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Abstract: Synchronization in multilayer networks plays a fundamental role in many real-world
systems; yet, understanding how interlayer structures influence synchronizability remains a major
challenge. In this paper, we investigated the synchronizability of multilayer networks with undirected
and directed interlayer couplings. By deriving the exact spectral properties of the corresponding
supra-Laplacian matrices, explicit synchronizability criteria were established for bounded and
unbounded synchronization regions. The results revealed that interlayer coupling patterns strongly
affected synchronization behavior. In undirected multilayer networks, increasing the number of
layers weakened synchronizability, whereas stronger intra- and interlayer coupling strengths could
enhance synchronization performance. In contrast, multilayer networks with directed interlayer
couplings exhibited different behavior: Synchronizability became independent of the number of layers,
demonstrating the significant impact of coupling asymmetry on collective dynamics. Moreover,
simulations on Erdos—Rényi multilayer networks validated the theoretical predictions. These
findings provide analytical insights into how multilayer architectures and coupling asymmetry shape
synchronization dynamics and may offer guidance for the design and optimization of complex
interconnected systems.

Keywords: multilayer networks; synchronization; synchronizability; Laplacian; supra-Laplacian
matrix

1. Introduction

Complex networks [1, 2] provide a unifying mathematical paradigm for modeling and analyzing
large-scale interconnected systems across research domains [3—6]. By abstracting individual entities
as nodes and their interactions as edges, network science enables the quantitative characterization of
structural organization and dynamical processes through rigorous graph-theoretic and spectral metrics.
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Among collective dynamical behaviors, synchronization has emerged as a central topic in complex
networks [7]. This phenomenon plays a crucial role in a wide range of real-world applications,
including the design of resilient communication systems, the optimization of traffic and transportation
networks, and the development of decentralized algorithms for distributed computing [8—10]. The
emergence and stability of synchronization are determined not only by the intrinsic dynamics of
individual nodes but also by the structural properties of the underlying network topology [11, 12].
When network synchronization cannot be achieved, control strategies, such as impulsive control,
adaptive control, and pinning control, have been proposed to realize synchronization [13, 14].

The synchronizability of a network [15—17] describes its inherent ability to support and maintain
synchronization behavior among interconnected nodes despite possible heterogeneity in node
dynamics and network structure. It is closely related to the interplay between dynamical processes
on the nodes and the structural properties of the network, and is characterized by spectral measures of
the Laplacian matrix [18-20], which capture the effects of connectivity patterns and coupling strengths
on collective dynamics. For networks with an unbounded synchronization region, synchronizability
is governed by the second-smallest eigenvalue of the Laplacian matrix [21]. In contrast, for networks
with a bounded synchronization region, synchronizability is determined by the eigenratio, defined as
the ratio of the largest Laplacian eigenvalue to the second-smallest one [22]. In a single layer network,
synchronizability is determined solely by the spectral properties of the corresponding Laplacian matrix.
In contrast, a multilayer network involves intralayer and interlayer couplings, and its synchronizability
is governed by the spectral properties of the associated supra-Laplacian matrix [23].

The spectral properties of multilayer networks have attracted considerable attention because they
provide a fundamental framework for understanding synchronization, diffusion, controllability, and
robustness in interconnected systems. In multilayer networks, the supra-Laplacian matrix plays
a central role by integrating intralayer and interlayer coupling structures into a unified spectral
representation. Early studies established the theoretical foundations for the spectral analysis of
multilayer networks and demonstrated how interlayer couplings influence eigenvalue distributions and
collective dynamics [24, 25]. Moreover, increasing attention has been given to the role of higher-order
interactions and multilayer structures in shaping complex spatiotemporal behaviors. Representative
studies include investigations of chimera states characterized by the coexistence of synchronized and
desynchronized dynamics [26], synchronization conditions for chaotic systems in stochastic delayed
multilayer networks with additive coupling [27], and unified theoretical frameworks incorporating
higher-order interactions beyond pairwise couplings within and across layers [28].

