one can refer to [16, 17,
18, 22, 28, 24] for details. This results in the widely used empirical mode decomposition and the
Hilbert-Huang transform, see for instance [7, 16, 17].

The Hilbert transform is a well-known and useful concept in harmonic analysis and signal process-
ing (see for instance [13, 2, 9, 15]). The 1-dimensional Hilbert transform H for functions f € L?(R)
(1 < p < o) can be stated as follows

f0) L[ 19y e

(HP)) = poys f I gy = lim =
T [y—x|>€e X=y

RX—Y e—0 T

Regarding to the Hilbert transform defined above: If f,g € L*(R) satisfy either suppf C R, (R, =
[0, 00)), suppg € R, or suppf C [—a, al, suppg C (—co, —a] | J[a, o) for some positive number a, then
the following identity holds true

[H(f)1(x) = f(x)(Hg)(x), x€R,
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which is named as the Bedrosian identity to honor Bedrosian for his contribution [1]. Later, some
efforts were devoted to obtaining more general sufficient conditions (see e.g., [3, 21]). The Bedrosian
identity simplifies the calculation of the Hilbert transform of a product of functions. In recent years,
the Bedrosian identity has attracted considerable attention and progress has been made. There is a
large number of documents for the studies of the Bedrosian identity, see for example [6, 5, 8, 25, 26,
30, 31, 32, 34, 35, 36, 37]. It is worthwhile to state that an observation in [33] implies that the Hilbert
transform is essentially the only operator satisfying the Bedrosian theorem.

It is well known that the complex signal method via the Hilbert transform has already become a
significant tool in signal analysis and processing, especially in the time-frequency analysis (see, e.g.,
[4, 1, 9, 14, 21]). Imaging and other applications to multidimensional signals call for extension of
the method to higher dimensions. Therefore, it is natural to establish the Bedrosian identity in n-
dimension case. To the best knowledge of the authors, there are only very few results on multidimen-
sional Bedrosian identities. Actually, in some special case, that is p = 2, one can refer to [33, 38, 19]
consulting the multidimensional Bedrosian identity.

Now let us give the definition of the total Hilbert transform as well as the partial Hilbert transform.

Definition 1.1. The partial Hilbert transform for f € LF(R")(1 < p < o0), H;f is given by

1
(H;f)(x) := p.v.— L)

mJr (xj—y))

dyj.

The total Hilbert transform H of a function is given by

1
(Hf)(x) :=p.v.— f — fO) dy = (H\H,---H,)f(x), x e R".
()" Jgn Hj:l(xj_)’j)
The Fourier transform f of f € L'(R") is defined as

fx) =f fe ™dt, xeR"
Rn

Next, let us give some basic notation. Let D(R") be the space of infinitely differentiable functions
on R” with compact support and O’(R") the space of distributions, namely, the dual of D(R"). A
distribution 7 is said to vanish on an open subset Q2 C R" as long as for each ¢ € D(R") with suppg C Q,
< T,¢ >= T(¢) equals zero. The support of T € D’(R"), denoted by suppT, is defined to be the
complement of the largest open subset of R" on which T vanishes. This definition is consistent with
the ordinary one when 7' is a continuous function. Set

n

D, ={x:x=(x, - ,x,) €R", sgn(—x) = ]—[ sgn(—x;) = 1},

J=1

D_={x:x=x, - ,x,) €R", sgn(—x) = 1_[ sgn(—x;) = —1}

J=1

and

3

Do ={x:x=(x, - ,x,) €R", sgn(-=x) = | | sgn(-x;) = 0}.
j=1
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We denote by Dp, (R"), Dp (R") and Dp,(R") the set of functions in D(R") that are supported on
D., D_and D,, respectively.

