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Abstract: This paper is devoted to study a robust optimal excess-of-loss reinsurance and investment
problem with p-thinning dependent risks for an ambiguity-averse insurer (AAIl). Assume that the
AAT’s wealth process consists of two p-thinning dependent classes of insurance business. The AAI is
allowed to purchase excess-of-loss reinsurance and invest in a financial market consisting of one
risk-free asset and one risky asset, where risky asset’s price follows CEV model. Under the criterion
of maximizing the expected exponential utility of AAI’s terminal wealth, the explicit expressions of
the optimal excess-of-loss reinsurance and investment strategy are derived by employing techniques
of stochastic control theory. Moreover, we provide the verification theorem and present some
numerical examples to analyze the impacts of parameters on our optimal control strategies.
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1. Introduction

Reinsurance and investment becomes more and more important in the insurance risk
management. Recently, there has been a great deal of interest to investigate the optimal reinsurance
and investment problems. For instance, Hipp and Plum (2000), Schmidli (2001) and Promislow and
Young (2005) considered the optimal investment and/or reinsurance strategies for insurers to
minimize the ruin probability; Irgens and Paulsen (2004), Yang and Zhang (2005), Liang et al. (2011),
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Guan and Liang (2014), Zhu (2015), Pan et al. (2019) and Zhang and Zhao (2020) studied the
optimal problems under the criterion of maximize the survival probability or the expected utility of
the insurer’s terminal wealth; Bai and Zhang (2008), Zeng et al. (2013), Li et al. (2015), Zeng et al.
(2016), Liang et al. (2016) and Tian et al. (2020) investigated the optimal reinsurance and investment
problems under mean-variance criterion.

However, most of the above-mentioned literatures usually assume that there is only one class of
insurance business in the insurer’s wealth process. In reality, there usually are more than one classes
of insurance businesses in the operation and management of an insurer, i.e., car claims and medical
claims. Moreover, different insurance businesses are usually correlated through some way. A typical
example is that a traffic accident (or fire accidents or earthquakes or aviation accidents and so on)
may cause medical claims or property loss or death claims. Therefore, it is necessary to investigate
the dependent risks in the actuarial literature. Liang and Yuen (2016) and Yuen et al. (2015) began to
investigate optimal proportional reinsurance problems with dependent risks, they assumed that there
are two or more dependent classes of insurance business in the insurer’s wealth process and claim
number processes are correlated through a common shock component, and their aims were to
maximize the expected utility of the insurer’s terminal wealth and derived the optimal proportional
strategies. Then Bi et al. (2016) studied the optimal proportional investment and reinsurance
problems under mean-variance criterion for the risk model with common shock dependence. Later,
Zhang and Zhao (2020) considered the optimal proportional reinsurance and investment problem
with p-thinning dependent risks. For other research about dependent risks, one can refer to Yuen et al.
(2002), Gong et al. (2012), Liang and Wang (2012), Liang et al. (2016) and the references therein.

Moreover, ambiguity is still being worthy of further exploration. In practice, model
uncertainties do exist widely in finance, especially in insurance and portfolio selection. In the recent
years, optimal investment-reinsurance problems with ambiguity have been paid more attention. For
example, Yi et al. (2013) and Zheng et al. (2016) optimized proportional reinsurance and investment
problems with model uncertainty for an insurer. Huang et al. (2017) considered a robust optimal
proportional reinsurance and investment problems for both an insurer and a reinsurer. Yang et al.
(2017) took multiple dependent classes of insurance business into account and studied the optimal
mean-variance proportional reinsurance-investment problem with delay. Zeng et al. (2016) analyzed
a robust optimal proportional reinsurance-investment problem under the mean-variance criterion for
an ambiguity-averse insurer (AAIl) who worries about model uncertainty. Besides, excess-of-loss
reinsurance is also more important, as shown in Asmussen et al. (2000), it is even better than the
proportional reinsurance in most situations. Later, A and Li (2015), Li et al. (2017), A et al. (2018)
and Zhang and Zhao (2019) analyzed robust optimal excess-of-loss reinsurance and investment
problems for an AAL.

To the best of our knowledge, few researches focus on the robust optimal excess-of-loss reinsurance
and investment problem with p-thinning dependent risks. Inspired by Zhang and Zhao (2019), this paper
not only takes excess-of-loss reinsurance into account, but also considering the model uncertainly.
Suppose that there are two p-dependent classes of insurance business in the insurer’s wealth process. The
insurer can purchase excess-of-loss reinsurance and invest in a risk-free asset and a risky asset, where the
price process of risky asset follows CEV model. Firstly, a robust optimal control problem with p-thinning
dependent risks is formulated. Secondly, the robust optimal excess-of-loss reinsurance and investment
strategies are derived under the criterion of maximizing the expected exponential utility of AAI’s terminal
wealth. This paper has three following high contributions: (i) both p-thinning dependent risks and
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excess-of-loss reinsurance are considered in an optimal problem; (ii) ambiguity is taken into account in
this problem; (iii) some special cases such as the case of investment-only and ambiguity-neutral insurer
are given, which means that our results generalized some existing results, e.g., Gu et al. (2012), A et al.
(2015), A et al. (2018) and Zhang and Zhao (2020).

The rest of this paper is organized as follows. Formulation of our model is presented in section 2.
Section 3 derives robust optimal strategies by maximizing the utility of AAI’s terminal wealth. We give
the verification theorem in Section 4. Section 5 provides some special cases of our model. In Section 6,
some numerical simulations are presented to illustrate our results. Section 7 concludes the paper.

2. Model formulation

Let (2,7,P) be a complete probability space with filtration{%, t €[0,T1}, where ¥, stands for the

information of the market available up to time t andT is a positive finite constant which represents
the terminal time. All processes introduced below are assumed be well-defined and adapted
processes in this space. Assume that trading takes place continuously, without taxes or transaction
costs, and that all securities are infinitely divisible.

