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Abstract: This paper addresses the problem of constructing and analyzing a new four-variable family
of hybrid special polynomials that unifies several classical polynomial systems within the Sheffer
sequence framework. Specifically, we introduce the Legendre-Laguerre-Gould-Hopper-based Sheffer
polynomials (LeLGHSP) by embedding the Legendre-Laguerre—Gould—Hopper hybrid structure defined
via Bessel-Tricomi functions and higher-order exponential terms into the Sheffer generating function
governed by the pair (1(7), o(r)). Using operational calculus, inverse derivative operators, and Riordan
array methods, we derive explicit series representations, determinantal forms via Cramer’s rule, four
operational identities expressing the new family in terms of known Sheffer and Gould—Hopper polynomials,
and shift relations of binomial type. The quasi-monomial structure of the family is established by
constructing multiplicative and derivative operators satisfying the Weyl algebra commutation relation,
from which differential equations governing the polynomials are obtained directly. Three important
special cases (generalized Legendre-Laguerre-Gould-Hopper-Hermite, Laguerre, and Pidduck-type Sheffer
polynomials) are investigated in a unified manner. Surface plots illustrate the geometric behavior of the
family. The framework generalizes numerous classical polynomial families and has potential applications
in quantum mechanics, heat-type equations, approximation theory, and combinatorics.
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1. Introduction

The central problem addressed in this paper is the construction of a new family of hybrid special
polynomials that simultaneously generalizes several classical polynomial systems—including Hermite,
Laguerre, Legendre, and Gould—Hopper polynomials—within the unifying algebraic framework of
Sheffer sequences. Although each of these polynomial families has been studied extensively in
isolation, their joint embedding into a single four-variable generating function governed by the Sheffer
pair (u(7),o0 (7)) has not been previously explored. The specific family introduced here, the
Legendre-Laguerre—-Gould—Hopper-based ~ Sheffer polynomials (LeLGHSP), incorporates
Bessel-Tricomi functions to encode the Legendre and Laguerre components operationally, and a
higher-order exponential term to encode the Gould—Hopper structure.

Hybrid special polynomial families of this type are important for several reasons. First, they reveal
structural connections between classical polynomial systems that are hidden when those systems are
studied in isolation: A single generating function encodes all classical families as special cases, providing
a unified analytical tool. Second, the operational calculus framework, based on inverse derivative
operators and the monomiality principle, enables the derivation of differential equations, shift relations,
and recurrence formulas by algebraic means without case-by-case computation. Third, the resulting
polynomial families have direct applications in mathematical physics (quantum mechanics, heat-type
equations), approximation theory (polynomial interpolation, quadrature), and combinatorics (lattice
path enumeration, moment problems).

The special-functions theory is one of the pillars of mathematical physics, forming the basis for
analysis of a wide variety of physical phenomena. Throughout this paper, we use the following standard
notation: &;,&,, &3, &4 denote real or complex variables; d;, denotes the partial derivative with respect to
& D; denotes the inverse (antiderivative) operator; 9, is the Kronecker delta; and m > 1 is a positive
integer controlling the order of the Gould—Hopper extension.

The Sheffer sequences [1] constitute one of the most significant classes of special polynomial families
in modern mathematics, and the algebraic foundations of their construction rest on the umbral calculus
developed by Roman [2]. Closely related degenerate and A-extensions of this umbral framework,
including A-Bell polynomials and degenerate Sheffer/A-Sheffer sequences, have been developed by [3,4].
Recent developments in unified polynomial frameworks—including Apostol-type, U-type, and Bell-
based families [5,6]—have further extended this landscape. More recent constructions have moved closer
to the present setting by combining Gould—Hopper structures with Sheftfer/Appell systems, operational
rules, quasi-monomiality, and Riordan-array determinant methods [7, 8]; however, these studies do not
simultaneously incorporate the two Bessel-Tricomi factors used here to encode the Legendre—Laguerre
component. The monomiality principle, introduced by Steffensen [9] and reformulated by Dattoli [10],
provides the operational backbone for deriving quasi-monomial operators and differential equations for
these families; related recent Bell-based constructions also employ this principle systematically [11].
Gould—Hopper polynomials [12] extend the classical Hermite polynomials to arbitrary order m and
arise naturally in combinatorics and quantum field theory. The Bessel-Tricomi function [13] enables
the operational embedding of Legendre- and Laguerre-type structures; related g-deformed Legendre
constructions based on g-Bessel-Tricomi kernels and operational calculus have recently been studied
in [14]. Hybridisation of Appell and Sheffer systems with Hermite and truncated-exponential structures
has been developed in several operational settings [15-18], while Gould—Hopper extensions and
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related amalgamations appear in [19]. Determinantal approaches to Sheffer sequences were developed
in [20-23].

The present paper makes the following contributions. (i) It introduces the LeLGHSP as a new
four-variable polynomial family; the underlying Legendre-Laguerre-Gould—Hopper kernel is recovered
in the associated case u(r) = 1, while Hermite-, Laguerre-, and Pidduck-type Sheffer families arise
as further specialisations. (ii) It derives explicit series representations, four operational identities,
shift relations, and a determinantal definition via Riordan arrays. (iii) It establishes a quasi-monomial
structure and obtains the associated differential equations from first principles. (iv) It provides a worked
example, surface plots, and application notes connecting the framework to quantum mechanics, heat
equations, and combinatorics.

A detailed comparison with existing literature is given at the end of this section below.

Note. All required background definitions—Sheffer sequences, Riordan arrays, the monomiality
principle, Gould—Hopper polynomials, and the Bessel-Tricomi function—are collected in Section 2 to
keep the introduction free of lengthy technical material and to make the paper accessible to readers not
already familiar with these concepts.

