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Abstract: This study presents a reaction-diffusion framework that integrates boundary outflow
mechanisms with logistic population dynamics to investigate epidemic evolution in spatially non-
uniform environments. By incorporating non-linear, density-dependent regulation and boundary leakage,
the model builds on the constraints of population conservation or closed habitats found in classical
studies, thus offering a more objective representation of open population dynamics under resource
limitations. We provide a rigorous analysis of the system’s foundational mathematical properties,
establishing the invariant non-negativity of state variables and uniform upper bounds for all global
solutions, thereby ensuring the reliability of the subsequent dynamical analysis. Based on the spectral
radius characterizations, the fundamental parameter R0 acts as the definitive threshold for disease
control: the infection is destined for extinction when R0 < 1, whereas the system exhibits spatial
persistence and the emergence of at least one non-trivial endemic equilibrium when R0 > 1. The
findings reveal that the boundary outflow mechanism remains an effective mitigation strategy in resource-
constrained environments, thereby significantly mitigating the infection pressure and suppressing the
spatial dissemination of the disease.
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1. Introduction

The non-uniformity of the habitat and the way individuals move within it exerts a profound influence
on the transmission process of infectious diseases. Accordingly, reaction–diffusion epidemic models
are widely used to capture disease evolution driven by local transmission and spatial dispersal. Among
them, SIS-type models have received extensive attention due to their applicability to diseases, where
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individuals do not acquire long-term immunity after infection. In many classic spatial SIS models,
a notable feature is that the total population remains preserved during the evolution process. This
conservation mainly stems from two aspects: first, the model does not consider population change
mechanisms such as birth and natural death; and second, the imposed homogeneous Neumann boundary
conditions effectively prevent the migration of individuals at the boundaries. Under this setting, the
long-time evolution is typically resolved by analyzing the stability of the infection-free steady state.
By calculating the threshold R0 through linearization at the disease-free equilibrium point, definitive
threshold dynamics have been established in various scenarios.

Against this background, Allen et al. [1] formulated a pioneering spatially heterogeneous SIS
reaction–diffusion model to investigate how spatial movement and local disease transmission together
affect epidemic dynamics. Their model is given by the following:

S t = dS∆S − β(x)
S I

S + I
+ γ(x)I, x ∈ Ω, t > 0,

It = dI∆I + β(x)
S I

S + I
− γ(x)I, x ∈ Ω, t > 0,

∂S
∂n
=
∂I
∂n
= 0, x ∈ ∂Ω, t > 0,

S (x, 0) = S 0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, I0 . 0, x ∈ Ω.

(1.1)

In this model, S (x, t) and I(x, t) represent the spatial densities of susceptible and infected individuals,
respectively, for x ∈ Ω and t > 0. Both populations diffuse in space with constant diffusion coefficients
dS and dI. Spatial heterogeneity in disease transmission and recovery is incorporated through the
functions β(x) and γ(x), which are taken to be positive and Hölder continuous on Ω. We assume Ω is a
bounded region in Rm with a C2 boundary ∂Ω, and let ∂/∂n be the outward normal derivative operator
on the boundary. For the initial conditions, the functions S 0(x) and I0(x) are assumed to be positive
on Ω, with I0 . 0, thus ensuring that the system starts from a biologically meaningful configuration
containing a nontrivial amount of infection.

By defining the basic reproduction number R0, Allen et al. [1] established a fundamental threshold
framework for epidemic dynamics. Their findings indicate that infection is globally eradicated when
R0 < 1, as the disease-free state remains the unique attractor. Conversely, for R0 > 1, this steady
state becomes unstable, giving rise to a persistent endemic equilibrium. Beyond identifying this
transition, the study delved into the spatial profiles of the infectious population. Their analysis revealed
that a larger diffusion of the infected population facilitates spatial spread and persistence across the
entire domain, while a smaller diffusion may cause the infection to localize in high-risk regions.
Building on the foundational SIS model of Allen et al. [1], numerous extensions have been developed
under the assumption of population conservation. These extensions include models with temporal
periodicity [2–4], models that incorporate delay effects [5,6], models that involve nonlinear diffusion [7],
and patch-structured diffusion frameworks [8, 9]. Further related developments can also be found
in reaction-diffusion-advection, mobility-related, and steady-state analyses of spatial SIS epidemic
models (see [10–14]). Each of these variations captures distinct biological mechanisms and has led to a
wide range of dynamical behaviors.

To better reflect the population growth pattern constrained by environmental resources in reality, Li et
al. [15] further introduced a logistic population regulation mechanism into the diffusive SIS framework:
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

S t = dS∆S + a(x)S − b(x)S 2 − β(x)
S I

S + I
+ γ(x)I, x ∈ Ω, t > 0,

It = dI∆I + β(x)
S I

S + I
− γ(x)I, x ∈ Ω, t > 0,

∂S
∂ν
=
∂I
∂ν
= 0, x ∈ ∂Ω, t > 0,

S (x, 0) = S 0(x), I(x, 0) = I0(x), x ∈ Ω.

(1.2)

where the growth of the susceptible population is described by the term a(x)S − b(x)S 2. This
mechanism reflects density-dependent regulation under resource-limited conditions, thereby preventing
an unbounded growth of the population size and breaking the structure of total population conservation
in the classic SIS model, thus allowing the overall population to evolve over time. Under homogeneous
Neumann boundary conditions, the authors proved the global well-posedness of the solution and
demonstrated that the basic reproduction number remains the key threshold to determine the extinction
and persistence of the disease. Compared with the linear population mechanism, the logistic-type
regulation significantly enhances the nonlinear characteristics of the system, alters the spatial structure
of the equilibrium state, and increases the sensitivity of the disease spatial spread to the diffusion
intensity and environmental parameters, thereby presenting more complex dynamical behaviors.
Relevant studies can be found in [16–18] and the references therein.

In real epidemic situations, several additional factors may also affect disease transmission. Examples
include reducing effective contact through the isolation of infected individuals [19], blocking
transmission chains by contact tracing and selective quarantine [20], lowering infection risk by medical
treatment under limited capacity [21], and decreasing the number of infectives through a constant
removal rate [22]. Although these strategies arise from different public health considerations, they can
all be mathematically interpreted as mechanisms that remove individuals from the disease transmission
process within the habitat. This naturally raises the question of how to model boundary outflow in a
spatial epidemic system.

In this direction, Hu et al., [23] explored an SIS evolutionary system characterized by Robin boundary
settings. This framework incorporates the emigration of both susceptible and infectious individuals via
the domain boundary. Their model is given by the following:

S t = dS∆S + Λ(x) − S − β(x)
S I

S + I
+ θγ(x)I, x ∈ Ω, t > 0,

It = dI∆I + β(x)
S I

S + I
− γ(x)I, x ∈ Ω, t > 0,

∂S
∂n
= −aS ,

∂I
∂n
= −bI, x ∈ ∂Ω, t > 0,

S (x, 0) = S 0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, I0 . 0, x ∈ Ω.

(1.3)

The positive constants a and b quantify the emigration strengths of the susceptible and infected
populations at the boundary, respectively. θ ∈ (0, 1) represents the fraction of recovered infected
individuals who return to the susceptible class. Under this mechanism, the boundary outflow has a
significant impact on the long-term behavior of disease transmission: When the outflow rate of infected
individuals exceeds a critical threshold b∗, the disease dies out, whereas insufficient outflow leads
to uniform persistence, with spatial diffusion and environmental heterogeneity further enhancing the
transmission potential.
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Recent progress expands the analysis of spatial SIS epidemic models with boundary settings or
movement-related mechanisms. For example, Wang et al. [24] discussed a spatially heterogeneous
reaction-diffusion SIS model that uses general nonlinear incidence functions and Dirichlet boundary
conditions, and obtained its threshold dynamics based on the basic reproduction number. Hu et al., [25]
investigated another SIS reaction-diffusion model including specific control areas where no new infections
appear, and explained how such spatial control areas stop diseases from lasting. Besides, Salako and
Wu [26] studied a patch-based epidemic model with mass-action transmission and asymmetric diffusion
rules, and found how the movement links among different patches affect disease survival and endemic
steady states. All these existing studies point out that boundary effects, spatial control, and patch
connections greatly matter in epidemic dynamics.