2.1. Wealth process

The insurer’s wealth process {R(t),t [0, T+ with two dependent classes of insurance business is

described by

N(t) NP (1)

R(t):x0+ct—zxi— ZYi (1)

where x,>0 is the initial surplus, c>0 represents the premium rate; X, is the ith claim size from the
first class of business; {X,,i>1} are assumed to be i.i.d. positive random variables with common
distribution function denotes F, (). Denote finite first moment E[X,]1= 4, >0 and second moment
E[X?]=0c%; Y, is the ith claim size from the second class of business and {Y,,i>1} are assumed to be
i.i.d. positive random variables with common distribution functionF, (. Denote finite first moment
E[Y,]1=u, >0 and second moment denote E[Y,’]=o7. The claim number process {N(t),t>0} isassumed
to be a Poisson process with intensity 1 >0 representing the number of claims occurring in time interval
[0,t], while {N*(t),t=0} is a p-thinning process of {N(t),t>0} which is another Poisson process with
intensity pA. As we know, each claim X, in reality may or may not cause another claim v, , if yes, we
assume that the claim Y, is caused with probability p. This paper assumes that the events whether each
claim X, causes another claim Y, or not are mutually independent. Thus, the claim number process

NPt) for the claims v, is a p-thinning process of N() for claims X, . The compound Poisson process
"Ux, and Y"“v, are the cumulative amount of claims X, and Y, in time interval [o,t],

respectively. Moreover, we assume that {x;,i>1},{v,i>1} and {N(),t>0} are mutually independent.
As we all know, a serious epidemic like Covid-19 pandemic has been caused medical claims or

death claims. The thinning-dependent structure in (1) can be interpreted as that medical insurance
claims (i.e., X, ) causes death insurance claims (i.e.,Y,) with probability p due to Covid-19 pandemic,

then the death claim number process (i.e. N°(t)) is a p-thinning process of the claim number process
of medical insurance (i.e. N(t) ).
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In addition, the insurer’s premium rate is calculated according to the expected value principle, i.e.

C = Auy (L+m)+Apuy, (L+1m,)

where 7, >0 is the insurer’s safety loading of the ith class of insurance business.

Denote by D, =sup{x: F, (x) <} <+w, thenF, (0)=0, 0<F,(x)<1foro<x<Dand F,(x)=1 for
x>D,; denote by D, =sup{y:F,(y)<Z<+wx, thenF, (0)=0, 0<F,(y)<1foro< y<D,,andF,(y)=21for
y>D,.

2.2. Excess-of-loss reinsurance

Assume that the insurer is allowed to purchase excess-of-loss reinsurance in order to reduce the

underlying claims risk. Let m (i=12) be (fixed) excess-of-loss retention levels, and let

X™ =min{X,,m} Y,"> = min{Y,,m,}

be the parts of the first claims and the second claims held by the insurer, respectively. Then by (1),
the wealth process {X™(t),t €[0,T]} after considering reinsurance with retention levels m=(m,m,)

becomes

N(t) NP (1)

dX'"(t)zC'“dt—dZ)?i"‘l—dZVimZ,X””(O):xo 2
with the premium rate

c" =~ AL+&) 1y —EIX™]) - Ap(L+ &) (1, —EDV,™])
= ﬂ((771 - él);ux + (1+ gl)E[)zim1 ])"‘ﬂL p((’]z - gz)zuv + (1+ é‘tz)E[Y_im2 ])

where ¢& is the reinsurer’s safety loading of the ith class of insurance business. This paper assumes
& >n, which represents that the reinsurance is not cheap.

N(t)
According to Grandell (1991) and Promislow and Young (2005), the claim processd  X™ can

be approximated by a diffusion risk model as follows
N (t)

dd XM = AE[X™1dt - y,dW, (t)

i=1

similarly,
NP@D) _
d z Yimz :ﬂpE[Yimz]dt_%de ®)

i=1

Then the wealth process (2) can be approximated by the following diffusion model
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d X™(t) = (¢ (M) +c, (M) dt -+, (M)dW, (t) + y, (M)dW, (t)

(6. + (M)At /7 (m) + 72 () + 277, ()7 (M)W (1) (3)

where
¢, (m) = A — &)y + §1E[)ziml]): 7(m) = \/ﬁE[(Ximl)z] (4)
¢, (M) = Ap((7, — &)ty +&ED,™ 1), 7,(m) = | APE[(Y,™ )°] ©)

W, (t) and W, (t) are two standard Brownian motions, and their correlation coefficient is given by

AP

—Zr E[X™]E[Y.™
)7, (M) [X™IE[Y;™]

b=

and w,(t) is another standard Brownian motion which is dependent of w, (t) and w, (t).

Remark 1. If p=0, the model (1) will reduce to the classical C-L model in Zhang et al. (2020)

and (3) will reduce to that in A and Li (2015), A et al. (2018) and Li et al. (2016), which implies that
our model can generalize the optimal formulation of existing results to the case with p-thinning
dependent risks.

For convenience, let

0, (M) = E[X[™]= [ B, )k, g, (m,) =E,™1= [ " F, (y)y

—_ 2 — — 2 m, — (6)
G (m)=E[ (X1 )" |= [ 24, 00dk G, (m)=E[ (V™)' |= " 29, (y)y

where F, (x) =1-F, (%), F, (y) =1-F, (y).

2.3. Financial market

Moreover, the insurer is allowed to invest in one risk-free asset (bound) and one risky asset

(stock). The price process B(t) of the risk-free asset follows

dB(t) = r,B(t)dt, t<[0,T]
{ B(0) =1

and the price process S(t) of risky asset is given by the following CEV model

(")

dS(t) = pS(t)dt + oS”* (t)dW, (t), t [0, T]
S(0)=S,

where r, (>0) is the interest rate of the bond, «(>r,) represents the expected instantaneous rate of
the risky asset, o(>0) is the volatility of the risky asset price and £(=0) is the elasticity parameter,
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respectively. {w, (t),t > 0} is a standard ¥, -adapted Brownian motion, independent of { X,,i>1}, {Y;,i=1}
and {N(t),t>0}.
Remark 2. If p=0 in(7), the CEV model will reduce to the GBM model.

2.4. Optimal problem for an AAI

Let u:={u(t):=m(t),m,(t), z(t),t [0, T]} be the reinsurance-investment strategy, where m.(t) is
the excess-of-loss retention level for ith claim at time t, note that m(t)=D, represents “no
reinsurance”, m,(t) =0 represents “full reinsurance”, and ~(t) represents the money amount invested

in the risky asset at time t, so the amount of money invested in the risk-free asset at time t is
X" (t)-z(t), here X'(t) represents the wealth of the insurer after adopting strategy u. Therefore, the

evolution of X'(t) is governed by

dX (1) =[rX* (@) + (i~ N)(®) + 6, (M ) + ¢, (M O] dt + 7)o’ (AW, ()

+JAGy (M, (1)) + 2 PG, (M, (1)) +22pg, (M, (£))g, (M, (£))AV, (t) (@)

with X" (0) = x,.

For notational convenience, we write m, (t) and () asm and = in below.

In traditional, the insurer is assumed to be ambiguity-neutral with the objective function as
follows

SUpE, [ux ()] 9)

where E_, () denotes the expectation under P considering the dynamics of the process (X*,s) with
initial condition (t,x,s) [0, T]xRxR", and 1T is the set of admissible strategies given by Definition 2.1.

