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Abstract: The primary objective of this study is to develop and analyze a numerical scheme to
solve nonlinear fractional reaction-convection-diffusion equations, where the fractional derivative is
interpreted in the Caputo sense. First, the nonlinear system is linearized using a direct linearization
strategy, after which a barycentric rational interpolation method is employed to construct a fully
discrete numerical scheme. A rigorous theoretical framework is established to demonstrate the stability
and convergence of the proposed method. To corroborate the theoretical findings, several numerical
experiments are conducted, illustrating the method’s accuracy, robustness, and computational
efficiency. This work advances the numerical analysis of nonlinear systems characterized by fractional-
order dynamics and provides effective computational tools to model complex processes in various
scientific and engineering contexts.
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1. Introduction

Reaction–convection–diffusion equations serve as foundational models across various disciplines,
including physics [1], chemistry [2], and biology [3]. These models describe how physical quantities
evolve in time and space under the combined influence of diffusion (random spreading), convection
(directed transport), and reaction (local interactions or transformations). In many classical studies, the
diffusion and convection terms are assumed to be linear for analytical simplicity and numerical
feasibility [4, 5]. However, real-world systems often exhibit a pronounced nonlinear behavior,
particularly in systems with feedback mechanisms, multicomponent interactions, or saturation effects.

These nonlinearities are not merely theoretical curiosities but play a central role in accurately
modeling and understanding the complex behaviors of many physical, chemical, and biological
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systems. In numerous applications, the underlying processes are inherently nonlinear, and these
nonlinearities directly influence both the qualitative and quantitative aspects of the system’s
evolution [6]. For instance, in fluid dynamics, turbulent flows are characterized by nonlinear
interactions across a wide range of spatial and temporal scales, making linear approximations
inadequate. Similarly, in chemical kinetics, nonlinear reaction mechanisms such as autocatalysis,
inhibition, and saturation often govern the temporal evolution of concentrations, giving rise to
phenomena such as oscillatory reactions and pattern formations. In ecological modeling, nonlinear
terms naturally appear in predator-prey systems, logistic growth models, and competition dynamics,
where population interactions nonlinearly depend on species densities and environmental constraints.

Capturing these complex interactions requires mathematical models that go beyond simple linear
approximations. Specifically, nonlinearities in both convective and diffusive terms can significantly
affect the stability, propagation speed, and equilibrium states of the solution. Ignoring such effects may
lead to models that fail to reproduce key dynamic features, thus resulting in poor predictive power or
even qualitative inaccuracies [7].

Fractional calculus has been increasingly employed as a powerful generalization of classical
calculus to enhance the descriptive and predictive capabilities of these models. Fractional-order
derivatives, as opposed to their integer-order counterparts, are capable of incorporating memory and
hereditary properties into the modeling framework [8, 9]. This is particularly advantageous in systems
where the future evolution depends not only on the current state but also on the entire past history,
which is a common feature in viscoelastic materials, subdiffusive transport, and various biological
processes that involve temporal delays or memory feedback.

Among various definitions of fractional derivatives, the Caputo derivative is especially appealing
in applied contexts because it allows for the use of standard initial conditions expressed in terms of
integer-order derivatives. Mathematically, the Caputo derivative introduces a weighted integral over
the past states, where the weights decay in a power-law fashion, thus capturing long-range temporal
dependencies [10]. This nonlocality in time provides a natural framework to model anomalous
diffusion, where the mean square displacement deviates from the linear time-dependence of classical
Brownian motion. Additionally, it proves useful in modeling relaxation processes with memory, such
as dielectric relaxation in materials science and adaptation processes in neuronal dynamics.

Moreover, the Caputo formulation retains compatibility with well-established numerical and
analytical techniques, which facilitates its integration into existing computational frameworks. As a
result, it has been successfully applied in a wide array of disciplines, including physics, geophysics,
hydrology, finance, and the control theory. Its ability to interpolate between purely diffusive and
wave-like behaviors, depending on the fractional order, provides a flexible tool to model complex
systems that exhibit features of both.

In the present work, we consider a nonlinear fractional reaction–convection–diffusion equation
(NFRCDE) with a Caputo time-fractional derivative of order β ∈ (0, 1]. The model equation is given
by the following:

C
0 Dβ

t u =
∂

∂x

(
P(u)

∂u
∂x

)
− K1u

∂u
∂x
+ K2u(1 − u)Q(u) + f (x, t), (x, t) ∈ [0, 1] × [0, 1], (1.1)
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subject to the initial and boundary conditions

u(x, 0) = ψ1(x), x ∈ (0, 1),
u(0, t) = ψ2(t), u(1, t) = ψ3(t), t ∈ (0, 1].

Here, P(u) and Q(u) are nonlinear functions of the unknown u(x, t), and K1,K2 > 0 quantify the
relative strengths of the convective and reactive contributions. The source term f (x, t) and boundary
data ψ1, ψ2, ψ3 are assumed to be sufficiently smooth. The Caputo fractional derivative C

0 Dβ
t u is

defined as follows:

C
0 Dβ

t u(x, t) =


1

Γ(1 − β)

∫ t

0
(t − ζ)−β

∂u(x, ζ)
∂ζ

dζ, 0 < β < 1,

∂u(x, t)
∂t

, β = 1,
(1.2)

where Γ(·) denotes the Gamma function.
The inclusion of fractional derivatives introduces nonlocality in time. This gives the model the

capacity to capture memory effects, such as subdiffusive behavior in porous media and hereditary
dynamics in biological tissues. Many researchers have developed numerical approaches for such
nonlinear fractional models. For instance, Anley et al. [11] adopted a fully implicit scheme using the
Grünwald–Letnikov operator, while Chen et al. [12] proposed an immersed finite element method
combined with a nonuniform L1 discretization. Liu [13] studied boundary control techniques for
related nonlinear systems using exponential tracking strategies. Further advances in this area can be
found in [14–17], where various numerical schemes and theoretical analyses are presented.