Based on the above two types of studies, this paper investigates the interaction between the logistic
population regulation and the boundary outflow in the SIS infectious disease model under spatial
heterogeneity. We consider a class of reaction-diffusion type SIS systems, where susceptible individuals
are regulated by the nonlinear logistic term S

(
ρ(x)−µ(x)S

)
, and both susceptible and infected individuals

can migrate out of the habitat through the Robin boundary under the Robin boundary condition.
Compared with the model in [15], the introduction of boundary outflow breaks the total population
conservation structure, thus bringing new difficulties in the global dynamical analysis; while compared
with the situation in [23] that only contains a linear population mechanism, the logistic nonlinear
regulation further changes the equilibrium structure, and imposes higher requirements on the dissipativity,
and the solutions to Eq (2.1) remain uniformly bounded over the entire domain. From a mathematical
perspective, the main challenge lies in establishing clear threshold criteria in an open system, because at
this time, the total population is neither conserved nor controlled by the linear population term, and it is
not immediately clear whether the reproductive index derived from the linearized framework retains its
threshold role in characterizing the disease’s elimination or endemic prevalence. By combining spectral
analyses and the monotone dynamical system theory, this paper proves that when both logistic regulation
and boundary outflow are simultaneously introduced, the classical threshold principle still holds.

The structure arrangement of this article are summarized as follows. Section 2 constructs the model
and proves the global uniqueness, positivity, and uniform boundedness of the solution. Section 3
introduces the basic reproduction number R0 through the spectral analysis of the linearized system at
the disease-free equilibrium point, and shows that it still characterizes the threshold feature of disease
transmission. Section 4 explores the global dynamics, thereby demonstrating that the disease-free state
retains global asymptotic stability provided that R0 < 1; in contrast, the condition R0 > 1 ensures
that the disease becomes uniformly permanent, thus leading to the existence of at least one endemic
stationary point. Section 5 discusses the impact of boundary population outflow, and the results show
that the outflow of susceptible individuals does not change the threshold R0, but will affect the spatial
distribution and scale of the equilibrium state; conversely, the outflow of infected individuals plays a
key role in disease control, which can effectively reduce R0 and expand the parameter range for disease
extinction. Finally, Section 6 presents the core findings of the entire paper and provides biological
explanations and discussions.

Networks and Heterogeneous Media Volume 21, Issue 4, 1450–1478.



1454

2. The model

2.1. The basic properties

In the following framework, we assume Ω ⊂ RN (N ≥ 1) is a bounded habitat with a smooth
boundary ∂Ω, where ν represents the outward unit normal. Additionally we also assume that ρ, µ, β,
and γ in Cα(Ω̄), ρ(x), µ(x), β(x), γ(x) > 0 for x ∈ Ω̄, for some 0 < α < 1. Moreover, dS > 0, dI > 0,
a ≥ 0, b ≥ 0, and 0 < θ ≤ 1. The standard incidence term is defined by continuity at the origin, namely
S I

S+I = 0 when S = I = 0.
We consider two population densities, S (x, t) and I(x, t), which represent susceptible and infected

individuals, respectively, at spatial location x ∈ Ω and time t > 0. The movement of both populations is
governed by diffusion processes with constant diffusion coefficients dS and dI. The disease dynamics
are governed by a standard incidence rate β(x) alongside a recovery rate γ(x), both of which are spatially
dependent. The interpretation of the parameter θ and the initial distributions S 0(x), I0(x) remains
consistent with the aforementioned models. Specifically, we examine the following system:

S t = dS∆S + S
(
ρ(x) − µ(x)S

)
− β(x)

S I
S + I

+ θγ(x)I, x ∈ Ω, t > 0,

It = dI∆I + β(x)
S I

S + I
− γ(x)I, x ∈ Ω, t > 0,

∂S
∂ν
+ aS = 0,

∂I
∂ν
+ bI = 0, x ∈ ∂Ω, t > 0,

S (x, 0) = S 0(x) ≥ 0, I(x, 0) = I0(x) ≥ 0, I0 . 0, x ∈ Ω,

(2.1)

where µ(x) represents the strength of the logistic crowding effect (density-dependent regulation) acting
on the susceptible population at location x ∈ Ω. Our framework incorporates the assumption that
the entire population density is governed by a logistic regulation and there is a population outflow on
the boundary. The term S (ρ(x) − µ(x)S ) describes the logistic-type regulation of the total population.
When I ≡ 0, the susceptible population follows a logistic equation with spatial heterogeneity. The
Robin boundary conditions in Eq (2.1) reflect individuals can flow out at the boundaries, with a and b
representing the per capita outward flux rates of susceptibles and infecteds, respectively. These two rates
are allowed to differ because susceptible individuals may leave the habitat through ordinary migration or
commuting, whereas infected individuals may be removed from the local transmission process through
quarantine, hospitalization, medical transfer, or other control measures. Accordingly, parameter b is
interpreted not only as the natural outward migration rate of infected individuals, but also as the effective
boundary-mediated removal rate induced by epidemic containment measures.

In this section, we summarize several fundamental properties of System (2.1). The proofs can be
carried out by standard arguments for parabolic systems.

Lemma 1. Given any initial data (S 0, I0) ∈ [C(Ω)]2 that is non-negative and non-null with I0 . 0, the
reaction-diffusion framework (2.1) possesses a unique classical solution defined locally in time satisfying

S , I ∈ C2,1(Ω × (0,Tmax)) ∩C(Ω × [0,Tmax)),

and
S (x, t) > 0, I(x, t) > 0, ∀ x ∈ Ω, t ∈ (0,Tmax).
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Proof. Since the reaction terms are locally Lipschitz and the boundary conditions are linear of the Robin
type, the standard parabolic theory ensures the local existence and uniqueness of a classical solution
(see, e.g., [27, Chapter 6]). Starting from nonnegative initial data, the nonnegative cone is invariant
by the parabolic comparison principle. Moreover, since I0 . 0 and θ ∈ (0, 1), the strong maximum
principle together with the Hopf boundary lemma yields S (x, t) > 0 and I(x, t) > 0 for all x ∈ Ω and
t ∈ (0,Tmax).

Lemma 2. Under the above assumptions, there exists a constant C > 0 only depending on the
parameters and the domain, such that any solution (S , I) of Eq (2.1) satisfies the following:

0 ≤ S (x, t) + I(x, t) ≤ C, ∀x ∈ Ω, t ≥ 0.

Proof. Let N(x, t) = S (x, t) + I(x, t). Summing the equations in Eq (2.1), we obtain the following:

Nt = ∆(dS S + dI I) + S (ρ(x) − µ(x)S ) − (1 − θ)γ(x)I. (2.2)

Since 0 < θ < 1 and I ≥ 0, we have −(1 − θ)γ(x)I ≤ 0. Moreover, the logistic term f (S ) =
S (ρ(x)−µ(x)S ) is bounded from above by M = maxx∈Ω

ρ2(x)
4µ(x) . Thus, N satisfies the following differential

inequality in the sense of distributions:

Nt ≤ ∆(dS S + dI I) + M.

Given the Robin boundary conditions ∂νS + aS = 0 and ∂νI + bI = 0 with a, b ≥ 0, it follows
that ∂ν(dS S + dI I) ≤ 0. By standard parabolic regularity and Lp estimates for dissipative systems (see,
e.g., [27, Theorem 3.1]), the uniform boundedness of N(x, t) is maintained for all t ∈ (0,Tmax).

To provide an explicit bound C, we can refine the argument as follows. Since N is bounded, I is also
bounded. Then, S satisfies the following:

S t ≤ dS∆S + S (ρmax − µminS ) + θγmax∥I∥∞.

The quadratic term −µminS 2 ensures that S is bounded by some constant C1. Subsequently, from the
I-equation, we have the following:

It ≤ dI∆I + βmaxS − γminI ≤ dI∆I + βmaxC1 − γminI. (2.3)

Let z(t) be the solution to the ordinary differential equation (ODE):

ż = βmaxC1 − γminz, z(0) = ∥I0∥L∞ .

Then, z(t) ≤ max
{
∥I0∥L∞ ,

βmaxC1
γmin

}
=: C2. By the comparison principle, I(x, t) ≤ C2.

By combining the bounds for S and I, we obtain ∥S (·, t)∥L∞ + ∥I(·, t)∥L∞ ≤ C1 +C2 =: C. Then, the
standard continuation argument for parabolic systems implies Tmax = +∞, thus completing the proof.

