QFE, 10(1): 130-161.
, DOI: 10.3934/QFE.2026007
M% Received: 25 July 2025
Revised: 06 November 2025
Accepted: 03 December 2025
https://www.aimspress.com/journal/QFE Published: 13 March 2026

4

@Pﬁ

)

Research article

Immunization of bond portfolios: A new general framework

Alberto Bueno-Guerrero', Manuel Moreno>*and Javier F. Navas®

! Department of Economics, IES Francisco Ayala, Avda. Francisco Ayala, s/n, 18014 Granada, Spain

2 Department of Economic Analysis and Finance, University of Castilla-La Mancha, Cobertizo San
Pedro Matrtir s/n, 45071 Toledo, Spain

3 Department of Financial Economics and Accounting, Universidad Pablo de Olavide, Ctra. de Utrera,
Km. 1, 41013 Sevilla, Spain

* Correspondence: Email: manuel.moreno@uclm.es; Tel: +34925268800.

Abstract: We present a new general setting for the classical immunization problem under which we
recover and generalize many of the results in the literature related to immunization of bond portfolios.
We also propose a new duration vector adapted to our framework that allows us to obtain immunized
portfolios by duration matching. We introduce the concept of second-best portfolio that is the portfolio
that produces the minimum loss in the worst-case scenario. We obtain explicit expressions for this class
of portfolios when short positions are allowed or forbidden. We also show that, when immunization
cannot be achieved, the second-best portfolio is the closest to the duration matching situation. Finally,
we carry out a numerical illustration of our theoretical results, showing the effectiveness of the duration
measures and the second-best portfolios.
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1. Introduction

Duration is a key concept in the management of interest rate risk in bond portfolios. Macaulay
(1938) defined the duration as a time-weighted average of a stream of known fixed payments, and Hicks
(1939) interpreted it as a measure of interest rate risk. He showed that for a given (infinitesimal) change
in interest rates, the percentage change in asset value is proportional to its Macaulay duration. This
result was re-obtained by other authors (Samuelson (1945), Redington (1952)) but in all cases, the result
is only valid if the entire yield curve undergoes a uniform additive displacement (Ingersoll et al. (1978)).
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In subsequent papers, this idea has been extended to different types of duration measures associated with
specific interest rate shifts (Bierwag (1977), Chambers et al. (1988), Diebold et al. (2006)). Duration
can also be used to immunize a portfolio of bonds, that is, to find a portfolio that does not lose value at
some predetermined time interval. Fisher and Weil (1971) were the first to relate immunization with
duration: If all forward interest rates change by the same amount, then a portfolio is immunized if its
duration is equal to the length of the holding period. Among the most recent works in this field, we can
mention Jacoby (2003), which presented a new risk-adjusted duration for defaultable bonds, Ortobelli
et al. (2018), which introduced a new duration-convexity risk measure that leads to the concept of
average immunization, and Afik et al. (2022), which provided a review on duration analysis with special
emphasis on applications.

The literature addressing the uses of duration mentioned before (measuring interest rate risk and
immunizing bond portfolios) under general interest rate shifts is scarce. Balbas and Ibafiez (1998) and
Balbas and Romera (2007) obtained important results working with Banach spaces, although they did
not obtain concrete results on duration measures. In a more recent study, Lapshin (2019) developed a
non-parametric approach to hedge a bond-like obligation with respect to changes in interest rates using
a bond portfolio. Despite its non-parametric nature, this model is not completely general since the term
structure of interest rates is estimated via a smoothing spline approach from the same set of bonds that
is used for hedging.

On the other hand, an important line of research in this area has proposed the use of certain
immunization risk (dispersion) measures and has obtained the immunized portfolios by minimizing
these measures. Nawalkha and Chambers (1996) introduced the so-called M-Absolute measure and
immunized bond portfolios by minimizing this measure through simple linear programming. Balbés and
Ibaiez (1998) proposed the immunization strategy of selecting the portfolio that minimizes a dispersion
measure (N) from among the duration matching portfolios using the Macaulay duration. Minimization
is carried out by evaluating the measure N for each portfolio. Balbs et al. (2002) extended the measures
N and M? of Fong and Vasicek (1984) to a set of measures, M", with n > 0, empirically selecting the
most appropriate values of n. These models do not impose restrictions on shifts in the term structure,
but they lack certain desirable features of duration models, such as measuring portfolio sensitivity to
specific interest rate shocks or achieving immunization based on duration matching. Nawalkha et al.
(2003) extended this type of models to include polynomial-based vector measures, but the degree of
these polynomials must be empirically determined.

Jointly with the previous papers, several studies have empirically analyzed different topics related
to the management of interest rate risk. For instance, Bravo and Da Silva (2006) assessed the relative
immunization performance of the M-vector model proposed in Nawalkha and Chambers (1997) using
data for the Portuguese government debt market. Yan et al. (2009) empirically analyzed the effects
of default risk, call risk, and the interactions between these risk factors on bond durations. Oliveira
et al. (2014) compared the efficiency of traditional and stochastic interest rate risk measures under
one-, two-, and three-factor term structure models, and for different immunization periods. Afik et al.
(2018) presented a two-factor duration model that accounts for both foreign interest rate and exchange
rate exposures. In a similar way, Fooladi et al. (2021) considered two duration measures (real and
expected-inflation durations) that quantify the sensitivity of an asset value with respect to changes in,
respectively, the real interest rate and expected inflation rate. All the studies discussed up to now have
focused on duration as a measure of (first-order) interest rate risk and a hedging tool. An exception is

Quantitative Finance and Economics Volume 10, Issue 1, 130-161.



132

Zhu et al. (2018) which incorporated convexity in bond portfolio immunization using a multi-factor
model and reformulated the corresponding problems as tractable semi-definite programs.

In recent years, infinite-dimensional models of the dynamics of the term structure of interest rates
(TSIR) have been developed based on the idea that the forward curve can be affected by an infinite
number of (orthogonal) shocks.! However, these infinite-dimensional models have not paid attention to
the immunization of bond portfolios. To the best of our knowledge, the only paper addressing this issue
under a Hilbert space framework is Balbds, Montagut, and Pérez-Fructuoso (2004), which has served as
inspiration for the overall approach of the present paper.

The main objective of this paper is to propose a new infinite-dimensional framework for the
immunization of bond portfolios. In this framework, we study immunization against an infinite number
of term structure shifts, we generalize previously established properties of duration to a new (infinite-
dimensional) duration vector, and we obtain important new results.

This paper is organized as follows. Section 2 presents our immunization framework. The Gateaux
differentiability of the generalized portfolio value allows us to obtain the first general results on
immunized and maxmin portfolios. We also obtain the direction of maximum decrease of the portfolio’s
value (the Direction X in Bowden (1997)). We introduce the new concept of factorial duration, which
allows us to generalize the traditional duration and the result of Hicks (1939) to our infinite-dimensional
framework. In the case of real-world portfolios, we show how factorial durations generalize many of the
durations previously defined in the literature, and we state our main theorem on immunization. We also
present a particular framework for immunization against a finite number of sources of risk.

Section 3 studies the case in which we cannot immunize against a finite number of sources of risk
and we want to obtain a second-best portfolio, i.e., the one closest to the matched duration. We provide
analytical expressions (when short positions are allowed or forbidden) for the second-best portfolio by
solving a linear constrained optimization problem. Section 4 provides a numerical illustration of the
theoretical results obtained in previous sections, showing the effectiveness of our factorial durations and
second-best portfolios. Finally, Section 5 summarizes the main conclusions.

