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Abstract: In this study, we formulated and analyzed a within-host co-infection model of Dengue
virus (DENV) and Zika virus (ZIKV) that incorporated CTL-mediated immunity, and four types
of distributed time delays. The model described the dynamics of uninfected cells, latently, and
productively infected cells for each virus, along with free DENV and ZIKV particles and virus-targeted
CTL responses. We first proved that all model solutions remained nonnegative and bounded. We
computed the basic reproduction numbers RL

D for DENV and RL
Z for ZIKV, together with the invasion

reproduction numbers RL,inv
D and RL,inv

Z , which determined invasion capability under pre-existing
infection. These numbers governed the existence and the global asymptotic stability of model
equilibria. Global stability was established using the Lyapunov method, and numerical simulations
were performed to validate the analytical results. In addition, sensitivity analysis identified the most
influential parameters affecting viral clearance. The effects of antiviral therapy, time delays, and latent
infection stages on the DENV–ZIKV co-dynamics were investigated. The results showed that treatment
intervention, prolonged delays, and the inclusion of latent infection stages led to a reduction in RL

D and
RL

Z. Furthermore, neglecting intracellular delays or latent infection stages leads to an overestimation
of RL

D and RL
Z and the antiviral efficacy required for infection control. This suggests that therapeutic

strategies aimed at prolonging intracellular delay phases and accounting for latent-stage dynamics may
decrease these reproduction numbers below unity, thereby promoting viral elimination within the host.
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1. Introduction

Dengue virus (DENV) and Zika virus (ZIKV) are among the most epidemiologically significant
flaviviruses worldwide. Both viruses are primarily transmitted by Aedes aegypti and Aedes albopictus,
mosquito species that are widely distributed in tropical and subtropical climates and facilitate sustained
viral circulation in densely populated regions. While dengue transmission is largely vector-dependent,
ZIKV also exhibits additional transmission routes, including sexual and vertical transmission during
pregnancy, thereby increasing its public health complexity and creating additional challenges for
epidemiological surveillance systems [1, 2].

According to the World Health Organization, the global burden of dengue has increased
substantially over the past two decades, with reported cases rising from approximately 505,000 in 2000
to more than 14.6 million in 2024, representing the highest annual incidence recorded to date [2].
Cartographic modeling estimates indicate that the number of dengue cases exceeded twice the 7 million
reported in 2023 and was nearly twelvefold higher than the 1.2 million cases documented in 2014 [3].
In the same year, 9,508 deaths were attributed to Dengue, corresponding to a global case-fatality rate
of 0.07% [3]. In contrast, Zika virus incidence declined markedly following the major epidemic waves
of 2015–2016; however, its presence in more than 90 countries in 2023 continued to underscore its
persistent epidemic potential and capacity for resurgence [4].

DENV and ZIKV are positive-sense, single-stranded RNA viruses classified within the genus
Flavivirus. Both viruses elicit innate and adaptive immune responses that shape infection outcomes
and contribute to host defense by limiting viral replication and persistence [5, 6]. Adaptive immunity
consists of two principal arms: The humoral response, mediated by B lymphocytes that produce
antibodies capable of binding to and neutralizing viral particles, and the cellular response, mediated by
cytotoxic T lymphocytes (CTLs), that recognize and eliminate infected cells. CTLs are particularly
critical in mosquito-borne viral infections, where effective clearance of infected cells is essential
for controlling viral load and limiting disease progression. In dengue infection, CTL responses
have been shown to influence viral control and disease severity [7], and similar cellular immune
mechanisms are implicated in ZIKV infection outcomes [8]. DENV consists of four antigenically
distinct serotypes (DENV-1 to DENV-4). Infection with one serotype induces long-lasting homologous
immunity against that specific serotype; however, it confers only partial and transient protection against
the remaining serotypes. As a result, secondary infections can occur and are frequently associated
with heightened disease severity due to immune-mediated mechanisms [9]. In addition, the limited
cross-protective immunity between DENV and ZIKV permits sequential infections and co-infections.
These events have been documented in several endemic regions and may substantially influence viral
dynamics and host immune interactions within the infected individual [10–12].

At the cellular scale, mathematical modeling provides a powerful framework for investigating
within-host viral dynamics in primary, secondary, and co-infection scenarios. These models facilitate
a mechanistic understanding of the interactions among viruses, target cells, and immune components,
and are especially valuable when examining co-infections such as DENV and ZIKV, which compete
for similar cellular targets. Moreover, within-host models enable researchers to explore biological
mechanisms that are challenging to measure experimentally and to predict infection trajectories,
including viral persistence or clearance. Such predictive insights are instrumental in guiding antiviral
drug development and vaccine strategies.
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The simple target cell limited framework has served as the foundational structure for modeling
within-host viral dynamics, capturing the interactions among susceptible target cells, infected cells,
and free virions. Building upon a simple foundational model, this approach has been extensively
applied to DENV infections [13, 14] and to ZIKV infections [15–17]. Extensions of this framework
have progressively incorporated immunological mechanisms. Nikin-Beers and Ciupe [18] formulated
this basic framework to elucidate the underlying mechanisms governing viral amplification and
clearance during both primary and secondary dengue infections. In addition, Ben Shachar and
Koelle [13] demonstrated that T cell–mediated cytokine responses may exacerbate disease severity
during secondary DENV infection. For ZIKV, Osuna et al. [15] calibrated the model using primate
data, while Best et al. [16] evaluated antiviral treatment effects. Best and Perelson [17] later
integrated innate immune mediators such as interferon-α and natural killer cells. Tuncer and
Martcheva [19] developed coupled within-host and within-vector models that distinguish pregnant and
non-pregnant hosts, and validated them using primate data. Moreover, Best et al. [20] emphasized
viral interference with host innate defenses, underscoring the growing recognition of immune-virus
feedback mechanisms in shaping infection trajectories.

Subsequent developments entailed structural limitations of the classical framework, particularly the
absence of target cell renewal and natural death. Models incorporating target cell recruitment and
turnover were advanced by Nuraini et al. [21], who explicitly modeled CTL-mediated viral control.
The combined action of innate immunity and CTLs was further analyzed by S. Perera and S. S. N.
Perera [22], with subsequent computations in [23] and asymptotic investigations in [24]. Nonlinear
interaction structures were introduced using Beddington-DeAngelis functional responses in [25], while
Thibodeaux et al. [26] extended CTL-driven models by incorporating monocyte dynamics regulated
by macrophage colony-stimulating factor. Stochastic effects were incorporated to capture biological
variability [27], and delayed stochastic perturbations were examined by Modak and Muthu [28].

Parallel studies entailed immune complexity during secondary infection, including models
integrating both CTL and antibody-mediated responses as in [29–31], and explicit treatment of
secondary DENV dynamics [32, 33]. Antibody competition and cross-reactivity mechanisms
contributing to antibody-dependent enhancement were investigated in [18, 34]. Extensions to
multi-target cell infection structures were proposed by Alshaikh et al. [35] and later expanded spatially
by [36]. Additional refinements included antibody-dependent enhancement with constrained plasma
cell proliferation [37] and hybrid deterministic-stochastic formulations using piecewise fractional
differential equations to capture nonlinear transmission and logistic target cell growth [38]. Gujarati
and Ambika [39] further examined the dynamics of antibody classes during secondary DENV
infection. Furthermore, Aldubiban et al. [40] advanced secondary DENV within-host modeling
by incorporating CTL immunity together with explicit time-delay mechanisms, and then refining
the formulation using distributed delays to better capture heterogeneity in infection progression and
virion maturation.

Regarding DENV–ZIKV co-infection, considerable attention has been devoted to population-level
epidemiological modeling (see e.g. [41–43]). Despite these extensive contributions addressing
dengue-Zika co-infection at the population scale, within-host dynamics remain insufficiently
investigated. Tang et al. [44] proposed a within-host DENV–ZIKV co-infection model incorporating
antibodies to characterize humoral immune responses and cross-immune effects, including
antibody-dependent enhancement (ADE) and antibody-dependent neutralization (ADN). While
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this framework provides valuable insight into antibody-mediated interactions, several biologically
important mechanisms and mathematical aspects remain unexplored.

First, CTL-mediated elimination of infected cells is not explicitly incorporated. Experimental and
immunological evidence indicates that CTLs play a crucial role in controlling flaviviral infections
through the recognition and clearance of infected cells, thereby contributing to viral elimination and
disease regulation [7, 8].

Second, the model neglects latently infected cells, in which infected cells harbor the virus before
becoming productively infectious. Since latency constitutes an important stage in intracellular viral
progression, neglecting this compartment may limit the representation of viral persistence and delayed
infection dynamics.

Third, the model assumes instantaneous transitions among infection stages. However, several
biological processes involved in DENV–ZIKV infection are intrinsically time-dependent, including
the establishment of latent infection, progression to productive infection, activation of latently
infected cells, and maturation of newly produced virions prior to infectivity. To better capture these
mechanisms, we incorporate four biologically motivated distributed intracellular delays corresponding
to: (i) latent infection establishment, (ii) productive infection establishment, (iii) activation of latent
cells, and (iv) virion maturation. Unlike instantaneous or discrete-delay formulations, distributed time
delays enable temporal heterogeneity in intracellular progression, thereby providing a more realistic
description of viral development across infected cells and virions.

Fourth, a comprehensive mathematical analysis of DENV–ZIKV co-infection, including
well-posedness, equilibrium structure, stability, and antiviral treatment effects, remains limited.

The researchers in [45], developed and analyzed DENV–ZIKV co-infection model with
CTL-mediated immunity; however, latent infection and intracellular time delays were not considered.

Motivated by the limitations of [44, 45], we develop a within-host DENV–ZIKV co-infection model
integrating CTL-mediated immunity, latent infection stages, and four biologically motivated distributed
intracellular time delays. The proposed framework enables investigation of how cellular immune
responses and delayed intracellular viral progression influence invasion thresholds, viral persistence,
competitive outcomes, and long-term co-infection dynamics.

Contributions of this study:

• We develop a within-host DENV–ZIKV co-infection model integrating CTL-mediated immunity,
latent infection stages, and four biologically motivated distributed intracellular time delays
describing latent-cell establishment, productive-cell establishment, latent-cell activation, and
virion maturation.

• A rigorous qualitative investigation of the proposed system is performed to establish its
fundamental mathematical properties.

• The basic and invasion reproduction numbers are derived and analytically shown to govern the
existence and stability of all equilibrium states.

• The global stability behavior of the co-infection system is thoroughly examined.

• An antiviral treatment strategy is integrated into the model to evaluate its impact on viral
progression and immune dynamics.
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• A detailed sensitivity analysis is conducted to identify the most influential parameters affecting
viral persistence and clearance.

• Numerical simulations are implemented to support the theoretical analysis and to assess the
effectiveness of therapeutic interventions as well as time delay.