To apply the Fourier transform, we also introduce the Schwartz class S(R”) and its dual S’'(R"), the
space of temperate distributions. The Schwartz class S(R") consists of infinitely differentiable function
¢ on R" for all @, € Z} satisfies

sup [x* DPp(x)| < oo,

XxeR"
where @ = (a1, a2, -+ ,@,), = (B1,B2,--+ ,B,), @; and B; are nonnegative integers. The Fourier
transform @ is a linear homeomorphism from S(R") onto itself. Meanwhile, the following identity
holds

(Hp)"(x) = (—i)sgn(x)@(x), Yo € SR).
The Fourier transform ¥ : S'(R") — S’'(R") defined as
(o) =(.0), VeeSR"
is a linear isomorphism from S’(R") onto itself. For ¢ € 8'(R"), Yo € S(R"), it is easy to check that

W) = 0. @) = (. ) = (Y. @) = (I, ).
Therefore in the sense of distribution, we obtain
v=4,
where @(x) = ¢(—x). ¥ is the inverse Fourier transform defined as

W) = (Y. @).

For the detail properties of S(R"”) and 8’(R"), see for example [27, 11, 14].

A function f defined on R” belongs to D;»(R"), 1 < p < oo if and only if

(1) feCRY,

(2) D*f e LP(R"), k=0,1,--- .

In the sequel for 1 < p < oo, we denote by D, ,(R") the dual of D,/ (R"), where 1]7 + pi =1

Our second main component of this paper is to consider the boundary values of holomorphic func-
tions in distribution (see for instance [20]). More precisely, we show that the distribution f € O ,(R")
can be represented by functions in the Hardy space on tube.

Let B denote an open connected subset of R”. The tube is defined by T = {x + iy : x € R",y € B}.
The Hardy space [29] on tube T’ is defined as

H"(Tp) :={f € HTp) : |fllur < oo},

where || f|lz» = sup,p ( f fe+ iy)|”dx)%, and H(T'g) consists of all the holomorphic functions on 7T's.

Definition 1.2. Let f € Z)'U, (R"),1 < p < oo. The distributional differentiation and Hilbert transform

of f are defined as
(D f.0) = (£, (=D¥Dg),
and
(Hf.0) = (f.(-1)'Hg), Vg€ D, (R")
respectively.
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Here we want to mention that Pandey [23] proved that D*f € D/L,, (R", Hf € Z)'LP(R”) and Hilbert
transform H defined on L”(R") (p > 1) is isomorphism from D;,(R") onto itself.

The present paper is structured as follows. In section 2, we characterize the Bedrosian Identity of
total Hilbert tranform, which consists of several lemmas. In section 3, we prove distribution f € O,
can be represented by functions in the Hardy space on tube.

2. The bedrosian identity for L”(R") function

This part is motivated by the need of defining multidimensional complex signals. We define the
complex signal of f € L through total Hilbert transform H as f + iH f. In this section we investigate
the multidimensional Bedrosian identity H(fg) = fHg for f € LP(R"), g € L1(R") with 1 < p, g < oo.
In particular, several necessary and sufficient conditions to guarantee the Bedrosian identity to be valid
are obtained.

Lemma 2.1. Let f € LP(R") for 1 < p < oo, then

H(f * g)(x) = (Hf * &)(x) a.e. g€ L'R").

Proof. According to the properties of Hilbert transform and convolution, it is not difficult to show that
f*g, Hf xgand H(f = g) all belong to L”(R"). Thus both sides of the above equality are well defined.
By Fubini’s theorem, for all 4 € L (R"), we have

[ Her@nede = 1 [ O < oeds
= 7 [ s [ @€ - wgd
= [ s [ mopE - wdgan
- fR WEH] » )
The proof of the lemma is completed. =

Lemma 2.2. Let 1 < p <2, f € LP(R"). If there exists g € LP(R") such that
(=0)"sgn(x)f(x) = g(x), (M
then Hf = g a.e..