2. Immunized portfolios

This section obtains the classical immunization theorems (Fisher and Weil (1971), Bierwag and
Kaufman (1977), and Khang (1979)) within the infinite-dimensional framework. The role played in
these theorems by the different types of term structure shifts will now be assumed by elements of an
orthonormal basis of a functional Hilbert space.

Assumption 2.1. The forward curves in the Musiela (1993) parameterization belong to C' (I) N H (I),
where I is the set of times to maturity, with I = [0,6] or I = R*, C'(I) is the set of continuously
differentiable functions on I, and H (I) is some Hilbert space of functions defined on I.

By this assumption, given an orthonormal basis {¢;};., of H (I), with ¢, € C'(D,k=1,2,... we
can write the instantaneous forward interest rate in the Musiela parameterization as

o) = Zuk (1) ¢ (x) (1)
k=1

'See, for example, Kennedy (1994), Goldstein (2000), Santa-Clara and Sornette (2001), and Bueno-Guerrero et al. (2015).
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and the price of a bond maturing at T as

T—t

P (t’ T;ﬂz) = exXp (_ Z/Jk (t) ¢k (X) dx] (2)

k=1 0

where g (£) = (¢, f (5 1,)) ) and g, = {ue (D)2, € . The forward curve (and therefore the bond
prices) is completely determined, for each 7, by y, € I>. However, not every y € [> generates forward
curves in C' (I) N H (I). For this reason, we have to restrict our analysis to those admissible parameters
in the sense of the next definition.

Definition 2.2. A vector y € I? is admissible if f (-;y) given by (1) belongs to C' (I) N H (I). We set
A= {'y el yis admissible}.

The next result, whose proof is straightforward, contains some fundamental properties of the set ‘A.

Proposition 2.3. The following statements hold:

i)0eA.

ii) e, € A, k=1,2,..., where e is the k-th element of the usual orthonormal basis of I°.
i) If fryse oo opt, € A, then Y0 aiu;, € Afora; R, i=1,...,n
iv) Ais a convex subset of I.

Remark 2.4. In general, property iii) in this proposition is not true for infinite linear combinations
because we cannot guarantee that the functions obtained are continuous.

We consider a filtered complete probability space (Q, ¥, F, P) satisfying the usual hypotheses.?

We also assume that ¥ = F, where Y denotes the finite time horizon for trading zero-coupon
bonds. Concrete details on the filtration F = (7)o, Will be specified later.

To maintain the analysis as general as possible, we adapt the definitions in Bjork et al. (1997) for
distribution-valued portfolios to our framework.

Definition 2.5. A bond portfolio is given by a distribution-valued process h(t,-) that satisfies:

i) For each w and t, h(w,t,") is a generalized function in (t, o).
ii) For each T, the process h(t,T) is predictable.’

This definition is a generalization of the usual definition of bond portfolio that allows us to consider
the existence of a continuum of bond maturities, a common feature in infinite-dimensional term structure
models. The use of generalized functions allows us to recover the case of real-world portfolios by using
Dirac deltas, as we will see later. The intuition behind this definition is that 4 (¢, T) dT is the number of
bonds with maturities between 7 and T + dT that are held in the portfolio at time .

Definition 2.6. The value process, V, of a bond portfolio h is defined as

Vt:f ht, T)P(t,T;pu,)dT.
t

2According to Protter (2005), a filtered probability space (Q, F,F = (F)g<<r » P) is said to satisfy the usual hypotheses if: a) Fy
contains all the P-null sets of ¥ and b) ¥, = N, %, forall t with0 < ¢ < T.
*Note that, as usual, we are identifying distributions with generalized functions.
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Note that a real-world portfolio composed of ¢; € R bonds with maturities 7;, i = 1,...,n, can be
obtained within this framework simply by taking 4 (¢, T) = i, ;6 (T — T;), where ¢ is the Dirac delta.

Following Prisman and Shores (1988), suppose that the term structure remains in the initial
admissible state g, from time 0 to time ¢, in which an investor spends C to buy the portfolio 4 (¢, T'). The
wealth constraint of the investor can be written as

fwh(;, T)P(t,T;p,)dT = C. 3)

Extending the definition of Balbds and Ibafiez (1998) to our infinite-dimensional portfolios, we present
the following definition.

Definition 2.7. A portfolio h(t,-) is feasible if it satisfies condition (3). We will call F the set of feasible
portfolios.

We will assume that immediately after time 7, an admissible shock A = {A;};2, moves the forward
curve to the (admissible) state y, = p, + A and this curve remains in g, until a certain time H. Just after
the shock, the investor would expect the value of the portfolio 4 at time H, as a function of the shift A,
to be

L(h,A) = P' (t, H;puy + A) foo h(t,T)P(t,T;u, +A)dT. 4)
From now on, we will work with the functional L, (tieﬁned for each portfolio & by
L, AcP—R (5)
L, (A) = L(hA).
The next proposition states a fundamental property of L, that will be used later.

Proposition 2.8. L, is twice Gateaux differentiable for each portfolio h, with Gateaux differentials
given, for any l,m € A, by

00 H—t
6Ly (A;D) = P7' (t, Hy o + A)f h(T) [Zk_l Iy or (x) dx] P(t,T;puy+A)dT (6)
t - x=T—t
and
) 0o H—t
52Lh(A;l;m) = p! (t,HQHo"‘A)f h(t,T)[Z‘ [; </)j(x)dx]
t =1 x=T—t
. H—t
X Zkzl my f L (x) dx] P(t,T;p, +A)dT. 7)
Proof. See the Appendix. .

As a first application of Proposition 2.8, we obtain the Direction X of Bowden (1997) in our
framework.

Proposition 2.9. The direction of maximum decrease of portfolio value from L (h,0) is X = —m/ ||m||p,
where
~ o P(t,T: o)
my = h(t,T) O () dx| ———=dT, k=1,2,.... (8)
1 x=T—1 P(t,H; u,)
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Proof. See the Appendix. .

Consider the vector aX with @ > 0, i.e., a shift in the direction X of magnitude @. Then, the
maximum loss in the portfolio value per unit of shift is given, to first order, by

L@ - Ly @X) _ 6L, 0;0X)| _
a

|| . 9)

Before stating the main results, we define the different types of immunization that we will consider.

Definition 2.10. A portfolio h is

o Locally immunized if there is an open sphere N C I? containing 0 such that L;, (0) < L, (A) for all
AeANN.
o Globally immunized if L, (0) < L, (A) for all A € A.

The portfolio h is a maxmin portfolio if it solves the program

max min L (h; A). (10)
heF  AeA
The definitions of locally and globally immunized portfolios correspond to local and global minima
of functionals. A locally immunized portfolio is protected only against interest rate shifts near zero (in
the I? sense) while globally immunized portfolios are protected against any kind of admissible term
structure shifts. A portfolio is maxmin if it guarantees the maximum value of the portfolio at the horizon
with the initial wealth constraint given the worst interest rate shift.
From the previous definition it is immediately clear that if / is a (locally or globally) immunized
portfolio, then the portfolio @k with @ > 0 is also immunized. Thus, we have the following geometric
interpretation.

Proposition 2.11. The set of all immunized portfolios is a cone containing the origin.

The following result was first obtained by Bierwag and Khang (1979) for parallel shifts and, later,
by Balbds and Ibafiez (1998) in a very general framework. We adapt their proof to our model.

Proposition 2.12. A feasible and globally immunized portfolio h* is a maxmin portfolio.
Proof. See the Appendix. .
Proposition 2.13. A necessary condition for a portfolio h to be locally immunized is
oo H-t
I h(t,T)( . ¢j(x)dx)P(t,T;u0)dT =0, j=12,.... (11)
Proof. See the Appendix. .

