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Abstract: The event-triggered non-synchronous stabilization problem for Markov jump systems
was investigated via state-feedback control. The possible mismatch between the plant and controller
modes was modeled by a hidden Markov model. Both memoryless and memory-based switched
event-triggered mechanisms were proposed to reduce the frequency of controller updates. Two
sufficient conditions were established to guarantee the stochastic stability of the closed-loop system
by employing Lyapunov–Krasovskii functionals, free-weighting matrices, and stochastic analysis.
Computationally tractable schemes were then developed to obtain the state-feedback controller gains
via congruence transformations. A numerical example is presented to illustrate the efficiency of the
switched event-triggered non-synchronous state-feedback control schemes.
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1. Introduction

Markov jump systems (MJSs), characterized by discrete modes governed by probabilistic transition
laws, provide a robust framework for modeling systems subject to abrupt structural or environmental
variations. By capturing stochastic switching behavior, MJSs have found extensive application in
fields such as power systems, cyber-physical systems, robotics, automated manufacturing, aerospace
engineering, and large-scale economic systems. In these contexts, sudden operational changes
stemming from component failures, subsystem reconfigurations, or environmental disturbances are
naturally described by Markovian switching processes. With the rapid evolution of communication
technologies, the analysis and synthesis of MJSs within networked control frameworks have been
extensively investigated from several perspectives, including communication protocols [1, 2], cyber
attacks and security constraints [3–5], and sampled-data sliding-mode control with mixed delays and
Lévy noises [6].
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In networked Markov jump control systems, communication resources are inherently limited.
Potential mismatches may arise between the modes of the plant and the controller due to
network-induced issues such as network congestion, data loss, packet reordering, and quantization
errors. Compared with synchronous control, non-synchronous control offers a more suitable approach
for handling such challenges. This has been explored in several studies. For instance, Tao and Wu [7]
investigated non-synchronous stabilization for linear MJSs under complex transition probabilities,
deriving sufficient conditions in terms of the original system matrices that ensure regularity, causality,
and stochastic stability. Zhou et al. [8] considered discrete-time fuzzy MJSs involving dynamic
quantization and developed a non-synchronous dissipative control scheme alongside a two-step
iterative approach to optimize the dissipativity level and determine control parameters. More recently,
Wang et al. [9] developed non-synchronous stabilization conditions formulated in terms of linear matrix
inequalities (LMIs) for discrete-time singular MJSs under partially known probabilistic information.

To optimize the use of limited communication resources, event-triggered mechanisms (ETMs)
have been introduced to networked Markov jump control systems. Unlike conventional sampled-data
mechanisms [10], ETMs update control inputs only when pre-specified triggering conditions are
violated, thereby significantly reducing redundant data transmission [11–13]. Given that the
frequency of triggering events directly dictates the communication load and the degree of resource
consumption, extensive research has been devoted to developing efficient ETMs for MJSs, including
the self-triggered mechanism [14], periodic ETM [15], dynamic ETM [16], two-channel ETM [17],
and switched ETMs (SETMs) [18,19]. Among them, the SETM switches between the waiting interval
and the event-detection interval, so that it can maintain a lower triggering frequency and achieve a
more favorable balance between implementation complexity and communication efficiency than other
ETMs [20–22]. It is important to note that the SETMs considered for MJSs in the existing literature
are memoryless, meaning that they do not retain past state information. This opens up possibilities for
further investigation into more sophisticated triggering strategies.

Building on the above observations, this paper investigates the event-triggered non-synchronous
stabilization problem for MJSs under network-induced mode mismatches. The main innovations and
contributions of this paper can be summarized as follows:

1) By modeling the mode mismatches via a hidden Markov model (HMM), the non-synchronous
stabilization problem for MJSs is addressed under two distinct SETMs: A memoryless SETM and a
memory-based SETM. In contrast to existing SETM studies for MJSs (e.g., [18, 19]), the proposed
memory-based SETM introduces a memory term based on the averaged historical state into the
triggering condition.

2) Non-synchronous stochastic stability criteria and state-feedback controller synthesis schemes
are derived for both SETMs by using Lyapunov–Krasovskii functionals (LKFs), free-weighting
matrices, conditional expectation and several matrix inequalities. Numerical results demonstrate that
the proposed non-synchronous control schemes can guarantee convergence of the closed-loop system
states and achieve fewer triggering events than the schemes in [23, 24].

The remainder of this paper is organized as follows: Section 2 presents the system formulation,
including the Markov jump model, the state-feedback controller, and memoryless as well as
memory-based SETMs. Section 3 develops the main theoretical schemes, including stochastic stability
analysis and the controller design conditions, together with their detailed proofs. Section 4 provides a
multiple-mode VTOL helicopter example to verify the effectiveness of the proposed theorems. Finally,
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Section 5 concludes the paper.
Notations: We use the notation E{·} to stand for mathematical expectation. The symbol Pr{·} denotes

probability. The notation diag{·} refers to a block-diagonal matrix formed by its arguments. The
notation Rn denotes the n-dimensional Euclidean space, and Rn×m represents the set of all n × m real
matrices. The symbol I denotes the identity matrix of appropriate dimension. For a matrix Z, He{Z}
denotes Z+Z⊤. The notation ∥·∥ represents the Euclidean norm. The notation col{·} denotes the column
vector formed by its arguments, and the symbol ∗ denotes the symmetric term in a symmetric block
matrix. In addition, matrix inequalities are interpreted in the symmetric sense whenever dimensions
are appropriate.

2. Preliminaries

Consider the MJS
ẋ(t) = Ar(t)x(t) + Br(t)u(t), (2.1)

where x(t) ∈ Rn is the state and u(t) ∈ Rp is the control input. The system mode r(t) is a continuous-time
Markov process taking values in N = {1, 2, . . . ,N} with generator Π = [πi j]. Its transition law is
given by

Pr{r(t + ℓ) = j | r(t) = i} =

πi jℓ + o(ℓ), i , j,

1 + πiiℓ + o(ℓ), i = j,

where ℓ > 0, limℓ→0+
o(ℓ)
ℓ
= 0, πi j ≥ 0 for i, j ∈ N with i , j, and

N∑
j=1
πi j = 0 [25].