A sequence S,(£)),.,, with each S, () being a polynomial having degree n, is called a Sheffer
A-type zero sequence [1] (hereafter referred to as a Sheffer-type sequence) provided it satisfies an
exponential generating function of the form

D(7) exp(&1H(7)) = Z(; Sn(&);—lz, (1.1)
where D(7) and H(7) are analytic functions near the origin with expansions
D(r) = Zﬂn;—n!, Dy # 0, (1.2)
and -
H(r) = ;h% hy #0, (1.3)

respectively. The condition 9, # 0 ensures invertibility of D(7), and /#; # 0 ensures that H(7) is a delta
series admitting a compositional inverse.

Alternatively, according to Roman [2] (see also the umbral calculus treatments of degenerate and
A-Sheffer sequences in [3,4]), the sequence S, (¢;) is determined by formal power series

o(1) = Z O'nT—, 09=0,00#0 (1.4)
oy n!
and .
Tn
HO = ) e o 0, (1.5)
oy n.
respectively. The exponential generating function of S,,(¢) is then given by
1
exp& (o (M) = ) Si( ) (1.6)
a1 P Z ‘
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where o~! () is the compositional inverse of o(7), for all & in C. The correspondence between the two
formulations in Eqs (1.1)—(1.3) and Eqgs (1.4)—(1.6) is given by

1

DT = —
" @)

(1.7)

and

H(r) = o' (1). (1.8)

The sequence S,(¢;) in Eq (1.6) is the Sheffer sequence for the pair (u(7), o(7)). Two important
special cases deserve mention:

e The associated Sheffer sequence for o (t) (i.e., u(t) = 1):

SPEHET) = ) Pulé)—. (1.9)
n=0 ’
e The Appell sequence for u(t) (i.e., o(r) = 7, so H(tr) = 7):
D expém) = ) Dolén) . (1.10)
n=0 '

According to Roman and Rota [24], the sequence S, () is characterized by the Sheffer sequence
associated with #,(£;) of binomial type [24] if it satisfies

n

S +&)= > (Z)Sk(& YPuklé).

k=0

(1.11)

for all n > 0 and for every &, € R, where R is a field of characteristic zero.
Let (S,.(¢1))nen denote the Sheffer sequence corresponding to the pair (u(7), o(7)), satisfying

£ = Dy Sué). (1.12)
k=0
Then, S,(¢) admits the determinantal form [20, p 232]:
Sol&) = 7
1 & & - gt &l
Doy Dip Doy Dy Do
iy 0 Dy, D D, D ; (1.13)
_ (=1 11 2,1 —1,1 1
S"(fl) ~ Doo D ... Dup
O 0 @2,2 Z)n—l,2 Z)n,Z
O 0 0 Z)n—l,n—l Dn,n—l
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where D, ; denotes the (n, k)-th element of the Riordan array associated with the pair (u(7), o(7)) [25].
A generalized Riordan array corresponding to a given sequence (C,)nen, 1S defined as an ordered
pair (u(t), o(7)) constituting an infinite lower triangular matrix (D, x)o<k<n<co With entries given by

(o ()
Ce ~

Tl’l

Dn,k = |:_] /-1(7-)

Cn

where the functions u(7)(o(7))*/C; are the column generating functions of the Riordan array. They
encode the full combinatorial and algebraic structure, enabling compact representation and computation
of polynomial coefficients.

A productive avenue for addressing this objective is the combined application of operational methods
and the monomiality principle, which together furnish a robust analytical framework for the treatment
of a broad class of partial differential equations arising in physical contexts. The conceptual foundations
of this approach trace back to Steffensen [9], who introduced the concept of poweroids and laid the
groundwork for the notion of monomiality. This framework was later reformulated and substantially
developed by Dattoli [10], who enhanced its analytical power and broadened its applicability.

A polynomial family {D,(&1)},50 1s said to be quasi-monomial with respect to the pair (M, 73) if
M (the multiplicative operator) and % (the derivative operator) satisfy

MD,ED) = Dy (€1), (1.14)
PIDLED) = n D1 (), (1.15)
and the Weyl commutation relation
[P.M] = 1. (1.16)
The quasi-monomial property thereupon leads to the basic operational identities

MPID, ()} = n Dy, (1.17)
D,(é) = M'{1), (1.18)

~ = ™
exp(tA(1} = ) D€ (1.19)

oy n.

In particular, Eq (1.18) provides a constructive method for generating all members of the family
from the constant function 1 by repeated application of M, and Eq (1.17) shows that M®P acts as a
degree operator.

The Kampé de Fériet (or Gould-Hopper) polynomials of order m are defined by [12, 19]

[%] k gn—mk

gl (&, E) = G, &) = n! 24 m (1.20)

The two-variable Gould-Hopper polynomials (2VGHP) Q,Em](fl,fz) are characterized by the
generating function [13]

m - Tn
HTET = ) G E) (1.21)

n=0
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and the operational identity

am
GIM(&1, &) = exp (fz—m) (€. (1.22)
o0&y
The quasi-monomial operators for g,[;"] (&1, &) are
R am—l R o
M =& + —_— P:=—. 1.23
&1 mfzaf,ln_l o¢, ( )

Here, M increases the degree by one (through the Gould-Hopper shift), and P = 8/3¢; plays the role
of the standard derivative operator.