Theorem 1. Under the assumptions of Lemmas 1 and 2, for any nonnegative initial data (S 0, I0) ∈
[C(Ω)]2 with I0 . 0, System (2.1) admits a unique global classical solution (S , I) such that

S , I ∈ C2,1(Ω × (0,∞)) ∩C(Ω × [0,∞)),

and
S (x, t) > 0, I(x, t) > 0 f or all x ∈ Ω and t > 0.
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Proof. By Lemma 1, the system admits a unique, strictly positive local classical solution (S , I) on the
maximal interval [0,Tmax). In view of Lemma 2, there exists a uniform bound M > 0, independent of
Tmax, such that

∥S (·, t)∥L∞ + ∥I(·, t)∥L∞ ≤ M, ∀t ∈ [0,Tmax).

By the standard continuation principle for reaction-diffusion systems (see, e.g., [27]), the local
solution can be extended globally in time, (i.e., Tmax = +∞.) The uniqueness and continuous dependence
on initial data follow from the standard parabolic theory. Similar arguments for related spatial epidemic
models can be found in [1, 28]. The proof is complete.

2.2. The disease-free equilibrium (DFE)

Next, We explore the time-independent profiles (S̃ , Ĩ) of System (2.1), which are obtained by solving
the underlying semilinear elliptic system:

dS∆S̃ + S̃
(
ρ(x) − µ(x)S̃

)
− β(x)

S̃ Ĩ
S̃ + Ĩ

+ θγ(x)Ĩ = 0, x ∈ Ω,

dI∆Ĩ + β(x)
S̃ Ĩ

S̃ + Ĩ
− γ(x)Ĩ = 0, x ∈ Ω,

∂S̃
∂ν
+ aS̃ = 0,

∂Ĩ
∂ν
+ bĨ = 0, x ∈ ∂Ω.

(2.4)

Throughout this section, we only consider nonnegative equilibria. First, We consider the semi-trivial
state of the system. By setting the infection density to zero (i.e., Ĩ ≡ 0), the first equation in System (2.4)
reduces into a single elliptic equation of the logistic variety as follows:

dS∆S + S
(
ρ(x) − µ(x)S

)
= 0, x ∈ Ω,

∂S
∂ν
+ aS = 0, x ∈ ∂Ω.

(2.5)

Before studying the disease-free equilibrium, we first introduce the principal eigenvalue associated
with the linearization of the susceptible logistic equation at the trivial steady state. For each a ≥ 0, let
λS (a) be the principal eigenvalue of

dS∆ϕ + ρ(x)ϕ = λϕ, x ∈ Ω,
∂ϕ

∂ν
+ aϕ = 0, x ∈ ∂Ω.

(2.6)

Equivalently,

λS (a) = sup
0,ϕ∈H1(Ω)

−dS

∫
Ω

|∇ϕ|2 dx − adS

∫
∂Ω

ϕ2 ds +
∫
Ω

ρ(x)ϕ2 dx∫
Ω

ϕ2 dx
.

In what follows, we assume that
λS (a) > 0. (2.7)

This condition means that the susceptible population can persist in the habitat in the absence
of infection.
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proposition 1. Assume that ρ, µ ∈ C(Ω̄) and that Eq (2.7) holds. Then, the logistic elliptic problem
dS∆S + S (ρ(x) − µ(x)S ) = 0, x ∈ Ω,
∂S
∂ν
+ aS = 0, x ∈ ∂Ω

(2.8)

admits a unique positive solution Ŝ a ∈ C2(Ω̄). Consequently, System (2.1) admits the disease-free
equilibrium (Ŝ a, 0). Moreover, if λS (a) ≤ 0, then Eq (2.8) has no positive solution; in this case, its only
nonnegative solution is S ≡ 0.

Proof. First, we assume that λS (a) > 0. Let ϕS > 0 be the positive eigenfunction associated with λS (a).
Then, for sufficiently small ε > 0, the function

S = εϕS

is a positive sub-solution of Eq (2.8). Indeed, using Eq (2.6), we have

dS∆S + S (ρ(x) − µ(x)S ) = ελS (a)ϕS − µ(x)ε2ϕ2
S > 0,

provided that ε > 0 is sufficiently small. Moreover, S satisfies the Robin boundary condition.
On the other hand, let

K =
ρmax

µmin
.

Then, the constant function S = K is a super-solution. In fact,

dS∆S + S (ρ(x) − µ(x)S ) = K(ρ(x) − µ(x)K) ≤ 0 in Ω,

and
∂S
∂ν
+ aS = aK ≥ 0 on ∂Ω.

Choosing ε smaller if necessary, we may assume S ≤ S in Ω̄. Then the standard method of upper
and lower solutions for semilinear elliptic equations with Robin boundary conditions yields a positive
solution Ŝ a of Eq (2.8) that satisfies the following:

0 < S ≤ Ŝ a ≤ S .

Next, we prove uniqueness. Suppose that S 1 and S 2 are two positive solutions of Eq (2.8). Since the
nonlinear term

f (x, S ) = S (ρ(x) − µ(x)S )

is strictly subhomogeneous with respect to S > 0, the standard comparison argument for logistic elliptic
equations implies S 1 ≡ S 2. Therefore, the positive solution is unique.

It remains to show that no positive solution exists when λS (a) ≤ 0. By contradiction, assume that
S > 0 solves Eq (2.8). Let ϕS > 0 be the positive eigenfunction corresponding to λS (a). Multiplying
Eq (2.8) by ϕS , multiplying Eq (2.6) by S , integrating over Ω, and subtracting the two identities, using
the same Robin boundary condition for S and ϕS , we obtain the following:

λS (a)
∫
Ω

SϕS dx =
∫
Ω

µ(x)S 2ϕS dx.
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The right-hand side is strictly positive. Hence, λS (a) > 0, which contradicts λS (a) ≤ 0. Thus, no
positive solution exists when λS (a) ≤ 0.

Finally, if S ≥ 0 is a nonnegative solution and S . 0, then the strong maximum principle and
the Hopf boundary lemma imply S > 0 in Ω̄, which is impossible when λS (a) ≤ 0. Hence, the only
nonnegative solution in this case is S ≡ 0. The proof is complete.

remark 1. The condition λS (a) > 0 is not automatic when the susceptible boundary outflow rate a is
large. As a increases, the Robin boundary condition approaches the Dirichlet limiting case, and the
principal eigenvalue λS (a) may become nonpositive. Biologically, the case λS (a) ≤ 0 corresponds to a
strong-outflow regime in which the susceptible population cannot maintain itself in the habitat, even in
the absence of infection. Since the main purpose of this paper is to study the epidemic threshold around
a nontrivial disease-free equilibrium, we impose λS (a) > 0 throughout the subsequent analysis.

proposition 2. Let Ŝ (·, a) be the unique positive solution of the elliptic problem (2.5) corresponding
to the boundary outflow rate a > 0. If 0 < a1 < a2, then Ŝ (·, a2) < Ŝ (·, a1) in Ω, that the disease-free
susceptible steady state is strictly decreasing with respect to the susceptible boundary outflow rate a.

Proof. Fix 0 < a1 < a2. By definition, Ŝ (·, ai) satisfies
dS∆Ŝ (·, ai) + Ŝ (·, ai)

(
ρ(·) − µ(·)Ŝ (·, ai)

)
= 0, x ∈ Ω,

∂Ŝ
∂ν

(·, ai) + ai Ŝ (·, ai) = 0, x ∈ ∂Ω,

for i = 1, 2.
First we show that Ŝ (·, a2) ≤ Ŝ (·, a1). Observe that Ŝ (·, a1) satisfies the same elliptic equation in Ω

as Ŝ (·, a2). To compare them, we consider the boundary operator Ba := ∂
∂ν
+ aI acting on the boundary

∂Ω. Specifically, for the parameter a2, a direct evaluation yields

Ba2 Ŝ (·, a1) = (a2 − a1)Ŝ (·, a1) ≥ 0 on ∂Ω,

which shows that Ŝ (·, a1) satisfies the boundary inequality that corresponds to Problem (2.5) with
parameter a = a2. Consequently, Ŝ (·, a1) serves as a positive super-solution, while the trivial function
S ≡ 0 is a sub-solution.

By virtue of the sub- and super-solution principle and the uniqueness of the positive solution for any
given a > 0, it follows that

0 < Ŝ (·, a2) ≤ Ŝ (·, a1) in Ω.