In this paper, two SETMs are considered to reduce the number of triggering events, namely
a memoryless SETM and a memory-based SETM. For both SETMs, after each measurement
transmission, the event-triggered condition is not monitored until a minimum waiting period has
elapsed, after which a new measurement value is transmitted to the controller once the condition is
violated. First, as in [26], the memoryless SETM is introduced as

tk+1 = min
{
t ≥ tk + h

∣∣∣∣∣ e⊤k (t)Ωiek(t) ≥ βx⊤(t)Ωix(t)
}
, (2.2)

where tk and tk+1 denote the kth and (k + 1)th triggering instants, respectively, with t0 = 0. Moreover,
ek(t) ≜ x(t) − x(tk) denotes the deviation of the current state from the most recently transmitted state.
The matrix Ωi ≻ 0 is the mode-dependent weighting matrix, and β > 0 is the prescribed triggering
threshold. h > 0 is the prescribed minimum waiting time between two consecutive triggering events.

Remark 1. The minimum waiting time h in the proposed SETM is introduced to exclude Zeno
behavior in a direct way. Since each triggering instant satisfies tk+1 − tk ≥ h > 0, a strictly positive
lower bound on the inter-event interval is guaranteed. This design is simple and easy to implement
because the triggering condition is not continuously checked during the waiting interval [tk, tk+h). The
influence of h on the triggering performance is further examined in Table 3.

The memory-based SETM is given by

tk+1 = min
{

t ≥ tk + h

∣∣∣∣∣∣ e⊤k (t)Ωiek(t) ≥ β
(
x⊤(t)Ωix(t) +

(
1
δt

∫ t

t−δt
x(s) ds

)⊤
Ωi

(
1
δt

∫ t

t−δt
x(s) ds

))}
, (2.3)
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where δt > 0. Here, the memory term ( 1
δt

∫ t

t−δt
x(s) ds)

⊤

Ωi( 1
δt

∫ t

t−δt
x(s) ds) is generated from the averaged

historical state information 1
δt

∫ t

t−δt
x(s) ds, which denotes the short-time average of the system state over

the interval [t − δt, t]. In this way, the triggering decision depends not only on the instantaneous state
energy but also on the recent state evolution accumulated through 1

δt

∫ t

t−δt
x(s) ds.

Remark 2. The averaged historical state 1
δt

∫ t

t−δt
x(s)ds in the memory-based SETM can be interpreted

from a frequency-domain perspective. Specifically, 1
δt

∫ t

t−δt
x(s)ds acts as a low-pass filter applied to

x(t), with the magnitude response
∣∣∣∣ sin(ωδt/2)
ωδt/2

∣∣∣∣. This filtering effect attenuates high-frequency components
of the state signal, thereby reducing the sensitivity of the triggering condition to rapid state fluctuations.
By mitigating the effects of such fluctuations, the attenuation of high-frequency components may help
maintain closed-loop system stability under the proposed stability criterion.

Similar to the approach used in [27, 28], the control input u(t) is designed based on state feedback.
The control law in this paper is defined as

u(t) = Ks(t)x(tk), t ∈ [tk, tk+1), (2.4)

where Ks(t) denotes the feedback gain associated with the controller mode s(t). Here, s(t) (s(t) ∈ M =
{1, 2, . . . ,M}) is a stochastic variable acting as a detector for acquiring the switching information of the
MJS. Moreover, the stochastic relationship between the system mode r(t) and the controller mode s(t)
is characterized by the conditional probability matrix Φ = [ϕim] with

Pr{s(t) = m | r(t) = i} = ϕim,

in which 0 ≤ ϕim ≤ 1 and
M∑

m=1
ϕim = 1. Consequently, the plant and controller modes form a HMM.

Let τ(t) = t − tk denote the elapsed time since the latest triggering instant, so that x(tk) = x(t − τ(t)).
Substituting Eq (2.4) into Eq (2.1), one obtains the state-feedback closed-loop system

ẋ(t) =

Ar(t)x(t) + Br(t)Ks(t)x(t − τ(t)), t ∈ [tk, tk + h),(
Ar(t) + Br(t)Ks(t)

)
x(t) − Br(t)Ks(t)ek(t), t ∈ [tk + h, tk+1).

(2.5)

The purpose of this paper is to achieve stochastic stabilization of the system in Eq (2.1) with
controller Eq (2.4) under the memoryless SETM in Eq (2.2) and the memory-based SETM in Eq (2.3).
The following definitions and lemma are needed.

Definition 1 (Weak infinitesimal operator). [29] The weak infinitesimal operator of the stochastic
process {(x(t), r(t))}t≥0 is given as

LV(x(t), t, r(t)) = lim
∆→0+

1
∆

[
E
{
V
(
x(t + ∆), t + ∆, r(t + ∆)

) ∣∣∣ x(t), t, r(t) = i
}
− V(x(t), t, r(t))

]
.

Definition 2 (Stochastic stability). [30] The system is said to be stochastically stable if, for any initial
condition x(0) = x0 and r(0) = r0, ∫ ∞

0
E

{
∥x(t)∥2

∣∣∣ x0, r0

}
dt < ∞

holds true.
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Lemma 1 (Jensen’s inequality). [31] Let U ∈ Rn×n be a positive definite matrix, and let ε : [p, q]→ Rn

be a vector function. Then, the following inequality holds:[∫ q

p
ε(σ) dσ

]⊤
U

[∫ q

p
ε(σ) dσ

]
≤ (q − p)

∫ q

p
ε⊤(σ) U ε(σ) dσ.