Operational studies of hybrid special polynomials have combined classical Appell, Sheffer, Hermite,
truncated-exponential, and Gould—Hopper structures in several ways [15—-17, 19]. Motivated by this
independent literature, we use the following Legendre—Laguerre-Gould-Hopper hybrid kernel as the
basis of the present construction:

(9]

eXPET + ETCHETCo(—6T) = )| 51O (61,60, 3, 54)%, (1.24)

n=0
where Co(&1) = Jo(2 V&) denotes the Bessel-Tricomi function of order zero [13], with series expansion

Ty (—1)kk oo )
Cul€1) = &2 T ( JE)—H o 102 (1.25)

The function Cy satisfies the operational representation
Co(aéy) = exp (~aDy) {1}, (1.26)
where the inverse derivative operator Z)SZI‘ is defined by

D {1} = i (1.27)
n!
Equation (1.26) is central to all subsequent operational derivations: By replacing the variable &) in a
polynomial by the inverse operator D‘;, one effectively embeds the Legendre/Laguerre structure into
the Gould-Hopper Sheffer framework.

The Legendre-Laguerre-Gould-Hopper polynomials s -G \(&1, &, &, &) are quasi-monomial under

. gl ) 9 .
M gm =& + m§4@ - D' + 21)&18_'53’ P =D (1.28)
These polynomials satisfy the operational representations
s (€160, 65, &) = exp (&40), - D;'0e, + D03, ) (€3) (1.29)
and
[m] L 0 0 [m]
SLGEL €06, 60) = exp | DF) — - D — | {66, £0) (1.30)
663 063
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The principal novelty of the present work lies in the systematic integration of the Legendre-Laguerre-
Gould-Hopper hybrid structure into the Sheffer framework through operational and Riordan array
techniques. Although each of these components—Sheffer sequences, Gould-Hopper polynomials, and
Bessel-Tricomi-based constructions—has been studied independently, their unified treatment within a
single compositional generating scheme has not been explored in this form. By embedding the hybrid
family into a Sheffer-type structure governed by the pair (u(7), 0(7)), we obtain a coherent algebraic
setting in which operational identities, determinantal representations, and quasi-monomial properties
emerge naturally and consistently.

This synthesis is not merely a formal extension; it reveals structural interconnections between
classical and hybrid polynomial systems that remain hidden when treated separately. The approach
provides a transparent mechanism for deriving differential equations, shift relations, and operator
representations directly from the generating structure. Such a unified perspective enhances analytical
flexibility and offers a constructive pathway for designing new hybrid families tailored to specific
mathematical or physical models.

The polynomial families introduced here have potential applications in several concrete areas. In
quantum mechanics and mathematical physics, Hermite and Laguerre polynomials form the
eigenfunctions of the quantum harmonic oscillator and hydrogen atom, respectively; their Sheffer-type
generalizations can model anharmonic corrections and multimode quantum systems. In the context of
approximation theory, Sheffer sequences provide flexible bases for polynomial interpolation and
numerical quadrature, and the hybrid structure introduced here extends this flexibility to multivariate
settings. In combinatorics and probability, Shefter sequences encode the umbral calculus framework of
binomial-type sequences and arise naturally in the computation of moments of probability distributions
and in lattice path enumeration. Finally, in differential equations, the quasi-monomial operators derived
in Section 3 yield associated differential equations whose solutions are the polynomial families studied
here, opening pathways for boundary value problems in applied mathematics.

It is instructive to place the present work explicitly in the context of related studies.

e In the associated case u(t) = 1, the Sheffer weight disappears and the present generating function
reduces to the underlying Legendre-Laguerre-Gould-Hopper hybrid kernel. For arbitrary p, the
factor 1/u(o~'(7)) adds the full Sheffer weighting.

e Classical Sheffer and Hermite-based Appell constructions [2, 15] are recovered as
lower-dimensional specialisations, whereas the present family also retains the Bessel-Tricomi
factors Co(¢1H(1)) and Co(—&>(H(1))?).

e Determinantal approaches to Sheffer sequences [20,21] are extended here to the four-variable
hybrid setting using Riordan arrays, which supplies a direct computational representation for the
LeLGHSP.

e Recent Gould—Hopper Sheffer/Appell and Sheffer-A frameworks [7, 8] share operational,
determinantal, and monomiality ingredients with the present work. The distinguishing feature here
is the simultaneous Legendre-Laguerre Bessel-Tricomi kernel together with the full four-variable
Sheffer composition.

e Recent Apostol-type and U-type polynomial frameworks [5, 6, 26] operate within related
Appell/Sheffer settings but do not combine both Gould-Hopper and Bessel-Tricomi components.
The LeLGHSP therefore provide a distinct multicomponent hybridisation.

Networks and Heterogeneous Media Volume 21, Issue 4, 1479-1500.
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e The quasi-monomial operators derived here for the LeLGHSP (Theorem 3.1) reduce to the classical
Gould—Hopper operators [12] when the additional hybrid and Sheffer components are suppressed,
confirming the hierarchical nature of the construction.

The layout of the paper is as follows. Section 2 (Preliminaries) collects all necessary background
definitions. In Section 3, we introduce LeLGHSP and derive their generating function, series
representation, operational identities, shift relations, and determinantal form. Section 4 is devoted to the
quasi-monomial structure and differential equations. Section 5 (Special Cases and Applications)
investigates the Hermite-, Laguerre-, and Pidduck-type subclasses in a unified manner. Section 6
provides a discussion of the results, and Section 7 concludes the paper.

2. Legendre-Laguerre-Gould-Hopper-based Sheffer polynomials

To introduce the LeLGHSP, denoted g, QSL'"] (é1,62,83,€4), we embed the LeLGHP defined by
Eq (1.24) into the Sheffer framework of Eq (1.6) by substituting the multiplicative operator Mszghmj for
the variable &; in Eq (1.6). This substitution, combined with the Crofton identity in Eq (2.4), decouples
the resulting exponential operator and yields the following definition.