Unlike classical interpolation methods that may suffer from oscillations or ill-conditioning, the
barycentric rational interpolation (BRI) method introduces precomputed barycentric weights,
allowing for stable and efficient interpolation even on nonuniform grids. This has led to successful
applications in various settings, including the numerical solution of ordinary and partial differential
equations, both linear and nonlinear, as well as fractional models [18–23]. These properties make BRI
a natural candidate for the discretization of fractional PDEs with nonlinearities.

In this work, we focus on developing a high-order accurate numerical scheme based on the BRI
method to solve the NFRCDE (1.1). The main contributions of this paper are threefold: First, we
propose a novel direct linearization strategy that avoids the computational overhead of traditional
Newton iterations while retaining high accuracy; second, this strategy is then combined with a
Gauss–Legendre quadrature to discretize the fractional integral term; and third, we provide a rigorous
theoretical analysis that establishes the stability and convergence of the proposed scheme, and we
demonstrate through numerical experiments that our method achieves substantially higher accuracy
and lower computational cost compared to existing algorithms.

The rest of this paper is organized as follows: Section 2 introduces the linearization strategy and the
fully discrete scheme based on the BRI; Section 3 presents rigorous error estimates for the proposed
method; numerical experiments that validate the theoretical convergence are given in Section 4; and
finally, conclusions and potential future work are discussed in Section 5.
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2. High-accuracy numerical algorithm for Eq (1.1)

2.1. Background and formulation of BRI

In 2007, Floater and Hormann [24] introduced a highly accurate barycentric rational interpolation
method that eliminates the occurrence of poles while retaining excellent numerical stability and
approximation accuracy. The interpolant takes the following rational barycentric form:

r(x) �

n∑
i=0

wi

x − xi
ui

n∑
i=0

wi

x − xi

, (2.1)

where {xi}
n
i=0 ⊂ [0, 1] are equidistant interpolation nodes, ui = u(xi), and wi are the so-called barycentric

weights. These weights are defined by the following:

wi =
∑
z∈Oi

(−1)z
z+dx∏
θ=z
θ,i

1
xi − xθ

, Oi = {z ∈ Z ∩ [0, n] : i − dx ≤ z ≤ i},

where dx ∈ N is the degree parameter satisfying 0 ≤ dx ≤ n.
Using Eq (2.1), we define the barycentric rational interpolation function (BRIF) of u(x), denoted by

uB1(x), as follows:

u(x) � uB1(x) =
n∑

i=0

Φi(x)ui, Φi(x) =

wi

x − xi
n∑

g=0

wg

x − xg

. (2.2)

This formulation satisfies the interpolation condition

Φi(xα) = δiα =

1, i = α,

0, i , α,
(2.3)

thus ensuring exact reconstruction at the nodes.
Analogously, for a set of interpolation points {t j}

m
j=0 ⊂ [0, 1], we define the BRIF of a function u(t)

as follows:

u(t) � uB1(t) =
m∑

j=0

Θ j(t)u j, (2.4)

where u j = u(t j), and the basis functions Θ j(t) are defined by the following:

Θ j(t) =

w j

t − t j
m∑
ρ=0

wρ

t − tρ

, w j =
∑
ς∈O j

(−1)ς
ς+dt∏
v=ς
v, j

1
t j − tv

,
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O j = {ς ∈ [0,m] : j − dt ≤ ς ≤ j}, dt ∈ N, 0 ≤ dt ≤ m.

As before, this interpolation also satisfies Θ j(tv) = δ jv.
To interpolate a bivariate function u(x, t) over a tensor-product grid (xi, t j), we denote ui(t) := u(xi, t)

and ui j := u(xi, t j). First, we interpolate in the t-direction using Eq (2.4) to obtain the following:

ui(t) � uB1(xi, t) =
m∑

j=0

Θ j(t)ui j. (2.5)

Next, applying Eq (2.2) in the x-direction yields the following full two-dimensional BRIF:

u(x, t) �
n∑

i=0

Φi(x)ui(t) �
n∑

i=0

m∑
j=0

Φi(x)Θ j(t)ui j := uB2(x, t). (2.6)

Now, we turn to the derivatives of the interpolant. For any fixed evaluation point (xa, tb), the µ-th
order partial derivatives of the BRIF uB2(x, t) are obtained via differentiation of the following
basis functions:

∂µuB2

∂xµ
(xa, tb) =

n∑
i=0

m∑
j=0

Φ
(µ)
i (xa)Θ j(tb)ui j =

n∑
i=0

m∑
j=0

X(µ)
ai Θ j(tb)ui j, (2.7)

∂µuB2

∂tµ
(xa, tb) =

n∑
i=0

m∑
j=0

Φi(xa)Θ(µ)
j (tb)ui j =

n∑
i=0

m∑
j=0

Φi(xa)T (µ)
b j ui j, (2.8)

where X(µ)
ai and T (µ)

b j are the entries of the µ-th order barycentric differentiation matrices with respect to
x and t, respectively. These matrices are computed recursively as follows:

For the first-order derivative,

X(1)
ai =


wi

wa

1
xa − xi

, a , i,

−

n∑
l=0
l,a

X(1)
al , a = i,

T (1)
b j =


w j

wb

1
tb − t j

, b , j,

−

m∑
q=0
q,b

T (1)
bq , b = j.