3. Main results

3.1. Analysis and controller design under the memoryless scheme

This subsection concerns the state-feedback closed-loop system in Eq (2.5) under the memoryless
SETM in Eq (2.2). We can establish an analysis result regarding the stochastic stability as follows:

Theorem 1. Given feedback gains Km (m = 1, . . . ,M) and a scalar β > 0, the closed-loop system in
Eq (2.5) is stochastically stable if there exist matrices S ≻ 0, Pi ≻ 0, Ωi ≻ 0 (i = 1, . . . ,N), and a
free-weighting matrix Q satisfying

Λ1i =


Θ

(1)
11 Θ

(1)
12 Θ

(1)
13

∗ −He(Q) Θ(1)
23

∗ ∗ −S

 ≺ 0, (3.1)

Λ2i =


Θ

(2)
11 Θ

(2)
12 Θ

(2)
13

∗ −He(Q) Θ(2)
23

∗ ∗ −Ωi

 ≺ 0, (3.2)

where

Θ
(1)
11 = He(Q⊤Ai) +

N∑
j=1

πi jP j,

Θ
(1)
12 = Pi − Q⊤ + A⊤i Q,

Θ
(1)
13 = Q⊤Bi

M∑
m=1

ϕimKm,

Θ
(1)
23 = Q⊤Bi

M∑
m=1

ϕimKm,

Θ
(2)
11 = βΩi + He(Q⊤Ai) + He

Q⊤Bi

M∑
m=1

ϕimKm

 + N∑
j=1

πi jP j,

Θ
(2)
12 = Pi − Q⊤ + A⊤i Q +

 M∑
m=1

ϕimKm

⊤ B⊤i Q,

Θ
(2)
13 = −Q⊤Bi

M∑
m=1

ϕimKm,

Θ
(2)
23 = −Q⊤Bi

M∑
m=1

ϕimKm.
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Proof. Consider the following piecewise LKF:

V(x(t), t, r(t)) =

V1(x(t), t, r(t)) + V2(x(t), t), t ∈ [tk, tk + h),
V1(x(t), t, r(t)), t ∈ [tk + h, tk+1),

where
V1(x(t), t, r(t)) = x⊤(t)Pr(t)x(t),

V2(x(t), t) = (h − τ(t))x⊤(t − τ(t))S x(t − τ(t)).

Using Definition 1, one has

LV1(x(t), t, r(t)) = lim
∆→0+

1
∆

[
E
{
x⊤(t + ∆)Pr(t+∆)x(t + ∆)

∣∣∣ x(t), t, r(t) = i
}
− x⊤(t)Pr(t)x(t)

]
= lim
∆→0+

1
∆

 N∑
j=1

Pr{r(t + ∆) = j | r(t) = i}x⊤(t + ∆)P jx(t + ∆) − x⊤(t)Pix(t)


=

N∑
j=1

πi jx⊤(t)P jx(t) + lim
∆→0+

x⊤(t + ∆)Pix(t + ∆) − x⊤(t)Pix(t)
∆

= 2x⊤(t)Pi ẋ(t) + x⊤(t)

 N∑
j=1

πi jP j

 x(t),

LV2(x(t), t) = −x⊤(t − τ(t))S x(t − τ(t)).

Next, the proof consists of three parts.
Part I: In the waiting interval, i.e., t ∈ [tk, tk + h).

In this interval,

LV(x(t), t, r(t)) = 2x⊤(t)Pi ẋ(t) + x⊤(t)
( N∑

j=1

πi jP j

)
x(t) − x⊤(t − τ(t))S x(t − τ(t)). (3.3)

Since the controller mode s(t) may differ from the system mode r(t), the feedback gain Ks(t) is still
random when r(t) = i. Taking the conditional expectation of the system in Eq (2.5) with respect to s(t)
under r(t) = i, and using Pr{s(t) = m | r(t) = i} = ϕim, one obtains

0 = E
{
−ẋ(t) + Ar(t)x(t) + Br(t)Ks(t)x(t − τ(t)) | r(t) = i

}
=

M∑
m=1

Pr{s(t) = m | r(t) = i}{−ẋ(t) + Aix(t) + BiKmx(t − τ(t))}

= −ẋ(t) + Aix(t) +
M∑

m=1

ϕimBiKmx(t − τ(t)),

from which we can establish the following free-weighting matrix equality:

0 = 2
[
ẋ⊤(t) + x⊤(t)

]
· Q⊤ ·

[
−ẋ(t) + Aix(t) +

M∑
m=1

ϕimBiKmx(t − τ(t))
]
. (3.4)
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Let η1(t) = col{x(t), ẋ(t), x(t − τ(t))}. Then, by combining Eqs (3.3) and (3.4), one obtains

E{LV(x(t), t, r(t))} = E
{
LV(x(t), t, r(t)) + 2

[
ẋ⊤(t) + x⊤(t)

]
·Q⊤·

[
−ẋ(t)+Aix(t)+

M∑
m=1

ϕimBiKmx(t − τ(t))
] }

= E
{
η⊤1 (t)Λ1iη1(t)

}
. (3.5)

Since Eq (3.1) guarantees that Λ1i ≺ 0 for i ∈ {1, 2, . . . ,N}, there exists a scalar σ1 > 0 such that
Λ1i ⪯ −σ1I, which implies η⊤1 (t)Λ1iη1(t) ≤ −σ1∥η1(t)∥2 ≤ −σ1∥x(t)∥2. Therefore, it follows from
Eq (3.5) that

E{LV(x(t), t, r(t))} ≤ −σ1E
{
∥x(t)∥2

}
. (3.6)

Part II: In the event-detection interval, i.e., t ∈ [tk + h, tk+1).
In this interval,

LV(x(t), t, r(t)) = 2x⊤(t)Pi ẋ(t) + x⊤(t)
( N∑

j=1

πi jP j

)
x(t). (3.7)

As in Part I, taking the conditional expectation of the system in Eq (2.5) with respect to s(t) under
r(t) = i gives