Despite the expanded modeling capability of multilayer networks [29], analyzing and optimizing
their synchronizability remains challenging. The primary difficulty arises from the intricate interplay
between intralayer and interlayer coupling structures, which introduces multiple interaction scales
and enlarges the dimensionality of the system [30-33]. Moreover, the structural complexity of
multilayer networks makes it difficult to obtain explicit eigenvalues of the associated supra-Laplacian
matrix. For example, Zhang et al. derived closed-form expressions for the eigenvalues of multiplex
k-nearest-neighbor coupled networks [34], thereby showing the impact of structural parameters
on synchronizability. Xu et al. investigated twolayer star networks and demonstrated how an
increasing number of layers influences synchronizability [35]. Li et al. studied dumbbell-shaped
networks and compared the effects of different inter-layer coupling configurations [36]. Moreover,
Hu et al. developed a rigorous mathematical framework for determining the optimal interlayer edge
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configurations that maximize synchronizability in twolayer chain networks [37].
Motivated by the above discussion, we consider general intralayer network structures and derive
exact synchronizability criteria in terms of the eigenvalues of the supra-Laplacian matrix for multilayer
networks with undirected and directed interlayer couplings. Based on these analytical results,
explicit relationships between synchronizability and network parameters are established for two
distinct synchronization regions. Numerical examples are provided to validate the theoretical results,
demonstrating that the intralayer and interlayer coupling strengths, together with the number of layers,
jointly determine synchronizability. The main contributions are summarized as follows:
1. Derive exact analytical expressions for the eigenvalues of the supra-Laplacian matrix in multilayer
networks with identical intralayer topologies.

2. Establish explicit synchronizability criteria for bounded and unbounded synchronization regions.

3. Reveal the distinct effects of wundirected and directed interlayer couplings on
network synchronizability.

4. Characterize how coupling strengths and the number of layers jointly influence synchronization
behavior under different synchronization regimes.

The remainder of this paper is organized as follows: In Section 2, we introduce the synchronizability
criteria and relevant lemmas. In Section 3, we present the multilayer network models and the analytical
derivation of the synchronizability criteria. In Section 4, we provide numerical simulations to verify
the theoretical results. Finally, in Section 5, we conclude the paper.

2. Synchronizability criteria

In a multilayer network consisting of M layers [34], the dynamics of the k-th node in the a-th layer
are governed by the following equation:

dx

a N M
—E=fD -0 Z I H () — w ﬁZ di" H(x}), @.1)

where xi' € R" represents the state variable of node k in layer @, 1 <k < N,1 <@ < M,and M > 2.
The function f(-) denotes the intrinsic dynamics of node k, which can take the form of a linear system,
a stochastic system, or a chaotic system [38, 39]. The intralayer coupling function H,(-) : R" —
R", describes interactions between nodes within the same layer. Its associated coupling strength is
o > 0. Similarly, H,(-) : R" — R" characterizes interlayer interactions between corresponding nodes
in different layers, with w > 0 as the coupling strength. For simplicity, coupling functions H,(x3) and
Hz(xf) are assumed to be linear, represented by a constant matrix I'. The intralayer connectivity is
defined as follows: If node k and node g (k # g) are connected in layer «, then l;jg = —1; otherwise,
l;jg = 0. The diagonal elements are given by [} = — Z;V:Lg# l‘k’g. The corresponding intralayer Laplacian
matrix is then defined as Li(:t)m = (o'lgg) € R¥N_which encodes the structure of layer . In the same
way, the interlayer coupling structure is determined by the adjacency of corresponding nodes across
layers. If a node k in layer « connects to its counterpart in layer g3, then d,‘:ﬁ = —1; otherwise, d,‘:ﬁ =0.
The diagonal elements satisfy d* = — 2;;4:1,;#@ d,(:ﬁ . This leads to the interlayer Laplacian matrix,

expressed as Liper = (wd,fﬁ ) € RMXM
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Based on the above analysis, Eq (2.1) can be rewritten in matrix form as follows:
X=Fx) - (L®D)ux,

where the supra-Laplacian matrix of system in Eq (2.1) is £ = Liyga + Liner, the symbol ® is the
Kronecker product, Iy is an identity matrix of dimension N, and

x x‘f
2) o
X = g s x(“) = 2 s
xM) X9
fa) JED)
(x®) . (x5)
F(x) = f. . f( ) = f? :
Fxm) F)
Ly 0 -+ 0
2
-E' _ 0 Lintra T 0
intra — . . . . ’
6 6 L@

ntra

and
Linter = Linter ® IN'