For higher-order derivatives µ ≥ 2,

X(µ)
ai =


µ

X(1)
ai X(µ−1)

aa −
X(µ−1)

ai

xa − xi

 , a , i,

−
∑n

l=0
l,a

X(µ)
al , a = i,

T (µ)
b j =


µ

T (1)
b j T (µ−1)

bb −
T (µ−1)

b j

tb − t j

 , b , j,

−
∑m

q=0
q,b

T (µ)
bq , b = j.

For the barycentric rational interpolation with equidistant nodes, the first-order differentiation
matrix T(1) satisfies the following error estimate (see [24]): for u ∈ Cdt+2[0,T ]:∣∣∣∣∣∣∣u′(0) −

m∑
j=0

T (1)
0 j u(t j)

∣∣∣∣∣∣∣ ≤ Cτdt . (2.9)

This ensures that the approximation of the initial derivative term ∂u
∂t

∣∣∣
t=0

by the first row of T(1)

achieves dt-th order accuracy and is consistent with the overall convergence of the scheme.
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2.2. Direct linearized iterative scheme and fully discrete formulation of Eq (1.1)

In this subsection, we construct a fully discrete numerical scheme to solve Eq (1.1) using the BRI
method. To this end, we first reformulate the time-fractional derivative using an equivalent integral
form that facilitates a numerical approximation.

Under the assumption that u(x, ·) ∈ C2[0,T ] for each fixed x, integrating the Caputo derivative by
parts yields the following equivalent representation:

C
0 Dβ

t u(x, t) =
1

Γ(1 − β)

∫ t

0
(t − ζ)−β

∂u(x, ζ)
∂ζ

dζ

=
1

Γ(2 − β)

[
(t − ζ)1−β∂u

∂ζ

]ζ=0

ζ=t
+

1
Γ(2 − β)

∫ t

0
(t − ζ)1−β∂

2u
∂ζ2 dζ

=
t1−β

Γ(2 − β)
∂u
∂ζ

∣∣∣∣∣
ζ=0
+

1
Γ(2 − β)

∫ t

0
(t − ζ)1−β∂

2u
∂ζ2 dζ,

where ∂u
∂ζ

∣∣∣∣
ζ=0

denotes the partial derivative with respect to time evaluated at ζ = 0. This representation

is valid for 0 < β < 1 and requires u(x, ·) ∈ C2[0,T ].
By substituting the above into Eq (1.1), we obtain the following integral form:

t1−β

Γ(2 − β)
∂u
∂ζ

∣∣∣∣∣
ζ=0
+

1
Γ(2 − β)

∫ t

0
(t − ζ)1−β∂

2u
∂ζ2 dζ

= P′(u)
(
∂u
∂x

)2

+ P(u)
∂2u
∂x2

− K1u
∂u
∂x
+ K2u(1 − u)Q(u) + f (x, t).

(2.10)

To handle the nonlinear terms, we apply a direct linearization method. Given an initial
approximation u0, we replace nonlinear terms that involve u with expressions depending on the
known function u0, thus obtaining the following linearized form:

t1−β

Γ(2 − β)
∂u
∂ζ

∣∣∣∣∣
ζ=0
+

1
Γ(2 − β)

∫ t

0
(t − ζ)1−β∂

2u
∂ζ2 dζ

= P′(u0)
∂u0

∂x
∂u
∂x
+ P(u0)

∂2u
∂x2

− K1u0
∂u
∂x
+ K2u(1 − u0)Q(u0) + f (x, t).

(2.11)

Let u[s] denote the numerical approximation at the s-th iteration. The corresponding direct linearized
iterative scheme reads as follows:

t1−β

Γ(2 − β)
∂u[s]

∂ζ

∣∣∣∣∣∣
ζ=0

+
1

Γ(2 − β)

∫ t

0
(t − ζ)1−β∂

2u[s]

∂ζ2 dζ

= P′(u[s−1])
∂u[s−1]

∂x
∂u[s]

∂x
+ P(u[s−1])

∂2u[s]

∂x2

− K1u[s−1]∂u[s]

∂x
+ K2u[s](1 − u[s−1])Q(u[s−1]) + f (x, t).

(2.12)
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First, we apply the BRI method in space only, while keeping time continuous. Using the
differentiation matrices X(1) and X(2), the spatial derivatives are approximated at the spatial nodes xi

as follows:
∂u
∂x

(xi, t) ≈
n∑

k=0

X(1)
ik u(xk, t),

∂2u
∂x2 (xi, t) ≈

n∑
k=0

X(2)
ik u(xk, t).