To verify the strict inequality, suppose on the contrary that Ŝ (·, a2) coincides with Ŝ (·, a1) at some
point x0 ∈ Ω. Since both functions solve the same elliptic equation in Ω and satisfy Ŝ (·, a2) ≤ Ŝ (·, a1)
throughout Ω, the strong maximum principle combined with Hopf’s lemma (see, e.g., [29, 30]) forces

Ŝ (·, a2) ≡ Ŝ (·, a1) in Ω,

which contradicts the uniqueness of the solution corresponding to different parameter values. Hence,
the inequality must be strict.

However, for i = 1, 2, Ŝ (·, ai) satisfies the Robin boundary condition

∂Ŝ
∂ν

(·, ai) + ai Ŝ (·, ai) = 0 on ∂Ω.
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If Ŝ (·, a2) ≡ Ŝ (·, a1), then

(a2 − a1)Ŝ (·, a1) = 0 for all x ∈ ∂Ω,

which contradicts a2 > a1 and Ŝ (·, a1) > 0 on Ω. Therefore, Ŝ (·, a2) < Ŝ (·, a1), for all x ∈ Ω.

x
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Ŝ
(x
,
a
)

0

0.2

0.4

0.6

0.8

1 a = 0.5

a = 1.0

a = 2.0

Figure 1. Numerical steady states Ŝ (·, a) of the one-dimensional logistic model with dS = 1,
ρ = 1, µ = 1, and L = 2.

Although an explicit expression of the positive equilibrium Ŝ (·, a) is generally unavailable for the
nonlinear logistic model, this monotonicity can also be clearly observed from numerical plots of Ŝ (·, a)
for different values of a. To visualize this monotonicity, we consider the one-dimensional domain (0, L)
with constant coefficients and numerically solve the boundary formulation of the problem

dS S ′′(x) + S (ρ − µS ) = 0, x ∈ (0, L),

with Robin boundary constraints S ′(0) = aS (0) and S ′(L) = −aS (L).
For the typical choice dS = 1, ρ = 1, µ = 1, and L = 2, Figure 1 shows the profiles of Ŝ (·, a) for

a = 0.5, 1.0, 2.0. As a increases, the entire profile of Ŝ (·, a) shifts downward, thus confirming the
theoretical prediction that Ŝ (·, a) strictly decreases as a increases.

3. Spectral analysis and the threshold parameter R0

3.1. The linearized operator and its eigenvalues

To derive the threshold Parameter R0, we perform a linearization of the infectious component in
System (2.1) around the disease-free state. Under the assumption of a small infectious population I and
noting Ŝ (x) > 0, the incidence term is approximated by the following:

β(x)
Ŝ I

Ŝ + I
≈ β(x)I.

Networks and Heterogeneous Media Volume 21, Issue 4, 1450–1478.



1460

Consequently, the linearized evolution of I is governed by the following:

It = dI∆I +
(
β(x) − γ(x)

)
I in Ω,

∂I
∂ν
+ bI = 0 on ∂Ω. (3.1)

The corresponding eigenvalue problem is given by the following:
dI∆ϕ +

(
β(x) − γ(x)

)
ϕ = λϕ, x ∈ Ω,

∂ϕ

∂ν
+ bϕ = 0, x ∈ ∂Ω.

(3.2)

By virtue of the Krein-Rutman theory (see, e.g., [31]), the operator in Eq (3.2) possesses a principal
eigenvalue λ1. This eigenvalue is characterized by its reality, algebraic simplicity, and the existence of a
corresponding strictly positive eigenfunction ϕ1 ∈ C2(Ω). The variational representation of λ1 is given
by the following quotient:

λ1 = sup
0,ϕ∈H1(Ω)

−dI

∫
Ω
|∇ϕ|2 dx − bdI

∫
∂Ω
ϕ2 ds +

∫
Ω

(β(x) − γ(x)) ϕ2 dx∫
Ω
ϕ2 dx

 (3.3)

Clearly, the pair (λ1, ϕ1) satisfies the boundary value problem (3.2). For the boundary emigration
(i.e., b = 0), the model simplifies to a standard Neumann-type framework. Let λ̂ represent the principal
eigenvalue in this simplified scenario, which can be characterized as follows:

λ̂ := sup
0,ϕ∈H1(Ω)

−dI

∫
Ω
|∇ϕ|2 dx +

∫
Ω

(β(x) − γ(x))ϕ2 dx∫
Ω
ϕ2 dx

 . (3.4)

From a spectral perspective, if the net growth rate β(x) − γ(x) is non-positive throughout Ω, then
λ̂ < 0 for all dI > 0. However, if β(x) − γ(x) changes sign and its average value

∫
Ω

(β(x) − γ(x))dx is
positive, then we can define a critical dispersal rate d̂I as follows:

d̂I := sup
ϕ∈H1(Ω),

∫
Ω

(β−γ)ϕ2>0


∫
Ω

(β(x) − γ(x))ϕ2 dx∫
Ω
|∇ϕ|2dx

 . (3.5)

In this context, the magnitude of dI relative to d̂I dictates the sign of λ̂: specifically, λ̂ > 0 when
diffusion is restricted (dI < d̂I), while λ̂ < 0 for high dispersal rates (dI > d̂I). These properties arise
from the classical theory of self-adjoint elliptic operators.

proposition 3. Let b > 0 be fixed. For an dI > 0, let λ1(dI , b) be the dominant eigenvalue associated
with Eq (3.3), and denote the corresponding strictly positive eigenfunction by ϕ1(dI , b). Then:

(1) λ1(dI , b) strictly decreases as the diffusion rate dI increases, and

∂λ1

∂dI
= −

∫
Ω

|∇ϕ1|
2 dx +

∫
∂Ω

b(ϕ1)2 ds∫
Ω

(ϕ1)2 dx
< 0.
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(2) We have
lim

dI→0+
λ1(dI , b) = sup

x∈Ω
(β(x) − γ(x)), lim

dI→+∞
λ1(dI , b) = −∞.

(3) Assume β(x) − γ(x) changes sign in Ω and satisfies
∫
Ω

(β − γ) dx > 0. Then, there exists a unique
critical value d1

I > 0 such that λ1(d1
I , b) = 0. Specifically, the spectral sign is determined as:

λ1(dI , b) > 0 for 0 < dI < d1
I , λ1(dI , b) < 0 for dI > d1

I ,

and d1
I is given by

d1
I := sup

ϕ∈H1(Ω), ϕ.0∫
Ω

(β−γ)ϕ2 dx>0


∫
Ω

(β(x) − γ(x))ϕ2 dx∫
Ω

|∇ϕ|2 dx + b
∫
∂Ω

ϕ2 ds

 . (3.6)

Proof. We only prove Assertion (1). For brevity, we write λ1(dI , b) =: λ1, ϕ1(dI , b) =: ϕ1. Differentiate
Eq (3.3) with respect to dI . By writing ψ := ∂dIϕ1, we obtain the following:∆ϕ1 + dI∆ψ + (β(x) − γ(x))ψ = ∂dIλ1ϕ1 + λ1ψ, x ∈ Ω,

∂ψ

∂ν
+ bψ = 0, x ∈ ∂Ω.

(3.7)

Multiply Eq (3.7) by ϕ1, multiply Eq (3.2) by ψ, integrate over Ω, and subtract the two identities.
After an integration by parts, the terms that involve ψ cancel thanks to the same Robin boundary
condition for ϕ1 and ψ. This yields

∂λ1

∂dI
= −

∫
Ω

|∇ϕ1|
2 dx +

∫
∂Ω

bϕ2
1 ds∫

Ω

ϕ2
1 dx

< 0,

because ϕ1 > 0 in Ω, b > 0. Hence, λ1(dI , b) is strictly decreasing in dI. (2) and (3) can be obtained
from the variational arguments; for brevity, we forgo the exhaustive details and cite [23, 32] for
analogous proofs.

proposition 4. Let dI be fixed. For any b > 0, denote the principal eigenvalue of problem (3.3) by
λ1(dI , b), with the associated eigenfunction ϕ1. Then:

(1) λ1(dI , b) strictly decreases as the boundary outflow rate b increases, and

∂λ1

∂b
= −

∫
∂Ω

dI(ϕ1)2 ds∫
Ω

(ϕ1)2 dx
< 0.

(2) Let λ̂(dI) and λD(dI) be the principal eigenvalues of the Neumann and Dirichlet problems associated
with Eq (3.3), respectively. Then,

lim
b→0+

λ1(dI , b) = λ̂(dI), lim
b→+∞

λ1(dI , b) = λD(dI).
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In particular, the map b 7→ λ1(dI , b) is continuous on [0,+∞) and

λD(dI) ≤ λ1(dI , b) ≤ λ̂(dI) for all b > 0.