In this study, we provide a mechanistic framework for understanding the role of CTL-mediated
immunity and intracellular delay heterogeneity in shaping DENV–ZIKV co-infection dynamics and
establish a foundation for future mathematical, immunological, and data-driven investigations.

2. Model formulation

In this section, we present the formulation of the DENV–ZIKV within-host co-infection model with
CTL immunity, latently infected cells, and multi-distributed time delays. The model is developed under
the following assumptions:

A1. The within-host system consists of nine interacting compartments: uninfected cells X, latently
DENV-infected cells YL

D, productively DENV-infected cells YA
D, latently ZIKV-infected cells

YL
Z , productively ZIKV-infected cells YA

Z , free DENV virions VD, free ZIKV virions VZ,
DENV-targeted CTLs UD, and ZIKV-targeted CTLs UZ. These compartments are removed at
rates d, bD, aD, bZ, aZ, cD, cZ, ψD, and ψZ, respectively.

A2. Uninfected cells are produced at a constant rate λ and become infected by DENV and ZIKV
through bilinear incidence terms βDXVD and βZXVZ, respectively. Infection results in the
depletion of uninfected cells, and the formation of latent and active infected cell compartments
YL

D, YA
D, YL

Z , and YA
Z are described by Eqs (2.1)–(2.5).

A3. For each i ∈ {D, Z}, a fraction θi ∈ [0, 1] of newly infected cells immediately enters the
productively infected class, while the remaining fraction (1 − θi) becomes latently infected.
Latently infected cells transition to the productive class at rates ηD and ηZ, respectively (see
Eqs (2.2)–(2.5)).

A4. Productively infected cells YA
D and YA

Z produce new DENV and ZIKV virions at rates kD and kZ,
respectively (see Eqs (2.6) and (2.7)). CTLs contribute to viral control by killing productively
infected cells at rates δDYA

DUD and δZYA
Z UZ, as described in Eqs (2.3) and (2.5).

A5. DENV- and ZIKV-targeted CTLs UD and UZ are produced at basal rates φD and φZ, respectively,
and undergo clonal expansion in response to antigenic stimulation at rates ρDYA

DUD and ρZYA
Z UZ.

The CTL immune response dynamics are governed by Eqs (2.8) and (2.9).

A6. The model incorporates eight biologically distinct distributed time delays representing
intracellular processes such as cell infection, activation of latent cells, and maturation of virions.
For each delay process i = 1, 2, . . . , 8, the delay variable τ is characterized by a probability
density function fi(τ) supported on [0, S i], where S i denotes the upper bound of the corresponding
delay interval. These functions satisfy standard probabilistic assumptions and admit the following
interpretations:
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• The probability that uninfected cells contacted by DENV or ZIKV at time t − τ survive for τ time
units and become latently infected at time t is given by fi(τ)e−niτ for i = 1, 4, where 1/ni denotes
the average time required for latent infection to establish.

• The probability that viral-contacted cells require τ time units and become productively infected is
represented by fi(τ)e−niτ for i = 2, 5, where 1/ni denotes the average time required for productive
infection to establish.

• The probability that latently infected cells become productive after a delay τ is represented by
fi(τ)e−niτ for i = 3, 6, where 1/ni is the average time for the activation of latently infected cells.

• The probability that new produced virions at time t − τ and become mature at time t is given by
fi(τ)e−niτ for i = 7, 8, where 1/ni represents the average maturation time.

We denote

Ψ = Ψ(t), Ψτ = Ψ(t − τ), for Ψ ∈
{
X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

}
.

Define

Πi(τ) = fi(τ)e−niτ, and 𭟋i =

∫ S i

0
Πi(τ) dτ, i = 1, 2, . . . , 8,

which satisfy 0 < 𭟋i ≤ 1. Based on Assumptions A1–A6, the proposed DENV–ZIKV co-infection
model is given by

dX
dt
= λ − dX − βDXVD − βZXVZ, (2.1)

dYL
D

dt
= (1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτ dτ − (ηD + bD)YL

D, (2.2)

dYA
D

dt
= θDβD

∫ S 2

0
Π2(τ)XτVDτ dτ + ηD

∫ S 3

0
Π3(τ)YL

Dτ dτ − aDYA
D − δDYA

DUD, (2.3)

dYL
Z

dt
= (1 − θZ)βZ

∫ S 4

0
Π4(τ)XτVZτ dτ − (ηZ + bZ)YL

Z , (2.4)

dYA
Z

dt
= θZβZ

∫ S 5

0
Π5(τ)XτVZτ dτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτ dτ − aZYA
Z − δZYA

Z UZ, (2.5)

dVD

dt
= kD

∫ S 7

0
Π7(τ)YA

Dτ dτ − cDVD, (2.6)

dVZ

dt
= kZ

∫ S 8

0
Π8(τ)YA

Zτ dτ − cZVZ, (2.7)

dUD

dt
= φD + ρDYA

DUD − ψDUD, (2.8)

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ. (2.9)
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The initial conditions for system in Eqs (2.1)–(2.9) are given by
X(κ) = ϕ1(κ), YL

D(κ) = ϕ2(κ), YA
D(κ) = ϕ3(κ), YL

Z (κ) = ϕ4(κ), YA
Z (κ) = ϕ5(κ),

VD(κ) = ϕ6(κ),VZ(κ) = ϕ7(κ),UD(κ) = ϕ8(κ),UZ(κ) = ϕ9(κ),
ϕi(κ) ≥ 0, i = 1, 2, . . . , 9, κ ∈ [−S ∗, 0],

(2.10)

where S ∗ = max{S 1, S 2, . . . , S 8} and ϕi ∈ C([−S ∗, 0],R≥0). Here, C denotes the Banach space of
continuous functions mapping [−S ∗, 0] into R≥0 with norm ∥ϕi∥ = sup−S ∗≤κ≤0 |ϕi(κ)|. By standard
results for functional differential equations [46, 47] system in Eqs (2.1)–(2.9) with initial data in
Eq (2.10) admits a unique continuous solution. The definitions and values of the model parameters
and variables are listed in Table 1. Figure 1 illustrates the within-host dynamics of DENV and ZIKV
co-infection, highlighting the interactions between viral populations, latent and actively infected cells,
and CTL-mediated immune responses with time delays.

Table 1. Model parameters.

Symbol Description Value

X Uninfected target cells cells mm−3

YL
D Latently DENV-infected cells cells mm−3

YL
Z Latently ZIKV-infected cells cells mm−3

YA
D Productively DENV-infected cells cells mm−3

YA
Z Productively ZIKV-infected cells cells mm−3

VD Free DENVs viruses mm−3

VZ Free ZIKVs viruses mm−3

UD DENV-targeted CTLs cells mm−3

UZ ZIKV-targeted CTLs cells mm−3

λ Production rate of uninfected cells 10 cells mm−3 day−1

d Death rate of uninfected cells 0.14 day−1

βD DENV-cells incidence rate varied
βZ ZIKV-cells incidence rate varied
θD Probability of productive DENV infection 0.3
θZ Probability of productive ZIKV infection 0.25
ηD Conversion rate of latently DENV-infected to productive cells 0.1 day−1

ηZ Conversion rate of latently ZIKV-infected to productive cells 0.2 day−1

bD Death rate of latently DENV-infected cells 0.14 day−1

bZ Death rate of latently ZIKV-infected cells 0.14 day−1

aD Death rate of productively DENV-infected cells 0.14 day−1

aZ Death rate of productively ZIKV-infected cells 0.1483 day−1

kD DENV virion production rate 10 viruses cells−1 day−1

kZ ZIKV virion production rate 8 viruses cells−1 day−1

cD Rate of DENV clearance 3.48 day−1

cZ Rate of ZIKV clearance 2 day−1

δD CTL killing rate of DENV-infected cells 0.001 cells−1 mm3 day−1

δZ CTL killing rate of ZIKV-infected cells 0.002 cells−1 mm3 day−1

φD Production rate of DENV-targeted CTLs 30 cells day−1

φZ Production rate of ZIKV-targeted CTLs 25 cells day−1

ρD Activation rate of DENV-targeted CTLs 0.03 cell−1 mm3 day−1

ρZ Activation rate of ZIKV-targeted CTLs 0.02 cell−1 mm3 day−1

ψD Death rate of DENV-targeted CTLs 0.5 day−1

ψZ Death rate of ZIKV-targeted CTLs 0.4 day−1

τ Time delay parameter varied
1/ni Average lifetime of the cell or virus during delay period 1 day
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Figure 1. Structural framework of the proposed within-host DENV–ZIKV
co-infection model.

Parameter values are selected from available literature whenever possible and, in the absence of
direct experimental estimates for DENV–ZIKV within-host co-infection, biologically plausible values
are adopted to ensure realistic intracellular viral dynamics. In particular, the infection rates (βD)
and (βZ), as well as the delay-related parameters (τ) and (ni), are chosen within biologically reasonable
ranges and vary to investigate their effects on system dynamics. The delay parameters are selected to
reflect characteristic timescales associated with intracellular viral progression, including latent-cell
establishment, productive infection development, latent-cell activation, and virion maturation.
Numerical simulations under different parameter settings are performed to illustrate and support the
theoretical results and to assess the sensitivity of the dynamical outcomes to parameter variation.

Remark 1. In this work, we employ a bilinear incidence function, which is commonly adopted
in mathematical virology and epidemiology due to its mathematical tractability and its biological
interpretation based on direct interactions between susceptible target cells (X) (or individuals (S)) and
virus particles (V) (or infected individuals (I)). The term βXV (or βSI) assumes that the generation
of new infections is proportional to the encounter rate between these two populations.

Nevertheless, a variety of alternative incidence functions have been proposed in the literature to
capture more realistic infection mechanisms. Some of these include:

• Saturated incidence [48, 49]:
βXV

1 + υV
, υ ≥ 0,

which incorporates saturation effects at high viral levels and yields a maximal infection rate
bounded by β

υ
X.

• Michaelis-Menten incidence [50, 51]:

βXV
K + V

, K > 0,

which also introduces saturation, with the infection rate approaching βX as V → ∞.
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• Standard incidence [52–55]:

βXV
X + Y

,

which describes a frequency-dependent infection process in which virus-cell interactions are
normalized by the total cell population. This formulation may account for limited infection
efficiency and may prevent unrealistically large infection rates at high cell densities.

• Beddington-DeAngelis incidence [56, 57]:

βXV
1 + υV +ϖX

, ϖ ≥ 0,

where υV accounts for viral interference and ϖX reflects crowding effects among
susceptible cells.

• General incidence [58, 59]:
Ψ(X,V),

where Ψ denotes a general nonlinear incidence function covering a broad class of
infection dynamics.

3. Preliminaries

This section is dedicated to the analysis of the fundamental qualitative properties of system
in Eqs (2.1)–(2.9) subject to the initial conditions in Eq (2.10). Specifically, we establish the
non-negativity and boundedness of all state variables and subsequently identify all biologically relevant
equilibrium points of the model, together with the threshold conditions governing their existence.