Collecting all spatial nodes xi (i = 0, . . . , n) into the vector u(t) = [u(x0, t), . . . , u(xn, t)]⊤, the semi-
discrete system becomes the following:

C
0 Dβ

t u(t) = diag
(
P(u(t))

)
X(2)u(t) + diag

(
P′(u(t)) ◦ (X(1)u(t))

)
X(1)u(t)

− K1diag(u(t))X(1)u(t) + K2u(t) ◦ (1 − u(t)) ◦ Q(u(t)) + f (t),

where ◦ denotes the Hadamard (elementwise) product, 1 is the vector of all ones, and
f (t) = [ f (x0, t), . . . , f (xn, t)]⊤. This semi-discrete formulation explicitly shows how the spatial
operators are discretized while the time-fractional dynamics are preserved in a continuous form.

Introduce the temporal grid 0 = t0 < t1 < · · · < tm = 1 with uniform spacing τ = 1/m, and denote
ui j ≈ u(xi, t j). The temporal basis functionsΘ j(t) and their derivatives are evaluated at these nodes, thus
yielding the first-order differentiation matrix T(1) = [T (1)

b j ]m
b, j=0 (defined in Section 2.1). In particular,

T (1)
0 j are the entries at the initial time t0 = 0.

The Gauss–Legendre quadrature rule with p nodes {ζr}
p
r=1 and weights {Wr}

p
r=1 is employed to

approximate the fractional integral term. This rule exactly integrates polynomials of degree up to
2p − 1 on [0, 1] (see [25] for the convergence analysis of this quadrature for weakly singular
integrals).

By substituting the BRI expansions u(x, t) ≈
n∑

i=0

m∑
j=0
Φi(x)Θ j(t)ui j into the semi-discrete system and

applying the direct linearization strategy (with u[s] denoting the s-th iterate), we obtain the following
fully discrete representation:

1
Γ(2 − β)

t1−β
n∑

i=0

m∑
j=0

Φi(x)T (1)
0 j ui j +

n∑
i=0

m∑
j=0

p∑
r=1

(t − ζr)1−βΦi(x)Θ′′j (ζr)Wrui j


= P′

(
u[s−1]

B2
(x, t)

)
·
(
∂xu

[s−1]
B2

(x, t)
)
·
(
∂xu

[s]
B2

(x, t)
)

+ P
(
u[s−1]

B2
(x, t)

)
· ∂xxu

[s]
B2

(x, t) − K1u[s−1]
B2

(x, t) · ∂xu
[s]
B2

(x, t)

+ K2u[s]
B2

(x, t) ·
(
1 − u[s−1]

B2
(x, t)

)
Q

(
u[s−1]

B2
(x, t)

)
+ f (x, t),

(2.13)

where T (1)
0 j are the entries of the first-order barycentric differentiation matrix in time evaluated at t0 = 0.

Let us define the discrete temporal integral operator

D j(tb) :=
p∑

r=1

(tb − ζr)1−βΘ′′j (ζr)Wr,

and the corresponding matrix D = [D j(tb)]m
b, j=0. This matrix represents the discrete approximation of

the fractional integral operator.
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Then, the fully discrete matrix-vector form for 0 < β < 1 is as follows:[
1

Γ(2 − β)
(
IN ⊗ T(1)

0 + IN ⊗ D
)
− diag

(
P(u[s−1])

)
(X(2) ⊗ IM)

− diag
(
P′(u[s−1]) ◦ (X(1)u[s−1])

)
(X(1) ⊗ IM)

− K1 diag(u[s−1])(X(1) ⊗ IM)

− K2 diag
(
(1 − u[s−1]) ◦ Q(u[s−1])

)]
u[s] = F,

(2.14)

where the notations are given as follows:

u[s] = [u[s]
0 , . . . ,u

[s]
n ]⊤, u[s]

i = [u[s]
i0 , . . . , u

[s]
im ]⊤, F = [ f0, . . . , fn]⊤,

fi = [ f (xi, t0), . . . , f (xi, tm)]⊤, T(1)
0 =

[
t1−β
b T (1)

b j

]m

b, j=0
, D =

[
D j(tb)

]m

b, j=0
,

X(µ) =
[
X(µ)

i j

]n

i, j=0
, µ = 1, 2, IM = diag(1, . . . , 1)(m+1)×(m+1), IN = diag(1, . . . , 1)(n+1)×(n+1).

Here, X(1)u[s−1] represents the discrete first derivative ∂u[s−1]

∂x evaluated at all spatial nodes, and
diag

(
P′(u[s−1]) ◦ (X(1)u[s−1])

)
is a diagonal matrix whose diagonal entries are P′(u[s−1](xi)) · ∂u[s−1]

∂x (xi).
The source term vector F is assembled from f (tb) = [ f (x0, tb), . . . , f (xn, tb)]⊤ for each time level tb,
concatenated in the same order as u[s].

For the special case β = 1, the Caputo derivative reduces to the classical first-order derivative, and
the scheme simplifies to the following:[

IN ⊗ T(1) − diag
(
P(u[s−1])

)
(X(2) ⊗ IM)

− diag
(
P′(u[s−1]) ◦ (X(1)u[s−1])

)
(X(1) ⊗ IM)

− K1 diag(u[s−1])(X(1) ⊗ IM)

− K2 diag
(
(1 − u[s−1]) ◦ Q(u[s−1])

)]
u[s] = F,

(2.15)

with T(1) =
[
T (1)

b j

]m

b, j=0
.