Note that, for feasible portfolios, a simple way for condition (11) to hold is to take h(z,7) =
cp! (t, H;py) 6 (T — H), that is, to have only one bond with maturity H in such portfolios.

In an analogous way to Fisher and Weil (1971), Bierwag and Kaufman (1977), Khang (1979), or
Prisman and Shores (1988), we can obtain a duration matching strategy equivalent to condition (11). To
this end, we need to define a new concept of duration that generalizes some of the previous approaches.
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Definition 2.14. The factorial duration DV (1), associated to the j-th factor ¢;, is defined as

00 T—t
f‘MLD( @umﬁP@Tm@ﬂ*
t 0

DY (1) = = (12)
f h(t,T)P(t,T;u,)dT
t
From the previous definition and (11), it is trivial to obtain the following result.
Corollary 2.15. A necessary condition for a portfolio to be locally immunized is
. H—t
DY (1) = ¢;()dx, j=1,2,.... (13)

0

Note that if a portfolio is locally immunized, then, by expression (13), we have X = 0 and the
portfolio does not lose value in any case.
The factorial durations just defined have two important properties:

1. These durations are not measured in time units except in a particular case that will be seen later. To

. . ) d(j)(t)
show this, we must define the durations d'/ (¢) by f

,  ¢i(0dx= DY (¢) with the immunization
condition d (f) = H —t, j = 1,.... The problem with this approach is that for d"’ () to be well
defined, it is necessary that ¢, # 0, j = 1,2,... (see Example 1 below). A similar problem appears
with the stochastic duration measure defined in Munk (1999).

2. These durations measure the sensitivity of portfolio prices to changes in the respective factors.
This is a property shared with other durations previously defined (Chambers et al. (1988), Diebold

et al. (2006), Moreno (2007)).
Using equations (4) to (6) and (12), we obtain the following result.

Proposition 2.16. [t is satisfied that

oLy, (0; ej) H—t

—— = . ) .
Lo ) $W@d=DR®.j=12...

The desired property is an immediate consequence of this proposition.

Corollary 2.17. The following relation holds:

oLy (0; e.,-)

DY = —
@ L, )

L j=1,2,.... (14)

H=t

2.1. Finite-dimensional portfolios

In this subsection, we leave the general case and work with real-world portfolios. We assume that
h(t,T)=Y",q06(T —T;) and we will refer to this finite-dimensional portfolio by ¢ = (q1,...,g,). We
start by showing that, for finite-dimensional portfolios, our factorial durations generalize some of the
most important duration measures in the literature.

Quantitative Finance and Economics Volume 10, Issue 1, 130-161.



137

Example 1. If we take I = [0, 6], H (I) = L* ([0, 8]), and ¢, (x) = 1, Vx € [0, 8], we have

E qi (T; — 1) P(t, T;; )
(1) _ i=1
D, (1) =

Z q:P(t, Ty py)
i=1

which is the traditional duration.

Note that in this particular case, DY (1) = dV(t) has dimensions of a time to maturity and the
immunization condition for j = 1 is D(T])(t) = H —t. This is the immunization result in Fisher and Weil
(1971) and, under our framework, it is only the first-order condition.

We also have that {qﬁ j}j':l can be obtained from simple polynomials {1, x,x2, .. } by the Gram-
Schmidt orthonormalization procedure, and so, they will be linear combinations of this set of polynomials.
In this case, the factorial durations DY (t) can be seen as a generalization of those defined by Chambers
et al. (1988), Prisman and Shores (1988), and Soto (2001 ) for simple polynomials as factors. The main
difference between the two approaches is that the polynomial factors in these three articles are not
orthogonal in any sense, while in our case \¢; ;:1 is an orthonormal set in L? ([0, 6]).

Example 2. Taking I = R*, H (I) as the weighted Lebesgue space L, (R*), with weight p (x) = e*™"",
O0<7< % (see Bueno-Guerrero et al. (2016)), and ¢, (x) = e™™, VYx € R*, we obtain

Zn: qi (1 - €_T(Ti_t)) P (t, T,, l,lo)
D(]) (I) — i=1

T aiP (4T o)
i=1
In this case, we can uniquely determine dV (t) as

> P (4, T )

i=1

dV (1) = S .
T

Z qiP (t, Ti; py)

i=1

which is the stochastic duration obtained in Munk (1999) for the Hull and White (1990) (extended
Vasicek) model.

2.2. Immunization and arbitrage opportunities

Ingersoll et al. (1978) were the first to study the relationship between the existence of an immunized
portfolio and arbitrage opportunities. More concretely, with only long positions allowed and under
parallel shifts in the term structure, the immunized portfolio is a dominant portfolio (Merton (1973)).
Prisman and Shores (1988) solved this problem, showing that complete immunization can be achieved
without arbitrage opportunities by a portfolio composed of just one zero-coupon bond maturing at time
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H, when changes in the term structure are given by polynomials of degree not less than two. Apart from
the restrictive condition on the composition of the portfolio, the proof of their result depends strongly on
the choice of simple polynomials as factors and cannot be extended to a more general framework like
the one we present here. Balbas and Ibanez (1998) solved the problem by assuming that an immunized
portfolio does not exist, which preserves the arbitrage-free character of the model.

In our case, and with real-world portfolios, we have the following result.

Theorem 2.18. If only long positions are allowed, then the following statements are equivalent:

i) q" is a globally immunized portfolio.
ii) There exists a bond in q* with maturity T ; such that

P(t.T;A) 2 P(t,H:A), ¥V A € A (15)

iii) q* satisfies (11).

If q* is also a feasible portfolio, then it is a maxmin immunized portfolio. In this case, there exist
arbitrage opportunities.

Proof. See the Appendix. .

The equivalence between i) and ii) in Theorem 2.18 was proved in Balbas and Ibafiez (1998) for
the case in which ¢* is a feasible portfolio. In this case condition ii) of the theorem is equivalent to the
so-called weak immunization condition, i.e., the existence of a bond in the portfolio whose return is at
least equal to the return of the bond maturing at H.

As an easy consequence of Theorem 2.18, we have the following.

Corollary 2.19. With only long positions, any portfolio is globally immunized at the horizons given by
the maturities of the bonds that compose it.

2.3. Partial immunization

With only long positions and without arbitrage opportunities, feasible and globally immunized
portfolios do not exist (see Theorem 2.18). Then we have to restrict our analysis to immunization
against some of the infinite factors that we are working with. It is not difficult to show that if we match
some durations in condition (13), then we have immunization against the matched factors. But at this
point, we need more information on which are the most important factors to immunize against. To
address this problem, we must review some results of Bueno-Guerrero et al. (2016, 2022).

For these authors, the source of randomness is the infinite-dimensional stochastic process (random
field) Z (¢, x, w) (the stochastic string process), consisting of a continuum of adapted stochastic processes
Z (., x, w) indexed by the time to maturity. In more detail, we have

Z: A*’xQ —> R
t,x,w) - Z(tx w)

where A? = {(t, X)ER*:0<I<T, x> O}. For simplicity, we drop the dependence on w. It is assumed
that the process Z satisfies the following properties:
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a) For each x > 0, the stochastic process Z (., x) is a continuous martingale.
b) For each ¢ € [0, T], the stochastic process Z (¢, .) is continuous and differentiable.
c¢) For each x,y > 0, we have
dZ(,x),Z(, )], =ctxy)dt (16)
where, for each ¢, ¢ (1, x, y) is a continuous, differentiable, and admissible* correlation function.