However, most of insurers are ambiguity-averse and they always try to be against worse-case
scenarios. Thus, it is reasonable to consider an ambiguity-averse insurer (AAIl) in the field of
insurance. In what follows, a robust portfolio choice with uncertainty will be presented for an AAI.
Assume that there is a relatively good estimated model (also called reference model) for the AAI to
describe the risky assets prices and claim process, but the AAI is always skeptical about the chosen
reference model and always hopes to take alternative models into consideration. According to
Anderson (1999), the alternative models can be defined by the following set of probability
measures @ which are equivalent to the P:

2:={Q|Q~ P}

Definition 2.1. The strategyu is said to be admissible if it is ¥ -progressively measurable and

satisfies

(i) m()e[0,D,],vte[0,T]i=1,2

(i) EY ( [} Jucwy? dw) <wand EC ( [ 7 wys? (w)dw) <oo,where Ju@®| =m?(t) +m(t) + 7 t);
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(ill) ¥(t,x,s) [0, T]xRxR*, the SDDE (8) has a pathwise unique solution {X"(t),t<[0, T]} with
EQ [U(X“(T))]<x, where Q" is the chosen model to describe the worst case, E,.[] is the
condition expectation given X'(t)=xeR,S(t)=seR". LetIIbe the set of all admissible strategies.

Next, define a process {o(t) = (6,(t),6,(t)) |t [0, T]} satisfying that

(i) o) is¥ -measurable, vt [0, T];

(i) E[exp{%joT"e(t)"2 dt}] <, where ||¢9(t)||2:¢9§(t)+¢912(t). We denote o for the space of all such

processes 6.

For voeo, we define a real-valued process {A"(t)|t e[O,T]} on (2, F P)by
A°(t) = {— j; A(W)dW (w) —% jot low)|’ dw}
where W (t) = (W, (t),W,(t))’. By Ito’s differentiation rule,

dA’ (t) = A° ()[-O()dW ()]

So, we know that A°(t) is a P-martingale and E[A°(t)]=1 For each #<®, define a new
real-world probability measure Q absolutely continuous to P on #; as follows

dQ

= A0t
aPl, ®)

Now, a family of real-world probability measures Q parameterized by 6<® have been
constructed. Applying Girsanov’s theorem, we know that WO(t)=W2(t),Wo(t) with

dW(t) =dW (t) +o(t)’dt under Q is a standard two-dimension Brownian motion.
Noting that the alternative models in class @ are different due to the drift terms. Thus, the risky
asset’s price (7) under Q is

dS(t) = S(t)[u—6,(t)aS” (t)]dt + oS” (t)dW,S (t), t [0,T] (10)
S(0) =s,
and the wealth process (8) under Q can be rewritten as
dX" (t) =[rX" (1) + (= 1) 7+, +C, = 6, (D77 +75 +22p0x (M)gy (M,) — 6, (H)oxS” (D] dt (11)

+ 708" (AW () + 72 + 72 +224pg, (M,)g, (M,)dW2 (t)

by recalling that 7 =z(t),m =m (t),c. =c,(m (t)),i =12,5> = AG, (m,(t)) and yZ = ApG, (m,(t)).
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Suppose that the insurer tries to seek a robust optimal control which is the best choice in some
worst-case models. Inspired by Maenhout (2004) and Branger and Larsen (2013), the robust control
problem to modify problem (9) can be formulated as follows

supinf EZ,, {u (XU T+ [ B(w, X" (W), S (), O(w)) d w} (12)
uel1 Q€2 t
where
lowl
- 1
Y(t, x,s,0) 26 %.5) (13)
and E2, is calculated under Q; ¢ is a strictly positive deterministic function and stands for the

strength of the preference for robustness; the deviation from the reference model is penalized by the
second term in the expectation, which depends on the relative entropy arising from the diffusion risks.

To solve (12), we define the optimal value function J(t,x,s) as

t,X,8

J(t.x.5) =supinf EZ {U(X”(T))+IT‘P(W, X“(W),S(W),e(w))dw} (14)
uell Q=2 t

For convenience, some notations are first provided. Let € cRxR" be an open set and
©=[0,T]x6,. Denoted by c** the space of J(xs) such that J and its partial
derivativesJ,,J,,J.,J,., J..J, are continuous on ©. To solve the problem (14), applying dynamic

programming principle, we can derive the following robust Hamilton-Jacobi-Bellman (HJB)
equation (see Kraft(2005) and Maenhout(2006) ):

sup inf {3 (t,x,5)+¥(t,x,5,0)} =0 (15)

uef0,D, ]x[0,D, xR I=RxR

with boundary condition
J(T,x,8)=U(X) (16)

where 2°" is the generator of (14) under Q given by

A"y = Jo I+ (u—r)z+c +c, _90\/7/12 +7/22 +24pg, (m)g, (M,) —QlO'JZSﬂ]J

X

2 _2.28

+2[7%0’s? +yf + 75 +22pgy (M) gy (M)]J,, + (us —G,05"™)J,
—i—%z7252"’+2\1SS +7TO'ZSZIMJXS

(17)

Note that J is a short notation for J(t, x,s).

3. Robust optimal results

This section is devoted to derive the robust optimal strategy u” under the worst-case scenario.
Suppose that the AAI has the exponential utility function given by as follows

Quantitative Finance and Economics Volume 5, Issue 1, 134-162.
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U(x)= —%e‘“ (18)

where the constant v (> 0) represents the absolute risk aversion coefficient. As we all know, the
exponential utility function plays an important role in insurance mathematics and actuarial practice.
It is independent of the level of insurers’ wealth and it is the only utility function under the principle
of “zero utility” giving a fair premium (see Gerber, 1979).

In what follows, we set out to solve the HIB equation (15). At first, we show the form of 4. For

analytical tractability, following Maenhout (2004, 2006), we set

vl (t, x,9)

>0

o(t, x,8) =

which is state-dependent, where m(>0) represents the ambiguity-aversion coefficient, which

describes the AAI’s attitude to the diffusion risk.
Then, to solve (15) preference parameter ¢, we conjecture the form of the value function as

follows

J(t,x,8) = —%exp{—vxe’”“) +G(t,9)} (19)

withG(T,s)=0. LetG,,G,,G_be the partial derivatives of G(t,s). According to (19), we have
J, =[wxre' ™ +G 13,3, =—ve' "I, 3, =G.J, (20)
J, =ve* T3 =-ve"YGJ, I, =(G2+G,.)J

Stepl: Substituting (20) into (15) and rearranging terms, since J <0, we get
sup inf {G, +(us - 6,05" )G, +10?s*"*(G? +G,)
uel0,D,1x[0,D, ]xR F<R*R

A=)z +¢,+C, = O 77 +75 + 2209y (M) g, (M,) —Goms” Ive
+3v%e? T (220%sY 4y 47 +22pgy (M) g, (M,))

r(T-t)

ot e TG —% (6% +6)}=0. (21)