The initial and boundary conditions are imposed such that the BRI approximation satisfies
the following:

uB2(x, 0) = ψ1(x), uB2(0, t) = ψ2(t), uB2(1, t) = ψ3(t).

Due to the Kronecker-delta property of barycentric basis functions, this is enforced by setting

u[s]
i0 = ψ1(xi), i = 0, 1, . . . , n,

u[s]
0 j = ψ2(t j), j = 0, 1, . . . ,m,

u[s]
n j = ψ3(t j), j = 0, 1, . . . ,m.

This completes the construction of the fully discrete iterative BRI-based scheme to solve the
NFRCDE (1.1).
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3. Error analysis

Throughout the theoretical analysis, we assume that the exact solution u(x, t) possesses sufficient
smoothness. More precisely, we assume that

u ∈ Cdt+2([0,T ]; Cdx+2(Ω)), (3.1)

where dx and dt denote the spatial and temporal interpolation degrees, respectively. This regularity
assumption guarantees the existence and boundedness of all derivatives required in the interpolation
error estimates and in the analysis of the Caputo fractional derivative.

To analyze the accuracy of the proposed BRI-based scheme, we estimate the interpolation error in
both space and time, and further assess the approximation error in the Caputo time-fractional derivative.

Let the spatial step size be h = 1
n and the temporal step size be τ = 1

m . Denote the grid function
values as follows:

ui = u(xi), u j = u(t j), ui j = u(xi, t j),

which correspond to the spatial and temporal interpolation nodes.
Let K1 denote the function space spanned by the barycentric basis functions {Φi(x)}ni=0 (as defined

in Eq (2.2)), and K2 denote the space spanned by {Θ j(t)}mj=0 (see Eq (2.4)). Now, we define the
corresponding interpolation operators.

Definition 3.1 (Barycentric Interpolation Operators). Define the one-dimensional interpolation
operators

Bx,n : C[0, 1]→ K1, Bt,m : C[0, 1]→ K2,

such that

Bx,nu(x) =
n∑

i=0

Φi(x)ui, Bt,mu(t) =
m∑

j=0

Θ j(t)u j.

Define the tensor-product interpolation space K = K1 ⊗K2 and the two-dimensional interpolation
operator as follows:

Bx,nBt,mu(x, t) =
n∑

i=0

m∑
j=0

Φi(x)Θ j(t)ui j,

which we denote as the BRI approximation uB2(x, t).

The interpolation operators are clearly linear, and their approximation quality depends on the
smoothness of the target function and the properties of the basis.

Definition 3.2 (Lebesgue Constant). [26] Let λn,dx and λm,dt denote the Lebesgue constants associated
with the interpolation operators Bx,n and Bt,m, respectively:

λn,dx = max
x∈[0,1]

n∑
i=0

|Φi(x)|, λm,dt = max
t∈[0,1]

m∑
j=0

|Θ j(t)|.

These constants characterize the stability of the interpolation in the uniform norm.

Next, we introduce key approximation results that quantify the interpolation error and Lebesgue
constant growth.
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Lemma 3.1 (BRI Approximation Accuracy). [27] Let the interpolation nodes be equidistant and
sufficiently separated. For any integer µ with 0 ≤ µ ≤ min{dx, dt}, under Assumption 3.1, then there
exist constants C1,C2 > 0 such that

|u(µ)(x) − u(µ)
B1

(x)| ≤ C1hdx+1−µ, |u(µ)(t) − u(µ)
B1

(t)| ≤ C2τ
dt+1−µ.

Lemma 3.2 (Growth of Lebesgue Constant). [28] For equidistant interpolation nodes {xi}
n
i=0 with

a barycentric rational interpolation of degree dx ≥ 1, the associated Lebesgue constant satisfies the
following logarithmic growth bound:

λn,dx ≤ 2dx−1(2 + ln n).

Now, we present the main interpolation error estimate for the BRI approximation uB2 in
two dimensions.

Theorem 3.1. Under Assumption 3.1, let uB2(x, t) = Bx,nBt,mu(x, t). Then, there exist constants
C1,C2 > 0 such that

∥u − uB2∥∞ ≤ C1hdx+1 +C2λn,dxτ
dt+1,

where λn,dx is the Lebesgue constant associated with the spatial interpolation operator Bx,n. Moreover,
by Lemma 2, λn,dx ≤ 2dx−1(2 + ln n).

Proof. Let Bx := Bx,n and Bt := Bt,m. Using the identity

u − BxBtu = (I − Bx)u + Bx(I − Bt)u,

we obtain
∥u − BxBtu∥∞ ≤ ∥(I − Bx)u∥∞ + ∥Bx(I − Bt)u∥∞.

By Lemma 3.1, the spatial interpolation error satisfies the following:

∥(I − Bx)u∥∞ ≤ C1hdx+1.

Moreover, by the definition of the Lebesgue constant, the spatial interpolation operator satisfies

∥Bxv∥∞ ≤ (1 + λn,dx)∥v∥∞,

for any continuous function v. Hence,

∥Bx(I − Bt)u∥∞ ≤ (1 + λn,dx)∥(I − Bt)u∥∞.

Applying Lemma 3.1 again yields

∥(I − Bt)u∥∞ ≤ C2τ
dt+1;

therefore,
∥Bx(I − Bt)u∥∞ ≤ C2(1 + λn,dx)τ

dt+1.