0 = −ẋ(t) +
(
Ai +

M∑
m=1

ϕimBiKm

)
x(t) −

M∑
m=1

ϕimBiKmek(t),

from which we can establish the following free-weighting matrix equality:

0 = 2
[
ẋ⊤(t) + x⊤(t)

]
· Q⊤ ·

[
−ẋ(t) +

(
Ai +

M∑
m=1

ϕimBiKm

)
x(t) −

M∑
m=1

ϕimBiKmek(t)
]
. (3.8)

During t ∈ [tk+h, tk+1), no new event has been generated before tk+1. Hence, the triggering condition
in the memoryless SETM in Eq (2.2) has not yet been satisfied, which implies

0 ≤ x⊤(t)βΩix(t) − e⊤k (t)Ωiek(t). (3.9)

Let η2(t) = col{x(t), ẋ(t), ek(t)}. Then, by combining Eqs (3.7)–(3.9), one obtains

E{LV(x(t), t, r(t))} ≤ E
{
LV(x(t), t, r(t)) + 2

[
ẋ⊤(t) + x⊤(t)

]
·Q⊤·[

−ẋ(t) +
(
Ai +

M∑
m=1

ϕimBiKm

)
x(t) −

M∑
m=1

ϕimBiKmek(t)
]

+ x⊤(t)βΩix(t) − e⊤k (t)Ωiek(t)
}

= E
{
η⊤2 (t)Λ2iη2(t)

}
. (3.10)

Since Eq (3.2) guarantees that Λ2i ≺ 0 for i ∈ {1, 2, . . . ,N}, there exists a scalar σ2 > 0 such that
Λ2i ⪯ −σ2I, which implies η⊤2 (t)Λ2iη2(t) ≤ −σ2∥η2(t)∥2 ≤ −σ2∥x(t)∥2. Therefore, it follows from
Eq (3.10) that
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E{LV(x(t), t, r(t))} ≤ −σ2E
{
∥x(t)∥2

}
. (3.11)

Part III: Synthesis.
Combining Eqs (3.6) and (3.11), and taking σ = min{σ1, σ2} > 0, it follows that, for all t ≥ 0,

E{LV(x(t), t, r(t))} ≤ −σE
{
∥x(t)∥2

}
. (3.12)

For any t⋆ > 0, using Dynkin’s formula and Eq (3.12) yields

E
{
V(x(t⋆), t⋆, r(t⋆))

}
− V(x(0), 0, r(0)) =

∫ t⋆

0
E{LV(x(t), t, r(t))} dt ≤ −σ

∫ t⋆

0
E
{
∥x(t)∥2

}
dt. (3.13)

Taking the limit as t⋆ → ∞ in Eq (3.13), and noting that E
{
V(x(t⋆), t⋆, r(t⋆))

}
≥ 0, one obtains∫ ∞

0
E
{
∥x(t)∥2

}
dt ≤

1
σ

V(x(0), 0, r(0)) < ∞.

According to Definition 2, the system in Eq (2.5) is stochastically stable. The proof is complete.

Remark 3. Representative ETM-based studies on MJSs, such as [15–17], employ direct or periodic
event-triggering rules. Meanwhile, SETMs have been developed in [18,21], but the mismatch between
the plant and controller modes was not considered. By contrast, Theorem 1 employs the memoryless
SETM in Eq (2.2), which switches between a waiting interval and an event-detection interval, and
further embeds it into a non-synchronous HMM framework, where the conditional probabilities ϕim

are explicitly involved in the stability criterion.

Theorem 2. Given a scalar β > 0, if there exist matrices P̄i ≻ 0, Ω̄i ≻ 0 (i = 1, . . . ,N), S̄ ≻ 0, an
invertible matrix Q̄, and general matrices K̄m (m = 1, . . . ,M) satisfying the following LMIs:

Λ̄1i =


Θ̄

(1)
11 Θ̄

(1)
12 Θ̄

(1)
13

∗ −He(Q̄) Θ̄(1)
23

∗ ∗ −S̄

 ≺ 0, (3.14)

Λ̄2i =


Θ̄

(2)
11 Θ̄

(2)
12 Θ̄

(2)
13

∗ −He(Q̄) Θ̄(2)
23

∗ ∗ −Ω̄i

 ≺ 0, (3.15)

where

Θ̄
(1)
11 = He(AiQ̄) +

N∑
j=1

πi jP̄ j,

Θ̄
(1)
12 = P̄i − Q̄ + Q̄⊤A⊤i ,

Θ̄
(1)
13 = Bi

M∑
m=1

ϕimK̄m,
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Θ̄
(1)
23 = Bi

M∑
m=1

ϕimK̄m,

Θ̄
(2)
11 = βΩ̄i + He(AiQ̄) + He

Bi

M∑
m=1

ϕimK̄m

 + N∑
j=1

πi jP̄ j,

Θ̄
(2)
12 = P̄i − Q̄ + Q̄⊤A⊤i +

 M∑
m=1

ϕimK̄m

⊤ B⊤i ,

Θ̄
(2)
13 = −Bi

M∑
m=1

ϕimK̄m,

Θ̄
(2)
23 = −Bi

M∑
m=1

ϕimK̄m,

then the state-feedback controller Eq (2.4) with gain

Km = K̄mQ̄−1, m ∈ M

is able to achieve non-synchronous stabilization of the system in Eq (2.5).

Proof. Set

Pi = (Q̄−1)⊤P̄iQ̄−1, Ωi = (Q̄−1)⊤Ω̄iQ̄−1, S = (Q̄−1)⊤S̄ Q̄−1, Q = Q̄−1,

and define
G = diag

{
(Q̄−1)⊤, (Q̄−1)⊤, (Q̄−1)⊤

}
.

Then, applying the transformation G(·)G⊤ to the two inequalities Λ̄1i ≺ 0 and Λ̄2i ≺ 0, namely
Eqs (3.14) and (3.15), gives

GΛ̄1iG
⊤ ≺ 0, GΛ̄2iG

⊤ ≺ 0.