Step2: According to (21), fixing u and maximizing over @, we derive the first-order condition for
the following minimum pointé”:

g, =me" " \[y? + 2 +22pg, (M)g, (m,)
(22)

3

m }
0 =——os""'G, + zme" " Vos”
v

Observe that ¢, is a function on time and the retention levels (m,m,), while ¢ is a function

on the investment quote rand (t, s). Replacing (22) back into (21) leads to

Quantitative Finance and Economics Volume 5, Issue 1, 134-162.
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m+v _
G, + usG, + ——o0?s"?G? + 15?2 G — Mve' "V
2v

o v(m+v
+ mf{% e 5% 72 — z(m+Vv)o’s” e " IG, — z(u—r)ve" TV}
V3

(23)
inf L2 + 75 + 2P, (m)g, (m,)e ™
_ﬂ“égx (m1) -4 p‘fz Oy (mz)}ver(Tit) =0
where
M = A, — &)ty + AP0, — &) 1ty (24)
Step3: According to the first-order condition for z, yields
il Sl N TP (25)

~ (m+v)ois? v

Observe that z" is time and state-dependent since it is a function on (t, s). Plugging (25) into (23)
derives,

2
viu—r _
G, +15G, + 1075726, - I ppero

2(m+v)o?s?
+Inf L7 477 + 2000, (m)g, (M) 260, (m) (26)
—Ap&,9y (M, )}Ver(Tit) =0
For fixedt [0, T], let
f (ml’ mth) = %(712 +722 +24 PYx (ml)gY (mz))er(Tit) _/Iéjlgx (ml) -4 pgzgv (mz) (27)

To find the minimizer m(t) and m,t) of f, we assume that F,(x) and F(y) are
continuous and differentiable, and F; (x) = f, (x),F/(y) = f, (y). According to (27) and recalling that
7 =G, (m(t)) and »? =ApG,(m,(t)), for any te[0,T], differentiating f with respect tom,, m, yields

i _ 1 r(T-t) _
o AFy (m)[(m, + pgy (m,))(M+V)e al

ai = APF, (M)[(M, + g (M))(M +V)e T —&)]
mZ

We first consider that m’(t)<[0,D), then 0<F (m (t))<1 and 0<F, (my(t)<1. Suppose that

there exists at least one point (m;,m;) satisfying the following equation

m, + pg, (mz)——mive"”‘“ =0 8)

982 —r(T-t)
m, + -—2_¢ =0
, + 9y (M) o

Taking (m/,m;) into the second derivatives of f arriving at the following Hessian matrix
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o f o2 f
om?  om,om o o
52; alzf 7 :gzp(mﬂ)zezrmopx (m)F, (mz)[l—pFX (m)F, (mz)}>0

om,om,  om?

(mf, m;)

then we know that this Hessian matrix is positive definite at the point (m;,m,). Therefore, if the point
(m;,m;) is found such that (28) holds, then the point (m/,m,) is indeed the minimizer of f.
In order to determine the point (m;,m;) clearly, we transform (28) into

m, + pgy (M) _ &
m,+gx (M) &

or equivalently,
gzml _flgx (ml) = §1m2 - pégzgv (mz) (29)

Define three following auxiliary functions

e—r(T—t)

m+v

|x (x)= &X=& 0y (), IY (x) = &X—PS&,0y (X), k(x) = & (é_fl_ ) (30)

For convenience, we assume that & >¢,. It’s easy to verify that both 1, (x) and k(x) are
strictly increasing functions for x>0, so their inverse functions I;*(x) and k™*(x) exist. From (29),
we get 1, (m)=1,(m,),then

m, = I‘;l(lx (rnl))l m e (0 D1) (31)

Similarly, if £ <¢&,, we can easily verify that both I, (x) and k(x) are strictly increasing
functions for x > 0, s0 their inverse functions1,*(x)and k*(x) exist. Then

m = |>7<1(|Y (mz))v m, € (01 Dz)
Taking (31) for example, and inserting (31) into the second equation of (28) yields
&

m+v

L1y (M) + gy (M) = e

Let
h(X) = 111y (X)) + G () ——2— 7T (32)

m+v
If h(x)=0 has asolutionon [0,D,], the solution will be indeed m, we try to derive, as a result,

we will easily determine the value of m,. Thus, the minimizer of f (m,m,,t) in (27) are derived, which

is the candidate robust optimal excess-of-loss reinsurance strategy for the optimal control problem
(14). These results are summarized in the following theorem.

Theorem 3.1. Assume that¢& > ¢&,,and let
a =sup{x>0,l, (x)=0},a =k ™(0) = Le—rﬂ—r) (33)

1
m+v
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f=T-tm_—a (34)

r (m+v)a

The candidate robust optimal excess-of-loss reinsurance strategy (m; (t),m;(t)) of the optimal

control problem (14) is given as follows.
(i) If

where

>10ra =0, we have t,<T. For t,<t<T,we have (m(t),m,(t))= (), M),
(m+v)aI

() = %, () {h(D,) > 0}+ D, I{h(D,) < 0},
i, (1) = 1" (1 (% @) (D) = 0,1, (x, (1) <1, (D,)}
+D,1{h(Dy) 2 0,1 (%, (1) > 1, (D,)}

o Eemog,0) (35)

m+v
H{h(D) <0, 52 e "0 g, (D) <D;}
52

+D, I{h(D)<O e”(T")—gX(Dl)z D,}

and x,(t) [a,D,]is the unique solutionto h(x)=0 if h(D,)>0 holds.
Foro<t<t,, if the solution toh(x) =0 exists, we have (m; (t),m, (t)) = (™, (t), ™, (t)), where

S * 51 —r(T-t) fl —r(T-t) 4:1 —r(T-t)
{ml(t) +Ve I{ e <D}+D I{ e > D} (36)

i (t) =0

<1, we havet, >T. For 0<t<T <t,, we have (m(t),m,(t)) = (m; (t), ™, ().

(ii) If

Proof. (i) If a=0 or—o >1, then we have t, <T.
(m+v)a,

Fort, <t<T,we have0<a <a,. Since I ,(x) and k(x) are increasing functions on [a,+w), it’s
easy to verify that h(x) increases on [a,+x). What’s more, we can get h(a)=k(a)<k(a)=0 by
the fact that I, (a)=0.