For each fixed time to maturity x > 0, the dynamics of the instantaneous forward interest rate
f (t, x) is given by
df (t,x) = a(t,x)dt + o (t,x)dZ (t, x)
where, for each ¢, @ (¢,.) and o (¢,.) > 0 are continuous and differentiable adapted stochastic processes
and, for each x, a(.,x) and o (., x) > 0 are continuous adapted stochastic processes. The filtration
Fi=0{Z(s,x):0<s<t, x>0}, t <7, reflects the available information.
In this setting, the no-arbitrage condition reads as follows:

UL + fot (x,y)dyf
8)6' 0

where R, (x,y) is the instantaneous conditional covariance between the shocks to the forward curve

covldf (t,x),df (t,y)]
dt '

Considering the weighted Lebesgue space Lf, (RY), for each t € [0, Y], they define the operator’

a(t,x) =

Rt (X,)’) =

Ly : Ly (R") — L3 (RY)
[%ﬂw:f&mwmwwﬁ.
R+

Assuming that R, is a Hilbert-Schmidt kernel in Li(R*), it is shown that

R(6y) = > Aigei () 1 (3)
i=1

where {,,};, are the (positive) eigenvalues of Lg,, with A,; > A1, and {g,,},-, are its respective
eigenfunctions, orthonormal in Lf, (R*). Moreover, the following equalities are proven:

(X)) = Y gl (x)
i=1

oo
Z /1[’1' < (S o
i=1

Therefore, each eigenvector g,; explains a proportion A,; of the “total weighted variance” in the forward
curve, )0, 4,;. Thus, we can interpret this analysis as an infinite-dimensional principal component
analysis of the forward curve.

For the remainder of the subsection, we assume the following.

fm p(x) o’ (t,x)dx

=0

“It means that for each ¢, c (¢, -,-) is positive semi-definite, symmetric, and satisfies |c (¢, x,y)] < 1 and c(t,x,x) = 1, Yx,y > 0
(Santa-Clara and Sornette, 2001).

3As noted by Bueno-Guerrero et al. (2016), all the results in this framework can be established working on L2 (R*). So, in the
following, we can include in the analysis the case p (x) = 1, Yx e R".
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Assumption 2.20. Our base Hilbert space is H (I) = L[27 (RY) and the set {g,;}.-, of eigenfunctions of
Lg, verifies:

i) {81}y is independent of time, i.e., g,; = g;, t € [0,Y], i € N.
i) g€ C'(RY), i=1,2,....

Under these conditions, we can take ¢; = g;, i = 1,2,...,n, and we are sure that if we immunize
against the first n factors, we are immunized against the major sources of risk of the forward curve,
because A;; > A,;41 > 0.

Definition 2.21. We define ‘A, as the subset of A formed by linear combinations of {ey,--- ,e,}, i.e.,

ﬂn:{”:(ﬂl5/125"')€ﬂ:ﬂn+l:/'ln+2:”.:0}'

Restricting our study to A,, we must rewrite Definition 2.10 in the following terms. Note that we
do not transpose the definition of local immunization because, in this subsection, we are considering
restrictions on short-selling.

Definition 2.22. The portfolio q is immunized against n factors if L, (0) < L, (A) for all A € A,.

Definition 2.23. The portfolio q is a maxmin portfolio with respect to n factors if it solves the program

rglean ?elg,ll L(g;A).

It is easy to check that all the results obtained previously can be translated into this n factor
framework just by replacing A by A, and j =1,2,...by j=1,...,n. The only exception is Theorem
2.18 in which the existence of a maxmin portfolio with respect to n factors does not imply the existence
of arbitrage opportunities.

If we want to work with real-world portfolios, i.e., finite-dimensional ones, we have the following
result. To the best of our knowledge, it is new in the literature.

Theorem 2.24. With only long positions allowed, there exists a finite-dimensional portfolio, q* =

(q’f, cees q,’;), immunized against n factors, if and only if the determinant of the matrix with elements
fTTftl_t ¢;(x)dx, i,j=1,...,n, T,y = H becomes null.

J
Proof. See the Appendix. .

This theorem tells us that immunization against some factors, if possible, can only be obtained at
some horizons that depend on the set of available maturities {7};_,. Concretely, as in Corollary 2.19, we
have the following result, which arises immediately from the theorem.

Corollary 2.25. If any of the maturities of the bonds in the portfolio coincide with H, then the portfolio
is immunized against any number of factors.

In Prisman and Shores (1988), this is the only way in which a portfolio can be immunized, and
only for portfolios with one bond and for polynomial factors with degree not less than two. As we
have just seen, this is not true in our framework. The only problem that can arise is when we want to
immunize against one factor, which is a function with no zeros.
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Proposition 2.26. If short positions are forbidden and ¢,(x) # 0, Vx € I, then we can immunize a bond
portfolio against one factor if and only if it includes just a bond maturing at H.

Proof. See the Appendix. .

1
a— n — 2

select the orthonormal set {qﬁ j}jzl with ¢ ;= e Ly (x), where L; are Laguerre polynomials, and

To put Theorem 2.24 in more operational terms, we take H (/) = LIZJT R with0 < 7 < = and

L,(x) = %ex% (e7*x™). This choice, corresponding to Example 2, generalizes many models and
verifies some important properties (see Bueno-Guerrero et al. (2016)). Unfortunately, the most we can
obtain with this set of factors is something similar to the result of Prisman and Shores (1988) previously

commented.®

Theorem 2.27. With only long positions allowed, there exists a finite-dimensional portfolio immunized
against the factors ¢,, ..., ¢,, if and only if the investor’s horizon coincides with one of the maturities of
the bonds in the portfolio.

Proof. See the Appendix. .
3. Second-best portfolios

If immunization cannot be achieved, it would be nice to have a second-best strategy to manage
possible losses in the portfolio. We will take a conservative approach and look for a portfolio that
produces the minimum loss in the worst-case scenario. Within our framework, this corresponds to

solving the program
. 16Ly (0; X))
min ———.

heF a (D
Proposition 3.1. Program (17) is equivalent to
min [|D - H]| (18)
where D = (D (), D®(1),...) and H = ( 1w, [ ¢ dx, . )
Proof. See the Appendix. .

Strategy (18) is an infinite-dimensional generalization of strategy C proposed in Prisman and
Shores (1988). As these authors point out, the minimum is zero if and only if the portfolio is immunized.
In any other case, the strategy (18) gives the minimum loss in portfolio value in the worst case. This
reasoning gives sense to the following definition.

Definition 3.2. The portfolio solution of (17) or (18) is defined as the second-best portfolio.

We want now to search for second-best portfolios in the real-world case, thus, we consider feasible
finite-dimensional portfolios and work in the partial immunization framework. We will obtain explicit
expressions for the second-best portfolios in the cases where short positions are allowed or forbidden.

®These results provide a theoretical support to Balbés et al. (2002) which found that the portfolio with best empirical performance is
the matching duration portfolio that minimizes the linear dispersion measure and that includes a maturity matching bond.
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In both instances, we solve constrained optimization problems, with equality constraints in the first
case and with equality and inequality constraints in the second.