3.1. Basic properties

Lemma 1. Solutions of model in Eqs (2.1)–(2.9) with the initial states in Eq (2.10) are non-negative
and ultimately bounded.

Proof. Let us first show the non-negativity of solutions of model in Eqs (2.1)–(2.9).
Equations (2.1), (2.8), and (2.9) give(

dX
dt
|X=0,

dUD

dt
|UD=0,

dUZ

dt
|UZ=0

)
= (λ, φD, φZ) > 0.

Hence, X(t) > 0,UD(t) > 0 and UZ(t) > 0, for all t ≥ 0. From Eqs (2.2)–(2.7), we have

YL
D(t) = ϕ2(0)e−(ηD+bD)t + (1 − θD)βD

∫ t

0
e−(ηD+bD)(t−ζ)

∫ S 1

0
Π1(τ)X(ζ − τ)VD(ζ − τ)dτdζ ≥ 0,

YA
D(t) = ϕ3(0)e−

∫ t
0 (aD+δDUD(x))dx +

∫ t

0
e−

∫ t
ζ

(aD+δDUD(x))dx

×

[
θDβD

∫ S 2

0
Π2(τ)X(ζ − τ)VD(ζ − τ)dτ + ηD

∫ S 3

0
Π3(τ)YL

D(ζ − τ)dτ
]

dζ ≥ 0,
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YL
Z (t) = ϕ4(0)e−(ηZ+bZ )t + (1 − θZ)βZ

∫ t

0
e−(ηZ+bZ )(t−ζ)

∫ S 4

0
Π4(τ)X(ζ − τ)VZ(ζ − τ)dτdζ ≥ 0,

YA
Z (t) = ϕ5(0)e−

∫ t
0 (aZ+δZUZ (x))dx +

∫ t

0
e−

∫ t
ζ

(aZ+δZUZ (x))dx

×

[
θZβZ

∫ S 5

0
Π5(τ)X(ζ − τ)VZ(ζ − τ)dτ + ηZ

∫ S 6

0
Π6(τ)YL

Z (ζ − τ)dτ
]

dζ ≥ 0,

VD(t) = ϕ6(0)e−cDt + kD

∫ t

0
e−cD(t−ζ)

∫ S 7

0
Π7(τ)YA

D(ζ − τ)dτdζ ≥ 0,

VZ(t) = ϕ7(0)e−cZ t + kZ

∫ t

0
e−cZ (t−ζ)

∫ S 8

0
Π8(τ)YA

Z (ζ − τ)dτdζ ≥ 0,

for all t ∈ [0, S ∗] [60]. Hence, by recursive argumentation, we obtain that

YL
D(t), YA

D(t), YL
Z (t), YA

Z (t),VD(t),VZ(t) ≥ 0 for all t ≥ 0.

Hence, X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD and, UZ are non-negative.

Now, we prove the ultimate boundedness of X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD, and UZ. From Eq (2.1),

we have, lim
t→∞

sup X(t) ≤ Ω1, where Ω1 =
λ
d . To prove the ultimate boundedness of YL

D(t) and YL
Z (t),

we define

Ψ1(t) = (1 − θD)
∫ S 1

0
Π1(τ)Xτdτ + YL

D and Ψ2(t) = (1 − θZ)
∫ S 4

0
Π4(τ)Xτdτ + YL

Z .

Then, we get

dΨ1

dt
(t) = (1 − θD)

∫ S 1

0
Π1(τ)

dXτ

dt
dτ +

dYL
D

dt

= (1 − θD)
∫ S 1

0
Π1(τ)

[
λ − dXτ − βDXτVDτ − βZXτVZτ

]
dτ

+ (1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτdτ − (ηD + bD)YL

D

= (1 − θD)λ
∫ S 1

0
Π1(τ)dτ − (1 − θD)d

∫ S 1

0
Π1(τ)Xτdτ

− (1 − θD)βZ

∫ S 1

0
Π1(τ)XτVZτdτ − (ηD + bD)YL

D

≤ (1 − θD)λ𭟋1 − (1 − θD)d
∫ S 1

0
Π1(τ)Xτdτ − (ηD + bD)YL

D

≤ (1 − θD)λ − ζ1

[
(1 − θD)

∫ S 1

0
Π1(τ)Xτdτ + YL

D

]
= (1 − θD)λ − ζ1Ψ1(t).

Similarly, we get
dΨ2

dt
(t) ≤ (1 − θZ)λ − ζ2Ψ2(t),
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where ζ1 = min{d, ηD + bD} and ζ2 = min{d, ηZ + bZ}. It follows that, lim
t→∞

supΨ1(t) ≤ Ω2 and

lim
t→∞

supΨ2(t) ≤ Ω3, where Ω2 =
(1−θD)λ

ζ1
and Ω3 =

(1−θZ )λ
ζ2

. Since (1 − θD)
∫ S 1

0
Π1(τ)Xτdτ, YL

D,

(1 − θZ)
∫ S 4

0
Π4(τ)Xτdτ and YL

Z are non-negative, then lim
t→∞

sup YL
D(t) ≤ Ω2 and lim

t→∞
sup YL

Z (t) ≤ Ω3.
Define

Ψ3(t) = θD

∫ S 2

0
Π2(τ)Xτdτ + YA

D +
δD

ρD
UD and Ψ4(t) = θZ

∫ S 5

0
Π5(τ)Xτdτ + YA

Z +
δZ

ρZ
UZ.

Then, we get

dΨ3(t)
dt

= θD

∫ S 2

0
Π2(τ)

dXτ

dt
dτ +

dYA
D

dt
+
δD

ρD

dUD

dt

= θD

∫ S 2

0
Π2(τ)

[
λ − dXτ − βDXτVDτ − βZXτVZτ

]
dτ + θDβD

∫ S 2

0
Π2(τ)XτVDτdτ

+ ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D − δDYA

DUD +
δD

ρD

(
φD + ρDYA

DUD − ψDUD

)
= θDλ

∫ S 2

0
Π2(τ)dτ − dθD

∫ S 2

0
Π2(τ)Xτdτ − θDβZ

∫ S 2

0
Π2(τ)XτVZτdτ

+ ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D +

δDφD

ρD
−
δDψD

ρD
UD

≤ θDλ𭟋2 − dθD

∫ S 2

0
Π2(τ)Xτdτ + ηD𭟋3Ω2 − aDYA

D +
δDφD

ρD
−
δDψD

ρD
UD

≤ θDλ + ηDΩ2 +
δDφD

ρD
− ζ3

[
θD

∫ S 2

0
Π2(τ)Xτdτ + YA

D +
δD

ρD
UD

]
= θDλ + ηDΩ2 +

δDφD

ρD
− ζ3Ψ3(t).

Similarly, we get
dΨ4(t)

dt
≤ θZλ + ηZΩ3 +

δZφZ

ρZ
− ζ4Ψ4(t),

where ζ3 = min{d, aD, ψD} and ζ4 = min{d, aZ, ψZ}. It follows that lim
t→∞

supΨ3(t) ≤ Ω4 and

lim
t→∞

supΨ4(t) ≤ Ω5, where Ω4 =
ρDθDλ+ρDηDΩ2+δDφD

ρDζ3
and Ω5 =

ρZθZλ+ρZηZΩ3+δZφZ
ρZζ4

, so lim
t→∞

sup YA
D(t) ≤ Ω4,

lim
t→∞

sup YA
Z (t) ≤ Ω5, lim

t→∞
sup UD(t) ≤ Ω6, and lim

t→∞
sup UZ(t) ≤ Ω7, where Ω6 =

ρD
δD
Ω4 and Ω7 =

ρZ
δZ
Ω5.

Now, let us define

Ψ5(t) = VD + VZ.

Then, we obtain

dΨ5(t)
dt

=
dVD

dt
+

dVZ

dt

= kD

∫ S 7

0
Π7(τ)YA

Dτdτ − cDVD + kZ

∫ S 8

0
Π8(τ)YA

Zτdτ − cZVZ
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≤ kD𭟋7Ω4 + kZ𭟋8Ω5 − ζ5 (VD + VZ)

≤ kDΩ4 + kZΩ5 − ζ5Ψ5(t),

where ζ5 = min{cD, cZ}. It follows that, lim
t→∞

supΨ5(t) ≤ Ω8, whereΩ8 =
kDΩ4+kZΩ5

ζ5
, then lim

t→∞
sup VD(t) ≤

Ω8, lim
t→∞

sup VZ(t) ≤ Ω8. Consequently, according to the Lemma 1, the region

Γ =
{(

X, YL
D, Y

L
Z , Y

A
D, Y

A
Z ,VD,VZ,UD,UZ

)
∈ R9

≥0 : ∥X∥ ≤ Ω1, ∥YL
D∥ ≤ Ω2, ∥YL

Z ∥ ≤ Ω3, ∥YA
D∥ ≤ Ω4,

∥YA
Z ∥ ≤ Ω5, ∥VD∥ ≤ Ω8, ∥VZ∥ ≤ Ω8, ∥UD∥ ≤ Ω6, ∥UZ∥ ≤ Ω7}

is positively invariant with respect to model in Eqs (2.1)–(2.9).

4. Existence and global stability of equilibria

We determine the equilibrium points of the proposed model and investigate the conditions required
for their existence. These conditions are characterized in terms of the basic reproduction numbers.

The basic reproduction number RL
0 for the DENV–ZIKV co-infection system is determined using

the next-generation matrix approach proposed [61] (see Appendix A). The analysis leads to the
following expression

RL
0 = max{RL

D,R
L
Z},

where

RL
D =

kDβDλψD𭟋7σD

dcD(ηD + bD)(aDψD + δDφD)
, RL

Z =
kZβZλψZ𭟋8σZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)
,

where σD = (ηD + bD)θD𭟋2 + ηD(1− θD)𭟋1𭟋3 and σZ = (ηZ + bZ)θZ𭟋5 + ηZ(1− θZ)𭟋4𭟋6. It is noteworthy
that RL

D and RL
Z correspond to the basic reproduction numbers of the DENV and ZIKV mono-infection

submodels, respectively.
Furthermore, the invasion reproduction numbers RL,inv

D and RL,inv
Z , which describe the ability of

one virus to invade when the other is already at endemic equilibrium, are derived for the system in
Eqs (2.1)–(2.9) and are reported in detail in the Appendix (see Appendix B). Specifically, they are
given by

RL,inv
D =

kDβDλψD𭟋7σD

dcD(aDψD + δDφD)(ηD + bD)
(
1 + kZβZ𭟋8

dcZ
Y

A
Z

) = RL
D

1 + kZβZ𭟋8
dcZ

Y
A
Z

,

RL,inv
Z =

kZβZλψZ𭟋8σZ

dcZ(aZψZ + δZφZ)(ηZ + bZ)
(
1 + kDβD𭟋7

dcD
YA∗

D

) = RL
Z

1 + kDβD𭟋7
dcD

YA∗
D

.