If n(D,)>0, the equation h(x)=0 admits a unique solution x,(t)e[a,D,], thus the robust

optimal excess-of-loss strategy is
m; () = X, (1) (37)
Sincem, (t) < D,, we get

m, (1) = 1" (1 (% @) {N(Dy) = 0,1, (%, (1)) <1, (D,)} (38)
+D,1{h(Dy) 2 0,1 (%, (1)) > 1, (D,)}

If h(D,)<0, we know that the equation h(x)=0has a unique solution on (D,,+x). Due to
m,(t) < D,,we choose m/(t)=D,. At this time, substituting m(t)=D, back into f(m,m,t) in (27),
and taking the first derivative of f(D,m,,t) with respect tom,, the minimizer of f(D,,m,t) is
derived as follows
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m, (t) = %e*f‘”) —-94(D) (39)

Consequently, from (36), (37) and (38), m;(t) and m,(t) can be expressed as m, (t) and r(t)
in (35) and (36), respectively.

Foro<t<t,, we know a >a, holds, then h(a)=k(a)>k(a)=0. Meanwhile, h(x) is a strictly
increasing function on [a,+x) and h(x)>0,xe[a,+x). As a result, the equation h(x)=0 has no
solution on [a,+x). In other words, there does not exist the solution (m;,m;) satisfying (28) when
m e (a,+o0) and m, e[0,+x). However, it doesn’t mean that (28) has no solution on m, €[0,a,) and
m, €[0,+x). It is not difficult to prove that 1, (x) is a convex function on [0,a). So for o<t<t,, if
the solution of the equation h(x)=0 exists, it will only be obtained on xe[0,a) which is indeed
m, (t) we try to derive.

Becausel, (0) =1, (a)=0,and 1, (x) is a convex function on[o,a,), we can derive that I, (m)<0 on
m, €[0,a,). What’s more, I,*(x) Iis a strictly increasing function and 1,(0)=0, So we can obtain from
(31) that m, =I,*(l,(m))<0. Due to m,>0, we get m,(t)=0. Plugging m;(t)=0 into f(m,m,,t)in
(27) and taking the first derivative of f(m,,0,t) with respect to m,, we can derive the following
minimizer of f(m,,0,t)

=
To sum up, for the case of 0<t<t,, we derive (36).

—r(T-t)

e =a,<a

(i) If ﬁd, we havet,>T.Thus for 0<t<T<t, the inequality a >a  holds. The
+

optimal problem is similar to that of o<t<t, in case (i). At this time, we can obtain the candidate
robust optimal excess-of-loss reinsurance strategy for o<t<T is (36). This ends the proof of

Theorem 3.1.
In order to give the expressions of 7" and the value function J(t,x,s), we first have to derive

the expression of G(t,s) in (25). According to (27), we can rewrite (26) as

v(u-r)?

G. +rsG +10252ﬂ+zG — Mver(T’l) PN Vit A
t s 2 ss 2(m+v)0_252p’

+ve' T f (m,m,,t) =0 (40)

Now this problem should be discussed in two cases as follows:

Case I: If %21, for t,<t<T, the candidate optimal reinsurance strategy of the problem
m-+v)a,

(14) is (35). Denote by G, the functionG in (40), we have

_ 2
e VDT e i e 1y =0 (41)

G, +I1sG, +1c5%s¥7°G
1t s T2 2(m+V)6282ﬁ

1ss

In what follows, we employ power transformation technique along with variable change method
to solve the problem. Let
G (t,8) =KD +L{O)y.y=s" (42)

with K, (T) =0,L,(T) =0. Then substituting (42) into (41) leads to

K/(t)+o’ BL+2B)L, (1) + y(Ll'(t) —-2rBL (1) —MJ— Mve" 0 +ve T f (i, t) =0

2(m+v)o?
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By matching coefficients, we derive
K1)+ BA+2B)L (1) —Mve' T +ve TV f (), t) =0

e V(u-r1)? (43)
L(t)-2rBL(t) - 2(m V)0’ =0
and we have the solution of (43)
_ V(,U_r)2 _ a-2rB(T-1)
L) = A Bor(mv) (1-e ) (44)
K (t) =0 ﬁ(1+2ﬁ)j Ll(w)dw+ Y-y j ver ™ £ (v’ (w), i, (w), w)dw (45)

Similarly, for o<t<t,, the candidate optimal excess-of-loss strategy is (36). Denote the
functionG by G, in (40), and let

G,(t,s) =K,(t) + L, (t)y, y=s% (46)
Similar to (43)—(45), we obtain
_ o Vu-n)? 2rp
L () = B ) +Ce 47)
and
K2 (t) — V(1+ Zﬁ)(ﬂ— r)zt _ 0-2 (1+ Zﬁ) Clleﬁt MV r(T t) J' ver(T w) f (m (W) 0 W)dW+C (48)
4r(m+v) 2r r
Hence for & >1, we have
(m+v)a,

—lexp{—vxe’”’” +K O +LM)s 7t <t<T
I, xs)=1 Y

—;exp{—vxer”“) +K, () +L,(t)s ¥} 0<t<t,

Since J(t, x,s) is continuous att =t,, we have
Kl(tO) = Kz (to)’ Ll(tO) = Lz (to) (49)
and derive

_ V(,U_r)2 g 2T (50)
Y 4rpBot(m+v)

Based on (46)—(49), it is not difficult to find that L (t)=L,(t). SinceK,(t,) =K, (t,), we get

,=0 /3(1+2/3)j Ll(w)dw+ vy j ve W £ (m; (w), 0, w)dw + j ve T £ (i) (w), M, (w), wdw

(51)
As a result, we can rewrite (48) as

K, (t) = o?B(1+2p) j ! Ll(w)dw—%(ef”-‘) ~1)- j Ve £ (1 (w), 0, wydw
t 0 (52)
[ ver T £ (] (w), 0, widw+ [ ver T f (1 (w), i (w), wydw
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By (25), (42) and (44), it can easily be seen that the candidate optimal investment strategy ~" for
0<t<t,is the same as that fort, <t <T, which is

_ _ 20 a=2rp(T-) —r(T-t)
”*:Zr(y r)+(u 2r)Z/Sl e )e (53)
2ro°s m+v
Case II: If Ld, we havet,>T.Foro<t<T <t,, the candidate optimal excess-of-loss

(m+v)a,
strategy is (36). Denote by G, the functionG in (40), we have

2
—Mve ™ oVl +ve' T f (m), My, t) =0 (54)

G, +I5G,. +10°s#*2G
3t 3s T2 2(m+V)GZSZﬂ

3ss

with boundary conditionG,(T,s)=0. Similar to the analysis for t,<t<T in case I, we conjecture a
solution to (54) of the following form

G,(t,5) = K, () +5 L, (1) (55)

withK,(T)=0,L,(T) =0. Then by the same method as that in Case | and a direct calculation, we have
L(t) = L, (1), and

Ky(t) =oAL+ 2) [ L (Widw+ @ (L-eT0)+ [ ver T £ (i (w), 0, wydw (56)

Therefore, the expression of the candidate optimal investment strategy foro<t<T can be derived,
which is the same as (53) and the corresponding candidate value function can also be obtained.

We summarize the above analysis in following theorem.