To state the theorem when short positions are allowed, we need to consider the matrix £ with
elements

n H—1 H—t
L = Z[ Pi (X)dXH br (x)dx], Lj=1,...,n. (19)

k=1 T;—t Tj—t
Theorem 3.3. Suppose that || # 0 and that there is no portfolio solution of

H—t

Z GP (1 Tim) | ¢u0dx =0, k=1,. (20)

Ti—t

Consider the program

min|[D"” - H" 21
q<F
with D = (D0 (@),..... D" (0) and H? = ([ g ) dx, ... [ 62 (00 ),
The solution of this program is the portfolio q = (q,, ..., q,), with
CIl%;
ai_ | |n s :17'~"n, (22)
P (. Tiiptg) T [2))
where ¥; is the matrix obtained replacing the i-th column of the matrix X by a column of ones.
Proof. See the Appendix. .
If short positions are forbidden, we must use the matrices ® = (CD,-.,-), i,j=1,...,n-1, and
6 = ((D,‘j), Q= (Qij) , l,] = 1, R (B where
Tiv1—t
®; = f ¢i(x)dx, T, =H,
Ti—t
H-t
Qij = ¢i (X) dx.
Tj-t
Theorem 3.4. Consider the matrices @/, j = 1,. -1, obtamed by replacmg the j-th column of
@ by the column vector [ fT?_:t o, (x)dx, ... f ¢n x)dx|, D" = D, and (D the matrix obtained by
substituting the last row in ) by [Av, ..., Ail, where Aj; is the cofactor of the element (j, i) of the

matrix Q. Consider the program
min ||D(") H"|.

qgeF
qi=0

(23)

Then, with only long positions allowed, if there is no portfolio solution of (20), the n-bond portfolio

solution of this program exists lf‘al‘ >0,i=1,...,n and is given by
clo]|
q; = - —. (24)
P (1, T o) Xy 1]
Proof. See the Appendix. .
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4. Numerical implementation

In this section we numerically illustrate our results on factorial durations and second-best portfolios.
To this end we consider the Hilbert space referred to in Example 2, namely, the weighted Lebesgue
space L7 (R*) with weight p;(x) = ¢?*, 0 < 7 < 1, and the orthonormal basis {¢ j}jzl’ with
% = e ™L;_; (x), where L; are the Laguerre polynomials. Note that {5 j}; satisfies the conditions in
Assumption 2.20. Moreover, the first two vectors ¢, and ¢, span a subset of curves of the Nelson and
Siegel (1987) (NS) family, specifically, those curves without an independent term and with a constant
coeflicient in the exponent (Bueno-Guerrero et al. (2016)).” The NS family is widely used for term
structure estimation and is able to produce different shapes. We will work with the first three vectors

(factors) of {5 j}:;, which are

51 (x) e*‘rx
&, (x) e (=x+1)

53 (x) = %e‘” (xz —4x + 2) .

Note that these three factors can be assimilated to the (exponentially smoothed) level, slope, and
curvature factors of Litterman and Scheikman (1991), which according to these authors, explain 98.4%
of the changes in the yield curve.
By (1) and (2), the instantaneous forward interest rates and the corresponding bond prices are given
by
FOop) = pn (0 ¢y (0) + 2 () ) (%) + w3 (1) $5 (x)
and

P(t,T;p,) =exp{—p1 (O F1 (T =) =y ) Fo (T — 1) — 3 (1) F3 (T = 1)} (25)

where the functions F;, i = 1,2, 3, are given by

* 1
PG = [ etd=-t@ - 26)
0 T
o 1 _ 1-7, _
Fr(x) = eV (=y+ Ddy=—-xe™ + —; (e7™=1) 27
0 T T
I _,
Fi(x) = Efe }(y2—4y+2)dy
0
f1r,  4-2 _ 200-4r+2
= 5[—;xze + = xe —T(e -1)]. (28)

We assume that at time ¢ = 0, there are available zero-coupon bonds with maturities 1.5, 2.5, 4, and 6
years. Following Diebold and Li (2006), we also assume that 7 = 0.0609.8

"The absence of an independent term is not a problem here because for small values of 7, the first vector ¢, = ¢™ can be considered
almost constant for short maturities. The constant value of 7 is not a problem either, since it is usually considered fixed in works related to
the NS family (see Bueno-Guerrero et al. (2016) and references therein).

8Diebold and Li (2006) obtained this value of T maximizing the loading of the curvature factor.

Quantitative Finance and Economics Volume 10, Issue 1, 130-161.



144

4.1. Duration measures

To assess the effectiveness of factorial durations measuring the risk associated to different shocks
to the term structure, we consider, at time ¢ = 0, three different portfolios: equally weighted (EQ), bullet
(BU), and barbell (BA), determined by the weights

qEQ = (la 15 19 l)a QBU = (0a0’272)a qBA = (2509()’2)’

where the components indicate the number of bonds that mature in, respectively, 1.5, 2.5, 4, and 6 years.

We assume that, at time ¢ = 0, the forward curve is determined by the vector u, = (0.05, 0, 0),
corresponding to the initial forward curve f; (x; ) = 0.05¢7™*. We also assume that, at time 7 = 1, the
initial forward curve suffers a shock A, remaining in the state g, = p, + A from that moment on. We
consider three different scenarios for this shock: a parallel displacement (p), a change in the slope (s),
and a change in the curvature (c). The corresponding shocks are determined by

A, =(0.05,0,0), A, = (0,0.005,0), A, = (0,0,0.005)
with the associated forward curves

fr(epy) = 0.1e™
fi(ep) = 0.05¢™ +0.005¢ ™ (—x + 1)
folxip) = 0.05¢7™ +0.0025¢ (x* - 4x +2).

Figure 1 presents the forward curve at time ¢ = 0 and the three forward curves at time ¢ = 1 considering
the different scenarios for the shock. The continuous blue line indicates the initial forward curve while
the curves at time ¢ = 1 correspond, respectively, to the parallel displacement (orange, dashed line),
change in the slope (green, dotted-dashed), and change in the curvature (red, dotted).

Figure 1. Forward curves at times t = 0 and ¢t = 1.

From expression (25), we can obtain now the prices at time ¢ = 1 (just before the shock) of the
bonds maturing in 1.5, 2.5, 4, and 6 years as

P(1,1.5;u4,) = 0.9757, P(1,2.5;u,) = 0.9308, P(1,4;p,) =0.8719, P(1,6;u,) = 0.8061.
Hence, we can obtain the initial value of the different bond portfolios at time ¢ = 1, before the shock:

Vig =3.5845, VI =3.356, V) = 3.5636.
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For each of these portfolios, we calculate at t = 1, four duration measures: the traditional duration of
Example 1, D(Tl) (1), and the three factorial durations D (), i = 1,2, 3, associated to each of the factors
¢, b, and ¢5. The measure D'V (¢) is given explicitly in Example 2, and D®(¢) and D®)(¢) are given by

2im i (T; = 6 P(t, Ty po)
2iimy qiP (8, T po) ’

Y qiFs (T — 1) P(t, T o)
Y1 qiP (8, T po)

D? () =

D(3) (1) =

Table 1 shows the values at # = 1 of the four duration measures for the three portfolios.

Table 1. Values at r = 1 of the four duration measures for equally weighted (EQ), bullet (BU),
and barbell (BA) portfolios.

Portfolio DY (1) DY (1) D (1) D® (1)
EQ 2.3798 2.1426 ~1.4363 ~0.1830
BU 3.9608 3.4954 ~3.4912 ~0.4586
BA 2.5359 2.2198 ~2.4756 0.3544

We assess now the performance of the different durations measuring the changes of portfolio values.
To this aim, we compute the portfolio values, after the shocks, for the different scenarios. To focus on
the effect of the shocks, we obtain the portfolio values at the same time, ¢ = 1, but after the shock, with
the bond prices P (¢, T;; ;). Doing so, we do not need to include the discount factor P~! (¢, H; u, + A)
of expression (4).