Thus,

RL,inv
D =

RL
D

1 + kZβZ𭟋8
dcZ

Y
A
Z

< RL
D, RL,inv

Z =
RL

Z

1 + kDβD𭟋7
dcD

YA∗
D

< RL
Z.

Biologically, the invasion reproduction numbers quantify the ability of one virus to establish
infection when the other virus is already maintained at its endemic equilibrium. The additional
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denominator terms involving (Y
A
Z) and (YA∗

D ) reflect the reduction in available susceptible target cells
caused by the resident virus, as well as the modified within-host environment associated with ongoing
infection and immune activity. Consequently, the effective transmission potential of the invading virus
is reduced compared with the disease-free setting, which explains why RL,inv

D < RL
D and (RL,inv

Z < RL
Z).

Therefore, successful invasion requires sufficiently strong transmission potential to overcome the
competitive effects generated by the pre-existing infection.

4.1. Existence of equilibria

Lemma 2. The system in Eqs (2.1)–(2.9), admits four possible equilibria:
(I) Disease-free equilibrium: EQ0 = (X0, 0, 0, 0, 0, 0, 0,U0

D,U
0
Z) which always exists.

(II) DENV mono-infection equilibrium: If RL
D > 1, then there exists EQ∗ =

(X∗, YL∗
D , Y

A∗
D , 0, 0,V∗D, 0,U

∗
D,U

∗
Z), in addition to EQ0.

(III) ZIKV mono-infection equilibrium: If RL
Z > 1, then there exists EQ =

(X, 0, 0, Y
L
Z,Y

A
Z , 0,VZ,UD,UZ), in addition to EQ0.

(IV) DENV–ZIKV co-infection equilibrium: If RL,inv
D > 1 and RL,inv

Z > 1 then there exists ẼQ =
(X̃, ỸL

D, Ỹ
A
D, Ỹ

L
Z , Ỹ

A
Z , ṼD, ṼZ, ŨD, ŨZ), in addition to EQ0, EQ∗ and EQ.

Proof. Setting the right-hand sides of Eqs (2.1)–(2.9) equal to zero gives:

0 = λ − dX − βDXVD − βZXVZ, (4.1)
0 = (1 − θD)βD𭟋1XVD − (ηD + bD)YL

D, (4.2)
0 = θDβD𭟋2XVD + ηD𭟋3YL

D − aDYA
D − δDYA

DUD, (4.3)
0 = (1 − θZ)βZ𭟋4XVZ − (ηZ + bZ)YL

Z , (4.4)
0 = θZβZ𭟋5XVZ + ηZ𭟋6YL

Z − aZYA
Z − δZYA

Z UZ, (4.5)
0 = kD𭟋7YA

D − cDVD, (4.6)
0 = kZ𭟋8YA

Z − cZVZ, (4.7)
0 = φD + ρDYA

DUD − ψDUD, (4.8)
0 = φZ + ρZYA

Z UZ − ψZUZ. (4.9)

From Eqs (4.1), (4.2), (4.4), (4.8), and (4.9) we have

X =
λcDcZ

dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z

,

YL
D =

(1 − θD)βDkD𭟋1𭟋7cZλYA
D

(ηD + bD)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
,

YL
Z =

(1 − θZ)βZkZ𭟋4𭟋8cDλYA
Z

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
, (4.10)

VD =
kD𭟋7

cD
YA

D, VZ =
kZ𭟋8

cZ
YA

Z ,

UD =
φD

ψD − ρDYA
D

and UZ =
φZ

ψZ − ρZYA
Z

.
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We note that UD > 0 and UZ > 0, when YA
D ∈

[
0, ψD

ρD

)
and YA

Z ∈
[
0, ψZ

ρZ

)
, respectively. Substituting in

Eqs (4.3) and (4.5), we obtain(
βDλkDcZ𭟋7σD

(ηD + bD)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aD +

δDφD

ρDYA
D − ψD

)
YA

D = 0, (4.11)(
βZλkZcD𭟋8σZ

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aZ +

δZφZ

ρZYA
Z − ψZ

)
YA

Z = 0. (4.12)

Equations (4.11) and (4.12) have four possibilities:
(I) YA

D = 0 and YA
Z = 0, which gives disease-free equilibrium. EQ0 = (X0, 0, 0, 0, 0, 0, 0,U0

D,U
0
Z),

where X0 = λ
d , U0

D =
φD
ψD

, and U0
Z =

φZ
ψZ
.

(II) YA
D , 0 and YA

Z = 0, so from Eq (4.11), we get

βDλkD𭟋7σD

(ηD + bD)(dcD + βDkD𭟋7YA
D)
− aD +

δDφD

ρDYA
D − ψD

= 0,

which gives
AL

D(YA
D)2 + BL

DYA
D +CL

D

ρDYA
D − ψD

= 0, (4.13)

where

AL
D = aDβDkDρD𭟋7(ηD + bD),

BL
D = aDdcDρD(ηD + bD) − kDβDλρD𭟋7σD − βDkD𭟋7(ηD + bD)(aDψD + δDφD),

CL
D = kDβDλψD𭟋7σD − dcD(ηD + bD)(aDψD + δDφD).

We define a continuous function HL∗ as:

HL∗(YA
D) =

AL
D(YA

D)2 + BL
DYA

D +CL
D

ρDYA
D − ψD

, YA
D ∈

[
0,
ψD

ρD

)
.

Then we have

HL∗(0) =
dcD(ηD + bD)(aDψD + δDφD)

ψD

(
1 − RL

D

)
< 0, if RL

D > 1.

Moreover
lim

YA
D→

(
ψD
ρD

)−HL∗(YA
D) = ∞,

so there exists YA∗
D ∈

(
0, ψD

ρD

)
such that HL∗(YA∗

D ) = 0.
For RL

D > 1, we have

CL
D = dcD(ηD + bD)(aDψD + δDφD)

(
RL

D − 1
)
> 0.

Moreover,
kDβDλ𭟋7σD > dcDaD(ηD + bD).
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This implies that BL
D < 0. Hence, there exist two positive solutions

YA±
D =

−BL
D ±

√(
BL

D

)2
− 4AL

DCL
D

2AL
D

.

If RL
D > 1, implies that BL

D < 0 and CL
D > 0.

We have

lim
YA

D→

(
ψD
ρD

)+HL∗(YA
D) = −∞, lim

YA
D→∞

HL∗(YA
D) = ∞.

Then

YA−
D ∈

(
0,
ψD

ρD

)
and YA+

D ∈

(
ψD

ρD
,∞

)
.

Then we take

YA∗
D =

−BL
D −

√(
BL

D

)2
− 4AL

DCL
D

2AL
D

.

Hence,

X∗ =
λcD

dcD + βDkD𭟋7YA∗
D

> 0, YL∗
D =

(1 − θD)βDkD𭟋1𭟋7λYA∗
D

(ηD + bD)(dcD + βDkD𭟋7YA∗
D )

> 0,

YL∗
Z = 0, YA∗

Z = 0,V∗D =
kD𭟋7

cD
YA∗

D > 0, V∗Z = 0,

U∗D =
φD

ψD − ρDYA∗
D

> 0 and U∗Z =
φZ

ψZ
> 0.

It follows that, a DENV mono-infection equilibrium EQ∗ = (X∗, YL∗
D , Y

A∗
D , 0, 0,V∗D, 0,U

∗
D,U

∗
Z) when

RL
D > 1.

(III) YA
D = 0 and YA

Z , 0, then from Eq (4.12), we have

βZλkZ𭟋8σZ

(ηZ + bZ)(dcZ + βZkZ𭟋8YA
Z )
− aZ +

δZφZ

ρZYA
Z − ψZ

= 0,

which gives
AL

Z

(
YA

Z

)2
+ BL

ZYA
Z +CL

Z

ρZYA
Z − ψZ

= 0, YA
Z ∈

[
0,
ψZ

ρZ

)
, (4.14)

where

AL
Z = aZβZkZρZ𭟋8(ηZ + bZ),

BL
Z = aZdcZρZ(ηZ + bZ) − kZβZλρZ𭟋8σZ − βZkZ𭟋8(ηZ + bZ)(aZψZ + δZφZ),

CL
Z = kZβZλψZ𭟋8σZ − dcZ(ηZ + bZ)(aZψZ + δZφZ).

We define a continuous function H
L

as:

H
L
(YA

Z ) =
AL

Z

(
YA

Z

)2
+ BL

ZYA
Z +CL

Z

ρZYA
Z − ψZ

, where YA
Z ∈

[
0,
ψZ

ρZ

)
.
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We get

H
L
(0) = −

CL
Z

ψZ
=

dcZ(ηZ + bZ)(aZψZ + δZφZ) − kZβZλψZ𭟋8σZ

ψZ

=
dcZ(ηZ + bZ)(aZψZ + δZφZ)

ψZ

(
1 − RL

Z

)
.

We have H
L
(0) < 0 if RL

Z > 1. Moreover

lim
YA

Z→

(
ψZ
ρZ

)−HL
(YA

Z ) = ∞,

then there exists Y
A
Z ∈

(
0, ψZ

ρZ

)
such that H

L
(Y

A
Z) = 0.

Similar to Case (II), one can show that if RL
Z > 1, then CL

Z > 0 and BL
Z < 0.

Then there exist two positive solutions

YA±
Z =

−BL
Z ±

√(
BL

Z

)2
− 4AL

ZCL
Z

2AL
Z

.

We have

lim
YA

Z→

(
ψZ
ρZ

)+HL
(YA

Z ) = −∞, lim
YA

Z→∞
H

L
(YA

Z ) = ∞.

Then

YA−
Z ∈

(
0,
ψZ

ρZ

)
and YA+

Z ∈

(
ψZ

ρZ
,∞

)
.

Then we take

Y
A
Z =
−BL

Z −

√(
BL

Z

)2
− 4AL

ZCL
Z

2AL
Z

.

Hence,

X =
λcZ

dcZ + βZkZ𭟋8Y
A
Z

> 0, Y
L
D = 0, Y

L
Z =

(1 − θZ)βZkZ𭟋4𭟋8λY
A
Z

(ηZ + bZ)(dcZ + βZkZ𭟋8Y
A
Z)
> 0,

VD = 0, VZ =
kZ𭟋8

cZ
Y

A
Z > 0, UD =

φD

ψD
> 0 and UZ =

φZ

ψZ − ρZY
A
Z

> 0.

Consequently a ZIKV mono-infection equilibrium EQ = (X, 0, 0, Y
L
Z,Y

A
Z , 0,VZ,UD,UZ) exists

when RL
Z > 1.

(IV) YA
D , 0 and YA

Z , 0, so from Eqs (4.11) and (4.12), we have

βDλkDcZ𭟋7σD

(ηD + bD)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aD +

δDφD

ρDYA
D − ψD

= 0, (4.15)
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βZλkZcD𭟋8σZ

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aZ +

δZφZ

ρZYA
Z − ψZ

= 0. (4.16)

We solve Eqs (4.15) and (4.16) using the isocline method [62]. Let us consider

FL
1 (YA

D, Y
A
Z ) =

βDλkDcZ𭟋7σD

(ηD + bD)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aD +

δDφD

ρDYA
D − ψD

= 0, (4.17)

YA
D ∈

[
0,
ψD

ρD

)
.