Definition 2.1. The LeLGHSP LgSLm](fl , &, &3, &) are defined by means of the generating function

[Se]

1 n
iy G OCu(=le™ (P exp (&0 (@) + &l ()" = Z(; oS, 60,65, 54)%,
2.1

or, equivalently (in terms of 9(7) and H(r) via Eqgs (1.7) and (1.8)),

[oe]

D(T)Co(éH(T))Co(=€2(H(1))?) exp (&3H(T) + £4(H(T))") = Z s6STEL 6, 6, §4)%- (2.2)

n=0
Proof. We begin by substituting &, — MSLQBM (given in Eq (1.28)) in the Sheffer generating function in
Eq (1.6). This gives

wo=1(1)) exp(M;g(™ (N1}

1 ~ 0 gm-1 ) % T
= ) exp ((53 -0l + 2915218_53 + m&a g1_l)a 1(T)) = Z S"(M)H' (2.3)

To decouple the Gould—Hopper exponential, we apply the Crofton identity [27]

m

ar
dZm—l

d
){1} = exp (/J ){f(Z)} 2.4)

dz"

f(Z+m/1

to the left-hand side of Eq (2.3). This separates the &,-dependent term:

11

9 1 10\
m exp (64 @) exp ((fg - Dfl + 21)& 8_63) a (T))

Z Sn(M)T—':. (2.5)
oy n!
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Expanding the remaining exponential using the operational identity in Eq (1.26) for the Bessel—
Tricomi function—which converts exp(—D;’_1 -) into Cy(&;-)—and using the binomial-type expansion

*© [
-7 = ) Wi, 2.6)
=0 ’

we obtain Eq (2.1). Equation (2.2) then follows from Eq (1.1) via the substitutions Eqs (1.7) and (1.8).
Theorem 2.1. The LeLGHSP | LQS,EM] (&1, &2, &3, E4) admit the following explicit series representation:

© 0 0 1 rogr
568V E 60,65, 60) = ZZZZ((N;S;)?% 5;‘[ ](@( Y(H(D)™).(2.7)
r=0 s=0 p=0 ¢= p q n!

Proof. We expand each factor in the generating function in Eq (2.2) as a power series. Using Eq (1.25)

withn = 0,

o (-D'E
2

= D

2s

Co(&1H(7)) =

(H@),  Co(- 52<H<r>>2)—2

(s ')2
and by the exponential series,

[e9)

P © q
exp (&:H(D) = ) %(H(r))”, exp (E4(HT)") = Y %(H(r))’"".

P:O ) q:O

Multiplying these four series with 9(7) and collecting powers of H(r) yields the right-hand side of
Eq (2.7). Comparing the coeflicient of 7"/n! with the right-hand side of Eq (2.2) completes the proof.

The first few members of the LeLGHSP family are:
SLgng](fl’ §2$ §3, 64) = D(),
oS EL 662, E) = Dy + Dol = & + &+ 6,084).

oGSV &1 60,65, 6) = Dy + (Dihy + Doho) (= &1 + & + 6,14)

2 2 :
+ Dth(-f_ +H-6é+ f * Omags + Om, 1( §154+ Ssbia %))

568V € 2, 85,84) = Dy + (Dahy + 3D 1y + Dohs) (= &1 + & + O

2 & & &
+(3D1h1 +6@0h1h2) — +§2—§1§3 +6m2§4+6m1( f]f4+§3§4+ E)

3 2
+Z)°h?( b —&i6 + % —&és - % + 563 + On3és
i 2 2 3
* Om2 (—€164 + £364) + Om. (éi — &84 — 616384 — §1§4 §32§4 + §f4 + %) )
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Example 2.1. Explicit computation for m = 1 and D(t) = 1, H(t) = 7 (associated Sheffer case). In this
case, Dy =1,h; =1,D, =0,D, =0,and 6,,; = 1, 9,2 = 0. The first few members reduce to:

SLQS([)I] =1,
oSV 60, 865,8) = ~61 + & + &,

[ & & &
50655 (€1,62,63,64) = 27 &H - &6+ 5 (=61&4 + &6 + E)'

Setting additionally & = 0, & = 0, one recovers £g8[21]|§z:f4:0 = &/4 - & + /2, whichis a
quadratic polynomial in &; with coefficients depending on &}, consistent with the Legendre-type structure.

The corresponding low-degree profiles are shown in Figure 1.

Remark 2.1. Figure I illustrates the surface behavior of the first few members of the LeLGHSP family,
plotted over the (&,&3)-plane for fixed & = 1, & = 1 and the simplest Sheffer choice D(t) = 1,
H(r) =1

The linear member | LQSE” yields a planar surface reflecting the linear dependence on &, and &;. The
quadratic member LgS[zl] displays noticeable curvature from the mixed &,&; terms. The cubic LgSg”
reveals multiple inflection regions and nonlinear coupling. A comparison between | LQS[;] and Lgng]
demonstrates how the parameter m governs the degree of mixing between the Gould—Hopper component
(encoded in &) and the base polynomial structure.

Remark 2.2. For u(t) = 1 (equivalently D(t) = 1), the LeLGHSP reduce to the Legendre-Laguerre
Gould-Hopper-associated Sheffer polynomials (LeLGHASP) denoted by LQPL'"] (&1,62,&3,&y).

Corollary 2.1. The Legendre-Laguerre Gould-Hopper-associated Sheffer polynomials
(LeLGHASP) satisfy

(o8]

Colé10™ (D)Co(—Elo™ (@) exp (£307' (@) + &40 @)") = ) szgpgm](fl,fz,é,&):;—!- (2.8)

n=0

Theorem 2.2. The following operational identities for the LeLGHSP hold. These express LQSE{"] as
the result of applying the combined Laguerre-Legendre operator to simpler Sheffer or Gould—Hopper
polynomials, thereby clarifying the hierarchical structure of the new family:

se6SYE1, 60,65, £1) = exp (&40, — D50, + D03, ) (Su(&)) 2.9)
5c6SIE1, 60,65, &) = exp (=D e, + D07 ) Lm Su(és ) (2.10)
oS EL 60,65, 6) = exp (DL ) Lo S&, 60,80, @.11)
5:6SE (1,6, 65, €0) = exp (- D06, ) {6 S (62, 5. £0)) (2.12)

Proof. Equation (2.9) follows by applying the Crofton identity in Eq (2.4) to Eq (2.2) and comparing
coefficients of 7"/n!. Equations (2.10)—(2.12) follow by analogous arguments, successively factoring
out the Legendre (Z)Szll) and Laguerre (Z);zl) components.