Moreover, if λD(dI) > 0, then λ1(dI , b) > 0 for all b > 0.

(3) Moreover, assume that λ̂(dI) > 0 > λD(dI). Consequently, the eigenvalue λ1(dI , b) possesses a
unique positive zero b1. Furthermore, its sign is strictly determined by the magnitude of b relative to
this critical threshold b1:

λ1(dI , b) < 0 for b > b1, λ1(dI , b) > 0 for 0 < b < b1.

Furthermore, b1 admits the variational representation

b1 := sup
ϕ∈H1(Ω), ϕ.0∫

Ω
[(β−γ)ϕ2−dI |∇ϕ|

2] dx>0


∫
Ω

(β(x) − γ(x))ϕ2 dx − dI

∫
Ω

|∇ϕ|2 dx

dI

∫
∂Ω

ϕ2 ds

 (3.8)

and b1 decreases strictly as dI increases.

(4) Assume that the net growth rate β(x) − γ(x) exhibits sign-changing behavior within Ω and satisfies
the integral condition

∫
Ω

(β(x)− γ(x)) dx > 0. Let d̂I be the diffusion threshold defined in Eq (3.5). Then:

(a) When dI > d̂I , we have
λ1(dI , b) < 0 for all b > 0.

(b) When dI < d̂I and λD(dI) < 0, then

λ1(dI , b) < 0 for b > b1(dI), λ1(dI , b) > 0 for 0 < b < b1(dI).

Proof. (1). For brevity, we write λ1 = λ1(dI , b) and ϕ1 = ϕ1(dI , b). Differentiate Eq (3.3) with respect to
b. By writing ψ̃ := ∂bϕ1, we obtain the following:dI∆ψ̃ + (β(x) − γ(x))ψ̃ = ∂bλ1ϕ1 + λ1ψ̃, x ∈ Ω,

∂ψ̃

∂ν
+ ϕ1 + bψ̃ = 0, x ∈ ∂Ω.

(3.9)

Multiply Eq (3.9) by ϕ1, multiply Eq (3.2) by ψ̃, integrate over Ω, and subtract the two identities; By
applying the same methodology employed in Proposition 3.1 (1), one obtains

∂λ1

∂b
= −

∫
∂Ω

dI(ϕ1)2 ds∫
Ω

(ϕ1)2 dx
< 0,

because ϕ1 > 0 in Ω, dI > 0. Hence, λ1(dI , b) is strictly decreasing in b. This proves (1).
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(2). Recall the variational characterization of λ1(dI , b) given in Eq (3.3). Letting b→ 0+, the boundary
term vanishes and the above quotient reduces to that corresponding to the Neumann problem. Hence,
λ1(dI , b)→ λ̂(dI) as b→ 0+. Since H1

0(Ω) ⊂ H1(Ω), it follows that

λ1(dI , b) ≥ sup
0,ϕ∈H1

0 (Ω)

−dI

∫
Ω
|∇ϕ|2 dx +

∫
Ω

(β(x) − γ(x))ϕ2 dx∫
Ω
ϕ2 dx

= λD(dI).

Moreover, the limiting behavior of the Robin eigenvalue as b→ +∞ is consistent with the Dirichlet
case, a result formally documented in [31]. Therefore, λ1(dI , b)→ λD(dI) as b→ +∞. The two-sided
estimate and the continuity immediately follow.

(3). Under the assumption λ̂(dI) > 0 > λD(dI) and by (2), we have the following:

λ1(dI , 0) = λ̂(dI) > 0, λ1(dI , b)→ λD(dI) < 0 as b→ +∞.

Due to the continuous and strictly decreasing dependence of the principal eigenvalue on b, as shown
in (1), the existence of a unique positive root b1 is a direct consequence of the intermediate value
theorem. From this, the sign characterization of λ1(dI , b) for b , b1 is established at once.

Finally, setting λ1(dI , b1) = 0 in the quotient for λ1(dI , b) and rearranging the terms yields the
representation Eq (3.8) for b1. Differentiating λ1(dI , b1) = 0 with respect to dI and using Proposition 3
shows that ∂b1/∂dI < 0, (i.e., b1 is strictly decreasing with respect to dI). We omit the routine details.

(4). Under the assumption that β(x) − γ(x) changes sign on Ω and
∫
Ω

(β − γ) dx > 0, Proposition 3
ensures the occurrence of a critical diffusion threshold d̂I > 0. This threshold dictates the spectral sign
of λ̂(dI)—the principal eigenvalue of Eq (3.3)—such that λ̂(dI) > 0 when dI < d̂I and λ̂(dI) < 0 for
dI > d̂I. Recall from Proposition 3 that, for each fixed dI > 0, the principal eigenvalue λ1(dI , b) of the
Robin problem satisfies

λ1(dI , 0) = λ̂(dI), λ1(dI , b)→ λD(dI) as b→ +∞,

continuously varies, and shows strict monotonicity relative to the parameter b > 0.
(a) If dI > d̂I, then λ̂(dI) < 0. From part (2), we know that λ1(dI , b) ≤ λ̂(dI) for all b > 0. Hence,

λ1(dI , b) < 0 for all b > 0.
(b) If dI < d̂I and λD(dI) < 0, then λD(dI) < 0 < λ̂(dI). Owing to the continuity and strict

monotonicity of λ1(dI , ·) with respect to b, the existence of a unique positive zero b1(dI) is guaranteed
by the identity λ1(dI , b1) = 0. Consequently, the sign behavior of λ1(dI , b) for b , b1(dI) follows the
characterization given in (b), the variational characterization Eq (3.8) for b1(dI) from Proposition 4, the
proof of (4) is finalized.

3.2. The basic reproduction number R0

definition 1. Following the next-generation operator framework developed for diffusive epidemic models
(see, e.g., [33]), we formulate the basic reproduction number R0 of System (2.1) as the spectral radius of the
linearized operator associated with the infection component in Eq (2.1). In the present Robin boundary setting,
the following variational characterization is obtained from the corresponding Robin eigenvalue problem:

R0 := sup
ϕ∈H1(Ω), ϕ,0

∫
Ω

β(x)ϕ2 dx

dI

∫
Ω

|∇ϕ|2 dx + bdI

∫
∂Ω

ϕ2 ds +
∫
Ω

γ(x)ϕ2 dx
. (3.10)
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According to the general spectral theory (see, e.g., [33]), the threshold indicator R0 − 1is sign-
equivalent to the leading eigenvalue λ1 corresponding to the linearized operator Eq (3.2), that is,

sign(R0 − 1) = sign(λ1).

For later use, we introduce the basic reproduction numbers which correspond to different boundary
conditions. When the boundary outflow is absent (b = 0), the system obeys the homogeneous Neumann
boundary condition. Let λ̂(dI) be the principal eigenvalue defined in Eq (3.4). We define the
corresponding basic reproduction number R̂0 such that

sign(R̂0 − 1) = sign(̂λ).

Similarly, let λD be the principal eigenvalue of the Dirichlet realization of Eq (2.1),
We denote the corresponding basic reproduction number by R̂D

0 .

proposition 5. In view of the R0 formulation in Definition 1, the following ensuing properties
are satisfied:
(1) λ1 > 0 corresponds to R0 > 1, while λ1 < 0 corresponds to R0 < 1. Consequently, the infection-free
steady state (Ŝ , 0) undergoes a loss of linear stability when R0 > 1.
(2) For each fixed b ≥ 0, R0(dI , b) decreases as dI increases. Moreover, if d1

I > 0 denotes the unique
diffusion threshold given by Proposition 3, then

R0(dI , b) > 1 for 0 < dI < d1
I , R0(dI , b) < 1 for dI > d1

I ,

and
lim

dI→0+
R0(dI , b) = max

x∈Ω
(β(x)/γ(x)), lim

dI→+∞
R0(dI , b) = 0.

(3) For each fixed dI > 0, R0(dI , b) decreases as b increases. If b1 > 0 is the unique boundary-outflow
threshold given by Proposition 4, then

R0(dI , b) > 1 for 0 < b < b1, R0(dI , b) < 1 for b > b1.

and
lim

b→0+
R0(dI , b) = R̂0, lim

b→+∞
R0(dI , b) = RD

0 .

(4) The sign of the Dirichlet eigenvalue λD provides further information on R0.

(a) If λD > 0, then R0 > 1 for all b > 0.