FL
2 (YA

D, Y
A
Z ) =

βZλkZcD𭟋8σZ

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )
− aZ +

δZφZ

ρZYA
Z − ψZ

= 0, (4.18)

YA
Z ∈

[
0,
ψZ

ρZ

)
.

From Eq (4.17), we note the following:
(a) When YA

D = 0, then

βDλkDcZ𭟋7σD

(ηD + bD)(dcDcZ + βZkZ𭟋8cDYA
Z )
− aD −

δDφD

ψD
= 0,

=⇒ YA
Z =

dcZ

βZkZ𭟋8

(
kDβDλψD𭟋7σD

dcD(ηD + bD)(aDψD + δDφD)
− 1

)
,

=⇒ YA
Z =

dcZ

βZkZ𭟋8
(RL

D − 1) =: ŶA
Z ,

which is positive if RL
D > 1.

(b) When YA
Z = 0, then

βDλkD𭟋7σD

(ηD + bD)(dcD + βDkD𭟋7YA
D)
− aD +

δDφD

ρDYA
D − ψD

= 0,

From Eq (4.13), we get

YA
D = YA∗

D =
−BL

D −

√(
BL

D

)2
− 4AL

DCL
D

2AL
D

.

(c)

dYA
Z

dYA
D

= −
∂FL

1/∂YA
D

∂FL
1/∂YA

Z

= −
k2

Dβ
2
Dλc2

Z𭟋
2
7σD(ρDYA

D − ψD)2 + δDφDρD(ηD + bD)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )2

kDkZβDβZλcZcD𭟋7𭟋8σD(ρDYA
D − ψD)2

< 0, YA
D ∈

(
0,
ψD

ρD

)
,
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then YA
Z is a decreasing function of YA

D. It follows that FL
1 (YA

D, Y
A
Z ) intersects the YA

D−axis in YA
D = YA∗

D

and YA
Z−axis in YA

Z = ŶA
Z =

dcZ
βZkZ𭟋8

(RL
D − 1).

Now, from Eq (4.18), we note the following:
(d) When YA

Z = 0, then

βZλkZcD𭟋8σZ

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D)
− aZ −

δZφZ

ψZ
= 0,

=⇒ YA
D =

dcD

βDkD𭟋7

(
kZβZλψZ𭟋8σZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)
− 1

)
,

=⇒ YA
D =

dcD

βDkD𭟋7
(RL

Z − 1) =: ŶA
D,

which is positive if RL
Z > 1.

(e) When YA
D = 0, then

βZλkZ𭟋8σZ

(ηZ + bZ)(dcZ + βZkZ𭟋8YA
Z )
− aZ +

δZφZ

ρZYA
Z − ψZ

= 0.

From Eq (4.14), we get

YA
Z = Y

A
Z =
−BL

Z −

√(
BL

Z

)2
− 4AL

ZCL
Z

2AL
Z

.

(f)

dYA
Z

dYA
D

= −
∂FL

2/∂YA
D

∂FL
2/∂YA

Z

= −
kDkZβDβZλcZcD𭟋7𭟋8σZ(ρZYA

Z − ψZ)2

k2
Zβ

2
Zλc2

D𭟋
2
8σZ(ρZYA

Z − ψZ)2 + δZφZρZ(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDYA

Z )2

< 0, YA
D ∈

(
0,
ψD

ρD

)
.

Then YA
Z decreases as YA

D increases. As a result, the function FL
2 (YA

D, Y
A
Z ) intersects the YA

Z−axis in
YA

Z = Y
A
Z and YA

D−axis in YA
D = ŶA

D =
dcD

βDkD𭟋7
(RL

Z − 1).
The above analysis shows that the two isoclines in Eqs (4.17) and (4.18) intersect each other

in (ỸA
D, Ỹ

A
Z ), where ỸA

D ∈
(
0, ψD

ρD

)
and ỸA

Z ∈
(
0, ψZ

ρZ

)
, provided the following conditions hold:

ŶA
Z > Y

A
Z =⇒ RL

D > 1 +
βZkZ𭟋8

dcZ
Y

A
Z =⇒ RL,inv

D > 1,

ŶA
D > YA∗

D =⇒ RL
Z > 1 +

βDkD𭟋7

dcD
YA∗

D =⇒ RL,inv
Z > 1.

Hence,

X̃ =
λcDcZ

dcDcZ + βDkD𭟋7cZỸA
D + βZkZ𭟋8cDỸA

Z

,

Networks and Heterogeneous Media Volume 21, Issue 4, 1262–1333.



1280

ỸL
D =

(1 − θD)βDkD𭟋1𭟋7cZλỸA
D

(ηD + bD)(dcDcZ + βDkD𭟋7cZỸA
D + βZkZ𭟋8cDỸA

Z )
,

ỸL
Z =

(1 − θZ)βZkZ𭟋4𭟋8cDλỸA
Z

(ηZ + bZ)(dcDcZ + βDkD𭟋7cZYA
D + βZkZ𭟋8cDỸA

Z )
,

ṼD =
kD𭟋7

cD
ỸA

D, ṼZ =
kZ𭟋8

cZ
ỸA

Z ,

ŨD =
φD

ψD − ρDỸA
D

and ŨZ =
φZ

ψZ − ρZỸA
Z

.

Thus, the DENV–ZIKV co-infection equilibrium ẼQ = (X̃, ỸL
D, Ỹ

A
D, Ỹ

L
Z , Ỹ

A
Z , ṼD, ṼZ, ŨD, ŨZ) exists if

RL,inv
D > 1 and RL,inv

Z > 1.

5. Global stability analysis

In this section, we investigate the global stability of all equilibrium points of the co-infection model
in Eqs (2.1)–(2.9). For each equilibrium, an appropriate Lyapunov function is constructed, and the
Lyapunov–LaSalle’s invariance principle (L-LAS), as formulated in [63], is employed to establish
global asymptotic stability. We employ the Volterra-type function

L(x) = x − 1 − ln x, x > 0,

which satisfies
L(x) ≥ 0 and L(1) = 0.

To incorporate the effects of distributed intracellular delays, the Lyapunov functionals are
augmented with suitable integral components involving delayed variables. These integral terms are
introduced to represent the hereditary nature of the delayed processes embedded in the system. Upon
differentiation, they are constructed to offset the corresponding distributed-delay terms arising from
the model equations, thereby yielding a negative semi-definite Lyapunov derivative and enabling the
application of the L-LAS.

Let Υ′j be the largest invariant subset of

Υ j =

(X, YL
D, Y

L
Z , Y

A
D, Y

A
Z ,VD,VZ,UD,UZ

)
:

dΘL
j

dt
= 0

 , j = 0, 1, 2, 3,

where ΘL
j is a Lyapunov function.

Theorem 1. The disease-free equilibrium EQ0 = (X0, 0, 0, 0, 0, 0, 0,U0
D,U

0
Z) is globally

asymptotically stable (G.A.S) when RL
0 ≤ 1; if RL

0 > 1, the equilibrium becomes unstable.
Proof. Define the Lyapunov functional

ΘL
0(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) = ΘL

01 + Θ
L
02,

where ΘL
01 is the algebraic part and ΘL

02 is integral delay part, given as:

ΘL
01 = X0L

( X
X0

)
+
ηD𭟋3

σD
YL

D +
ηD + bD

σD
YA

D +
ηZ𭟋6

σZ
YL

Z
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+
ηZ + bZ

σZ
YA

Z +
βDX0

cD
VD +

βZX0

cZ
VZ +

δD(ηD + bD)
ρDσD

U0
DL

(
UD

U0
D

)
+
δZ(ηZ + bZ)
ρZσZ

U0
ZL

(
UZ

U0
Z

)
,

and

ΘL
02 =

ηD𭟋3βD(1 − θD)
σD

∫ S 1

0
Π1(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ

+
βDθD(ηD + bD)

σD

∫ S 2

0
Π2(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ

+
ηD(ηD + bD)

σD

∫ S 3

0
Π3(τ)

∫ t

t−τ
YL

D(ϕ)dϕdτ

+
ηZ𭟋6βZ(1 − θZ)

σZ

∫ S 4

0
Π4(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
βZθZ(ηZ + bZ)

σZ

∫ S 5

0
Π5(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
ηZ(ηZ + bZ)

σZ

∫ S 6

0
Π6(τ)

∫ t

t−τ
YL

Z (ϕ)dϕdτ

+
βDkDX0

cD

∫ S 7

0
Π7(τ)

∫ t

t−τ
YA

D(ϕ)dϕdτ

+
βZkZX0

cZ

∫ S 8

0
Π8(τ)

∫ t

t−τ
YA

Z (ϕ)dϕdτ.

It is straightforward to verify that ΘL
0(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 for all(

X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

)
> 0 andΘL

0(X0, 0, 0, 0, 0, 0, 0,U0
D,U

0
Z) = 0.DifferentiatingΘL

0 along
the trajectories of system in Eqs (2.1)–(2.9) yields:

dΘL
0

dt
=

dΘL
01

dt
+

dΘL
02

dt
,

where

dΘL
01

dt
=

(
1 −

X0

X

)
dX
dt
+
ηD𭟋3

σD

dYL
D

dt
+
ηD + bD

σD

dYA
D

dt
+
ηZ𭟋6

σZ

dYL
Z

dt

+
ηZ + bZ

σZ

dYA
Z

dt
+
βDX0

cD

dVD

dt
+
βZX0

cZ

dVZ

dt

+
δD(ηD + bD)

ρDσD

(
1 −

U0
D

UD

)
dUD

dt
+
δZ(ηZ + bZ)
ρZσZ

(
1 −

U0
Z

UZ

)
dUZ

dt
,

and

dΘL
02

dt
=
ηD𭟋3βD(1 − θD)

σD

d
dt

∫ S 1

0
Π1(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ
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+
βDθD(ηD + bD)

σD

d
dt

∫ S 2

0
Π2(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ

+
ηD(ηD + bD)

σD

d
dt

∫ S 3

0
Π3(τ)

∫ t

t−τ
YL

D(ϕ)dϕdτ

+
ηZ𭟋6βZ(1 − θZ)

σZ

d
dt

∫ S 4

0
Π4(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
βZθZ(ηZ + bZ)

σZ

d
dt

∫ S 5

0
Π5(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
ηZ(ηZ + bZ)

σZ

d
dt

∫ S 6

0
Π6(τ)

∫ t

t−τ
YL

Z (ϕ)dϕdτ

+
βDkDX0

cD

d
dt

∫ S 7

0
Π7(τ)

∫ t

t−τ
YA

D(ϕ)dϕdτ

+
βZkZX0

cZ

d
dt

∫ S 8

0
Π8(τ)

∫ t

t−τ
YA

Z (ϕ)dϕdτ.