Table 2 provides the bond prices under the three possible shocks: parallel displacement (u, =
Ho + A,), changes in the slope (u; = p, + Ay), and changes in the curvature (u; = y, + A.).

Table 2. Bond prices under the three possible shocks under analysis.

Bond price Parallel displacement Change in slope Change in curvature
P(1,1.5;u,) 0.9519 0.9739 0.9744
P(1,2.5; 1) 0.8664 0.9291 0.9316
P(1,4;u,) 0.7602 0.8773 0.8776
P(1,6;u,) 0.6498 0.8303 0.8043

Table 3 reports the portfolio values at ¢ = 1, with the new bond prices under the different scenarios.

Table 3. Portfolio values at # = 1 under the three possible shocks.

Portfolio Parallel displacement Change in slope Change in curvature
EQ 3.2284 3.6106 3.5878
BU 2.8200 3.4154 3.3637
BA 3.2036 3.6084 3.5573
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To see if the durations obtained capture the effect of the shocks, we need to rewrite equation (14)
with finite increments. Taking into account the definition of the Gateaux differential, we have

ij} -Vio

)

.1
6Ly (0:¢,) = lim - |1 (0 + ae) - L, (0)] =
where j = p, s, or ¢ depending on the shock considered, and a'” = 0.05, a® = o'” = 0.005. Therefore,
we can express equation (14) for our purposes as
()
D(j) (t) ~ _Vl,f B Vl,O = =)
a(j) VI,O

where R can be considered as the opposite of the instantaneous return of a portfolio, due to the shock
J» and adjusted for finiteness.

Table 4 presents the values of 1_3(1), Jj=p, s, c, for the different portfolios and scenarios.

=W . . . .
Table 4. Values of R for the different portfolios and alternative scenarios.
2 =) —©

Portfolio R R R
EQ 1.9869 —1.4563 -0.1841
BU 3.1943 —3.5400 —0.4589
BA 2.0204 -2.5143 0.3536

Comparing Tables 1 and 4, we see that the instantaneous returns for parallel displacements are well
captured by D(Tl) (1) and DV (1) for all the portfolios, although the results are better for the factorial
duration DV (1). On the other hand, we can see that the returns associated to the changes in slope,

E(S), and curvature, I_Q(c), are also well captured by the factorial durations D® (1) and D (1) for all
the portfolios considered. Nevertheless, the first-order factorial durations D(T]) (1) and DV (1) cannot
provide information about the impact on the portfolio of shocks associated to higher-order factors (s or
¢). Therefore, the use of durations associated to first-order factors, such as D(Tl) and DV, does not help
to assess the risk derived from higher-order shocks, hence the importance of considering higher-order
factorial durations in the risk management of bond portfolios.

4.2. Second-best portfolios

We use now the numerical results presented in the previous subsection to test the effectiveness of
the second-best portfolios presented in Section 3 protecting the portfolio value under the worst scenarios.
With this aim, we obtain the second-best portfolios from expressions (24) and (22) and three more
portfolios, with different configurations, similar to the ones previously used. All the portfolios will
satisfy the same wealth constraint (3). Then, we find the worst shock for each portfolio (the direction X)
and identify the portfolio with the smallest loss in value under this shock at the final horizon H.

We assume that, at time # = 0, there exist three bonds with maturities 1.5, 4, and 6 years. We select
a time horizon H = 5 years, different from the available maturities, and a wealth constraint C = 3.5. We
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consider the same factors 51, i =1,2,3, of the previous subsection and assume the same initial forward

curve
Jo (x;po) = 0.05¢7™,

which provides the same prices at t = 1, before the shock:
P(1,1.5;u,) = 0.9757, P(1,4;p,) = 0.8719, P(1,6;u,) = 0.8061.

The matrix X of equation (19) is given by

3 H-t H-t
%, Z[ : ¢k(x)dxH t¢k(x)dx]

k=1 it Tj—

3
= Y [Fe(H =1~ F(Ti = 0[Fe (H = 0) = Fi (T - 1)

k=1
with Ty = 1.5, T, = 4, and T5; = 6 . Using expressions (26) to (28), we have, for t = 1,

X=| 9.6086 4.7352 -6.1835

-9.6083 -6.1835 10.3239

24.6336  9.6086 —9.6083‘

With this matrix and using (22), we can obtain the second-best portfolio with short positions allowed,
SB1, as
qsp = (—=0.7370,3.4905, 1.4586) .

We will compare the performance of this portfolio with that of the following portfolios, which are the
equivalent, with the wealth constraint C = 3.5, to the portfolios EQ, BU, and BA of subsection 4.1.

EQ: qzp=(1.3189,1.3189,1.3189),
BU:  qzz =(0,2.0858,2.0858),
BA:  qz; =(1.9643,0,1.9643).

Expression (8) can be written, with our finite-dimensional portfolios, as

3
;Cli[ .

i—t

H—t

P(t’ Ti;ﬂo)
P (1, H; o)

E
I

ér (%) dX]

1
P(t, H; py)

3
D @i [Fe(H = 1) = Fe(T;= D1 P (1, Tis rg)
i=1

™ and that P(t, H p,) = P(1,5; o) = 0.8374,

Considering that the direction X is given by X = — ]
my|,

we obtain

Xzo (=0.5996,0.6161,0.5108)
Xz (=0.0721, -0.3023,0.9505) ,
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Xz7 = (-0.6111,0.3613,0.7043),
Xsp = (0.7056,0.4453,0.5512).

Now we assume that each portfolio suffers, at # = 1, a shock in its direction X, with magnitude @. As
second-best portfolios are obtained solving the program (17), we consider shocks of small magnitude,
@ = 0.05. The introduction of these shocks leads to the bond prices P (1, T;; ), with g, = y, + aX,
which we present in Table 5, for each of the portfolios considered.

Table S. Values of bond prices for the different portfolios after the shocks in direction X.

Portfolio P(1,1.5;u,) P(l,4;u,) P(1,6;u,)
EQ 0.9812 1.0700 1.1784
BU 0.9705 0.9195 0.7325
BA 0.9746 1.0153 1.0070
SB1 0.9774 1.0237 1.0573

To obtain the expected value of the portfolios at H = 5, we need the prices P (1, 5; y,) for each of
the shocks, which are

P(1, s;y{TQ) = 1.1335, P(1,5; %) = 0.8538, P(1,5; %) = 1.0319, P(1,5;5®") = 1.0543.
Now, we can obtain the expected values by means of the finite-dimensional version of expression (4):
3
LA =P (t,H;p,) Z giP(t,Tip,) .
i=1
These expected values are the following:
LEC (h,aX"®) = 3.7579, LBV (h,aX®") = 4.0356, L4 (h,aX™) = 3.8680, L°"! (h,aX""') = 4.1687.

Taking into account that P (¢, H; u,) = P (1,5; py) = 0.8374 and that the wealth constraint is C = 3.5,
we have that the expected value under an absence of shocks for all the portfolios is given by

C
L(h,0)=————=41798.
P(1,5;p0)
Table 6 shows the expected losses, —W, for each portfolio. We can see that, as expected, the

second-best portfolio generates the lowest expected losses in the worst-case scenario.

Table 6. Expected losses for the different portfolios after the shocks in direction X.

EQ BU BA SB1
0.1009 0.0345 0.0746 0.2700

Next we will address the effectiveness of second-best portfolios in the case of short positions
forbidden, using expression (24). In this case, we will try to obtain the second-best portfolio, SB2,
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working with the same available bonds and horizon, and following the same procedure of the case with
short positions allowed. We start by computing the matrices ®, ®, and ®/. For i, j = 1,...,n, we have

H—t
®;; = p;x)dx=F;(Ty —t)-F;(T;—1), T,.n = H.