Combining the above estimates gives the following:

∥u − BxBtu∥∞ ≤ C1hdx+1 +C2(1 + λn,dx)τ
dt+1.

Networks and Heterogeneous Media Volume 21, Issue 4, 1524–1543.



1534

Since
1 + λn,dx ≤ Cλn,dx ,

for a generic positive constant C, we finally obtain

∥u − uB2∥∞ ≤ C1hdx+1 +C2λn,dxτ
dt+1.

This completes the proof.

Remark. Only the spatial Lebesgue constant appears in the final estimate because the temporal
interpolation error is directly controlled by Lemma 3.1. The spatial interpolation operator is
subsequently applied to this temporal interpolation error, thereby only introducing the spatial stability
factor (1 + λn,dx). Therefore, no temporal Lebesgue constant is required in the final error bound.

Next, we examine the numerical error introduced when approximating the Caputo fractional
derivative using the BRI interpolation uB2 .

Theorem 3.2. Let
ED =

C
0 Dβ

t u − C
0 Dβ

t uB2,

where
uB2 = Bx,nBt,mu.

Assume that
u ∈ Cdt+1([0,T ]; Cdx+1(Ω)).

Then, there exist constants C3,C4 > 0 independent of h and τ such that

∥ED∥∞ ≤ C3hdx+1 +C4τ
dt−1.

Proof. Using the definition of the Caputo fractional derivative,

C
0 Dβ

t v(t) =
1

Γ(2 − β)

(
t1−βvt(0) +

∫ t

0
(t − ζ)1−βvtt(ζ) dζ

)
,

we obtain

∥ED∥∞ ≤
1

Γ(2 − β)

( ∥∥∥ut(0) − uB2,t(0)
∥∥∥
∞

+

∫ t

0
(t − ζ)1−β

∥∥∥utt(ζ) − uB2,tt(ζ)
∥∥∥
∞

dζ
)
.

We estimate the two terms separately.
For the initial derivative, Lemma 3.1 with µ = 1 gives the following:∥∥∥ut − uB2,t

∥∥∥
∞
≤ C1hdx+1 +C2τ

dt .

Next, applying Lemma 3.1 with µ = 2 yields the following:∥∥∥utt − uB2,tt

∥∥∥
∞
≤ C3hdx+1 +C4τ

dt−1.

Therefore,
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∥ED∥∞ ≤
1

Γ(2 − β)

(
C1hdx+1 +C2τ

dt

+

∫ t

0
(t − ζ)1−β

(
C3hdx+1 +C4τ

dt−1
)

dζ
)
.

Since ∫ t

0
(t − ζ)1−βdζ =

t2−β

2 − β
≤

T 2−β

2 − β
,

we obtain

∥ED∥∞ ≤
1

Γ(2 − β)

(
C1hdx+1 +C2τ

dt

+
T 2−β

2 − β

(
C3hdx+1 +C4τ

dt−1
) )
.

Finally, absorbing all coefficients into generic constants yields

∥ED∥∞ ≤ C̃1hdx+1 + C̃2τ
dt−1,

which completes the proof.

4. Numerical examples

In this section, we validate the accuracy and efficiency of the proposed BRI-based numerical scheme
by applying it to two benchmark problems that involve NFRCDEs. The examples are designed to test
the convergence behavior and error characteristics of the method under various discretization settings.

All numerical experiments were performed using MATLAB R2022b on a standard desktop system
equipped with an AMD Ryzen 5 5600H processor and Windows 10 operating system.

To quantify the numerical performance, we define the maximum absolute error and relative error
as follows:

Ea = max
i, j

∣∣∣u(xi, t j) − uB2(xi, t j)
∣∣∣ , Er =

maxi, j |u(xi, t j) − Ui, j|

max{maxi, j |u(xi, t j)|, 10−12}
, respectively,

where u(xi, t j) denotes the exact solution, and uB2(xi, t j) represents the BRI-based numerical solution at
the spatial-temporal grid point (xi, t j).

The visualizations of error distributions in the figures presented below correspond to the following
pointwise absolute error: ∣∣∣u(xi, t j) − uB2(xi, t j)

∣∣∣ .
To assess the convergence behavior, we assume a uniform refinement of the spatial and temporal

domains with equal partition sizes (i.e., m = n). In this setting, the empirical convergence order is
computed using the following standard logarithmic formula:

order =
log (Error(n1)/Error(n2))

log (n2/n1)
,
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where n1 and n2 denote successive discretization levels, and Error(n1), Error(n2) refer to the
corresponding maximum absolute errors.

Unless otherwise specified, all the examples below are computed with the following settings, where
the iterative linearization procedure uses a tolerance threshold of 10−10 and the initial guess for the
nonlinear iteration is taken as the zero function (i.e., u0(x, t) ≡ 0). The specific forms of source terms
and exact solutions will be provided within each example to facilitate the verification of accuracy
and convergence.
Example 1. Let β = 1. In this case, the Caputo derivative reduces to the classical first-order time
derivative. We consider the following nonlinear reaction–convection–diffusion equation:

∂u
∂t
=
∂2u
∂x2 − u

∂u
∂x
+ u(1 − u)(u − γ),

posed on the domain (x, t) ∈ [0, 1] × [0, 1], with initial and boundary conditions derived from the
exact solution:

u(x, t) =
γ

2
+
γ

2
tanh (a1(x − a2t)) ,

where the constants are defined as a1 =
γ

4 , a2 = γ − 1, and γ = 10−3.
This example serves as a smooth traveling wave test problem, frequently used to evaluate the

performance of numerical methods in the presence of weak convection and nonlinearity. The exact
solution exhibits a hyperbolic tangent profile that evolves in time, thus posing a challenge for
numerical schemes to accurately resolve steep gradients.