Networks and Heterogeneous Media Volume 21, Issue 4, 1479-1500.
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scoSPUEL €2, 3, E)

seoSPUEL €2, 83, €a)
=1, &=1 D(1)=1, H(T)=T

&=1,&=1 D(1)=1, H(T)=T

X
b o w o

@) .68 EL6.6.6) for & = 1, & = 1, (1) ¢SV (&6 65,60 for & = 1, & = 1,
D(t)=1,and H(t) = 7. D(t) =1,and H(r) = 7.

o B L
(© ¢SV & éné) for & = 1, & = 1, d) ;ST EL 6656 for & = 1, & = 1,
PD(r) =1,and H(7) = 7. D(t) =1,and H(1) = 7.

Figure 1. Surface plots of the first few members of the LeLGHSP family g, QSE,’"] (é1,8,83,&4)
for selected values of m and n, with &, = 1, &, = 1, D(7) = 1, and H(1) = 7, plotted over the

(£1,&3)-plane.

Theorem 2.3. For the LeLGHSP, the following shift identity holds:

k

k=0

5caSIEL 6 E 1 E) = ) (")Pn_k(u) w6SC €16 608D, 20, ueR.  (213)

Proof. We substitute &; + u in place of & in the generating function in Eq (2.1) and decompose
the resulting exponential as a product. Specifically, writing exp((&3 + u)o~ (1)) = exp(&0~'(1)) -
exp(uo~' (1)), we obtain

|mco (£107' () Co (~&alo™ () exp (&0 (1) + §4<a'1<r)>'")] exp (uo™'(7))
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= ZSLQSEIMJ(SI’fZaé:?a +u, §4);—‘. (2.14)
n=0 .

Using Eqs (1.8) and (2.1) with the Cauchy product yields

(o)

Z [Z (Z)Pn—k(u) oSV &1L 6,85, 6) :1;' = Z oSG e + u,&)%.

n=0 \ k=0 n=0

(2.15)

Equating coefficients of 7" /n! gives Eq (2.13).

Determinants provide an independent and computationally effective tool in various areas of
theoretical physics (reflectionless transmission in dielectrics, the Korteweg-de Vries (KdV) equation,
relativistic gravitational fields). The determinant approach to Sheffer sequences [20-23, 28] motivates
the following result.

Theorem 2.4. The LeLGHSP | LgS,[{"J (&1, &, &3, &) satisfy the determinantal definition

1
SLQS([)m](é‘:l»é:29 §3a §4) = a_szg([)’n](é‘:l’éi’ §3a §4)9 (216)
0,0
(-1)"
S[m]( 1,62,83,84) =
5LGn é: f é: é‘: 610’0 Cl]’l Cln’n
[m] [m] [m] [m]
s£90 szsgl Sﬁgn—l sLIn
ao,0 ao an-1,0 ano
0 ap An-1,1  Qp
X ’ ’ ' , 2.17
0 O ap—12 an,2 ( )
0 O anfl,nfl an,nfl

where we have abbreviated , Q,Em] = Lg,{’"] (&1,&2, &5, &4), and ayy is the (n, k) entry of the Riordan array
(g(1), f(7)).

Proof. Apply exp ({:“482'; ~ D, 0g, + D) (9?3) to both sides of Eq (1.12) and use Egs (1.29) and (2.9)

to obtain
n

G 6 60,60 = ) ik oSN Er 65, E4).

k=0

(2.18)

This yields an infinite lower-triangular system from which LQSL’"] can be extracted. Applying
Cramer’s rule to the first n + 1 equations and transposing the resulting determinant gives Eq (2.17).

Remark 2.3. For H(t) = 7 (equivalently o~'(t) = 1), the Sheffer polynomials S,(&3) reduce to the
Appell polynomials A, (&3), and the generating function in Eq (2.1) specializes accordingly. All results
of this section carry over directly.
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3. Quasi-monomial properties

In this section, we establish the quasi-monomial structure of the LeLGHSP. The key idea is to
differentiate the generating function in Eq (2.1) with respect to 7 (to identify the multiplicative operator
M) and to substitute T — 0(d;,) in the defining identity in Eq (3.4) (to identify the derivative operator
13). The resulting operators are expressed in terms of o, u and their derivatives, as well as the inverse
operators J .

Theorem 3.1. The LeLGHSP LgSLm](fl, &, &3, &) are quasi-monomial under the multiplicative and
derivative operators:

X 3 o (O )) 1
M =& -0 +207' — +m - = g ’ G-
(§3 & & 98 &4 (95'371—1 H(0g,) ) ' (0g,)
or equivalently,
R P o1 , D,(Hfl(ag )
M=\& -0 +20. — + H (H™ 0g)) + s 32
(53 2 & (953 r”fﬁla g1_1) ( ( 53)) D(H—l(a&)) ( )
P =0(0:), orequivalently, P=H"(0;,). (3-3)

Proof. From the generating function, differentiating exp(&30~! (1) + &(0 ! (7))™) with respect to &; and
applying o(9g,) gives

7 (0e) (exp (&07' (@) + &40 (M)")) = Texp (&0 () + &l ()"). (3.4)

Differentiating Eq (2.1) with respect to 7 and using the identity in Eq (3.4) leads (after replacing
o (1) by 0¢, in the coefficient functions) to

-0 L) e 6,60 = oS 6660 (3.5)
g(a&) f'(653) s£G°n 1,62,63,64 $£G°n+1\61562563564), .
which, by the monomiality principle in Eq (1.14), gives Eq (3.1). Using the same identity in Eq (3.4)
directly in Eq (2.1) and comparing with the monomiality principle in Eq (1.15) establishes Eq (3.3).
The equivalent forms in Eq (3.2) follow from relations in Eqs (1.7) and (1.8).