Proof. As f € LP(R") and g € LP(R") satisfy (1), we can choose a sequence of functions {¢;, j € N}
that are infinitely differentiable with compact support satisfying for each f, g € L’(R")

jll_)f{)lo ||¢j * f = fller@ny =0, ,11_>r£lo ||¢j * g = 8llr@n =0,
where ¢; * f is convolution of ¢; and f given by

0+ £ = [ oyte=nf ot = fR G0~
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It is clear that
(@) * /) (x) = §;(0) f(x).
The above identity together with (1) implies that
(=0)"sgn(x)(¢; * )" (x) = ;(0&(x) a.e. x eR".

Thus
Hf«¢;=H(p;*f)=¢;*xg ()

According to the property of Hilbert transform

IH(¢; * ) = HfllLr@ry < Apllg * f = fllr@n =0 (j = o).

Therefore,

IHf = gllreny < Hf — H(@j * Ollren + g * ¢ — gllrwy — 0 (j — 0).
This fact yields that Hf = g a.e. We thus complete the proof. O

Lemma 2.3. Assume that p,q,r € (1, 00] satisfy % + (ll = 1. Let f € LP(R") and g € LI(R"),

1<
then (suppf) U(suppg) S D+ U Do and (suppf) U(suppg) S D-J Do imply supp(fg)" € D. U Dy
and supp(fg)" € D_J Dy, respectively.

Proof. The Holder inequality
1f&llrny < N1 lLrnligllaqn (3)

implies that fg € L"(R"). Thus, for each ¢ € S(R") we get that
(F2)".0) = (fe.8) = | rewdwu:.
Rﬂ
Choose a function ¥ € D(R") such that 1/7(0) =1 and set

fio) = | y(x-nf®dt, jeN,

R

where (t) = j'y(jt),t € R". For each j € N, the function f; enjoys the property that f; €
C*(R"), D¥ fi € L*(R") for each nonnegative integer k. Furthermore, if p < oo, then f; converges
to fin LP(R") as j goes to infinity. This fact as well as (3) yields for p < oo that

I1fig = f8llr@n < 11f; = fllr@nligllagn — 0 (j = o).

As aresult, if p < oo, then there holds

fi(Dgd(t)dt = f FOgP@)dt.

lim
j —00 Rn Rn

The above equality remains true for p = oo because in this case we have that f; € L*(R") converges
almost everywhere to f and thus that g¢ € L' (R").

AIMS Mathematics Volume 1, Issue 1, 9-23
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Now we suppose that (suppf) (suppg) € D, | Dy. To show that supp(fg)" C D, | Dy, it is
sufficient to show that fRn f,-(t)g(t)&(t)dt = (0 foreach j € Nand ¢ € Dp (R"). For ¢ € Dp_(R"), the
properties of the functions f; ensure that f;¢ € S(R"), j € N. Therefore,

fR g0 fi(nd(ndr = (8. (£,®)), jeN.

A direct computation shows that

(fi$)' (x)

f g (1) f(=Dp(x — dt

W) f(g(x - ydr
J

D 0d(x + nydi
R7 .J
(. IS0+ 9)-

The above conclusion together with ¢ € Dp_(R"), (supp f) C D, |J Dy implies that supp( quAﬁ)V cD._.
It follows by the assumption (suppg) € D, |J D, that

(8.(f") =0, jeN.

Therefore, we get supp(fg) C D, |J Dy. The other case can be dealt with likewise. This immediately
completes the proof. O

Lemma 2.4. If f € L?(R") for 1 < p < oo, then supp(f — (—i)"Hf)" € D_J D,.
Proof. According to the definition, we need to show for each ¢ € Dp_(R") that
((f = (=D"H)",¢) = 0.
For this purpose, we point out that if 1 < p < oo then for each ¢ € S(R") there holds
(Hf.p) = (f.(-1)"Hy). &)
Let ¢ € Dp, (R"), then

((f = irHP 0) = ((f = (-D)'Hf), )
(f.6-()'H)

Fr6 = (=1)"sgn(-)g)
= 0,

thereby completing the proof. O

Lemma 2.5. Let f € L?(R") for | < p < oo, then on D,|JD_, suppf C D, |JDy and suppf C
D_1]J Dy are equivalent to Hf = (i)"f and Hf = —(i)" f, respectively.