The synchronizability of multilayer networks is characterized by the smallest nonzero eigenvalue A,
and the largest eigenvalue A, of the supra-Laplacian matrix £. Depending on the stability interval
of the master stability function, the synchronization region can be classified into four types: (1) an
unbounded synchronization region, (2) a bounded synchronization region, (3) a synchronization region
composed of multiple disjoint bounded and unbounded intervals, and (4) an empty synchronization
region. In this study, attention is restricted to the first two cases. For networks with an unbounded
synchronization region, a larger value of A, indicates stronger synchronizability. In contrast, when the
synchronization region is bounded, synchronizability is enhanced as the eigenratio AATZa increases.

Lemma 2.1 ([40]). If A;; is a square matrix, i = 1,...,m, then

Ay A - A
0 A22 et AZm
: o = Ayl Al 1Al
0 0 --- A,

3. Exact derivation of synchronizability criteria

In this section, multilayer networks consisting of identical M layers are investigated, in which the
interlayer couplings are either undirected or directed, and each node in a given layer is connected to
its counterparts in adjacent layers. The detailed structure of the multilayer network model is illustrated
in Figure 1. For this configuration, a new analytical approach is required for the computation of
the eigenvalues.

Networks and Heterogeneous Media Volume 21, Issue 4, 1376-1392.



1380

07\ oﬁ
\\'/) Layer 1 (] N, Layer 1
® |7 S P TN \
\;\, Layer 2 \;\, Layer 2
\\‘/ ° \\’/ °
i 7.§<\ ° L 7.§<\ °
Layer M Layer M
(a) Undirected interlayer coupling (b) Directed interlayer coupling

Figure 1. A detailed illustration of multilayer networks with identical intralayer topologies.

3.1. Synchronizability criteria for undirected multilayer networks

To obtain exact synchronizability criteria, the structure of each layer is assumed to be identical, i.e.,

Erllt)ra = Li(izm == Lfﬁ)& = L. The supra-Laplacian matrix for the undirected multilayer networks is
given by
oL+ wly —wly 0 . 0
—wly oL +2wly —wly ... 0
Lundirected = 0 —wly oL+ 2wly --- 0
0 0 0 o oL+ wly

Then, the supra-Laplacian matrix Lypgirected T€ads as

Lindirected = Iy @ L + wT ® Iy,

where
1 -1 0 --- 0
-1 2 -1 --- 0
T=1 0 -1 2 -0
0O 0 O 1

MxM

Suppose that u; and v; are the eigenvectors corresponding to the eigenvalues A; of L and y; of T,
respectively, namely,

Lu,-:/liui, TVj:/.lej, i:1,2,...,N, j:O,l,...,M—l.
Based on the properties of Kronecker product ((A ® B)(x ® y) = (Ax) ® (By)), it follows that
(TIy®L)(v;®u;) = cdi(v; ® uy),
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(WT @ IN)(V; ® u;) = wuj(v; ® u;).

From the expression for Lyngirected = 0ly ® L + wT ® Iy, it shows that
Lundirected(V; ® ;) = (T A; + wuj)(v; ® u;).
To this end, the eigenvalues of Lyngirected are

A = oA+ wy;