Remark 3.1. The explicit representation of the LeLGHSP follows directly from the monomiality identity
in Eq (1.18), which states D, (&) = M"{l}. Substituting the multiplicative operator Mfrom Eq (3.1)
into this identity, and using the derivative operator P from Eq (3.3), yields the closed-form expression
in Corollary 4.1 below. This confirms that the LeLGHSP are completely determined by the action of M
on the constant function 1.

Corollary 3.1. The LeLGHSP LgS,[,m 11, &, &, &) have the explicit representation:

mé.

8’”*1 B g,(3§3)) 1
Yoer T g(0g) ) f

1}. 3.6

9 0
SLQS}[’lm](§1’§2’ 53754) = Mn{l} = ((é::; - agll + 28;210—63 +
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Theorem 3.2. The LeLGHSP satisfy the differential equation:

! B 8/(5;53)) 0 (0z,)

0
((63 d, +20 + mé, der T 5(0e) ) 7 (0e)

2 0&, - ”) s 6SINE,E,6,6)=0.  (3.T)

Proof. Using Eqs (3.1) and (3.3) in Eq (1.17) (MP{,,6SV"} = n ;,¢Si") gives Assertion (3.7).
Theorem 3.3. The LeLGHSP satisfy the following additional shift formula:

saSIEL 6 &5+ W, E) = ) (")SLQP,E’?L(& 60,63, Siw). (3.8)

k=0 k

Proof. Write the generating function of the LeLGHSP in Eq (2.1) with & — & + w, factoring the
exponential as a product of the LeLGHASP generating function in Eq (2.8) and the Sheffer generating
function in Eq (1.6). Applying the Cauchy product and equating coefficients of 7" /n! gives Eq (3.8).

4. Special cases and applications

The Sheffer family encompasses a wide range of classical and modern polynomial sequences.
Representative examples are summarised in Table 1, together with their defining pairs and generating
functions. These systems include Hermite, Laguerre, Bernoulli, Poisson—Charlier, and Hahn
polynomials and arise in areas such as mathematical physics, numerical analysis, and
approximation theory.

Table 1. Classical Sheffer polynomial sequences.

S.No. D(1); H(r) u(); o (1) Generating function Polynomial family
L e v " Ty exp(vh T —1") = Generalized Hermite polynomials
S0 Hoon (017" /! Hypy(91) [29]
II. - /-1 -0 /-1 (1 -1 exp(ht/(r-1) = Generalized Laguerre polynomials
Sso L @) L (9) [13,30]
III. 7/(1 —7); In((1 +7)/(1 — 7)) 2/(e" = 1); (e = 1)/(e" + 1) = E)ﬁl = D50 Pu(91)7T" /0! Pidduck polynomials
P,(9) [31,32]
Iv. Pl —e (1-=1)7P; In(1 -7) exp(Br + (1 —e)) = Actuarial polynomials a,(f})(ﬂl) [31]
Ss0 @l (@) n!
V. e " In(1 +7/a) exp(a(e’ = 1)); a(e™ — 1) e (1 +1/a)’ = Poisson-Charlier polynomials
Yz Ca(Bh; )" /n! cn(P1;a) [32-34]
VL I+ +7)Y™* In(1 +71) (I+e'y; em—1 I+ +DH A+ = Peters polynomials s, (¢; 4, u) [31]
Y20 Su(@ 13 A, )" /!
VIL 7/In(1 +7); In(1 + 7) T/(e"—1); e -1 m(l + 0" = 3,00 by (@)1 /0! Bernoulli polynomials of the
second kind b, (1) [33]
VIIL 2/2+71); In(1 + 1) (1+e")/2; e -1 ﬁ(l + 0 = 3,00 (@)1 /0! Related polynomials r,() [33]
IX. 1/ V1 + 72; arctan(t) secT; tant \/1'72 exp(? arctan 1) = Hahn polynomials R, () [35]
+T
21120 R,(@)7" /n!
X. (1 - 4012 (2 ¥l car(+ (1 +D/(1 =1y 4= Ly a- Shively pseudo-Laguerre
e P 47y (—2— )" exp(—L )= polynomials R,(a, 9) [30,36
W)Z 7) (H\m) exp((Hm)z) polynomials R, (a, ¥) [30,36]

2nz0 Ru(a, 97"

Applications of special cases. Each of the hybrid polynomial families introduced below inherits the
Sheffer and Gould—Hopper structure, and accordingly carries potential applications: (i) In solving
heat-type and Schrodinger-type equations, where the Hermite special case (Case 1) and its operational
form provide solutions via the shift & — &; + it in the time variable; (ii) In quantum optics and
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coherent states, where the Laguerre special case (Case II) connects to radial wave functions; (iii) In
combinatorial enumeration, where the Pidduck special case (Case III) links to permutation statistics.
These interpretations are consistent with the classical roles of Hermite and Laguerre systems in
mathematical physics [13,35] and with the standard umbral/Sheffer viewpoint [2,24].