(b) If λD < 0 and
∫
Ω

β(x) dx ≤
∫
Ω

γ(x) dx, then R0 > 1 for 0 < b < b1(dI) and R0 < 1 for b > b1(dI).

(5) Assume that β(x) − γ(x) changes sign on Ω and
∫
Ω

β(x) dx >
∫
Ω

γ(x) dx. The diffusion threshold d̂I

yields the following classification:

(a) If dI > d̂I , then R0 < 1 for all b > 0.
(b) If dI < d̂I and λD < 0, then R0 < 1 for b > b1(dI) and R0 > 1 for 0 < b < b1(dI).

These statements are immediate consequences of Propositions 3.1 and 3.2, combined with standard
arguments used in [1]. Therefore we omit the details.
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4. Global dynamics and the threshold parameter

4.1. Stability analysis of the DFE

Now, we explore the limiting dynamics dictated by the threshold parameter R0.

Theorem 2. Provided that R0 < 1, any solution (S , I) ∈ [C(Ω)]2 to Eq (2.1) with initial data that is
non-negative and not identically zero converges to the infection-free steady state (Ŝ , 0) as t → ∞, that is,

(S (·, t), I(·, t))
t→∞
−−−→ (Ŝ , 0).

Proof. In view of Proposition 5, λ1 < 0 provided that R0 < 1. Let ϕ1 > 0 be its associated principal
eigenfunction. If we weigh the I-equation in Eq (2.1) by ϕ1 and integrate the result over the spatial
domain Ω, we find that

d
dt

∫
Ω

Iϕ1 dx = dI

∫
Ω

∆Iϕ1 dx +
∫
Ω

(
β(x)

S
S + I

− γ(x)
)

Iϕ1 dx

≤ dI

∫
Ω

∆Iϕ1 dx +
∫
Ω

(β(x) − γ(x))Iϕ1 dx.

Using Robin boundary constrains, we can obtain the following:

∂I
∂ν
= −bI,

∂ϕ1

∂ν
= −bϕ1.

Substituting these relations into the boundary term in Green’s identity, we obtain the following:

I
∂ϕ1

∂ν
− ϕ1

∂I
∂ν
= I(−bϕ1) − ϕ1(−bI) = −bIϕ1 + bIϕ1 = 0.

Therefore, ∫
Ω

I ∆ϕ1 dx =
∫
Ω

ϕ1 ∆I dx.

Using the eigenvalue identity

dI∆ϕ1 + (β(x) − γ(x))ϕ1 = λ1ϕ1,
∂ϕ1

∂ν
= −bϕ1 on ∂Ω,

and employing integration by parts, we deduce that

d
dt

∫
Ω

Iϕ1 dx ≤ λ1

∫
Ω

Iϕ1 dx. (4.1)

Due to λ1 < 0, Gronwall’s inequality yields the following:∫
Ω

I(·, t)ϕ1(x) dx ≤ Ceλ1t → 0 as t → ∞.

Using ϕ1 > 0 on Ω and a standard parabolic regularity, the L1 convergence implies the following
uniform convergence:

∥I(·, t)∥C(Ω) → 0 as t → ∞.
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We subsequently establish the limiting behavior of S (·, t). Since I(·, t) → 0 uniformly and the
infection component remains bounded, the S -subsystem in Eq (2.1) satisfies the following:

S t = dS∆S + S
(
ρ(x) − µ(x)S

)
+ o(1), (4.2)

where o(1) represents the term −β S I
S+I + θγI, which vanishes as t → ∞. By invoking the comparison

theorem for parabolic operators, one obtains that given each ε > 0, there is a corresponding moment
T (ε) beyond which every solution satisfies the following:

S
ε
(·) ≤ S (·, t) ≤ S ε(·), (4.3)

where S
ε

and S ε are the sole positive solutions of :

dS∆S + S
(
ρ(x) − µ(x)S

)
= ±ε, BS = 0. (4.4)

and satisfy
∥S ε − Ŝ ∥C(Ω) → 0, ∥S

ε
− Ŝ ∥C(Ω) → 0 as ε→ 0.

Letting ε→ 0 gives the following:

lim
t→∞
∥S (·, t) − Ŝ ∥C(Ω) = 0.

4.2. Uniform persistence and endemic states

The following analysis is devoted to the dynamical behavior when R0 > 1. Our objective is to
demonstrate that the infection will not vanish and to confirm the emergence of at least one steady-state
endemic solution.

definition 2. The epidemic is said to exhibit uniform persistence if one can find a positive threshold
η > 0, such that for every initial state I0 . 0, the solution (S , I) of Eq (2.1) satisfies

lim inf
t→∞

(
inf
x∈Ω

I(x, t)
)
≥ η.

Theorem 3. Under the assumption that R0 > 1, the infection-free steady state becomes a repeller, and
System (2.1) admits uniform persistence as characterized in Definition 2.

Proof. Define the following phase space:

X = C(Ω̄,R2
+), X0 = {(S , I) ∈ X : I . 0}, ∂X0 = {(S , I) ∈ X : I ≡ 0}.

Let Φt denote the solution semiflow generated by System (2.1). By Theorem 2.3 and the uniform
bound in Lemma 2.2, Φt is eventually bounded and point dissipative on X. Standard parabolic regularity
implies that Φt is compact for every t > 0.

On ∂X0, we have I ≡ 0, so S satisfies the scalar Robin–logistic problem

∂tS = dS∆S + S (ρ(x) − µ(x)S ),
∂S
∂ν
+ aS = 0.
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By Proposition 2.4, the unique positive steady state Ŝ a exists and is globally asymptotically stable
for this scalar equation whenever λS (a) > 0. Sence, the only compact invariant set in ∂X0 that is relevant
to the global dynamics is (Ŝ a, 0).

For contradiction, suppose that there exists a solution (S (·, t), I(·, t)) ∈ X0 with

∥(S (·, t), I(·, t)) − (Ŝ a, 0)∥C(Ω̄) → 0 as t → ∞.

Fix ε > 0 sufficiently small. Then for all large t, we then have ∥S (·, t)− Ŝ a∥C(Ω̄) < ε and ∥I(·, t)∥C(Ω̄) <

ε, so
S

S + I
≥ 1 − ε.

Consequently, the I-equation satisfies the following:

∂tI ≥ dI∆I +
(
β(x)(1 − ε) − γ(x)

)
I,

∂I
∂ν
+ bI = 0.

Let λε1 be the principal eigenvalue of the operator dI∆ + β(x)(1 − ε) − γ(x) under the Robin boundary
condition. Since R0 > 1 implies λ1 > 0, and the principal eigenvalue continuously depends on the
coefficients, we may choose ε small enough so that λε1 > 0. Let φε1 > 0 be the corresponding principal
eigenfunction. Setting w(x, t) = δeλ

ε
1tφε1(x) for δ > 0 chosen so that w(·, 0) ≤ I(·,T0) at some time T0,

the parabolic comparison principle gives

I(x, t) ≥ δeλ
ε
1tφε1(x) → +∞ as t → ∞,

contradicting the uniform boundedness of I. Hence, E0 is a weak repeller for X0.

The set {(Ŝ a, 0)} is the only compact invariant set in ω(∂X0), and it is both isolated in X and
acyclic (it admits no cyclic chain in ∂X0). By the uniform persistence theorem for compact dissipative
semiflows (see Magal and Zhao [34] and Zhao [35]), there exists η > 0 such that

lim inf
t→∞

inf
x∈Ω̄

I(x, t) ≥ η

for every solution with I0 . 0.

Theorem 4. Let R0 > 1. System (2.1) has at least one strictly positive steady state (S̃ , Ĩ) in the domain
Ω. Furthermore, there exists a uniform gap between any such endemic steady state and the infection-free
steady state (Ŝ , 0).

Proof. By Theorem 4.2, the semiflow Φt is uniformly persistent on X0. Together with the point
dissipativity and compactness established in Section 2, the uniform persistence theorem guarantees the
existence of a compact global attractorA for Φt in X0, which is bounded away from ∂X0; in particular,

inf
(S ,I)∈A

inf
x∈Ω̄

I(x) ≥ η > 0.

Moreover, we may choose a bounded closed convex set B ⊂ X0, bounded away from ∂X0, such that
Φt(B) ⊂ B, t ≥ 0, and inf(S ,I)∈B infx∈Ω̄ I(x) ≥ η

2 > 0. For each n ∈ N, the map Φ1/n : B→ B is compact
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and continuous. Hence, by the Schauder fixed-point theorem, there exists Un = (S n, In) ∈ B such that
Φ1/n(Un) = Un. Since Φ1/n(Un) = Un, the semigroup property implies

Φ1(Un) =
(
Φ1/n

)n(Un) = Un.