0'/1,~+2a)(1—cos%), i=1,2,...,N, j=01,...,M—1,

where A;(i = 1, 2, ..., N) are the eigenvalues of matrix L, ordered as 0 = 4; < A,
Hj= 2(1 — CosS %)’j =0,1,...,M — 1, are the eigenvalues of matrix 7.
Comparing the nonzero minimum and maximum eigenvalues of L girectea Yi€lds
A, = min {0'/12, Zw(l — Ccos 1)},
M
M-1
Apax = oAy + Zw(l — cos u)
Finally, the synchronizability criteria are given by
®; = min{od,,2w(l — cos X ,
M
B 0.() = o4y, Casel:04; < Zw(l — Cos ﬁ),
- 0.l = 2w(1 — COS %), Case2: 04, > 2a)(1 — COs %),

and

min{ed;, 20(1 - cos )}

oAy + 2a)(1 — Ccos %)

O(1) = o , Casel,

0'/1N+2w(1 —Cos W)

Zw(l—cos %)

b
0'/1N+2w(1—cos W)

Case 2.

@, (1) =

IA

- < Ay, and

(3.1

(3.2)

Table 1 shows the variations of A, and AATZ with respect to the network parameters M, w, and
o in undirected multilayer networks. Based on these exact results of Eqs (3.1) and (3.2), the
corresponding dependence of synchronizability on M, w, and o is summarized in Table 2. These
parameters have a significant influence on synchronizability: Increasing the number of layers M

weakens synchronizability, whereas increasing the coupling strengths w or o enhances it.
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Table 1. Changes of A, and ﬁ regarding M, w, o in undirected multilayer networks.

Increase of M Increase of w Increase of o
min A, O.) - - T
N 0.0 l T -
min = ®(1) l l T
@, (11 ! T !

—: unchanged; T: increase; |: decrease.

Table 2. Changes of synchronizability regarding M, w, o in undirected multilayer networks.

Unbounded synchronization region Bounded synchronization region
Increase of M Case 1 - 1
Case 2 | !
Increase of w Case 1 - 1
Case 2 1T T
Increase of o Case 1 T T
Case 2 - 1

—: unchanged; T: increase; |: decrease.

3.2. Synchronizability criteria for directed multilayer networks

In contrast to the undirected case, a directed multilayer network is introduced by enabling the
intra-layer or interlayer couplings to be asymmetric. In such a framework, each layer consists of
directed links that encode the directionality of interactions among nodes, while directed interlayer
connections describe asymmetric information between corresponding nodes in different layers. As
a result, the associated supra-Laplacian matrix becomes asymmetric, and its spectral properties
are generally complex-valued, leading to different synchronizability characteristics compared with
undirected multilayer networks. To obtain exact results for synchronizability, only directed interlayer
couplings are considered in the proposed network model. The supra-Laplacian matrix Lgirecteq 1S

ocL+wly —wly 0 e 0

0 oL+ wly —wly e 0

Ldirected = 0 0 oL + wIN cee 0
0 0 0 .o oL

By applying the properties of determinant and Lemma 2.1, the characteristic polynomial of Lgiected
is derived as follows:

(A-w)ly—oL wly 0 0

0 (A-w)ly—oL wly 0

|AIMN - Ldirectedl = 0 0 (A - (U)IN —-oL --- 0
0 0 0 -« Aly-0oL

(A — )y — oL ALy — oL|.
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It follows that the eigenvalues of Lyirecieq are given by

0,04,,043,...,04y, w , ch+w, oclZ+tw,...,0ly+w. (3.3)
S~—— — —_——— ———
M-1 M-1 M-1 M-1

Based on the results of Eq (3.3), the second smallest and the largest eigenvalues are obtained, that is,

A2 = min{o'/lz,w},

Apax = oAy + w.

Finally, the synchronizability criteria of directed multilayer networks are

®, = min{od,, w},
O,(IIl) =0, Case3:o0d; < w, (3.4)
0,(1V) = w, Case4: 0l > w, )
and
o, - min{o Ay, w}
oAy +w
(%)

O,(11]) = (m —, Case 3, (3.5)
DO, (1V) = M —, Case4.

Az

Based on the results of Eqs (3.4) and (3.5), the variations of A, and
M, w, and o are summarized in Table 3, and the corresponding synchronlzablhty results are presented
in Table 4. In contrast to the undirected case, the number of layers M has no effect on synchronizability
in either unbounded or bounded synchronization regions. The influence of the coupling strengths o
and w is the same as in the undirected case.