Considering special case (I) from Table 1, we obtain the generalized Legendre-Laguerre-Gould-
Hopper-Hermite polynomials (gLeLGHHP), denoted Lg]H[,T,,]W(&, &, &3, &), defined via

o0

e Co€1v)Co(—=E(vT)?) exp (&3vT + &(vD)™) = Z segHIM (&1,6, 8, 54)%- 4.1)

n=0

The first few explicit members are

(m]  _ [m]  _ [m]  _ 2(s2 2
SLQHO,m,V - 1’ Sﬁng,m,v - V§3, SLQHZ,m,v i (63 - é:l) :

The corresponding degree-two, degree-three, and degree-four surfaces are displayed in Figure 2.

seGHlTh (81,62, 65, &) seGHT (81,62, 63.E0) cGHE™, (61,2, 65, E)

Lbllornuwa
Cagjm)
o
¢

Figure 2. Three-dimensional surface plots of SLQHE,",E,,V(&,&,&,&) for n = 2,3,4,
illustrating the geometric behavior of the generalized Legendre—Laguerre—Gould—Hopper—
Hermite polynomials.

Corollary 4.1. The gLeLGHHP ,gHI) (€1, &, &, &) satisfy the following:

(i) Operational identities:

scHI, = exp (£07, — Dy O, + D67, ) {Hlm o (€9)), (4.2)
= exp (-Df, 0, + O 0, ) s Hyn(E3.£)). 4.3)
(ii) Shift identity:
n n .
s I (&1, 60,83+ u,&y) = Z ( k)pn—k(u) SLQH;[(,HLV(&, &, 83, 84). 4.4)
k=0

(iii) Quasi-monomial operators:
] = l —o:! -1 m—1 N _
M = V(§:3 afl + 28& 0§3 + m§46§3 ), P = y8§3_ (4.5)

Note that for m = 2, this recovers the standard Hermite multiplicative operator, confirming
consistency with the classical theory.
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(iv) Differential equation:

(£30¢, — O O, + 20} 0%, + mEDE — n) o, GHI (€1, 62,65, &1) = (4.6)

This can be regarded as a generalized heat-type equation in the variable &;, with m-order diffusion
governed by &,.

Considering special case (II) from Table 1, we obtain the generalized Legendre—Laguerre—Gould—
Hopper—Laguerre polynomials (§LeLGHLP), denoted | LQL[“""] (&1,6,8,&)
)= D el 60T

(1=0Co (fl T i 1 )CO (_§2<T i 1 )z)exp (537 i
n=0

4.7)
Corollary 4.2. The gLeLGHLP gL\ (&1, &), &, &) possess the following properties
(i) Operational identities:

1 +§4(‘ri

oL = exp (46 — D' 0e, + DF0L ) L&),

(4.8)
= exp (-0}, 0, + D 0, ) (Ll (&3, £0)). (4.9)
(ii) Shift identity:
- n a,m
oeGLIE 60,6+ U E) = ) (k)pn_kw) o6l €L 6, 63, E). (4.10)
k=0
(iii) Quasi-monomial operators:
1 1 .
M= (& -0 +207'0 grl - 2F . P=ob.. 411
(53 & T 40 0g méy & 1= 353)(1 _ a§3)2 & ( )
(iv) Differential equation:
0:' + 20710 g - Oy o 2 Ll —0. (412
(53_ ey + 20g, 0gy + MESO,, — -0, )(— ey + 0z) — g6l " (€1, 62,63, 64) = (4.12)
3

Considering the special case (III) from Table 1, we obtain the Legendre-Laguerre-Gould-Hopper-
Pidduck polynomials (LeLGHPDP), denoted ,,gPD" (&), &, &, &)

1+71

= T)Co(—fz[ln i i:]z) exp (§3 In 1+

.
—Cofé1In

1+71

N [m] i
T] )_ Zé-ﬁgPDn (§I’§2,§3’§4)n'.

n=0

+§4[

(4.13)
Corollary 4.3. The LeLGHPDP ,,cPD" (&), &, &, &) satisfy
(i) Operational identities:

5c6PDY" = exp (&40), — D50, + D3, ) (PD, (&)

= exp (—D;'0¢, + D 0%, ) (i PDy(E3, £0). (4.15)
Networks and Heterogeneous Media
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(ii) Shift identity:

- n m
5e6PDYE 60,65 + 1, E0) = ) (k)pn_kut) scGPDN L 6,5, E). (4.16)
=0
(iii) Quasi-monomial operators:
31 = (- o7t + 2070, + mesa — = %8) L p=tm % (4.17)
= — m. — s =1n . .
SR N () 1 -0,
(iv) Differential equation:
_ In li%
a5+ 20719 gt~ 17%) T DI =0. (418
§3 - &1 + & & +m§4 & - 1 +0§3 (1 —623) -n srG n (§1a§2’§3’§4) - Y ( . )

5. Discussion

The results established in this paper carry significance at several levels, which we discuss here.
Structural significance. The embedding of the LeLGHP family into the Sheffer framework via the pair
(u(1), o (1)) 1s not a mere formal generalization. It provides a unified algebraic setting in which quasi-
monomial operators, differential equations, and determinantal representations emerge automatically
from the generating structure, without requiring separate derivation for each subcase. In particular,
all ten polynomial families listed in Table 1—including the generalized Hermite, Laguerre, Bernoulli,
Hahn, Peters, and Poisson—Charlier polynomials—are embedded in the LeLGHSP hierarchy through
appropriate choices of u(t) and o (7).

The four operational representations (Theorem 2.3) reveal that the LeLGHSP are obtained from
simpler polynomial families by applying combinations of the operators exp(£4d;,) (Gould-Hopper
shift), exp(—D;l1 d¢,) (Legendre/Bessel-Tricomi embedding), and exp(D;zl 6?3) (Laguerre embedding)
to known Sheffer polynomials. This hierarchical decomposition is both computationally useful, as it
reduces the study of LeLGHSP to that of simpler families, and it is conceptually illuminating, as it
makes the role of each parameter (£, &, &4, m) transparent.