Thus, {Un} ⊂ Φ1(B). Since Φ1 is compact and B is bounded, the sequence {Un} is precompact in X.
Passing to a subsequence if necessary, we may assume that Un → U∗ = (S̃ , Ĩ) ∈ B. Now, We show that
U∗ is fixed under the whole semiflow. For any fixed t ≥ 0, choose integers kn ≥ 0 such that kn/n → t.
Since Φ1/n(Un) = Un, the semigroup property gives the following:

Φkn/n(Un) =
(
Φ1/n

)kn(Un) = Un.

Letting n→ ∞ and using the continuity of Φt with respect to both t and the initial value, we obtain
Φt(U∗) = U∗, t ≥ 0. Therefore, U∗ = (S̃ , Ĩ) is fixed under the whole semiflow. Since System (2.1) is
autonomous, U∗ is a genuine steady state of Eq (2.1), rather than merely a periodic orbit.

It remains to verify strict positivity. Since U∗ ∈ B ⊂ X0 and B is bounded away from ∂X0, we have
infx∈Ω̄ Ĩ(x) ≥ η

2 > 0. In particular, Ĩ . 0. The steady-state equation for Ĩ reads

dI∆Ĩ +
(
β(x)

S̃
S̃ + Ĩ

− γ(x)
)

Ĩ = 0, x ∈ Ω,

with
∂Ĩ
∂ν
+ bĨ = 0, x ∈ ∂Ω.

Since the coefficient β(x) S̃
S̃+Ĩ − γ(x) is bounded, the strong maximum principle together with Hopf’s

boundary lemma implies Ĩ(x) > 0, x ∈ Ω̄. An analogous argument applied to the S̃ -equation gives
S̃ (x) > 0, x ∈ Ω̄.

Finally, let (S ∗, I∗) be any endemic steady state of System (2.1). Since it generates a constant
trajectory in X0, the uniform persistence result in Theorem 4.2 gives

inf
x∈Ω̄

I∗(x) ≥ η0 > 0

for some constant η0 independent of the particular endemic steady state. Hence, all endemic steady
states are uniformly separated from the disease-free equilibrium (Ŝ a, 0). The proof is complete.

5. Influence of boundary outflow on disease dynamics

Next, we explore how the outflow rate b shapes the asymptotic steady states of the solutions for
Eq (2.1).

Theorem 5. Suppose that dI > 0, b > 0, and λ̂ > 0 > λD(dI), and assume the average growth rate is
non-negative, (i.e.,

∫
Ω
β(x) dx ≥

∫
Ω
γ(x) dx). Let b1(dI) denote the unique critical threshold established

in Proposition 3.2. Then, the following dynamical scenarios occur:

(i) If the outflow rate satisfies b > b1, the infection-free state (Ŝ , 0) acts as a global attractor for the
system. In this case, every solution (S , I) ∈ [C(Ω)]2 with non-zero and positive initial data satisfies
the following:

(S (·, t), I(·, t))
t→∞
−−−→ (Ŝ , 0).
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(ii) When 0 < b < b1, the epidemic persists in a uniform sense, meaning that the infectious component
is uniformly sustained above a fixed level η > 0. Specifically, for any initial condition I0 . 0, the
infectious population remains bounded away from zero as follows:

lim inf
t→∞

(
inf
x∈Ω

I(x, t)
)
≥ η. (5.1)

In what follows, we focus on the one-dimensional setting Ω = (0, L). Within this framework, the
diffusion rate dI and the boundary outflow b are constants, while the epidemiological parameters are
assumed to be spatially uniform as follows:

β(x) ≡ β > 0, γ(x) ≡ γ > 0.

Under these assumptions, we denote the principal eigenvalue of the linearized problem derived from
the I-equation by λD(dI), subject to zero Dirichlet data. This eigenvalue is explicitly given by

λD(dI) = β − γ −
dIπ

2

L2 ,

while the corresponding eigenvalue under homogeneous Neumann boundary conditions is given by

λ̂ = β − γ.

Now, We distinguish three cases.

Case 1: λ̂ < 0. In this case, β < γ, hence, the infection decays even without population outflow at the
boundary. As a consequence, R0(dI , b) < 1 holds for any b > 0, thus suggesting that the eradication of
the disease is independent of the boundary outflow intervention.

Case 2: λD(dI) > 0. This condition is equivalent to

β − γ >
dIπ

2

L2 ,

and corresponds to a situation in which transmission is sufficiently strong relative to recovery. In this
case, Proposition 3.3 (5)(a) implies that R0(dI , b) > 1 for all b > 0, thereby showing that boundary
outflow alone is insufficient to prevent the persistence of the disease. This suggests that if the disease’s
internal growth is potent enough to overcome even the maximum possible diffusion loss (the Dirichlet
limit), then boundary-based control strategies lose their regulatory power.

Case 3: λ̂ > 0 and λD(dI) < 0. This is the only condition in which the boundary outflow b has a genuine
impact on the disease dynamics. According to Proposition 3.2 (2)(b), the principal eigenvalue λ1(dI , b1)
vanishes for a unique positive threshold b1. Moreover, b1 is characterized as the solution of

dIϕ
′′
1 (x) + (β − γ)ϕ1(x) = 0, for x ∈ (0, L) (5.2)

with symmetric Robin-type constraints

ϕ′1(0) − b1ϕ1(0) = 0 and ϕ′1(L) + b1ϕ1(L) = 0. (5.3)

where ϕ1 is the associated positive eigenfunction. Therefore, the value b1 separates two distinct
dynamical regimes: The disease persists when 0 < b < b1 and becomes extinct for b > b1. We directly
characterize the threshold value b1 under the above setting.
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Theorem 6. Under the one–dimensional homogeneous setting described above, assume that

0 < β − γ <
dIπ

2

L2 ;

then, the threshold b1 > 0 given in Proposition 4 is explicitly represented by

b1 =

√
β − γ

dI
tan

L
2

√
β − γ

dI

 (5.4)

proposition 6. Under the assumptions of Theorem 6, the critical boundary outflow rate b1 exhibits the
following parameter dependence:

• b1 decreases as either the diffusion rate dI or the recovery rate γ increases;
• b1 increases with respect to the transmission rate β and the domain size L.

Proof. For convenience, we introduce the quantity

q =

√
β − γ

dI
, qL ∈ (0, π),

under which the explicit formula (5.4) can be simplified as

b1(q, L) = q tan
(qL

2

)
. (5.5)

A direct differentiation of b1 with respect to q yields the following

∂b1

∂q
= tan

(qL
2

)
+

qL
2

sec2
(qL

2

)
.

Since qL/2 ∈ (0, π/2), both tan(qL/2) and sec2(qL/2) are strictly positive; hence, ∂b1
∂q > 0. Then the

dependence of b1 on dI , γ, and β directly follows from the following partial derivatives of q:

∂q
∂dI
= −

1
2dI

√
β − γ

dI
< 0,

∂q
∂γ
= −

1
2dIq

< 0,
∂q
∂β
=

1
2dIq

> 0.

By the chain rule, ∂b1
∂dI

< 0, ∂b1
∂γ
< 0, and ∂b1

∂β
> 0. Moreover, differentiating Eq (5.5) with respect to

L gives
∂b1

∂L
=

q2

2
sec2

(qL
2

)
> 0,

which completes the proof.

To complement the analytical results, we provide numerical illustrations of the threshold relation
b = b1 in Figures 2 and 3. The solid curve in each figure represents the critical threshold b = b1. The
yellow-shaded region above the curve corresponds to disease extinction, namely b > b1, whereas the
unshaded region below the curve corresponds to disease persistence, namely 0 < b < b1.
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(a) Effect of the diffusion coefficient dI .
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(b) Effect of the recovery rate γ.

Figure 2. Critical threshold b1 versus (a) dI and (b) γ. Fixed parameters: (a) γ = 1, β = 2,
L = 1; (b) dI = 1, β = 2, L = 1.
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Figure 3. Critical threshold b1 versus (a) β and (b) L. Fixed parameters: (a) dI = 1, γ = 1,
L = 1; (b) dI = 1, γ = 1, β = 2.
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To further validate the predicted threshold transition, we simulate the full system near the critical
value. Taking β = 1.6, γ = 1, dI = 1, and L = 2, Theorem 6 gives the following:

b1 =

√
β − γ

dI
tan

L
2

√
β − γ

dI

 ≈ 0.758.