Using Leibniz’s rule, for example,

d
dt

∫ S 1

0
Π1(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ =

∫ S 1

0
Π1(τ)

d
dt

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ

=

∫ S 1

0
Π1(τ) [X(t)VD(t) − X(t − τ)VD(t − τ)] dτ

= 𭟋1XVD −

∫ S 1

0
Π1(τ)XτVDτdτ.

Similarly, we obtain analogous expressions for the remaining delay integrals as:

dΘL
02

dt
=
ηD𭟋3βD(1 − θD)

σD

[
𭟋1XVD −

∫ S 1

0
Π1(τ)XτVDτdτ

]
+
βDθD(ηD + bD)

σD

[
𭟋2XVD −

∫ S 2

0
Π2(τ)XτVDτdτ

]
+
ηD(ηD + bD)

σD

[
𭟋3YL

D −

∫ S 3

0
Π3(τ)YL

Dτdτ
]

+
ηZ𭟋6βZ(1 − θZ)

σZ

[
𭟋4XVZ −

∫ S 4

0
Π4(τ)XτVZτdτ

]
+
βZθZ(ηZ + bZ)

σZ

[
𭟋5XVZ −

∫ S 5

0
Π5(τ)XτVZτdτ

]
+
ηZ(ηZ + bZ)

σZ

[
𭟋6YL

Z −

∫ S 6

0
Π6(τ)YL

Zτdτ
]

+
βDkDX0

cD

[
𭟋7YA

D −

∫ S 7

0
Π7(τ)YA

Dτdτ
]

+
βZkZX0

cZ

[
𭟋8YA

Z −

∫ S 8

0
Π8(τ)YA

Zτdτ
]
.
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From Eqs (2.1)–(2.9), we get

dΘL
0

dt
=

(
1 −

X0

X

)
(λ − dX − βDXVD − βZXVZ)

+
ηD𭟋3

σD

(
(1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτdτ − (ηD + bD)YL

D

)
+
ηD + bD

σD

(
θDβD

∫ S 2

0
Π2(τ)XτVDτdτ + ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D − δDYA

DUD

)
+
ηZ𭟋6

σZ

(
(1 − θZ)βZ

∫ S 4

0
Π4(τ)XτVZτdτ − (ηZ + bZ)YL

Z

)
+
ηZ + bZ

σZ

(
θZβZ

∫ S 5

0
Π5(τ)XτVZτdτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ − aZYA
Z − δZYA

Z UZ

)
+
βDX0

cD

(
kD

∫ S 7

0
Π7(τ)YA

Dτdτ − cDVD

)
+
βZX0

cZ

(
kZ

∫ S 8

0
Π8(τ)YA

Zτdτ − cZVZ

)
+
δD(ηD + bD)

ρDσD

(
1 −

U0
D

UD

)
(φD + ρDYA

DUD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

(
1 −

U0
Z

UZ

)
(φZ + ρZYA

Z UZ − ψZUZ)

+
ηD𭟋3βD(1 − θD)

σD

[
𭟋1XVD −

∫ S 1

0
Π1(τ)XτVDτdτ

]
+
βDθD(ηD + bD)

σD

[
𭟋2XVD −

∫ S 2

0
Π2(τ)XτVDτdτ

]
+
ηD(ηD + bD)

σD

[
𭟋3YL

D −

∫ S 3

0
Π3(τ)YL

Dτdτ
]

+
ηZ𭟋6βZ(1 − θZ)

σZ

[
𭟋4XVZ −

∫ S 4

0
Π4(τ)XτVZτdτ

]
+
βZθZ(ηZ + bZ)

σZ

[
𭟋5XVZ −

∫ S 5

0
Π5(τ)XτVZτdτ

]
+
ηZ(ηZ + bZ)

σZ

[
𭟋6YL

Z −

∫ S 6

0
Π6(τ)YL

Zτdτ
]

+
βDkDX0

cD

[
𭟋7YA

D −

∫ S 7

0
Π7(τ)YA

Dτdτ
]

+
βZkZX0

cZ

[
𭟋8YA

Z −

∫ S 8

0
Π8(τ)YA

Zτdτ
]
.

Collecting terms, we find that the distributed-delay terms cancel pairwise. Then we get

dΘL
0

dt
=

(
1 −

X0

X

)
(λ − dX) +

(
βDkDX0𭟋7

cD
−

aD(ηD + bD)
σD

−
δD(ηD + bD)

σD
U0

D

)
YA

D

+

(
βZkZX0𭟋8

cZ
−

aZ(ηZ + bZ)
σZ

−
δZ(ηZ + bZ)

σZ
U0

Z

)
YA

Z
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+
δD(ηD + bD)

ρDσD

(
1 −

U0
D

UD

)
(φD − ψDUD) +

δZ(ηZ + bZ)
ρZσZ

(
1 −

U0
Z

UZ

)
(φZ − ψZUZ).

Using λ = dX0, φD = ψDU0
D and φZ = ψZU0

Z, we obtain

dΘL
0

dt
= −

d(X − X0)2

X
+

(
βDλkD𭟋7

dcD
−

aD(ηD + bD)
σD

−
δDφD(ηD + bD)

ψDσD

)
YA

D

+

(
βZλkZ𭟋8

dcZ
−

aZ(ηZ + bZ)
σZ

−
δZφZ(ηZ + bZ)

ψZσZ

)
YA

Z

−
δDψD(ηD + bD)

ρDσD

(UD − U0
D)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U0
Z)2

UZ

= −
d(X − X0)2

X
−
δDψD(ηD + bD)

ρDσD

(UD − U0
D)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U0
Z)2

UZ

+
(ηD + bD)(aDψD + δDφD)

ψDσD

(
βDkDψDλ𭟋7σD

dcD(ηD + bD)(aDψD + δDφD)
− 1

)
YA

D

+
(ηZ + bZ)(aZψZ + δZφZ)

ψZσZ

(
βZkZψZλ𭟋8σZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)
− 1

)
YA

Z

= −
d(X − X0)2

X
−
δDψD(ηD + bD)

ρDσD

(UD − U0
D)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U0
Z)2

UZ

+
(ηD + bD)(aDψD + δDφD)

ψDσD

(
RL

D − 1
)

YA
D +

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL

Z − 1
)

YA
Z .

If RL
D ≤ 1 and RL

Z ≤ 1, then dΘL
0

dt ≤ 0, for all
(
X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

)
> 0. Furthermore,

dΘL
0

dt = 0 holds only when X = X0, UD = U0
D, and UZ = U0

Z, together with (RL
D − 1)YA

D = 0 and
(RL

Z−1)YA
Z = 0. The trajectories of system in Eqs (2.1)–(2.9) converge to Υ′0 [47]. This set has elements

satisfying X = X0,UD = U0
D, UZ = U0

Z, so

(RL
D − 1)YA

D = 0 and (RL
Z − 1)YA

Z = 0. (5.1)

There are four cases:
(i) RL

D = 1 and RL
Z = 1. Then from Eq (2.1), we get

0 =
dX
dt
= λ − dX0 − βDX0VD − βZX0VZ =⇒ (βDVD + βZVZ)X0 = 0, (5.2)

=⇒ VD(t) = 0, VZ(t) = 0 for any t,

and then dVD
dt =

dVZ
dt = 0. From Eqs (2.6) and (2.7), we find that

0 =
dVD

dt
= kD

∫ S 7

0
Π7(τ)YA

Dτdτ⇒ YA
D(t) = 0 for any t, (5.3)

0 =
dVZ

dt
= kZ

∫ S 8

0
Π8(τ)YA

Zτdτ⇒ YA
Z (t) = 0 for any t, (5.4)
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and so we have dYA
D

dt =
dYA

Z
dt = 0. From Eqs (2.3) and (2.5), we find that

0 =
dYA

D

dt
= ηD

∫ S 3

0
Π3(τ)YL

Dτdτ⇒ YL
D(t) = 0 for any t, (5.5)

0 =
dYA

Z

dt
= ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ⇒ YL
Z (t) = 0 for any t. (5.6)

Thus, Υ′0 = {EQ0}.

(ii) RL
D < 1 and RL

Z < 1. Then from Eq (5.1), we have YA
D = YA

Z = 0, from Eq (5.2), we have
VD = VZ = 0, and from Eqs (5.5) and (5.6), we have YL

D = YL
Z = 0. Thus, Υ′0 = {EQ0}.

(iii) RL
D = 1 and RL

Z < 1. Then from Eq (5.1), we have YA
Z = 0 and from Eq (5.2), we have

VD = VZ = 0. Equations (5.3), (5.5) and (5.6) imply that YA
D = YA

Z = YL
D = YL

Z = 0. Thus, Υ′0 = {EQ0}.

(iv) RL
D < 1 and RL

Z = 1. Then from Eq (5.1), we have YA
D = 0, and from Eq (5.2), we have

VD = VZ = 0. Equations (5.4)–(5.6) imply that YA
D = YA

Z = YL
D = YL

Z = 0. Thus, Υ′0 = {EQ0}.

Applying L-LAS, we obtain that EQ0 is G.A.S. To establish the instability of EQ0 if RL
0 > 1,

we compute the Jacobian matrix at the disease-free equilibrium EQ0, and then we calculate the
characteristic equation as:

det(J(EQ0) − ξI) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−d − ξ 0 0 0 0 −βDX0 −βZX0 0 0

0 −(ηD + bD) − ξ 0 0 0 (1 − θD)𭟋̄1βDX0 0 0 0

0 𭟋̄3ηD −aD − δDU0
D − ξ 0 0 θD𭟋̄2βDX0 0 0 0

0 0 0 −(ηZ + bZ) − ξ 0 0 (1 − θZ)𭟋̄4βZX0 0 0

0 0 0 𭟋̄6ηZ −aZ − δZU0
Z − ξ 0 θZ𭟋̄5βZX0 0 0

0 0 𭟋̄7kD 0 0 −cD − ξ 0 0 0

0 0 0 0 𭟋̄8kZ 0 −cZ − ξ 0 0

0 0 ρDU0
D 0 0 0 0 −ψD − ξ 0

0 0 0 0 ρZU0
Z 0 0 0 −ψZ − ξ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0,

(5.7)
where ξ is the eigenvalue and I is the identity matrix and 𭟋̄i =

∫ S i

0
fi(τ)e−(ξ+ni)τdτ, i = 1, 2, ..., 8.