The multiplicative and derivative operators M and P (Theorem 3.1) act as raising and lowering

operators on the polynomial space: M maps LQSE,'"] to ¢ LQSL’/Z]], and P maps it to n LgS’[:_ﬂl. This ladder
structure is the polynomial analog of creation and annihilation operators in quantum mechanics, and the
Weyl commutation relation [P, M] = 1 confirms that the LeLGHSP span an irreducible representation
of the Weyl-Heisenberg algebra. The associated differential equation (Theorem 3.2) then appears as an
eigenvalue equation M P{ s LQSL’"]} =n, LQSL’"], with eigenvalue n.
Special cases and physical interpretation. The Hermite differential equation derived in
Corollary 4.1(iv) can be regarded as a generalized heat equation in the variable &;, with mth order
diffusion governed by &,. For m = 2, it reduces to the standard Hermite equation. Similarly, the
Laguerre case connects to radial Schrodinger equations in quantum mechanics, and the Pidduck case
has combinatorial interpretations in terms of permutation statistics. These correspondences suggest that
the LeLGHSP framework can serve as a computational tool in problems where multiple special
function families interact.
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Geometric interpretation of surface plots. The surface plots in Figures 1 and 2 confirm the analytical
predictions. The linear degree-one member is planar; degree two exhibits the expected quadratic
curvature from the mixed &,&; interaction; degree three shows multiple inflection regions from the
cubic Legendre—Laguerre coupling. Comparing m = 1 and m = 2 for degree three demonstrates how
increasing m distorts the surface topology by introducing higher-order Gould—Hopper contributions
through &;.

Limitations of the current work. The present paper is primarily algebraic and operational in nature.
Several aspects lie outside its current scope and are left for future work. No numerical experiments,
convergence analysis of the generating series, or error estimates are included. The orthogonality of the
LeLGHSP (if any) and their weight functions remain open questions; it is possible that the family is not
orthogonal with respect to any standard measure, in which case biorthogonality or weak orthogonality
would need to be investigated. Physical boundary conditions under which the derived differential
equations define self-adjoint operators have not been studied. Finally, the generalization to g-deformed
or fractional-order settings is proposed as future work rather than included here.

6. Conclusions

In this paper, a new class of Legendre-Laguerre—Gould—Hopper-based Sheffer
polynomials (LeLGHSP) has been introduced and investigated. The main contributions are as follows.

e Generating functions (Theorem 2.1): A closed-form generating function governed by the Sheffer
pair (u(t), o(7)) was established in two equivalent forms, one in terms of o-~!(7) and one in terms
of D(7) and H(7).

e Series representation (Theorem 2.2): An explicit quadruple-sum formula for the coefficients of
the LeLGHSP was derived by expanding each factor of the generating function and collecting
powers of H(7).

e Operational identities (Theorem 2.3): Four operational rules were established, expressing the
LeLGHSP in terms of simpler Sheffer, Gould—Hopper, Laguerre-type Sheffer, and Legendre-type
Sheffer polynomials via inverse-derivative exponential operators. These identities clarify the
hierarchical structure of the family.

o Shift relations (Theorems 2.4 and 3.3): Two shift identities were proved, one expanding LeLGHSP
with shifted argument in terms of associated Sheffer polynomials and LeLGHSP, and the other
expanding them in terms of LeLGH associated Sheffer polynomials and Sheffer polynomials.

e Determinantal definition (Theorem 2.5): A representation via Riordan arrays and Cramer’s
rule was established, providing a computationally effective alternative to the generating function
approach and linking the family to general linear interpolation theory.

¢ Quasi-monomial operators and differential equations (Theorems 3.1 and 3.2): Multiplicative
and derivative operators satisfying the Weyl algebra commutation relation were constructed, and the
associated differential equation was derived as a direct consequence of the monomiality principle.

e Special cases (Section 4): The Hermite-type (gLeLGHHP), Laguerre-type (gLeLGHLP), and
Pidduck-type (LeLGHPDP) subclasses were investigated in a unified manner, recovering their
generating functions, operational identities, shift formulas, quasi-monomial operators, and
differential equations as corollaries of the general theory.
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Motives and prospects for future research. The operational framework developed here naturally
suggests several directions for further investigation.

1. Fractional-order extensions. Replacing the inverse derivative operator Z)gil by Riemann-Liouville
or Caputo fractional integral operators of order a € (0, 1) would yield fractional-order LeLGHSP.
This extension connects to the growing literature on fractional special functions and has potential
applications in anomalous diffusion models.

2. g-analog. Constructing g-deformed analog via quantum calculus (g-derivatives and g-integrals)
would link the LeLGHSP to g-Hermite and g-Laguerre polynomials, with applications in
combinatorics and quantum groups.

3. Orthogonality and zeros. Although the present work is primarily algebraic and operational, the
study of orthogonality relations, weight functions, and zero distributions of the LeLGHSP is of
interest for numerical analysis and quadrature rules.

4. Asymptotic analysis. Large-n asymptotic behavior of the LeLGHSP coefficients and zeros,
using steepest-descent or Plancherel-Rotach methods, is an open problem with implications for
approximation theory.

5. Boundary value problems and integral transforms. The differential equations obtained in
Theorems 3.2 and Corollaries 4.1-4.3 can be studied as boundary value problems on specific
domains. Connections to Laplace, Fourier, and Mellin transform pairs should be explored.

6. Probabilistic and umbral-combinatorial interpretations. Sheffer sequences have natural
interpretations as moments of probability distributions and as counting sequences for
combinatorial structures. Identifying the probabilistic model whose moments are the LeLGHSP is
an interesting open question.

7. Multivariate extensions. The four-variable LeLGHSP can potentially be extended to k-variable
families by nesting additional Bessel-Tricomi or Gould—Hopper structures, further enriching the
landscape of multivariate special polynomials.
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