Theorem3.2. Recall functions G,(t,s) defined in (42), (46) and (55), respectively. For the

problem (14), the candidate robust optimal investment strategy is given by

2r(u—r)+(u-r)?(1—e?PT0) e

0<t<T 7
2ro?S? (1) m+v =t= (57)

7 ()=

and (i) if ﬁ >1holds, the candidate optimal value function is
+

—Eexp{—vxe’”") +K @) +s 7L Ot <t<T
J(t,x,8) =
—=exp{-wxe" "V + K, (t) +s ¥ L ()}, 0<t <t,
v

(i) if _a g holds, the candidate optimal value function is
(m+v)a,

J(t,x,8) = —%exp{—vxe"“) +K ) +s L (1)}0<t<T
Remark 3. According to Theorem 3.1 and Theorem 3.2, we can see that

(1) the candidate robust optimal reinsurance strategy in Theorem 3.1 is similar to Theorem 13 in
Zhang and Zhao (2019). Moreover, if p=0,we have 7, =&, =0, then Theorem 3.1 will coincide

with Corollary 3.6 in Aand Li (2015) and A et al. (2018).
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(2) if m=0, the candidate optimal investment strategy in Theorem 3.2 will be the same as
Theorem 3.1 in Gu et al. (2012) and Theorem 3.10 in Zhang and Zhao (2020). This implies that our
results generalize the existing results to the case of dependent risks and ambiguity.

(3) the insurer’s wealth has no influence on the optimal strategies due to the exponential
utility function.

4. \ferification theorem

This section will apply the result of Kraft (2004, Corollary 1.2) to verify the candidate optimal
strategies m =m'(t),8 =4 ,i=12and z = z"(t) are indeed optimal, and the value function given by (20) is
just the value function J (t, x, s) defined by (14). The main theorem is summarized as follows.

Theorem 4.1. For the optimal control problem (14), if there exists a function Vv(t,x,s) and a

measurable function (a(t,s),é(t,s)), which satisfy the HIB Equation (15) and the parameters satisfy

4v .\/(ﬂ_r)(4/¢+3r)< H (58)
m+v r Cu—r

then (u"(t) = 4(t, S,), 0 (t) = 4(t, S,)), is an optimal strategy andV (t, x,s) is the corresponding value function.

Proof. From Kraft (2004, Corollary 1.2), the above theorem will hold if (u",6")and the
corresponding candidate value functionvV (t, x, s) have the following three properties:

(1) u”isan admissible strategy and Q" is well-defined by A” (t) with g, and 4, ;

(2) E® [ sup

te[0,T]

v (t XY (1), S(t))ﬂ <!

(3) E? { sup

te[0,T]

w(t, XY (), S(t),6 (t))ﬂ <o,
Next, we shall verify the properties (1)—(3), respectively.
Proof of (1). m/(t)and m;(t)are deterministic and bounded on [0,T], thus condition (i) in

Definition 2.1 is met. By 1t6’s lemma and (7), we have
dS % (1) = [B(2+1)0” —2uS * (Ot —280S (Y)W, () (59)

According to Zhao et al. (2017) and Jeanblanc et al. (2009), we know that (59) has a unique

strong solution. Therefore, for >0, (7) has a unique solution such thatS(t) € (0,+x). Moreover, by

(57), condition (ii) in Definition 2.1 is met. Condition (iii) in Definition 2.1 can be obtained by
Property (2).

Proof of (2). Substituting (u”,#") into (11), we have the wealth process under (u*,8")
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XU (t) = x,e" + j et (¢, +c, +Mﬂ*(w))dw
0 m+yv

U ort-w) pg* 2 2 * B
= [ e8] (w)\[y? + 7% +22.pg, (m; (w))gy (m; (W) dw

+ jo‘ "W 7" (W) S ” (W)dW,L (w)

. _ - .
+ [ et N7+ 72+ 2209, (m; W)g, (m; (W))W, (w)

t
=x,e" + jo e"“"(c +c,)dw

e ! Y=g (w)s2 (wydw
m+yv

t r(t-w) p* 2 2 * -
~[ e (w)\[y? + 72 +22.pg, (m; (w)) gy (m; (W) dw

T [ 5B, (W)S 7 (W)W, (w)

[ Ty + 12+ 22pg, (M (W) g, (m; (w)) AW (w) (60)
_ (e _u-r
where B(t) = a ) ,B,(t) = g +28B(t).

Inserting (60) into (19), we obtain the following estimate with appropriate constantsM, <M,,

Ve X @.s0)
_ V%exp{—4ve'<T-‘> XY (1) + 4L 05 2 (t) + 4K O]}

<M, exp{—4ve" ™ VXY (t)}
<M, exp{-4v[ V=g (w)s-2# (w) - 4v [ B, w)S 7 (W)W, (w)}
0 m+v 0

exp{=av &' T [y7 + 7E +22.pg, (M W) gy (my (W))AW,? (w)}

=M ZHeXp{Ei (9} (61)
where
Kt)=K OI{—2—=>1t, <t<T}+ Kz(t)l{Lzl,Ost <t}
(m+v)a, (m+Vv)a,
+K, )1 & <1}
(m+v)a,
and
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E, () =—4v[ ; oB,(W)S” (W)dW,2 () — jo‘?,zvzc;2 B2 (w)S 2 (w)dw,

E,(t) = [ 4B (W) [80‘281(W) —“—‘rjszﬂ (w)dw,
0 m+v (62)

E,(t) =—av[ e ™[y + 72 +22pg, (M, W))g, (M, (W))W (W) ~E, (1)

E,(1) =32V [ €T (1 + 72 + 2Apg, (m; (W))g, (M w)) )dw

Because L, (t) and K (t) are deterministic and bounded on [0,T] ands(t) e (0,+x), we obtain that
the first estimate in (61) is valid. Since m; (t),m;(t),d;, (tyand """ are deterministic and bounded on
[0,T], the second inequality holds.

In what follows, we consider the four integrals about exp{E, (t)},i=12,3,4.

Firstly, note that m;(t) and m;(t) are bounded on [0,T], iteasy to check that

E? [exp{4E, ()} < (63)

Secondly, because B,(t) is deterministic and bounded on [0,T], then by the Lemma 4.3 in Zeng
and Taksar (2013), it is easily be seen that exp{4E(t)} and exp{4E,(t)} are martingales
under Q", consequently,

EQ [exp{4E, (t)}] < o and E [exp{4E, (t)}] < o (64)

Thirdly, according to Theorem5.1 in Zeng and Taksar (2013), we obtain a sufficient condition
for

E? [exp{2E, ()} <o (65)
IS
128v25? B2 (W) — 167 ﬁ B,(W) < 2‘;2 . (66)
for wwe[0,T].
Note that (m‘i :/)raz <B,(t) sﬁ,w e[0,T]and T €[0,x), and by (58), then (66) holds

forvte[0,T] and T €[0,«), because of the property of quadratic function. According to (63)—(65)
and Cauchy-Schwarz inequality, we have
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EY . X ©,50)
< MLE? [op{E, (0 + E, 0+ B0+ E, (O]

<M, (E¥ [exp{2E, (1) + 2E, (0}])° (¥ [exp{2E, () + 2E, O})*

<M, (E¥ [exp{4E, (0}]- E¥ [expf4E, O} -(EY [expf4E, (V}]- EY [expf4E, O})*

<o (67)
Hence, property (2) holds.