Then we choose three representative values b = 0.70 < b1, b ≈ b1, b = 0.85 > b1. Let

MI(t) =
∫ L

0
I(x, t) dx

denote the total infected mass. At the final computational time, the corresponding values
are approximately

MI(T ) = 6.35 × 10−3, 9.24 × 10−4, 1.78 × 10−7,

respectively. These simulations are consistent with the theoretical prediction: the infected population
persists when b < b1, decays to zero when b > b1, and exhibits slow transition behavior near the
critical value.

More specifically, Figure 2(a) depicts how the threshold b1 varies with the diffusion coefficient dI.
With β, γ, and L fixed, we see that b1 decreases as dI increases. This indicates that a faster diffusion of
infected individuals reduces the level of boundary outflow required for disease elimination.

Figure 2(b) shows how b1 varies with the recovery rate γ. With β, dI, and L held constant, the
threshold b1 diminishes as γ increases. Hence, a higher recovery rate makes disease extinction achievable
under a weaker boundary outflow.

Figure 3(a) illustrates the sensitivity of b1 to the transmission rate β. Keeping dI , γ, and L unchanged,
b1 increases with β, indicating that stronger disease transmission requires a larger outflow rate to
suppress persistence.

Finally, Figure 3(b) presents the influence of the domain size L. For fixed dI , β and γ, the threshold
b1 increases as the spatial domain becomes larger, thus reflecting that disease control through boundary
outflow becomes more difficult in a larger habitat.

Taken together, these observations provide a clear quantitative interpretation of the role of population
outflow in disease control under the logistic recruitment mechanism.

Numerical scheme and convergence verification

We briefly describe the numerical scheme used in the one-dimensional simulations. The spatial
domain is taken as Ω = (0, L) and is divided into N uniform subintervals with mesh size ∆x = L/N. Let
xi = i∆x for i = 0, 1, . . . ,N. For a function u, the Robin boundary condition ∂νu + cu = 0 is interpreted,
on the interval (0, L), as ux(0) = cu(0) and ux(L) = −cu(L). To preserve the second-order spatial accuracy
near the boundary, we use second-order one-sided finite-difference formulas. More precisely,

−3u0 + 4u1 − u2

2∆x
= cu0,

3uN − 4uN−1 + uN−2

2∆x
= −cuN .

Thus, the boundary values can be eliminated as follows:

u0 =
4u1 − u2

3 + 2c∆x
, uN =

4uN−1 − uN−2

3 + 2c∆x
.
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Substituting these relations into the standard central difference formula for uxx gives a second-order
finite-difference approximation of the diffusion operator under Robin boundary conditions.

For the steady-state computation, the resulting nonlinear algebraic system is written as follows:dS DaS + F(S , I) = 0,
dIDbI +G(S , I) = 0,

where Da and Db denote the discrete Laplacian matrices incorporating the Robin boundary conditions
with coefficients a and b, respectively, and

F(S , I) = S (ρ − µS ) − β
S I

S + I
+ θγI, G(S , I) = β

S I
S + I

− γI.

The nonlinear algebraic system is solved by a damped Newton method until the steady-state residual
is sufficiently small.

We perform a mesh-refinement test to verify the convergence of the spatial discretization. The solution
computed on the finest mesh N = 640 is taken as the reference solution. We use the representative
parameter values L = 2, dS = dI = 1, ρ = µ = 1, θ = 0.8, β = 1.6, γ = 1, a = 1.2, and b = 0.50. The
convergence test is carried out with b = 0.50, which is away from the critical value and lies in the
persistence region. The L∞ errors of the steady-state profiles of S and I are reported in Table 1. The errors
steadily decrease as the mesh is refined, and the observed orders are close to two for both components.
This confirms the approximately second-order spatial accuracy of the finite-difference discretization.

Table 1. Mesh-refinement convergence test in the L∞ norm. The reference solution is
computed with N = 640. Parameters: L = 2, dS = dI = 1, ρ = µ = 1, θ = 0.8, β = 1.6, γ = 1,
a = 1.2, and b = 0.50.

N ∆x ∥ES ∥L∞ Order ∥EI∥L∞ Order
40 5.000 × 10−2 4.919 × 10−4 — 7.247 × 10−5 —
80 2.500 × 10−2 1.230 × 10−4 2.00 1.813 × 10−5 2.00
160 1.250 × 10−2 2.945 × 10−5 2.06 4.342 × 10−6 2.06
320 6.250 × 10−3 5.906 × 10−6 2.32 8.709 × 10−7 2.32

6. Conclusions

This study explored a spatially heterogeneous SIS reaction–diffusion framework that integrates
logistic population regulation with boundary-mediated outflow. By introducing density-dependent
growth, the model relaxes the population-conservation assumption and describes epidemic dynamics in
open habitats subject to resource limitation and boundary movement. We rigorously demonstrated that
the introduction of such non-linear regulation preserves the global existence and positivity of solutions
while fundamentally shaping the long-term disease dynamics (Theorem 1).

The main contribution of this work is a threshold analysis for an SIS reaction–diffusion system
that combines logistic growth and Robin boundary outflow. Since neither population conservation
nor closed-boundary conditions hold, the existence of a positive disease-free equilibrium requires a
Robin–logistic eigenvalue condition. Under this condition, R0 is shown to be a sharp threshold that
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separates disease extinction from persistence. Additionaly, we also highlight the different roles of the
two outflow rates: a shapes the disease-free susceptible profile, while b directly shifts the linearized
infection threshold. Finally, an explicit critical value b1 is derived in one spatial dimension, and its
monotone dependence on dI , β, γ, and L is established.

A central finding of our analysis is that the spectral parameter R0 acts as a threshold criterion. Despite
the lack of population conservation, R0 remains the decisive predictor for disease outcome: the extinction
regime is globally attractive when R0 < 1, whereas the disease persists uniformly if R0 > 1(Theorems 3
and 4). Our results reveal that while logistic growth complicates the global attractor’s structure, it does
not shift the critical bifurcation point defined by R0 at the infection-free state. These results confirm that
the threshold principle remains the definitive threshold criterion in the study of open epidemic systems
with complex demographic structures.
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Figure 4. Time evolution of the solution of (2.1) for different values of a. Top row: S (x, t).
Bottom row: I(x, t). Parameters: Ω = (0, 2), β = 1.6, b = 0.8, and dS = dI=ρ = µ=γ = θ = 1.
The columns from left to right correspond to a = 0.5, 1.2, and 2.5, respectively.

Our investigation highlights a critical asymmetry between the roles of susceptible and infected
outflow. While the outflow rate of susceptible individuals alters the spatial distribution and equilibrium
sizes, it leaves the threshold R0 invariant (Figure 4). Conversely, the removal of infected individuals
acts as a powerful control mechanism (Figure 5). We identified a critical threshold b1 that separates
extinction from persistence, thus indicating that intensifying boundary leakage can effectively eradicate
the disease (Theorem 5). From a public health perspective, this suggests that interventions which target
the containment or selective removal of the infectious cohort at the boundary are far more efficient
than generalized population movement controls. In the one-dimensional case, we further elucidated
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how b1 monotonically depends on vital factors such as the transmission intensity, recovery rate, and
habitat size (Figures 2 and 3). These analytical sensitivities provide a theoretical basis to predict
how changes in environmental connectivity or pathogen virulence might shift the required intensity of
boundary-mediated control.
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Figure 5. Time evolution of the solution of (2.1) for different values of b. Top row: S (x, t).
Bottom row: I(x, t). Simulation settings: Ω = (0, 2), β = 1.6, a = 1, and dS = dI=ρ = µ=θ = 1.
The outflow b is varied as 0.40 (left), 0.69 (middle), and 1.00 (right), positioned relative to the
critical threshold b1 ≈ 0.76.

Biologically, these results suggest that boundary-mediated interventions can be as effective as
internal controls, even in the presence of natural population regulation. Mathematically, this work
provides a tractable paradigm to analyze non-conserved populations in spatial models. Future extensions
may incorporate more intricate demographic features, such as state-dependent boundary conditions or
multi-patch connectivity, to further explore the interplay between environmental non-homogeneity and
density-dependent regulation of infectious diseases. The latter direction would require different tools
for fractional derivatives and memory-dependent dynamics, and is left for future study.
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