By this congruence transformation, the inequalities (3.1) and (3.2) are obtained. Therefore, the
feasibility of Eqs (3.14) and (3.15) implies the feasibility of Eqs (3.1) and (3.2). Thus, the proof
is complete.

3.2. Extension to the memory-based scheme

This subsection concerns the state-feedback closed-loop system in Eq (2.5) under the memory-based
SETM in Eq (2.3).

Compared with the memoryless scheme, the memory-based analysis involves an additional memory
term, which necessitates the introduction of an additional LKF. This functional is embedded into
the weak infinitesimal operator analysis to quantify the effect of the memory segment. Moreover,
the coupling between the memory variable 1

δt

∫ t

t−δt
x(s) ds and other augmented state variables is

intricate. To address this complexity, we use more involved free-weighting matrix equalities with
richer coupling relations among the memory variable and other augmented state variables to establish
explicit cross-term relations among these variables, thereby helping to reduce the conservatism of the
derived stability criterion.
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Theorem 3. Given feedback gains Km (m = 1, . . . ,M), scalars β > 0 and δt > 0, the closed-loop
system in Eq (2.5) is stochastically stable if there exist matrices R ≻ 0, S ≻ 0, Pi ≻ 0, Ωi ≻ 0
(i = 1, . . . ,N), and a free-weighting matrix Q satisfying

Γ1i =


Ξ

(1)
11 Ξ

(1)
12 Ξ

(1)
13 Ξ

(1)
14

∗ −He(Q) Ξ(1)
23 −Q

∗ ∗ −S Ξ
(1)
34

∗ ∗ ∗ −δt R

 ≺ 0, (3.16)

Γ2i =


Ξ

(2)
11 Ξ

(2)
12 Ξ

(2)
13 Ξ

(2)
14

∗ −He(Q) Ξ(2)
23 −Q

∗ ∗ −Ωi Ξ
(2)
34

∗ ∗ ∗ βΩi − δt R

 ≺ 0, (3.17)

where

Ξ
(1)
11 = δt R + He(Q⊤Ai) +

N∑
j=1

πi jP j,

Ξ
(1)
12 = Pi − Q⊤ + A⊤i Q,

Ξ
(1)
13 = Q⊤Bi

M∑
m=1

ϕimKm,

Ξ
(1)
14 = A⊤i Q,

Ξ
(1)
23 = Q⊤Bi

M∑
m=1

ϕimKm,

Ξ
(1)
34 =

 M∑
m=1

ϕimKm

⊤ B⊤i Q,

Ξ
(2)
11 = δt R + βΩi + He(Q⊤Ai) + He

Q⊤Bi

M∑
m=1

ϕimKm

 + N∑
j=1

πi jP j,

Ξ
(2)
12 = Pi − Q⊤ + A⊤i Q +

 M∑
m=1

ϕimKm

⊤ B⊤i Q,

Ξ
(2)
13 = −Q⊤Bi

M∑
m=1

ϕimKm,

Ξ
(2)
14 = A⊤i Q +

 M∑
m=1

ϕimKm

⊤ B⊤i Q,

Ξ
(2)
23 = −Q⊤Bi

M∑
m=1

ϕimKm,

Ξ
(2)
34 = −

 M∑
m=1

ϕimKm

⊤ B⊤i Q.
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Proof. Consider the following piecewise LKF:

V(x(t), t, r(t)) =

V1(x(t), t, r(t)) + V2(x(t), t) + V3(x(t), t), t ∈ [tk, tk + h),
V1(x(t), t, r(t)) + V3(x(t), t), t ∈ [tk + h, tk+1).

Here,
V1(x(t), t, r(t)) = x⊤(t)Pr(t)x(t),

V2(x(t), t) = (h − τ(t))x⊤(t − τ(t))S x(t − τ(t)),

V3(x(t), t) =
∫ t

t−δt
(s − t + δt)x⊤(s)Rx(s) ds.

Using Definition 1, one obtains

LV1(x(t), t, r(t)) = 2x⊤(t)Pi ẋ(t) + x⊤(t)
( N∑

j=1

πi jP j

)
x(t),

LV2(x(t), t) = −x⊤(t − τ(t))S x(t − τ(t)),

LV3(x(t), t) = δt x⊤(t)Rx(t) −
∫ t

t−δt
x⊤(s)Rx(s) ds.

From Lemma 1, we can conclude∫ t

t−δt
x⊤(s)Rx(s) ds ≥

(
1
δt

∫ t

t−δt
x(s) ds

)⊤
δtR

(
1
δt

∫ t

t−δt
x(s) ds

)
.

Therefore,

LV3(x(t), t) ≤ x⊤(t)δtRx(t) −
(

1
δt

∫ t

t−δt
x(s) ds

)⊤
δtR

(
1
δt

∫ t

t−δt
x(s) ds

)
.

Next, the proof consists of three parts.
Part I: In the waiting interval, i.e., t ∈ [tk, tk + h).

In this interval,

LV(x(t), t, r(t)) ≤ 2x⊤(t)Pi ẋ(t) + x⊤(t)
( N∑

j=1

πi jP j

)
x(t) + x⊤(t)δt Rx(t)

−

(
1
δt

∫ t

t−δt
x(s) ds

)⊤
δt R

(
1
δt

∫ t

t−δt
x(s) ds

)
− x⊤(t − τ(t))S x(t − τ(t)).

(3.18)

Following the derivation of Eq (3.4) in Theorem 1, we extend the free-weighting matrix equality to
incorporate the averaged historical state term as follows:

0 = 2
[
ẋ⊤(t) + x⊤(t) +

(
1
δt

∫ t

t−δt
x(s) ds

)⊤]
· Q⊤ ·

[
−ẋ(t) + Aix(t) +

M∑
m=1

ϕimBiKmx(t − τ(t))
]
. (3.19)

Networks and Heterogeneous Media Volume 21, Issue 4, 1426–1449.