Proof of (3). By (22), with an appropriate constant M,, we get

E [exp{% .[OT

o (t)||2 dt}} <M,E [exp{% J'OT %3 -2p (W)dW}}

<M,E {exp{%_"T M s (W)dw}} <o (68)
° o

where the first estimate in (68) follows from the deterministic and bounded &;(t) on [0,T], and by

(59) and Theorem 5.1 in Zeng and Taksar (2013), the last estimate is easily derived.

Moreover, according to, we can see that Q" is well-defined.
Inserting 6" (tyand u” (t) into (13) arrives at
£ e, x* @), s@)

g

Ve o.sof |3

il

«9*(t)||2j } <w (69)

V2
m2

<’ |g? ‘v @t X (t), S(t))r EY G
where the first estimate follows from the Cauchy-Schwarz inequality and the last estimate from (67)
and (68). Thus, property (3) holds.

With all the properties are satisfied, the result of Kraft (2004, Corollary 1.2) guarantees (u*,8") is
an optimal strategy andV (t, x,s) is the corresponding value function.

5. Special cases
This section considers some special cases of the problem (14), such as the investment-only case

and the case with ambiguity-neutral insurer (ANI), respectively. These results here are only provided
without giving the proofs.
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5.1. Investment-only case

If there is no reinsurance, i.e.,m (t)=D,,m,(t)=D,,then X" = X,,Y" =Y,,& =&, =0,and (3) can be
rewritten as

d X (t) = Aty + Pty ) A+ JAGK + AP0 + 22Dty g1, AW (1)

According to (11), the above wealth process for an AAI under the probability Q is

dX () =[rX (1) + (e — 1)+ At + Pt ) — Oy (AT +APOT +2A Pty
—6,(t)orS” ()]dt + zoS” (t)dW,O (t) (70)
+ \jxlai +APOE + 2Py 1, AW (1)

and the HJB equation is given by
sup ir;fR{ A3, X (1), 5)FP(L X (2), (1)} =0 (71)

zeR VERX

where J is a short notation for J(t, x, s), representing the optimal value function of the investment-only
problem with the boundary condition J(T, x,s) =U(x), and

AT = jt +IX+ (= 1)z + Al + P11 ) =6, (t)\/ﬂ,di + ﬂ,pO'YZ + 2Py py —Hlo'ﬂ'sﬁ]jx

+1[7°0%sY + A0 + Apoi +2Apuy i, 13, + (us— 608" )J, (72)
+10%8? ] + oS

Theorem 5.1. For the investment-only problem (71) under exponential utility (18),

i.e.m (t) = D,,m,(t) = D,in (15), then the robust optimal investment strategy z; (t) is

e il il Gl a0 LRGN P (73)
0 2ra?S? (t) m+v

and the optimal value function is given by

J(t,x,8) = 1 exp{-wxe "V + K, (t) +s L, (1)},0<t <T,
\'

where L (t) is given by (44),
R,() = o*+2p)] Li(w)dw+¥(l—e"”)) + [ ver T (w) dw
and M = Anu, +Apn,u, and f,(t) is given by

m+v
2

f,(t)= (0% +Apoy + 24P iy )" — A& 1y — ADE, 1y
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In addition, if p=0,m(t)=D,, it means that only one class of insurance business is considered,

in other words, there are no dependent risks.

Corollary 5.2. If p=0m(t)=D, for the investment-only problem, the robust optimal

investment strategy is the same as (73), and the optimal value function is

J(t,x,8) = 1 exp{-wxe' "V + K, (t) + s 7L, (1)},0<t <T,
v

where
R, () =o*p+2p)[ Ll(w)dw+M(1-ef“*>) + [ ver T, (w) dw
and
f,0) =Y o2e ™Y — A&, — ApEu,
5.2. ANI case

If ambiguity-aversion coefficient m=0, our model will reduce to an optimal control problem
for an ANI. Then, the wealth process under probability measurers P is given by (8). Let the optimal
value function be

J(t.x.5) =SupE, [UX(T)] (74)

where o = {(m, (t),m, (t)),7(t),t €[0,T]}, and HIB equation is

sup A I+ (=) + ¢ +C 1T, + 17’07 + 5 + 7] + 24 pgy (M)g, (M,)]T,,

ue[0,D;]x[0,D, xR

+usd, +10?s? )+ wo?sP M, } 0
Note that J is the short notation for J(t, x,s) with J(T,x,s) =U(x). Let

e—r(T—t)

)4, _k—l(o) 51 e (™1 to T_ 51

r vaI

L X
k = 2 [ —

(x) =&, ( z
h(x) =11 (1, (X)) + g, () - %eﬂm

Note that, if &/va >1 and h(D,)>0, according to the proof of Theorem 3.1, by the similar
analysis of that the equation h(x)=0 in (32) has a unique solution x,(t)<[a,D,] when h(D,)>0,
it’s easy to prove that equation h(x)=0 has a unique solution x,(t)<[a,,D,].

Theorem 5.3. When ¢& >¢,, for the optimal control problem (74) of an ANI who ignores

ambiguity with utility (18), the optimal investment strategy is
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C2r(u—r)+(u-r)?@Q-e?rT0) g0

200757 () S 0st<T, (75)

7 (1)

and (i) if g =o0o0r %21, t, <T holds. Forg, <t<T, the optimal reinsurance strategy (m; (t),m,(t))
v 1

IS given by

m; (t) =%, (1) 1{h(D,) 2 0}+ D,I{h (D,) < O},
m, (1) =1 (1, (% (0) {h (D)) 2 0,1, (%, (1) <1, (D,)}
+D,1{h(D,) 20,1, (%(1)) > 1, (D,)}