AIMS Mathematics Volume 1, Issue 1, 9-23
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Proof. Suppose f € LP(R") satisfies that Hf = (i)" f. Then we have for each ¢ € Dp_(R") that

o A 1 A A 1 n n
(Fo0) = (£.8) = 5((£.0) + GO 1. 8)) = 5((£.8) + ' (HL.B)). 5)
According to (4), we get that
(f,8) + (<IYCH,$) = (. ¢+ ()'H) = (£, (1 + (=1)"sgn())) = 0. (6)

Combining (5) with (6) proves that (f, ¢) = 0 for each ¢ € Dp_(R"), that is suppf € D, | D.

Conversely, suppose that we have f € LP(R") with suppf C D, |J Dy. By lemma 2.4, there holds
supp(f + (=)"Hf)" € D, |J Dy, then supp(Hf)" € D, |J D,. Therefore, to show that Hf = (i)"f it
suffices to show for each ¢ € Dp, (R") that

((F = (=D"Hf)".¢) =0

Lemma 2.4 work for this purpose. This ends the proof. O

Now we introduce that each f € LP(R") for 1 < p < oo can be decomposed as f = f, + f_, where
f+(D"Hf f-(D"Hf

2 ’ 2 '
Theorem 2.6. Let f € LP(R"),g € LI(R") with é + é = % Then f, g satisfy the Bedrosian identity
H(fg) = fHg on D, D_ if and only if
supp(f.g-)" € D_|_] Dy and supp(f g.)" € D | | Dy.

Proof. By using the above decomposition f = f, + f- and g = g, + g_, we can rewrite the Bedrosian
identity as

f+: f—:

H(fig+ + f-g- + fr8-+ f-g+) = feHg+ + [~Hg_ + fLHg_ + f_Hg.. (6)
For each ¢ € L1(R"), it holds
(Hf..¢) = (f+,(—1)”H¢>
'H

= {he 1)”H</>>+—<f 1)
= 5{tr0)+ (1)
( )nf + (= z)”Hf 9)

(@£, >.

That is Hf, = (i)"f.. Adopting the same argument, one may conclude that Hf- = —(i)" f-. The above
fact leads us to the following equivalent of (6)

H(f.g +fg-+fig-+fg)=00"fige —D'frg-+)'fgs — (D) frg-. (7N

AIMS Mathematics Volume 1, Issue 1, 9-23
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According to Lemma 2.5, it is easy to check that

suppf, € D, U Dy, suppf. C D_ U D,

and similarly
suppg: € D, U Dy, suppg- € D_ U D,.
An application of Lemma 2.3 then yields that

supp(f.g+)" € D= ) Do, supp(f-g-)" € D_|_J Do. ®)

By the Holder inequality, functions f, g, fig-, f-g+, f-g- are all in L"(R"). The results relation (8)
hence imply by Lemma 2.5 that

H(fig:) = ()" fi8+, H(f-8-)=-1)"f-g-.
Therefore, equation (7) holds if and only if

H(fig-+ f-g:) = 0)"f-g+ — ()" fig-. )

If supp(fig-)" € D_{JDy and supp(f-g.)" € D, J Dy holds true, then (9) is valid. On the other
hand, we suppose that (9) is true. By applying the Hilbert transform to both sides of equation (9), one
gets that

(=D"(frg- + f-g+) = )'H(f-g+) — (DH(f1g-)- (10)
Combining (10) and (9), it follows that

H(f.g.)=(0)"fg+, H(fig-)=—-()"f:g-.

The above is equivalent to supp(f.g_)" € D_|J Dy and supp(f.g.)" € D, |J Dy. The proof is com-
plete. O

Theorem 2.7. If f € L’(R"),g € LiYR") satisfy either (supp £) UGsuppg) € D,.UDy or
(supp £) U(suppg) € D_J Dy then the Bedrosian identity holds on D, | ) D_ .