1437

Let ν1(t) = col
{
x(t), ẋ(t), x(t − τ(t)), 1

δt

∫ t

t−δt
x(s) ds

}
. Then, by combining Eqs (3.18) and (3.19),

one obtains

E{LV(x(t), t, r(t))} = E
{
LV(x(t), t, r(t)) + 2

[
ẋ⊤(t) + x⊤(t) +

(
1
δt

∫ t

t−δt
x(s) ds

)⊤]
·Q⊤·[

−ẋ(t) + Aix(t) +
M∑

m=1

ϕimBiKmx(t − τ(t))
]}

≤ E
{
ν⊤1 (t)Γ1iν1(t)

}
. (3.20)

Since Eq (3.16) guarantees that Γ1i ≺ 0 for i ∈ {1, 2, . . . ,N}, there exists a scalar σ1 > 0 such
that Γ1i ⪯ −σ1I, which implies ν⊤1 (t)Γ1iν1(t) ≤ −σ1∥ν1(t)∥2 ≤ −σ1∥x(t)∥2. Therefore, it follows from
Eq (3.20) that

E{LV(x(t), t, r(t))} ≤ −σ1E
{
∥x(t)∥2

}
.

Part II: In the event-detection interval, i.e., t ∈ [tk + h, tk+1).
In this interval,

LV(x(t), t, r(t)) ≤ 2x⊤(t)Pi ẋ(t) + x⊤(t)
( N∑

j=1

πi jP j

)
x(t) + x⊤(t)δt Rx(t)

−

(
1
δt

∫ t

t−δt
x(s) ds

)⊤
δt R

(
1
δt

∫ t

t−δt
x(s) ds

)
.

(3.21)

Adapting Eq (3.19) in Part I to the event-detection interval yields

0 = 2
[
ẋ⊤(t) + x⊤(t) +

(
1
δt

∫ t

t−δt
x(s) ds

)⊤]
· Q⊤ ·

[
−ẋ(t) +

Ai +

M∑
m=1

ϕimBiKm

 x(t) −
M∑

m=1

ϕimBiKmek(t)
]
.

(3.22)

During t ∈ [tk + h, tk+1), the triggering condition in the memory-based SETM in Eq (2.3) has not yet
been satisfied, which implies

0 ≤ x⊤(t)βΩix(t) +
(

1
δt

∫ t

t−δt
x(s) ds

)⊤
βΩi

(
1
δt

∫ t

t−δt
x(s) ds

)
− e⊤k (t)Ωiek(t). (3.23)

Let ν2(t) = col
{
x(t), ẋ(t), ek(t), 1

δt

∫ t

t−δt
x(s) ds

}
. Then, by combining Eqs (3.21)–(3.23), one obtains

E{LV(x(t), t, r(t))} ≤ E
{
LV(x(t), t, r(t)) + 2

[
ẋ⊤(t) + x⊤(t) +

(
1
δt

∫ t

t−δt
x(s) ds

)⊤]
·Q⊤·[

−ẋ(t) +
(
Ai +

M∑
m=1

ϕimBiKm

)
x(t) −

M∑
m=1

ϕimBiKmek(t)
]

+ x⊤(t)βΩix(t) +
(

1
δt

∫ t

t−δt
x(s) ds

)⊤
βΩi

(
1
δt

∫ t

t−δt
x(s) ds

)
− e⊤k (t)Ωiek(t)

}
≤ E

{
ν⊤2 (t)Γ2iν2(t)

}
. (3.24)
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Since Eq (3.17) guarantees that Γ2i ≺ 0 for i ∈ {1, 2, . . . ,N}, there exists a scalar σ2 > 0 such
that Γ2i ⪯ −σ2I, which implies ν⊤2 (t)Γ2iν2(t) ≤ −σ2∥ν2(t)∥2 ≤ −σ2∥x(t)∥2. Therefore, it follows from
Eq (3.24) that

E{LV(x(t), t, r(t))} ≤ −σ2E
{
∥x(t)∥2

}
.

Part III: Synthesis.
This part proceeds along the same lines as the corresponding part of Theorem 1. Following Part

III of Theorem 1, it can be concluded that the system in Eq (2.5) is stochastically stable under the
memory-based SETM in Eq (2.3). The proof is complete.

Remark 4. By constructing different LKFs and employing free-weighting matrices, conditional
expectation, Dynkin’s formula, and several matrix inequalities, Theorems 1 and 3 establish two
non-synchronous stochastic stability criteria. The former is applicable to the closed-loop system under
the memoryless SETM in Eq (2.2), whose triggering condition depends only on the current state x(t)
and the measurement error ek(t). The latter applies to the closed-loop system under the memory-based
SETM in Eq (2.3), in which the averaged historical state 1

δt

∫ t

t−δt
x(s) ds is additionally incorporated into

the triggering condition.

Remark 5. Non-synchronous ETM studies such as [32, 33] employ mode-dependent event-triggering
rules, each governed by a single prescribed condition. Meanwhile, the SETMs in [19, 26]
are formulated primarily in terms of instantaneous state or output information. By contrast,
within a switched event-triggering structure and under the non-synchronous HMM framework, the
memory-based SETM in Eq (2.3) considered in Theorem 3 incorporates the averaged historical state,
thereby including recent state evolution in the triggering decision.