T;—t

Applying again expressions (26) to (28), we obtain

B 22494 -1.6158 -1.5750
® = | 1.5686 —4.6739 1.7664 |,
| -0.7604  2.6576 —1.6379

o - | 22494 -16158

~ | 1.5686 —4.6739 |’
o _ | 15750 16158

T | 17664 -4.6739 |’
o _ | 22494 -1.5750

~ | 15686 1.7664 |’
o _ | 22494 -16158

~ | 1.5686 —4.6739 |

Calculating the determinants of the matrices ®/, we obtain |(D3| < 0 and then, by Theorem 3.4,
it is impossible to obtain the second-best portfolio with short positions forbidden. We have analyzed
different maturities and horizon configurations and, when short positions are forbidden, we were unable
to obtain the second-best portfolio in any of the cases under consideration.

5. Conclusions

We have presented a general approach that covers from infinite-dimensional portfolios with
infinitely many risk factors to real-world portfolios with a finite number of risk sources. In this setting,
we have generalized classical concepts and important theoretical results on duration and immunization
previously found in the academic literature to our new infinite-dimensional framework, and we have
provided new relevant theoretical results.

Focusing on known results, we have obtained the concept analogous to Direction X of Bowden
(1997) and we have reobtained different traditional, polynomial, and stochastic durations as particular
cases of our general framework, with their associated immunization results. We have stated a theorem,
valid for the case of only long positions allowed, extending several results in the literature, which clarify
the relationship between locally and globally immunized portfolios, maxmin portfolios, and arbitrage
opportunities. Moreover, based on some ideas taken from the stochastic string modeling of interest rates,
we have introduced the so-called partial immunization framework, under which we have generalized the
very-well-known result that, with only long positions allowed, a bond portfolio can be immunized if and
only if the investor horizon coincides with one of the maturities of the bonds included in such a portfolio.

We have obtained new theoretical results. Among them, we can highlight a matching duration
strategy for immunized portfolios based on the new factorial durations, a result that relates these
durations to the sensitivity of portfolio value to shocks in the term structure of interest rates (measured
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by means of Gateaux differentials), and closed-form expressions for second-best portfolios, that is,
portfolios that produce the minimum loss in the worst-case scenario.

Finally, we have numerically illustrated our new results with finite-dimensional portfolios, showing
the performance of our duration measures in assessing the risk associated to different shocks and the
effectiveness of the second-best portfolios in hedging the portfolio value in the worst-case scenario. In this
way, we have shown that our results can be relevant for managing the interest rate risk in bond portfolios.

Two possible future directions for research that may arise from this paper are, on the one hand, to
explore the negative result that we have obtained for the second-best portfolios when short positions
are forbidden and, on the other hand, the applications of our results to the risk management of bond
portfolios in a real-world environment, considering the available coupon bonds.
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Appendix of Proofs

Proof of Proposition 2.8

We will only prove the first differential, since the proof is essentially the same for the second one.
Taking into account equations (4)—(5), the Gateaux differential of L, at A in the direction [/ is given by

SLy (A} D) = lim é [L, (A+al) — L, (A)]
00 H—t
=P (t, H; o + A)f h(,T) [Zk_l lkf P (%) dx] P(t,T;puy, +A)dT
t - x=T-t

where we have used the equalities P(t,T;uy+A+al) = P, T;uy+A)P(t,T;al) and
Pt o) PG Tsad) = exp{o 532, 0 )7 ¢ (0 dx. .

Proof of Proposition 2.9

Rewriting (6) as

— w0 - P, T; po)
oL, (0, l) = Zk:l lkftv h(t,T) [ L o (x) dx] de

and applying Holder’s inequality to the right-hand side, we obtain
D lamg < |l Nl (29)
k=1

If we take I = m/ ||m||2, both sides in (29) become equal, providing the direction of the maximum
increase in the portfolio value. Thus, X = —m/ ||m||. gives the direction of the maximum decrease. =

Proof of Proposition 2.12

Condition (3) implies that

min L (h,A) < L (h,0) = P ' (t,H;py,)C, Yh e F.

As h* is globally immunized, it is also satisfied that
min L (h*,A) = L(",0) = P (t,H; ) C.

Thus, h* solves program (10). .
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Proof of Proposition 2.13

Portfolio £ is locally immunized if the functional L, has a local minimum at 0. A necessary

condition for this is 6L, (0; I) = 0 for any I € A. Replacing this condition in (6), we obtain

00 s H—t
f h(1,T) (Z l; ; (x) dx]P(t, T:y)dT = 0.
! o I

If we take a fixed j € N and make [, = &;;, we have I = e}, the j-th vector of the usual basis of /* that
is an admissible vector by statement ii) of Proposition 2.3. Repeating the process for every j € N, we
obtain the desired result. .

Proof of Theorem 2.18

1) = ii)
By Definition 2.10 and expression (4), we have

n 0 H—t n o H—t
D, diexp [Z a1 (0) f ¢ (x) dx) < ) diexp [Z @ +A) | di(0) dx]
i=1 k=1 Ti-t i=1 k=1 Ti~t

for every A € A. Since both sums involve non-negative terms, there exists at leastone j € {1,...,n}
such that

) H—t 00 H—t
exp (Z w© [ oo dx] < exp [Z @+ [ oo dx).
k=1 it k=1 it

This inequality can be written in terms of bond prices as P (t, T, A) >P(t,H;A).
i) = 1)
It is not difficult to prove that condition (15) is equivalent to

P(t’ Tﬁﬂo)

I By

VAeA (30)
with V; (A) = exp (i (ux (0) + Ap) fTIj:; i (x) dx). Consider the sets
k=1

Pt,Ti;
AZ{G’ERHZCY,-SM '—1,...,n}

’ 1=
P(t,H; )

and
B={BeR':JA e AwithB; >2V;(A),i=1,...,n}.

Obviously, set A is convex and, using the convexity of V;, it is easy to show that B is also
convex. Moreover, by the definitions of A and B, and by (30), it is immediate to obtain that
A’ N B = @, where A° is the interior of A. Under these conditions, by the Eidelheit separation
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theorem (Luenberger, 1969), there is a closed hyperplane separating A and B, and therefore, there

exists g¢* such that
n n
PLEDI
i=1 i=1

* 0 _ P(t’ Tl’”()) _
forany @ € A, B € B, and ¢* # 0 because 0 € A”. If we take a; = m andB; = V;(A) + r;,
’ ;”O

withA € Aandr; >20,i=1,...,n, then

o L P(Tim) o .

G5 ~< ) 4 VilA)+r). (31)

; P (1, H; py) Z‘

Fixing j € {1,...,n} and taking r; — oo, it follows that ¢ > 0 because if we had ¢; < 0, the

right-hand side of (31) tends to —co in contradiction with the inequality. Since j is arbitrary, we
getqg; >0, i=1,...,n Finally, taking ; =0, i = 1,...,n,in (31), we obtain

Ly(0)<Ly(A), VAEA.
1) © iii)
With only long positions, by expression (7) we have that 62Lq A LD > 0,YA, Il € A, and therefore
L, is convex for each g. Moreover, L, is defined in a convex set by iv) of Proposition 2.3. Thus,
the necessary condition (11) for local extremes becomes also sufficient for a global minimum, q*.
If ¢* is also feasible, then Proposition 2.12 guarantees that ¢* is a maxmin immunized portfolio.
For the arbitrage possibilities, following Prisman and Shores (1988), we have that L(g*,0) =
CP'(t,H;u,). Thus, if no changes in interest rates occur, we will have C at time H. If any
admissible shift A in interest rates occurs, then L (g*,A) > L(g*,0) and, in this case, we will have
at least C at the horizon H. So, borrowing C now, investing it in the immunized portfolio, and
returning it at time H is a risk-less arbitrage strategy. .