Proof. If (suppf) U(suppg) C D, | Dy, then by Lemma 2.5, Hf = (i)"f and Hg = —(i)"g. Therefore,
according to the definition of f, and f_, we have that

_fHCHS  f+ S

=17, = ()
fe . . oo f
Similarly g, = g, g- = 0. The desired result then follows by a trivial application of Theorem 2.6. The
other case can be proved in the same way. The proof is thus completed. O

Theorem 2.8. Suppose f € S(R"), g € L>(R") with % + [11 = 1 satisfy the Bedrosian identity if and only
if
2f f€~matmadn + f f€~madn =0, ¢ €D, U Dy (11)
D_ Dy
and

2 fD (€ —mgapdn + fD f& =matmdn =0, ¢eD_{_JDy. (12)

AIMS Mathematics Volume 1, Issue 1, 9-23
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Proof. Since fg, fHg € L'(R"), H(fg) = fHg a.e. if and only if
(fHR)"(¢) = (=1)"'sgn(€)(f9)"(é), £ e R".
The equation (13) admits the form
(=i)'sgn(€) fR fE=maimdy = fR € =m0 sgn(m@mdn,

which gives
fR & = ma(sgn(@) - sgnm)dn = 0, £ €R".

Clearly, the above integral can be divided into the following three parts

> fD fe—madn+ [ & - mamdn=0, &b,

Do

2 fD fe-meaan+ | fE-meamdn=0, £€€D_,

Dy

fD f&-megmdn = fD f€—meadn, &€ Dy.

(13)

By the continuity of fD f(-—mg(m)dn and fD, f(-—=m@(m)dn, it is not hard to show that f and g satisfy

the three integrals above if and only they satisfy (11) and (12). We thus conclude the proof.

3. Distribution f € L7(R") and the Hardy space on tube

O

In this section, we give some lemmas which will be used in the proof process of the main result.

Lemma 3.1 (see [10]). Let u € L’(R) for 1 < p < oo. The function G(u)(z) is defined as

Gu)(z) = %fﬂdt.
R

-2
Then G(u) € HP(C,). Moreover,

[ 160+ ivrar < a, [ wora
R R

where A, = max{%, 2° Py,

Lemma 3.2. LetT = {y = (y;,y2) € R? : y; > 0,y, > 0}. Suppose f € L’(R*) (1 < p < ). The

Cauchy integral of f is given by

1
F(2) = —— K(z -1t f(r)dt.
(2) )2 fR i (z—-0f(1)
Then F(z) € HP(Tr). Moreover, there exists a constant A such that

IFllar ey < Allf -

AIMS Mathematics Volume 1, Issue 1, 9-23
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Proof. We consider the first octant I = {y = (y1,y2) € R" : y; > 0,y, > 0}, then we can show I'* = r
(T is the closure of I'). The Cauchy kernel associated with the tube Tr = {z = x + iy : x € R%,y € [} is

00 00 2
1. - eZm’z-tdt — e27ri(zlt1+z2t2)dtldt2 — l_l _'1 .
2ni)? Jr- o Jo i 2miz;

Direct calculation yields that

K(z) =

1
W LZ K(Z - t)f(t)dt

1 ft, 1)
@iy fRfR = 2t — 2 et

f(t1, 1)
R 1 =21
By using Lemma 3.1 as well as the fact f € L”(R?), we know that

F(z)

Now we denote

(CHz1,h) =

dty.

(CHn(z1) = (CHz1, 1) € H'(Cy),

and

fl(Cf)zz(xl +iy)lPdx, SApflf(ll,tz)l"dll < 0o,
R R

where A, is a constant and C, = {z = x + iy : x € R,y > 0} is the upper half-plane in C. It thus gives

ff|(cf)(21,f2)|pdxldf2 SApff|f(f1,f2)|pdl‘1dl2<°0-
R JR R JR

As aresult, we have (Cf), (1) = (Cf)(zi1, 1) € LP(R). Keeping in mind the following fact