Table 3. Changes of A, and AATZa regarding M, w, o in directed multilayer networks.

Increase of M Increase of w Increase of o
min A, O,(I11) - - T
O(1V) - T -
min 2= O,(111) - ! )
D, (1V) - T l

—: unchanged; T: increase; |: decrease.

Table 4. Changes of synchronizability regarding M, w, o in directed multilayer networks.

Unbounded synchronization region Bounded synchronization region
Increase of M Case 3 - -
Case 4 - -
Increase of w Case 3 — 1
Case 4 1T T
Increase of & Case 3 7T T
Case 4 - 1

—: unchanged; T: increase; |: decrease.
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4. Numerical examples

To verify the theoretical synchronizability results summarized in Tables 2 and 4, in this section,
we present numerical examples, in which the Erdos—Rényi (ER) network model is adopted as the
intralayer network.

4.1. Synchronizability of undirected multilayer networks

The ER network is constructed with connection probability p and total number of nodes N, set to
N =100 and p = 0.1. Since synchronizability depends on the three parameters M, w, and o, only one
parameter is varied at a time while the other two are kept fixed.

First, the dependence of synchronizability on the number of layers M is illustrated in Figure 2,
with w = 2 and o = 1. In the case of an unbounded synchronization region, A, initially remains
constant and then decreases as M increases. This indicates that the synchronizability of undirected
multilayer networks remains unchanged for small values of M and decreases for larger values of M.
According to the theoretical result in Eq (3.1), there exists a threshold M* = [ﬁ], provided that

70
arccos(1— 7

arccos(1 — ‘;—fj) > 0, where [x] is the greatest integer less than or equal to x > 0. When the number of
layers M < M*, ®,(I) = oA, remains constant. However, for M > M*, A, is given by Zw(l — CoS %),

which decreases as M increases. For the case of a bounded synchronization region, the eigenratio AA—2
decreases as M increases, indicating a decline in synchronizability.

ER-ER ER-ER

(@) (b)

Figure 2. Distributions of the synchronizability A, and AAZ versus the number of layers M,

where w = 2, 0 = 1. As the number of layers M increases, the synchronizability is weakened.

Second, the dependence of synchronizability on the inter-layer coupling strength w is illustrated
in Figure 3. For the case of an unbounded synchronization region, A, initially increases with w and
then remains constant. This suggests that the synchronizability is first enhanced and then remains
unchanged as w continues to increase. From a practical perspective, a moderate increase in the
inter-layer coupling strength can enhance network synchronizability. For the case of a bounded
synchronization region, the eigenratio AATi initially increases with w but subsequently decreases. This
indicates that synchronizability is first enhanced and then weakened as w continues to increase.

Networks and Heterogeneous Media Volume 21, Issue 4, 1376-1392.
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Finally, the dependence of synchronizability on the intra-layer coupling strength o is illustrated in
Figure 4. This case exhibits a trend similar to that observed when varying the inter-layer coupling
strength w. For the case of an unbounded synchronization region, A, initially increases as o increases
and eventually remains constant. For the bounded synchronization case, synchronizability is initially
enhanced but subsequently weakens as the intra-layer coupling strength o~ continues to increase.

ER-ER ER-ER

(@) (b)

Figure 3. Distributions of the synchronizability A, and ﬁ versus the interlayer coupling
strength w, where M = 5, o0 = 1. As the interlayer coupling strength w increases,
the synchronizability of networks with an unbounded synchronization region is enhanced
and then remains unchanged. For networks with a bounded synchronization region, the
synchronizability is first enhanced and then weakened.

ER-ER ER-ER

0.1 L L L L 0

(a) (b)

Figure 4. Distributions of the synchronizability A, and ﬁ versus the intralayer coupling
strength o, where M = 5, w = 2. The effect of the intralayer coupling strength o on
synchronizability exhibits the same trend as that of the interlayer coupling strength w.
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4.2. Synchronizability of directed multilayer networks

Following the numerical analysis in the previous subsection, the synchronizability of directed
multilayer networks is further investigated through numerical simulations. In the same manner, the
effects of the individual network parameters M, w, and o on synchronizability are examined separately.
Figure 5 presents the synchronizability results as a function of M, showing that the trends of A, and
- remain unchanged, regardless of whether the synchronization region is bounded or unbounded.
These numerical results are consistent with the theoretical predictions summarized in Table 4.