To discretize the problem, we set the number of Gauss–Legendre quadrature nodes as NG = 1000.
The spatial interpolation degree and number of subintervals are taken as dx = n = 20, while the
temporal interpolation degree and number of subintervals are chosen as dt = m = 10. These values
provide a balanced resolution in both space and time.

Table 1 presents the computed maximum absolute error Ea at several selected time levels. For
comparison, we also include the corresponding results reported in [30], where DQM stands for the
Differential Quadrature Method and SM stands for the Spectral Method. As can be seen, the proposed
BRI method achieves substantially higher accuracies under the same discretization settings, which
confirms the robustness and efficiency of our scheme.

Table 1. Comparison of Ea with existing algorithms.

(n,m) t DQM [30] SM [30] Present method

(20, 10)

0.1 1.7366E-06 6.6955E-08 2.8814E-08
0.2 2.5979E-06 1.0925E-07 4.0119E-08
0.3 3.4604E-06 1.5155E-07 4.4343E-08
0.4 4.3241E-06 1.9385E-07 4.5916E-08
0.5 5.1890E-06 2.3614E-07 4.6503E-08
0.6 6.0551E-06 2.7843E-07 4.6722E-08
0.7 6.9224E-06 3.2072E-07 4.6803E-08
0.8 7.7908E-06 3.6300E-07 4.6833E-08
0.9 8.6604E-06 4.0527E-07 4.6846E-08
1 9.5312E-06 4.4755E-07 4.6843E-08

CPU time (seconds) 69.81 57.32 0.2460
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Example 2. In the second example, we consider a NFRCDE with a Caputo fractional derivative of
order β ∈ (0, 1):

C
0 Dβ

t u =
∂

∂x

(
u2∂u
∂x

)
+
∂

∂x

(
u
∂u
∂x

)
− 2u

∂u
∂x
+ 3u(1 − u2) +

2t2−β

Γ(3 − β)
ex − 3t2ex,

subject to the initial and boundary conditions specified by the exact solution

u(x, t) = t2ex, (x, t) ∈ [0, 1] × [0, 1].

Since the spatial and temporal interpolation degrees are chosen to be identical in this example,
we denote the following:

d := dx = dt.

For simplicity, the notation d is used throughout the remainder of this example. This example is
specifically designed to assess the proposed algorithm’s capability in simultaneously handling several
challenging features: A nonlinear source term, the inherent memory effect introduced by the
time-fractional derivative, and an exact solution that exhibits exponential growth in space and
algebraic growth in time. The presence of both product-type nonlinearities and nonlinear convective
derivatives further increases the complexity of the problem, making it a suitable benchmark to
evaluate the robustness and accuracy of the numerical scheme.

To approximate the fractional integral term arising from the Caputo derivative, we employ the
Gauss–Legendre quadrature rule with NG = 1100 quadrature points, which ensures a sufficiently high
resolution for the weakly singular kernel. For simplicity and to facilitate a systematic convergence
study, we adopt uniform partitions in both space and time. The interpolation degrees in space and
time are taken to be equal (i.e., d = dx = dt), and the numbers of subintervals are also set equal, with
n = m. Under this setup, we vary the interpolation degree d to investigate the convergence behavior of
the BRI-based method with respect to an increasing approximation order.

Table 2 reports the relative errors Er and CPU time for different values of β and grid sizes. The
results demonstrate that the BRI-based scheme achieves a high accuracy even with coarse
discretizations and exhibits efficient runtime performance. For instance, at the coarsest resolution
n = m = 3, the relative error remains below 10−3 for all β, while the CPU time is less than 0.1
seconds, thus indicating an excellent computational efficiency. Tables 3–5 present the maximum
absolute error Ea and the corresponding empirical convergence orders for β = 0.1, 0.5, and 0.9,
respectively. In all cases, the convergence order closely matches d + 1, which is consistent with the
theoretical prediction in Theorem 3.1. Moreover, as the interpolation degree d increases, the
convergence rate improves and the numerical error significantly decreases, thus confirming the
high-order accuracy of the proposed method. These numerical results strongly support our theoretical
analysis and demonstrate the practical effectiveness of the BRI-based scheme to solve NFRCDEs.

Figure 1 illustrates the comparison between the exact and numerical solutions for three different
fractional orders: β = 0.1, 0.5, and 0.9. Subplots (a)–(c) show the exact solutions, while subplots
(d)–(f) display the corresponding numerical solutions computed via the BRI method. As evident, the
BRI solutions exhibit excellent agreement with the exact ones. Figure 2 shows the corresponding
absolute error surfaces and their contour plots for the three values of β. The errors are uniformly
distributed and remain small across the entire computational domain, thus highlighting the method’s
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stability and accuracy. These graphical results visually confirm the high fidelity of the BRI scheme in
capturing both the qualitative behavior and quantitative accuracy of the exact solution, even for varying
fractional orders.