+(§—Ze'“ — 0y (Dl)j
\

: I{H(Dl) < On%eir(ﬁt) —0x (Dl) < Dz}

+ D2 I{H(Dl) < O,%e‘r”“’ —0x (Dl) = Dz}

For o<t<%, if the solution toh(x)=0exists, the optimal reinsurance strategy (m (t),m,(t)) is

expressed by

m, (t) = %e"”"’ |{%e*f<“> <D}+ Dll{%e’r“") >D} (76)
m, (t) =0

and the optimal value function is

—lexp{—vxe'”’“ +K @) +s L MO} <t<T
Jt,xs)=1 v

—;exp{—vxe’”“’ +K, ) +s?L1)}0<t <,

(ii) if i_1<1,in this caset, >T. Foro<t<T <%, the optimal reinsurance strategy is expressed
v,

by (76), and the optimal value function is given by

J(t,x,8) = —%exp{—vxer”’“ +K, () +s L (1)}0<t<T,
where
Ty v(u—r)? 2Bt
LM = pry (1-e )

K.t =o*p+2p)[ El(w)dw+¥(1—e“”>) + [T ver T (m; (w), 1 (), wydw

- Vv (T
f(mlvmzvt) 25(712 +722 +2/1pgx(m1)gv (mz))e =0 _léglgx(ml)_lpézgv (mz)
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K, (t) = 2B+ 2ﬂ)j: El(w)dw—% eV 1) j; ve' T F (M7 (w), 0, wydw

+ [Pver T F (] (w), 0, wydw + j; ver T F () (w), /i (w), w)dw
Ky(t) =" B+25)[ C(wyw+ @ (1™ 0)+ [T ve ™ F (i (w), 0, ww

and M is given by (24).

Furthermore, if p=0in Theorem 5.3, the optimal reinsurance-investment will coincide with
Corollary 4.5 in Gu et al. (2012) and A et al. (2018). This means that our model extends the results in
Gu et al. (2012) and A et al. (2018) to the case of robust optimal formulation under p-thinning
dependent risks.

6. Numerical examples and discussion

This section investigates the impacts of parameters on the optimal strategies. Here only the
analysis for the case of & /((m+v)a)>1 is taken for consideration. For drawing convenience, the
claim sizes x, andy, are assumed follow uniform distribution U (0,1. Throughout this section, unless
otherwise stated, the basic parameters are given by & =2,& =1,r=0.05,4=0.09,m=0.5,v=0.5t =10,
T =20, p=02,s=5 0=0.16, 4 =1/3. The conclusions are drawn from Figures 1-10.

(1) Effect of parametersmand v on the optimal reinsurance-investment strategy.

Form Figures 1-2, we can see that both the optimal excess-of-loss reinsurance strategy m"and
the optimal investment strategies " decrease with m. As we know, m is the ambiguity-aversion
coefficient representing the insurer’s attitude toward the uncertainty of the model, which is reflected
in the claim process and the risky assets’ price process. The larger m is, the more uncertain risk
aversion the insurer is, so the insurer tends to adopt a lower reinsurance-investment strategy. Then,
the risk from model uncertainty is spread to the reinsurer.

Figures 3-4 shows that m’,z"and z, decrease with respect to v. Note that v represents the insurer’s
risk aversion coefficient, the larger v is, the more risk averse the insurer is, thus, as v increases, the insurer
would like to reduce the investment amount to avoid risk, meanwhile, he/she prefers to reduce the
retention level of reinsurance so as to transfer more underlying risks to a reinsurer.

trategy
/

The optimal reinsurance strateg

Figure 1. Effect of m on the optimal reinsurance strategies.

Quantitative Finance and Economics Volume 5, Issue 1, 134-162.



157

IS

e

¥

N
The optimal investment strategy 7
o
/

2 -
\Ae ‘*—m‘
18 F %
*\** —a—m

16 Sy
B TR
B
Elar *\M**
@ H—
815 Rk |
Z
Z o1t
£
Fost
g
&

06 A
& ™ 24
S 04r A

Aa
AA A
02f fan SRON 4
TEALA N
ey

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
v

Figure 3. Effect of v on the optimal reinsurance strategies.

6.5 T T
—t—
6 <1
%
55 N 1
= AN
% \
&
E° *\*
5 45 g
g
] RN
= Sk
g3t %
o - *.
2 i . L
= e *
25 — *
T
— 1
——
|
15 . . . . .
05 0.6 0.7 08 0.9 1 11 12 13

Figure 4. Effect of v on the optimal investment strategies.

(2) Effect of parameterst,r, p on the optimal reinsurance strategy.
From Figure 5, we can see thatm’increases with respect to the time t. As time passes, the insurer
will obtain much wealth from insurance business and investment, so he/she is able to take more

insurance risk and prefers to raise the retention level of reinsurance.
Figure 6 demonstrates that m”decreases with the risk-free interest rate r. The larger r is, the more

attractive the risk-free asset is, so as r increases, the insurer prefer to invest more wealth in the
risk-free asset rather than purchase more reinsurance.
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Figure 7 indicates that m’ decreases with respect to p. Since a larger p implies greater values of
two expected claim numbers, so the insurer prefers to retain a less share of each claim.

(3) Effect of parameters ., o,s on the optimal investment strategy.

Figure 8 reports that . exerts positive effects on the optimal investment strategies ~"and =, . Note
that x is the rates of the risky assets’ return, as x increases, the insurer will gain more from investment.

Therefore, the insurer would like to increase the investment.

As shown in Figure 9, " and z, decrease with respect to the standard volatility o.
As o increases, the volatility of risky asset will fluctuate a little drastically, then the insurer prefer to
decrease the investment so as to avoid risks.

We see from Figure 10 that ~"andz increase with respect to s. A larger s means higher the
risky asset’s price, hence the insurer will wish to increase the investment in the risky asset.

In addition, in Figure 4 and Figures 8-10, we compare that " with model uncertainty
and z; without model uncertainty, and we find that ~; is larger than z". It means that it is necessary to

study the robust optimal control problems which can help us make more reasonable decisions.
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Figure 6. Effect of r on the optimal reinsurance strategies.
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7. Conclusions

This paper investigates a robust optimal excess-of-loss reinsurance and investment problem
with p-thinning dependent risks for an AAI under CEV model. We aim to maximize the expected
exponential utility of AAI’s terminal wealth. Applying the stochastic control theory, we obtain the
explicit expressions of the optimal excess-of-loss reinsurance and investment strategies and provide
some special cases. Finally, we present some numerical examples to illustrate our results.

There are still some problems needed to be investigated in this direction. Firstly, we only deal
with the excess-of-loss reinsurance, in fact, one can consider other reinsurance such as stop-loss
reinsurance in our model. Secondly, other kinds of dependent risks can be taken into consideration in
our problem, in addition, this paper assume the risky asset’s price process and wealth process are
independent, it is more realistic to consider the correlation between the risky asset’s price process
and wealth. Thirdly, it is meaningful to discuss other objectives such as the general utility function
and mean-variance criterion in our model. Although these problems are challenging, they are
meaningful and interesting to be investigated, thus we will focus on these optimal problems so as to
enrich our research in the future.
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