F(z) = ! ff f(tl’ ) dtdt, = wdlz,
rJr (01

(2mi)? —21)(t — 22) R h—22

as well as lemma 3.1, we can show that for such fixed z;
C t
f )y e e,
R h—2

Thus, it gives

f ‘ f wdtz'pdmﬁAp f (C )., (t2)Pdy.
R JR R

h—2
Then, we can conclude

ff‘fwdtz"’dxzdxl < Al’ffKCf)zl(lz)lpdtzdxl

R JR R tz—Zz e Js

A, f f |f(t1, )IPdt dt,
R JR

< 09,

A

IA
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Therefore, F(z) € HP(Tt). Moreover, there exists a constant A such that

IF Nl < Allf1l,.

Thus, we complete the proof.
m|

Remark 3.3. Adopting the induction, we can get the same conclusion when n is a finite and positive
integer.

Corollary 3.4. Let T be an open cone in R" and F € HP(Tr) for 1 < p <2, then F(z) has the form

F(z) = fR K(z = §)F(§)de,

where F(&) = lim,_oper F(€ +in) in LP(R").

Proof. By using [12, Theorem 3.3.5], the above Corollary follows.

O
With these lemmas at our dispersal, we move to prove the main results.
Theorem 3.5. Let f € D), (R") for 1 < p < co. We set
1 1
F2) = —(f(0), =————)>
(27”)n< I_L':1(li - Zi)>
then
: As :
F(x+iy)f) < —————, [yl >d6@=12,---,n),
y1y2 -yl
where As is a constant, 6 = (01,---,0,), 0; > 0( = 1,2---,n). Moreover, there exist nonnegative
integer j, and functions F,(z) € HP(Tt) such that
F@) = ) DF,(2),
lal<j
where a = (a1, @, ,@,) is a multi-index notation and I' = {y = (y1,y2,-* ,yn € R") 1 y; > 0,y, >

0,---,y, > 0} is the first octant.

Proof. For f € D) ,(R"), 1 < p < oo, by Structure Formula [27] there exists a function g, € LP(R"),
such that the distribution f admits the form

J = Zi<iD" ga-

Therefore, we have

[F(2)l

1
G 2P

lol<j

1
By Z_ fR gl

lal<j

o 1

8o H?:l(ti - Zi)>'
L Q’,’!

1;[ (t; — z;)"*!

AIMS Mathematics Volume 1, Issue 1, 9-23
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1

1 1
< llgoll (a;!) f dt;)’
(2 y uz p]_[ B (2 + 1) [yt r! a
1 1 1 L
= p ”ga”p (@) f ot P dt;)’
Viy2 - y|p<2>mZ<J 1_[ (2 + 1) il V)
< Ll,
[Y1y2 - yal?
where
1 1 " 1 1 4
Bs = - 1gallp | [(@i!) f Tt —dt;)" ],
|y1y2...yn|1]7 (2m) MZS“][ l;l ( R (ti2 + 1)7“2‘ Doy )
il 2 65 @ 2 0, (= 1,2,-++,m), lal = @1 + @y + -+ + @, DI = s and L + L = 1. Denoting
X, 0y

As = B, we get

|F(X+iy)|pS| |y,-|26,~, i=1,2,---,n

Viya: Yl

Now we start to compute F(z):

1 o !
F(Z) = (27.”‘)n<ZDtgm m>

lal<j

1 . 1
= (27i)" Z f ga(t)DZ(H?:](ti _ Zi))dt

< j

= ) DIF.(),

o< j

1 8a(1)
Fo(2) = i)y f T —zi)dt'

In view of lemma 3.1 and Remark 3.3, we have

where

Fo(2) € H (Tr).
This completes the proof of Theorem 3.5. m|

Corollary 3.6. Let 1 < p < 2. Assume that j is a nonnegative integer and F,(z) € H?(Trt). We denote

F() = ) DF,(2),

lol<j

then there exists f(x) € D;,(R") such that

1
F(z) = r )n<f() m>,

where « is a multi-index notation and I is an open convex cone.
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