Expanding the determinant, we obtain:

(d + ξ)(ψD + ξ)(ψZ + ξ)M(ξ) = 0, (5.8)

where M(ξ) = M1(ξ)M2(ξ) is defined for interval [0,∞) as:

M1(ξ) = ξ3 + m̂L
2ξ

2 + m̂L
1ξ + m̂L

0 , M2(ξ) = ξ3 + n̂L
2ξ

2 + n̂L
1ξ + n̂L

0 ,

and

m̂L
2 = aD + bD + cD + ηD + δDU0

D,

m̂L
1 = aD(bD + cD + ηD) + cD(bD + ηD) + (bD + cD + ηD)δDU0

D − θDβD𭟋̄2𭟋̄7kDX0,

m̂L
0 = cD(ηD + bD)(aD + δDU0

D) − βDkD𭟋̄7X0((ηD + bD)θD𭟋̄2 + ηD(1 − θD)𭟋̄1𭟋̄3)

= cD(ηD + bD)
(
aD +

δDφD

ψD

)
− βDkD𭟋̄7σ̄DX0,

n̂L
2 = aZ + bZ + cZ + ηZ + δZU0

Z,

n̂L
1 = aZ(bZ + cZ + ηZ) + cZ(bZ + ηZ) + (bZ + cZ + ηZ)δZU0

Z − θZβZ𭟋̄5𭟋̄8kZX0,
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n̂L
0 = cZ(ηZ + bZ)(aZ + δZU0

Z) − βZkZ𭟋̄8X0((ηZ + bZ)θZ𭟋̄5 + ηZ(1 − θZ)𭟋̄4𭟋̄6)

= cZ(ηZ + bZ)
(
aZ +

δZφZ

ψZ

)
− βZkZ𭟋̄8σ̄ZX0,

where σ̄D = (ηD + bD)θD𭟋̄2 + ηD(1 − θD)𭟋̄1𭟋̄3, σ̄Z = (ηZ + bZ)θZ𭟋̄5 + ηZ(1 − θZ)𭟋̄4𭟋̄6. Thus M1(0) =
−

cD(ηD+bD)(aDψD+δDφD)
ψD

(
RL

D − 1
)
< 0 if RL

D > 1, and M2(0) = − cZ (ηZ+bZ )(aZψZ+δZφZ )
ψZ

(
RL

Z − 1
)
< 0 if RL

Z > 1
and lim

ξ→∞
Mi(ξ) = ∞, i = 1, 2. Then Mi(ξ) has a positive real root. Thus, when RL

D > 1 and/or RL
Z > 1

(i.e., RL
0 > 1), Eq (5.8) has a positive root, and so EQ0 is unstable.

Theorem 2. The DENV mono-infection equilibrium EQ∗ = (X∗, YL∗
D , Y

A∗
D , 0, 0,V∗D, 0,U

∗
D,U

∗
Z) is

G.A.S if RL
D > 1 and RL,inv

Z ≤ 1. Moreover, if RL,inv
Z > 1, then EQ∗ is unstable.

Proof. Define ΘL
1(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) as:

ΘL
1 = X∗L

( X
X∗

)
+
ηD𭟋3

σD
YL∗

D L

(
YL

D

YL∗
D

)
+
ηD + bD

σD
YA∗

D L

(
YA

D

YA∗
D

)
+
ηZ𭟋6

σZ
YL

Z +
ηZ + bZ

σZ
YA

Z +
βDX∗

cD
V∗DL

(
VD

V∗D

)
+
βZX∗

cZ
VZ

+
δD(ηD + bD)

ρDσD
U∗DL

(
UD

U∗D

)
+
δZ(ηZ + bZ)
ρZσZ

U∗ZL
(
UZ

U∗Z

)
+
ηD𭟋3βD(1 − θD)

σD
X∗V∗D

∫ S 1

0
Π1(τ)

∫ t

t−τ
L

(
X(ϕ)VD(ϕ)

X∗V∗D

)
dϕdτ

+
βDθD(ηD + bD)

σD
X∗V∗D

∫ S 2

0
Π2(τ)

∫ t

t−τ
L

(
X(ϕ)VD(ϕ)

X∗V∗D

)
dϕdτ

+
ηD(ηD + bD)

σD
YL∗

D

∫ S 3

0
Π3(τ)

∫ t

t−τ
L

(
YL

D(ϕ)
YL∗

D

)
dϕdτ

+
ηZ𭟋6βZ(1 − θZ)

σZ

∫ S 4

0
Π4(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
βZθZ(ηZ + bZ)

σZ

∫ S 5

0
Π5(τ)

∫ t

t−τ
X(ϕ)VZ(ϕ)dϕdτ

+
ηZ(ηZ + bZ)

σZ

∫ S 6

0
Π6(τ)

∫ t

t−τ
YL

Z (ϕ)dϕdτ

+
βDkDX∗

cD
YA∗

D

∫ S 7

0
Π7(τ)

∫ t

t−τ
L

(
YA

D(ϕ)
YA∗

D

)
dϕdτ

+
βZkZX∗

cZ

∫ S 8

0
Π8(τ)

∫ t

t−τ
YA

Z (ϕ)dϕdτ.

We observe that ΘL
1(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 for all

(X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 and ΘL

1(X∗, YL∗
D , Y

A∗
D , 0, 0,V∗D, 0,U

∗
D,U

∗
Z) = 0. Calculating

dΘL
1

dt along the solutions of system in Eqs (2.1)–(2.9) as:

dΘL
1

dt
=

(
1 −

X∗

X

)
(λ − dX − βDXVD − βZXVZ) +

ηD𭟋3

σD

(
1 −

YL∗
D

YL
D

)
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×

(
(1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτdτ − (ηD + bD)YL

D

)
+
ηD + bD

σD

(
1 −

YA∗
D

YA
D

)
×

(
θDβD

∫ S 2

0
Π2(τ)XτVDτdτ + ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D − δDYA

DUD

)
+
ηZ𭟋6

σZ

(
(1 − θZ)βZ

∫ S 4

0
Π4(τ)XτVZτdτ − (ηZ + bZ)YL

Z

)
+
ηZ + bZ

σZ

(
θZβZ

∫ S 5

0
Π5(τ)XτVZτdτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ − aZYA
Z − δZYA

Z UZ

)
+
βDX∗

cD

(
1 −

V∗D
VD

) (
kD

∫ S 7

0
Π7(τ)YA

Dτdτ − cDVD

)
+
βZX∗

cZ

(
kZ

∫ S 8

0
Π8(τ)YA

Zτdτ − cZVZ

)
+
δD(ηD + bD)

ρDσD

(
1 −

U∗D
UD

)
(φD + ρDYA

DUD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

(
1 −

U∗Z
UZ

)
(φZ + ρZYA

Z UZ − ψZUZ)

+
ηD𭟋3βD(1 − θD)

σD
X∗V∗D

∫ S 1

0
Π1(τ)

[
XVD

X∗V∗D
−

XτVDτ

X∗V∗D
+ ln

(
XτVDτ

XVD

)]
dτ

+
βDθD(ηD + bD)

σD
X∗V∗D

∫ S 2

0
Π2(τ)

[
XVD

X∗V∗D
−

XτVDτ

X∗V∗D
+ ln

(
XτVDτ

XVD

)]
dτ

+
ηD(ηD + bD)

σD
YL∗

D

∫ S 3

0
Π3(τ)

[
YL

D

YL∗
D

−
YL

Dτ

YL∗
D

+ ln
(
YL

Dτ

YL
D

)]
dτ

+
ηZ𭟋6βZ(1 − θZ)

σZ

∫ S 4

0
Π4(τ)(XVZ − XτVZτ)dτ

+
βZθZ(ηZ + bZ)

σZ

∫ S 5

0
Π5(τ)(XVZ − XτVZτ)dτ

+
ηZ(ηZ + bZ)

σZ

∫ S 6

0
Π6(τ)(YL

Z − YL
Zτ)dτ

+
βDkDX∗

cD
YA∗

D

∫ S 7

0
Π7(τ)

[
YA

D

YA∗
D

−
YA

Dτ

YA∗
D

+ ln
(
YA

Dτ

YA
D

)]
dτ

+
βZkZX∗

cZ

∫ S 8

0
Π8(τ)(YA

Z − YA
Zτ)dτ.

It follows that

dΘL
1

dt
=

(
1 −

X∗

X

)
(λ − dX) +

(
βDkD𭟋7X∗

cD
−

aD(ηD + bD)
σD

−
δD(ηD + bD)

σD
U∗D

)
YA

D

+

(
βZkZ𭟋8X∗

cZ
−

aZ(ηZ + bZ)
σZ

−
δZ(ηZ + bZ)

σZ
U∗Z

)
YA

Z

−
ηD(1 − θD)βD𭟋3

σD

∫ S 1

0
Π1(τ)

XτVDτYL∗
D

YL
D

dτ +
ηD𭟋3(ηD + bD)

σD
YL∗

D
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−
(ηD + bD)θDβD

σD

∫ S 2

0
Π2(τ)

XτVDτYA∗
D

YA
D

dτ +
aD(ηD + bD)

σD
YA∗

D

−
ηD(ηD + bD)

σD

∫ S 3

0
Π3(τ)

YL
DτY

A∗
D

YA
D

dτ −
βDkDX∗

cD

∫ S 7

0
Π7(τ)

YA
DτV

∗
D

VD
dτ + βDX∗V∗D

+
δD(ηD + bD)

σD
YA∗

D UD +
δD(ηD + bD)

ρDσD

(
1 −

U∗D
UD

)
(φD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

(
1 −

U∗Z
UZ

)
(φZ − ψZUZ) +

ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ) ln

(
XτVDτ

XVD

)
dτ

+
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ) ln

(
XτVDτ

XVD

)
dτ +

ηD(ηD + bD)
σD

YL∗
D

∫ S 3

0
Π3(τ) ln

(
YL

Dτ

YL
D

)
dτ

+
βDkDX∗

cD
YA∗

D

∫ S 7

0
Π7(τ) ln

(
YA

Dτ

YA
D

)
dτ.

Equilibrium EQ∗ satisfies

λ = dX∗ + βDX∗V∗D,

(1 − θD)βD𭟋1X∗V∗D = (ηD + bD)YL∗
D ,

aDYA∗
D = θDβD𭟋2X∗V∗D + ηD𭟋3YL∗

D − δDYA∗
D U∗D,

kD𭟋7YA∗
D = cDV∗D,

φD = ψDU∗D − ρDYA∗
D U∗D,

φZ = ψZU∗Z,

we obtain (
βDkD𭟋7X∗

cD
−

aD(ηD + bD)
σD

−
δD(ηD + bD)

σD
U∗D

)
YA

D

=

(
βDkD𭟋7X∗

cD
YA∗

D −
aD(ηD + bD)

σD
YA∗

D −
δD(ηD + bD)

σD
U∗DYA∗

D

)
YA

D

YA∗
D

= 0,

and (
βZkZ𭟋8X∗

cZ
−

aZ(ηZ + bZ)
σZ

−
δZ(ηZ + bZ)

σZ
U∗Z

)
YA

Z =
(ηZ + bZ)(aZψZ + δZφZ)

ψZσZ

(
RL,inv

Z − 1
)

YA
Z ,

and using the following equalities

ln
(

XτVDτ

XVD

)
= ln

(
XτVDτYL∗

D

X∗V∗DYL
D

)
+ ln

(
X∗

X

)
+ ln

(
YL

DV∗D
YL∗

D VD

)
,

ln
(

XτVDτ

XVD

)
= ln

(
XτVDτYA∗

D

X∗V∗DYA
D

)
+ ln

(
X∗

X

)
+ ln

(
YA

DV∗D
YA∗

D VD

)
,

ln
(
YL

Dτ

YL
D

)
= ln

(
YL

DτY
A∗
D

YL∗
D YA

D

)
+ ln

(
YL∗

D YA
D

YL
DYA∗

D

)
,
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ln
(
YA

Dτ

YA
D

)
= ln

(
YA

DτV
∗
D

YA∗
D VD

)
+ ln

(
YA∗

D VD

YA
DV∗D

)
.