ER—ER ER—ER
3 T T T T T 1.5 T T T T T
25} 4 1t
2 0.5
=z 4
151 0
1 -0.5

(a) (b)

Figure 5. Distributions of the synchronizability A, and A2 versus the number of layers M,

where w = 2, o = 1. Increasing the number of layers does not change the synchronizability.

Figure 6 illustrates the synchronizability of directed multilayer networks as a function of the
interlayer coupling strength w. The variations of A, and —2 in directed networks are the same as
those in the undirected case. There exists a threshold 1nterlayer coupling strength, w* = oA,, that
determines the synchronizability. Notably, when the synchronization region is bounded, this threshold
value w* maximizes the highest synchronizability.

In contrast to the effect of the interlayer coupling strength w, the intralayer coupling strength o
also plays a decisive role in determining network synchronizability, as shown in Figure 7. The overall
trend of synchronizability on o is similar to that on w, and a threshold value, o = w/A,, exists at
which synchronizability is maximized. A comparison between Figures 6 and 7 further indicates that
the interlayer coupling strength has a more pronounced impact on synchronizability than the intralayer
coupling strength.
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ER—ER ER—ER

(a) (b)

Figure 6. Distributions of the synchronizability A, and = versus the interlayer coupling
strength w, where M = 5, o0 = 1. The synchronlzablhty exhibits similar trends under
undirected and directed interlayer couplings with respect to w.

ER—ER ER—ER

Bl
0.

(@ (b)

Figure 7. Distributions of the synchronizability A, and = versus the intralayer coupling
strength o, where M = 5, w = 2. The synchromzablhty exhibits similar trends under
undirected and directed interlayer couplings with respect to .
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4.3. Phase diagrams of synchronizability for undirected multilayer networks

In this subsection, we present phase diagrams for synchronizability in a two-dimensional parameter
space in Figure 8, with the bounded synchronization region of undirected multilayer networks
selected as a representative example. These phase diagrams further validate the theoretical and

numerical results.
0.045
0.07 0.07
0.04
0.06 0.06
0.035
0.05 005 0.03
o 0.04 5 0.04 5 0.025
0.02
0.03 0.03
0.015
0.02 0.02
0.01
0.01 0.01 0.005
5 10 15 20 5 10 15 20 2 4 6 8 10
M M o

(a) (M,0) withw =2,N = 100 (b) (M, w) witho =1,N =100 (¢) (o,w)ywith M =2, N = 100

- v e a e e N @ ©

Figure 8. Phase diagrams for synchronizability in a two-dimensional space.

5. Conclusions

In this paper, we investigate the synchronizability of multilayer networks with undirected and
directed interlayer couplings. In contrast to other studies on multilayer network synchronizability,
the intralayer networks are assumed to be general networks. Based on the structure of the
supra-Laplacian matrix, exact expressions for all eigenvalues are derived, and the corresponding
relationships governing synchronizability are established. The results demonstrate that the intralayer
and interlayer coupling strengths, as well as the number of layers, jointly determine synchronizability,
which is further verified through numerical examples. For unbounded and bounded synchronization
regions, the variations in the synchronizability criteria exhibit similar trends. In addition, the
number of layers plays different roles in synchronizability: Increasing the number of layers weakens
synchronizability in undirected networks, whereas it has no effect in directed networks. In particular,
the analysis is restricted to multilayer networks with identical intralayer structures and specific
interlayer coupling configurations, which are adopted to enable rigorous analytical derivations. More
general heterogeneous multilayer topologies and arbitrary directed interlayer couplings may lead to
supra-Laplacian matrices whose spectral properties cannot be obtained analytically. Extending this
theoretical framework to heterogeneous and more general directed multilayer networks remains an
important topic for future research.
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