Theorem 4. Given scalars β > 0 and δt > 0, if there exist matrices P̄i ≻ 0, Ω̄i ≻ 0 (i = 1, . . . ,N), R̄ ≻ 0,
S̄ ≻ 0, an invertible matrix Q̄, and general matrices K̄m (m = 1, . . . ,M) satisfying the following LMIs:

Γ̄1i =


Ξ̄

(1)
11 Ξ̄

(1)
12 Ξ̄

(1)
13 Ξ̄

(1)
14

∗ −He(Q̄) Ξ̄(1)
23 −Q̄⊤

∗ ∗ −S̄ Ξ̄
(1)
34

∗ ∗ ∗ −δt R̄

 ≺ 0, (3.25)

Γ̄2i =


Ξ̄

(2)
11 Ξ̄

(2)
12 Ξ̄

(2)
13 Ξ̄

(2)
14

∗ −He(Q̄) Ξ̄(2)
23 −Q̄⊤

∗ ∗ −Ω̄i Ξ̄
(2)
34

∗ ∗ ∗ βΩ̄i − δt R̄

 ≺ 0, (3.26)

where

Ξ̄
(1)
11 = δt R̄ + He(AiQ̄) +

N∑
j=1

πi jP̄ j,

Ξ̄
(1)
12 = P̄i − Q̄ + Q̄⊤A⊤i ,

Ξ̄
(1)
13 = Bi

M∑
m=1

ϕimK̄m,
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Ξ̄
(1)
14 = Q̄⊤A⊤i ,

Ξ̄
(1)
23 = Bi

M∑
m=1

ϕimK̄m,

Ξ̄
(1)
34 =

 M∑
m=1

ϕimK̄m

⊤ B⊤i ,

Ξ̄
(2)
11 = δt R̄ + βΩ̄i + He(AiQ̄) + He

Bi

M∑
m=1

ϕimK̄m

 + N∑
j=1

πi jP̄ j,

Ξ̄
(2)
12 = P̄i − Q̄ + Q̄⊤A⊤i +

 M∑
m=1

ϕimK̄m

⊤ B⊤i ,

Ξ̄
(2)
13 = −Bi

M∑
m=1

ϕimK̄m,

Ξ̄
(2)
14 = Q̄⊤A⊤i +

 M∑
m=1

ϕimK̄m

⊤ B⊤i ,

Ξ̄
(2)
23 = −Bi

M∑
m=1

ϕimK̄m,

Ξ̄
(2)
34 = −

 M∑
m=1

ϕimK̄m

⊤ B⊤i ,

then the state-feedback controller in Eq (2.4) with gain

Km = K̄mQ̄−1, m ∈ M

is able to achieve non-synchronous stabilization of the system in Eq (2.5).

Proof. Set

Pi = (Q̄−1)⊤P̄iQ̄−1, Ωi = (Q̄−1)⊤Ω̄iQ̄−1, R = (Q̄−1)⊤R̄Q̄−1, S = (Q̄−1)⊤S̄ Q̄−1, Q = Q̄−1,

and define
T = diag

{
(Q̄−1)⊤, (Q̄−1)⊤, (Q̄−1)⊤, (Q̄−1)⊤

}
.

Then, applying the transformation T (·)T ⊤ to the two inequalities Γ̄1i ≺ 0 and Γ̄2i ≺ 0, namely
Eqs (3.25) and (3.26), gives

T Γ̄1iT
⊤ ≺ 0, T Γ̄2iT

⊤ ≺ 0.

By this congruence transformation, the inequalities (3.16) and (3.17) are obtained. Therefore, the
feasibility of Eqs (3.25) and (3.26) implies the feasibility of Eqs (3.16) and (3.17). Thus, the proof
is complete.
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Remark 6. Theorem 2 provides a controller design scheme under the memoryless SETM in Eq (2.2).
This scheme involves fewer decision variables, and its computational cost is lower. As shown in
the numerical example below, the memoryless scheme in Theorem 2 can effectively reduce the
number of triggering events. Theorem 4 provides a controller design scheme under the memory-based
SETM in Eq (2.3). Compared with the triggering condition in Eq (2.2), the triggering condition in
Eq (2.3) contains an additional memory term, which makes the corresponding LMI conditions more
complicated. As a result, the scheme in Theorem 4 involves more decision variables and leads to a
higher computational cost. As illustrated by the numerical example below, the memory-based scheme
in Theorem 4 can further reduce the number of triggering events.

4. Numerical example

In this section, a multiple-mode vertical take-off and landing (VTOL) helicopter model, first studied
in [34], is considered to illustrate the effectiveness of the proposed event-triggered control methods.
Consistent with the system in Eq (2.1), the longitudinal dynamics of the helicopter are described by

ẋ(t) = A(θt)x(t) + B(θt)u(t),

where A(θt) is the (4×4) system matrix, B(θt) is the (4×2) input matrix, x(t) is the 4-dimensional aircraft
state vector, and u(t) is the 2-dimensional input vector. Figure 1 shows the schematic diagram of the
VTOL helicopter model, where the state variables are defined as follows: x1(t)–horizontal velocity,
x2(t)–vertical velocity, x3(t)–pitch rate, and x4(t)–pitch angle.

x₁(t): horizontal velocity

x₂(t): vertical velocity

x₃(t): pitch rate

x₄(t): pitch angle

Figure 1. The VTOL helicopter model.
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The mode-dependent matrices of the considered VTOL helicopter model are given by

A(θt) =


−0.0366 0.0271 0.0188 −0.4555

0.0482 −1.0100 0.0024 −4.0208
0.1002 a32(θt) −0.7070 a34(θt)

0 0 1 0

 ,

B(θt) =


0.4422 0.1761
b21(θt) −7.5922
−5.5200 4.4900

0 0

 .

In this numerical example, the system mode r(t) of the system in Eq (2.1) is denoted by θt. The
behavior of θt is modeled as a Markov chain with three operating states corresponding to airspeeds
of 135 (nominal value), 60, and 170 knots. The associated values of the parameters a32, a34, and b21

are listed in Table 1.

Table 1. Parameters corresponding to different airspeeds.