Table 2. Er and CPU time(s) for Example 2 with d = n = m at different β.

n × m
β = 0.1 β = 0.5 β = 0.9

Er CPU time(s) Er CPU time(s) Er CPU time(s)
3 × 3 7.1076E-04 0.0898 7.0890E-04 0.0741 7.0699E-04 0.0690
5 × 5 3.1719E-06 0.1461 3.1745E-06 0.1074 3.1687E-06 0.1219
7 × 7 7.6616E-09 0.1697 7.6634E-09 0.2016 7.5650E-09 0.1705
9 × 9 1.3814E-11 0.2730 1.8372E-11 0.2983 6.8155E-10 0.2579

Table 3. Ea and convergence order for Example 2 with β = 0.1.

n m Ea order CPU times(s)

d = 2

4 2 3.5400E-03 — 0.0595
6 3 1.1115E-03 2.8570 0.0748
8 4 4.7683E-04 2.9418 0.0933
10 5 2.4669E-04 2.9534 0.1042

d = 4

8 4 5.4099E-06 — 0.0883
10 5 1.8328E-06 4.8506 0.1112
12 6 7.5176E-07 4.8880 0.1352
14 7 3.5246E-07 4.9139 0.1625

d = 6

12 6 4.2505E-09 — 0.1390
14 7 1.4796E-09 6.8457 0.1801
16 8 5.9451E-10 6.8283 0.2383
18 9 2.6610E-10 6.8250 0.2544

Table 4. Ea and convergence order for Example 2 with β = 0.5.

n m Ea order CPU times(s)

d = 2

4 2 3.5097E-03 — 0.0624
6 3 1.1088E-03 2.8418 0.0839
8 4 4.7723E-04 2.9304 0.0956
10 5 2.4649E-04 2.9608 0.1137

d = 3

6 3 3.8667E-05 — 0.0743
10 5 6.3564E-06 3.5345 0.1114
14 7 1.8039E-06 3.7433 0.1572
18 9 6.8961E-07 3.8262 0.2252

d = 4

10 5 1.8314E-06 — 0.1151
14 7 3.5231E-07 4.8988 0.1608
18 9 1.0201E-07 4.9318 0.2570
22 11 3.7782E-08 4.9496 0.4533
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Table 5. Ea and convergence order for Example 2 with β = 0.9.

n m Ea order CPU times(s)

d = 2

6 3 1.1069E-03 — 0.0744
10 5 2.4622E-04 2.9425 0.1106
14 7 9.0318E-05 2.9806 0.1776
18 9 4.2572E-05 2.9928 0.2632

d = 3

16 8 1.0834E-06 — 0.2118
18 9 6.8923E-07 3.8400 0.2691
20 10 4.5876E-07 3.8634 0.3130
22 11 3.1721E-07 3.8712 0.4228

d = 4

14 7 3.5194E-07 — 0.1637
18 9 1.0198E-07 4.9288 0.3275
22 11 3.7710E-08 4.9576 0.3848
26 13 1.6398E-08 4.9850 1.9755

(a) β = 0.1 (b) β = 0.5 (c) β = 0.9

(d) β = 0.1 (e) β = 0.5 (f) β = 0.9

Figure 1. Comparison between exact and numerical solutions for Example 2 with β = 0.1, 0.5, 0.9.
(a)–(c) Exact solutions, (d)–(f) Numerical solutions.
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(a) β = 0.1 (b) β = 0.5 (c) β = 0.9

(d) β = 0.1 (e) β = 0.5 (f) β = 0.9

Figure 2. Absolute errors and contour plots for Example 2 with β = 0.1, 0.5, 0.9. (a)–(c) Absolute
errors, (d)–(f) Contour plot of absolute errors.

5. Conclusions

In this paper, we developed and analyzed a fully discrete numerical scheme based on the BRI
method for NFRCDEs with a Caputo time-fractional derivative. Rigorous error estimates were
established for the proposed scheme. Specifically, Theorem 3.1 showed that the interpolation error
satisfies ∥u − uB2∥∞ ≤ C1hdx+1 + C2(2 + ln n)2dx−1τdt+1, while Theorem 3.2 demonstrated that the error
in approximating the Caputo fractional derivative is bounded by O(hdx+1 + τdt−1). These results
provide a solid theoretical foundation for the BRI-based method, thereby confirming that high-order
accuracy can be achieved by increasing the interpolation degrees dx and dt.

Benchmark examples were conducted to validate the theoretical findings. For the classical case
(β = 1), Table 1 showed that our method achieved a higher accuracy (Ea ∼ 10−8) and significantly lower
CPU time (0.246 s) compared to the DQM and the SM. For the fractional case (0 < β < 1), Tables 3–5
confirmed that the empirical convergence order closely matches the theoretical prediction d + 1 for
β = 0.1, 0.5, and 0.9, thus demonstrating robustness across different fractional orders. Figures 1 and 2
further illustrated the excellent agreement between the exact and numerical solutions, with uniformly
small errors on the order of 10−7 across the entire domain. These numerical results strongly support
our theoretical analysis.

In future work, we plan to extend this approach to high-dimensional nonlinear fractional problems
and to develop adaptive time-stepping strategies to efficiently handle solutions that exhibit a singular
behavior near t = 0, such as those with weakly regular initial conditions.
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