Proof of Theorem 2.24

has nonzero solutions. This occurs if and only if det ( fT : ¢;(x) dx)

With only long positions, ¢* is immunized against n factors if and only if the equation

n H—t
Zqi( ¢j(x)dx)P(t,T,-;/.t0):O, j=1,2,...,m,

i=1 Ti-t

- = 0, and the proof is complete.

n
ij=1

i—

Proof of Proposition 2.26

To immunize the portfolio g against ¢, by (11), we have to impose

n H—t
Z qi ( ¢1 (%) dX) P(1,Ti; o) = 0.

i=1 Ti-t

This equation is satisfied if and only if there exists j € N such that ¢; = ¢;;g; and T; = H. .
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Proof of Theorem 2.27
The necessary condition is immediate from Corollary 2.25. For sufficiency, consider the function

f : R* — R defined by

Tr—t _ T3—t _ T,—t _ X _
¢, (u)du o, (wydu --- f ¢, (u)du f ¢, (u)du
Ti—t To—t Y T,—t

To-t T5-t Tu—t X
¢, (u)du ¢, (wydu --- f ¢, (u)du ¢, (u)du
T,

fy=""" o . et . (32
To—t T3~t To—t x
¢, (u)du ¢, w)du --- f ¢, () du ¢, () du
T\-t Tr-t Tpo1—t T,—t
Clearly, this function is continuous and differentiable in R* and has n zeros given by T;—t, i = 1,2,...,n.

Differentiating (32), we obtain

Tz—l_ T3—l‘_ T,—t _ _
¢, (u)du ¢, (wydu --- f ¢, (wdu ¢, (x)
T

Ti-t Tr—t n—1—1

Tr—t _ T3—t _ T,—t _ _
¢, (u)du ¢, (wydu --- f ¢, (Wdu ¢,(x)
Ti-t Tr—t Ty-1-t

f(x)=

Tr—t _ T3—t _ T,—t _ _
¢, (u)du ¢, (wydu --- f ¢, (wdu ¢,(x)
Ti-t Tr—t Ty_1-t

As L;is a polynomial of degree j, we have that f” has at most n — 1 zeros, and thus f cannot have more
than n zeros. =

Proof of Proposition 3.1

By expression (9), program (17) is equivalent to min,g ||m|| and by (8), we have that

H—t

o0 o 2
lmll® = P72 (¢, Hs o) )| ( f h(t.T) P (1. H: ) [ $i () dx] dT)
k=1 \W!

Tt

(o)

H—t 2
= [CP_1 (, H;yo)]2 Z (D(k> (1) — ) o (%) dx) .

k=1
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Proof of Theorem 3.3

Program (21) can be written as

H—t

2
mmZ(Z aiP (£ Tim) | 40 dx]
j—t
S.t. ZC[jP(t, Tj;ﬂo) =C
=1

whose Lagrangian is

n n H—t 2 n
Lig) =) (Z q;P (.7} o i (%) a’x] +2|C= > P (6 Tim)]|.
k=1 \j=1 Tj—t =1
The first-order conditions are as follows:
H—t H—t
22 qu t TJ,/,t0 o (x) dx [ O (x)dx]P(t, Tispy) — AP (t, Tis ) =0
i—t T;—t

fori=1,...,nand
n

D aiP (6T m) = C.

(33)

(34)

(35)

(36)

=1
From (33), we obtain the following:
/l n H—t H—t
V=7= Zq] 0T}, [Z & (x) dx ¢k(x)dx],i,j:1,...,n.
-t Tj—t
Condition (20) implies A° # 0 and thus (35) is a non-homogeneous linear system with the unique
solution
[T P(t.75m0) I
— g L ) %] :
qi:/l - =A , i=1,...,n.
P(f, Tj§l~lo) DY

Replacing this solution in (34), we obtain the Lagrange multiplier

_ C2
i 2

’

that, substituted back into (36), gives expression (22).
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Proof of Theorem 3.4
For feasible ¢, we have the following:
) n H—t H—t
[D® - H| = > [D(k) (1) - ¢i (x) dx] e [Z 4iP (1. iz o)
k=1 ) Ti-t

Then, we can write the Lagrangian for program (23) as

n H—t 2 n n
Lg4p) = Z[Z aiP (. Tip) | o <x>dx] +A( - 4P, Ti;ﬂo))_zlujqi-
i—t i=1 j=1

k=1 \i=1

Then, for j = 1,...,n, the Kuhn-Tucker conditions read as follows:

22[2 aP (. Tip) | H l¢k (x)dx][

D Pt Tipg) = C
i=1

H—t

Tj—l‘

H;q; =0,
where g; > 0, ¢; > 0. From (37) and (39), we get

22[2 aP (. Tip) | H t¢k (x)dx)[

Then, using (38), we obtain

H—t

Tj—l

H—t

2 n
2
A= ¢ (x) dx ) = 2%

[Z qiP (1, Ti; po)

QIN

k= Ti—t

Replacing (41) in (40) and assuming, without loss of generality, thatg; >0, j=1,...

Z®kH ¢k(x)dx—CZ®kH, j=1,...,n

Then, we obtain the following system:
i+1—1

Z®kﬂf dr(x)dx=0,i=1,2,--- ,n—1,
T,

-t

Z®kH f/)k(x)dX—CZG)

The first n — 1 equations imply that

1

-t T;—t

2
i (x) dx] .

i () dX] P(t. T o) = AP(t.Tjs ) = 1 = 0,

b (%) dx] q;P(t.Tjipo) = Aq;P (. Tji pry)

,n, we have

n- i+1—1 Tiv1—t
O f </)k(x)dx:—®n,Hf ¢, (x)dx, i=1,2,--- ,n—1.
k=1 T;

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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As (20) has no portfolio solution, then (43) is a Cramer system with the unique solution

]

O = ——
ST

Oum, i=1,2,....,n— L. (44)

Replacing (44) in (42), we obtain that the left- and right-hand sides are given, respectively, by

Z@)kﬂ ¢k (x)dx = |<I>| Z || f bx (1) dx + O, T::,% (x) dx
= @6 (45)
o "
and ®
CZ: oF |k| ] C@|§Hk| (46)
If ®,5 = 0, expression (44) implies that ®, g =0, i=1,...,n which is in contradiction to our

hypotheses. Thus, we have ©, y # 0, and equating (45) and (46) leads to

C|o||o]
nH= —_ °
ke [@4]
and, by expression (44), we get
Oy = ——|2, i=1,...,n—
S [ @4

By the definition of ®; y (see (41)), the portfolio g solves the system
Zq]|: ¢l(-x)dx:| (t9TJ;I'l()) :®i,H9 l: 1325"' , 1. (47)

Applying the same reasoning as in the proof of Theorem 3.3, it is straightforward to see that the
determinant of the coefficient matrix is given by []_, P (t Tj; /.lo) |d)| which is non-zero by hypothesis.
Thus, the unique solution to system (47) is given by

n P(tTym)| tqsl(x)dx e @ e g (0 da

Jj=1, j#i

11 P (. 7j500) [ fH_’qsn(x)dx e O e [ (0 dx

q; =

I
P@J;mﬂqzz M

C n—1
|| A + 1D A,
" P Ty i [0 Z :
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