Airspeed (knots) a32 a34 b21

135 0.3681 1.4200 3.5446
60 0.0664 0.1198 0.9775
170 0.5047 2.5460 5.1120

The initial distribution of θt is taken as (0.6, 0.3, 0.1). The system mode transition is governed by
the following transition rate matrix:

Π =


−0.0171 0.0007 0.0164

0.0013 −0.0013 0
0.0986 0 −0.0986

 .
The controller mode is characterized by the following conditional probability matrix:

Φ =


0.2193 0.7807
0.4130 0.5870
0.9766 0.0234

 .
For the memoryless scheme, the initial conditions of the system in Eq (2.1) are given by x(0) =

[0.05 − 0.05 0.1 − 0.1]⊤. For the memory-based scheme, in order to make the memory term well
defined on t ∈ [0, δt], the interval [−δt, 0] is taken as the prescribed initial history of the system.
Accordingly, we set the initial conditions of the system in Eq (2.1) as x(t) = [0.05 − 0.05 0.1 − 0.1]⊤,
t ∈ [−δt, 0]. The parameters are selected as h = 0.3, β = 0.4, and δt = 0.3. Figure 2 illustrates
the response of x(t) when no control input is applied, showing that the open-loop dynamics diverge.
Figure 3 presents one possible evolution of the system mode r(t) and controller mode s(t).
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Figure 2. State trajectories without control input u(t).
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Figure 3. Switching processes of system modes and controller modes.
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For the proposed memoryless scheme, by using the SeDuMi solver with the YALMIP interface to
solve the LMI conditions in Theorem 2, we obtain the following control gains Km:

K1 =

[
0.5346 0.8368 1.2701 3.4989
0.9379 0.9536 0.7656 2.8654

]
,

K2 =

[
0.2524 0.3712 0.8697 1.5543
0.4911 0.4813 0.5808 1.4307

]
.

The corresponding state trajectories and inter-event intervals are shown in Figures 4 and 5,
respectively.
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Figure 4. State trajectories under the memoryless SETM in Eq (2.2).
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Figure 5. Inter-event intervals under the memoryless SETM in Eq (2.2).

It can be observed that all the state variables converge to zero, which verifies the effectiveness of
the memoryless SETM.
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For the proposed memory-based scheme, by using the SeDuMi solver with the YALMIP interface
to solve the LMI conditions in Theorem 4, we obtain the following control gains Km:

K1 =

[
−0.1153 0.1594 0.4493 1.4035
−0.0075 0.0774 0.1923 0.4777

]
,

K2 =

[
−0.0344 0.0271 0.1863 0.2631

0.0593 −0.0275 −0.0733 −0.4339

]
.

The corresponding state trajectories and inter-event intervals are shown in Figures 6 and 7,
respectively. It can be seen from the plot of inter-event intervals that the memory-based SETM
generates significantly fewer triggering events.
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Figure 6. State trajectories under the memory-based SETM in Eq (2.3).
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Figure 7. Inter-event intervals under the memory-based SETM in Eq (2.3).

To further demonstrate the effectiveness of the two proposed SETMs in reducing the controller
update frequency, we additionally introduce Theorem 1 of [23] and Theorem 1 of [24] as baseline
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schemes. The ETMs adopted in these two references are different from those proposed in this paper.
Specifically, reference [23] employs an adaptive ETM with an adjustable triggering threshold, and
reference [24] adopts a mode-dependent ETM whose triggering condition varies with the transmitted
data. Since neither of these two ETMs switches between the waiting interval and the event-detection
interval, they provide meaningful benchmarks for evaluating the triggering performance of the
proposed SETMs.

Building on the parameter setting introduced above, Table 2 compares the number of triggering
events produced by the four triggering schemes as the triggering threshold β varies from 0.1 to 0.5,
while the remaining parameters are kept unchanged. For every tested threshold, the memoryless
scheme requires fewer triggering events than both methods in Theorem 1 of [23] and Theorem 1 of [24].
Therefore, the memoryless SETM can reduce the controller update frequency over the tested range of
β. Furthermore, the memory-based scheme produces far fewer triggering events than the other three
schemes at each threshold, confirming the additional reduction achieved by incorporating averaged
historical state information into the triggering condition.

Table 2. Number of triggering events under different triggering schemes.

Triggering scheme Number of triggering events for different β

β = 0.1 β = 0.2 β = 0.3 β = 0.4 β = 0.5

Theorem 1 of [23] 213 180 169 155 152
Theorem 1 of [24] 211 172 154 144 136
Memoryless scheme (Theorem 2) 191 148 129 129 116
Memory-based scheme (Theorem 4) 95 79 81 86 82

Table 3. Number of triggering events of the memory-based scheme for different h and δt.

h Number of triggering events

δt = 0.1 δt = 0.2 δt = 0.3 δt = 0.4 δt = 0.5

0.1 91 80 81 91 88
0.2 94 85 94 81 88
0.3 82 78 81 83 84
0.4 82 82 78 81 73
0.5 76 81 84 76 69

Table 3 presents the number of triggering events of the memory-based scheme for different
combinations of h and δt, with the triggering threshold set to β = 0.3 for this analysis. Across the
ranges from 0.1 to 0.5 for both h and δt, the total number of triggering events does not exhibit a
monotonically increasing or decreasing trend, but varies between 69 and 94. Compared with the other
three triggering schemes reported in Table 2, the memory-based scheme consistently maintains fewer
triggering events as h and δt vary, thereby achieving higher communication efficiency. Furthermore,
among all the parameter combinations listed in Table 3, the combination h = 0.5 and δt = 0.5 achieves
the highest communication efficiency in terms of triggering frequency, with the minimum number of
triggering events being 69.
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5. Conclusions

The stochastic stabilization problem for MJSs has been investigated under both memoryless
and memory-based SETMs. For the memoryless SETM, Theorems 1 and 2 have provided the
corresponding stochastic stability and controller design conditions in an LMI framework. For the
memory-based SETM, by constructing an additional LKF, introducing more involved free-weighting
matrix equalities that capture richer coupling relations, and employing matrix inequalities, stochastic
stability and controller design conditions have been established in Theorems 3 and 4. Finally,
a numerical example has demonstrated the ability of the proposed switched event-triggered
non-synchronous state-feedback control schemes to achieve stochastic stability, and has further verified
that both schemes can reduce the frequency of controller updates, with the memory-based scheme
yielding fewer triggering events. The effects of β, h, and δt on the triggering performance have also
been examined.
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