So,

dΘL
1

dt
=

(
1 −

X∗

X

)
(dX∗ + βDX∗V∗D − dX) +

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL,inv

Z − 1
)

YA
Z

−
ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ)

XτVDτYL∗
D

X∗V∗DYL
D

dτ + 2
ηD(1 − θD)𭟋1𭟋3

σD
βDX∗V∗D

+
θD(ηD + bD)𭟋2

σD
βDX∗V∗D −

δD(ηD + bD)
σD

YA∗
D U∗D −

θD(ηD + bD)
σD

βDX∗V∗D

×

∫ S 2

0
Π2(τ)

XτVDτYA∗
D

X∗V∗DYA
D

dτ −
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)

YL
DτY

A∗
D

YL∗
D YA

D

dτ

−
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)

YA
DτV

∗
D

YA∗
D VD

dτ + βDX∗V∗D +
δD(ηD + bD)

σD
YA∗

D UD

+
δD(ηD + bD)

ρDσD

(
1 −

U∗D
UD

)
(ψDU∗D − ρDYA∗

D U∗D − ψDUD) +
δZ(ηZ + bZ)
ρZσZ

(
1 −

U∗Z
UZ

)
(ψZU∗Z − ψZUZ)

+
ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ)

[
ln

(
XτVDτYL∗

D

X∗V∗DYL
D

)
+ ln

(
X∗

X

)
+ ln

(
YL

DV∗D
YL∗

D VD

)]
dτ

+
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ)

[
ln

(
XτVDτYA∗

D

X∗V∗DYA
D

)
+ ln

(
X∗

X

)
+ ln

(
YA

DV∗D
YA∗

D VD

)]
dτ

+
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)

[
ln

(
YL

DτY
A∗
D

YL∗
D YA

D

)
+ ln

(
YL∗

D YA
D

YL
DYA∗

D

)]
dτ

+
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)

[
ln

(
YA

DτV
∗
D

YA∗
D VD

)
+ ln

(
YA∗

D VD

YA
DV∗D

)]
dτ.

It follows that
dΘL

1

dt
=

(
1 −

X∗

X

)
(dX∗ − dX) + βDX∗V∗D

(
1 −

X∗

X

)
+

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL,inv

Z − 1
)

YA
Z +

δD(ηD + bD)
σD

YA∗
D (UD − U∗D)

+
δD(ηD + bD)

ρDσD

(
1 −

U∗D
UD

)
(ψDU∗D − ψDUD)

−
δD(ηD + bD)

σD
YA∗

D U∗D

(
1 −

U∗D
UD

)
+
δZ(ηZ + bZ)
ρZσZ

(
1 −

U∗Z
UZ

)
(ψZU∗Z − ψZUZ)

−
ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ)

[
XτVDτYL∗

D

X∗V∗DYL
D

− 1 − ln
(

XτVDτYL∗
D

X∗V∗DYL
D

)]
dτ

−
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ)

[
XτVDτYA∗

D

X∗V∗DYA
D

− 1 − ln
(

XτVDτYA∗
D

X∗V∗DYA
D

)]
dτ

−
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)

[
YL

DτY
A∗
D

YL∗
D YA

D

− 1 − ln
(
YL

DτY
A∗
D

YL∗
D YA

D

)]
dτ
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−
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)

[
YA

DτV
∗
D

YA∗
D VD

− 1 − ln
(
YA

DτV
∗
D

YA∗
D VD

)]
dτ

+
ηD(1 − θD)𭟋1𭟋3

σD
βDX∗V∗D ln

(
X∗

X

)
+
ηD(1 − θD)𭟋1𭟋3

σD
βDX∗V∗D ln

(
YL

DV∗D
YL∗

D VD

)
+
θD(ηD + bD)𭟋2

σD
βDX∗V∗D ln

(
X∗

X

)
+
θD(ηD + bD)𭟋2

σD
βDX∗V∗D ln

(
YA

DV∗D
YA∗

D VD

)
+
ηD(1 − θD)𭟋1𭟋3

σD
βDX∗V∗D ln

(
YL∗

D YA
D

YL
DYA∗

D

)
+ βDX∗V∗D ln

(
YA∗

D VD

YA
DV∗D

)
.

Then we get

dΘL
1

dt
= −

d(X − X∗)2

X
+ βDX∗V∗D

(
1 −

X∗

X

)
+

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL,inv

Z − 1
)

YA
Z

−
δDψD(ηD + bD)

ρDσD

(UD − U∗D)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U∗Z)2

UZ

−
δD(ηD + bD)

σD
YA∗

D U∗D

(
2 −

U∗D
UD
−

UD

U∗D

)
−
ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ)L

(
XτVDτYL∗

D

X∗V∗DYL
D

)
dτ

−
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ)L

(
XτVDτYA∗

D

X∗V∗DYA
D

)
dτ

−
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)L

(
YL

DτY
A∗
D

YL∗
D YA

D

)
dτ

−
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)L

(
YA

DτV
∗
D

YA∗
D VD

)
dτ + βDX∗V∗D ln

(
X∗

X

)
= −

d(X − X∗)2

X
+

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL,inv

Z − 1
)

YA
Z

−
δDψD(ηD + bD)

ρDσD

(UD − U∗D)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U∗Z)2

UZ

+
δD(ηD + bD)

σD
YA∗

D

(UD − U∗D)2

UD
− βDX∗V∗DL

(
X∗

X

)
−
ηD(1 − θD)𭟋3

σD
βDX∗V∗D

∫ S 1

0
Π1(τ)L

(
XτVDτYL∗

D

X∗V∗DYL
D

)
dτ

−
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ)L

(
XτVDτYA∗

D

X∗V∗DYA
D

)
dτ

−
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)L

(
YL

DτY
A∗
D

YL∗
D YA

D

)
dτ

−
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)L

(
YA

DτV
∗
D

YA∗
D VD

)
dτ.
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From equilibrium conditions of EQ∗, we have YA∗
D −

ψD
ρD
= −

φD
ρDU∗D

. It follows that

dΘL
1

dt
= −

d(X − X∗)2

X
+

(ηZ + bZ)(aZψZ + δZφZ)
ψZσZ

(
RL,inv

Z − 1
)

YA
Z

−
δDφD(ηD + bD)

ρDσD

(UD − U∗D)2

U∗DUD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − U∗Z)2

UZ

− βDX∗V∗DL
(

X∗

X

)
−
ηD(1 − θD)𭟋3βD

σD
X∗V∗D

∫ S 1

0
Π1(τ)L

(
XτVDτYL∗

D

X∗V∗DYL
D

)
dτ

−
θD(ηD + bD)

σD
βDX∗V∗D

∫ S 2

0
Π2(τ)L

(
XτVDτYA∗

D

X∗V∗DYA
D

)
dτ

−
ηD𭟋1(1 − θD)

σD
βDX∗V∗D

∫ S 3

0
Π3(τ)L

(
YL

DτY
A∗
D

YL∗
D YA

D

)
dτ

−
βD

𭟋7
X∗V∗D

∫ S 7

0
Π7(τ)L

(
YA

DτV
∗
D

YA∗
D VD

)
dτ.

Consequently, if RL,inv
Z ≤ 1, then dΘL

1
dt ≤ 0, for all

(
X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

)
> 0. Moreover,

dΘL
1

dt = 0 when X = X∗, YL
D = YL∗

D , YA
D = YA∗

D , VD = V∗D, UD = U∗D, UZ = U∗Z, and (RL,inv
Z − 1)YA

Z = 0. The
solutions of system in Eqs (2.1)–(2.9) converge to Υ′1,which has elements satisfying X = X∗, YL

D = YL∗
D ,

YA
D = YA∗

D ,VD = V∗D, UD = U∗D, UZ = U∗Z, and

(RL,inv
Z − 1)YA

Z = 0. (5.9)

We have two cases: (i) RL,inv
Z < 1, then Eq (5.9) implies that YA

Z = 0, and Eq (2.1) gives

0 =
dX
dt
= λ − dX∗ − βDX∗V∗D − βZX∗VZ =⇒ VZ(t) = 0 for any t. (5.10)

From Eq (2.5), we have

0 =
dYA

Z

dt
= ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ⇒ YL
Z (t) = 0 for any t. (5.11)

Hence, Υ′1 = {EQ∗}. (ii) RL,inv
Z = 1, then from Eq (5.10), we have VZ = 0, and from Eq (2.7), we get

0 =
dVZ

dt
= kZ

∫ S 8

0
Π8(τ)YA

Zτdτ⇒ YA
Z (t) = 0 for any t.

Additionally, from Eq (5.11), we have YL
Z = 0. Hence, Υ′1 = {EQ∗}. Applying the L-LAS theorem

implies that EQ∗ is G.A.S.
To determine whether EQ∗ is unstable when RL,inv

Z > 1, we compute the characteristic equation at
EQ∗ as:

det(J(EQ∗) − ξI) = (ψZ + ξ)N(ξ)[δDU∗D(cD + ξ)(d + βDV∗D + ξ)
× (bD + ηD + ξ)(ψD + ξ) + (ψD − ρDYA∗

D + ξ)((cD + ξ)(aD + ξ)
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× (d + βDV∗D + ξ)(bD + ηD + ξ) − kDβDX∗(d + ξ) + σ̄D + 𭟋̄2θDξ)]
= 0, (5.12)

where N(ξ) is defined for interval [0,∞) as:

N(ξ) = ξ3 + ε̂L
2ξ

2 + ε̂L
1ξ + ε̂

L
0 ,

and

ε̂L
2 = aZ + bZ + cZ + ηZ + δZU∗Z,

ε̂L
1 = aZ(bZ + cZ + ηZ) + cZ(bZ + ηZ) + (bZ + cZ + ηZ)δZU∗Z − θZβZkZ𭟋̄5𭟋̄8X∗,

ε̂L
0 = cZ(ηZ + bZ)(aZ + δZU∗Z) − βZkZ𭟋̄8X∗((ηZ + bZ)θZ𭟋̄5 + ηZ(1 − θZ)𭟋̄4𭟋̄6)
= cZ(ηZ + bZ)

(
aZ + δZU∗Z

)
− βZkZ𭟋̄8X∗σ̄Z.

If RL,inv
Z > 1, then N(0) < 0 since N(0) = − cZ (ηZ+bZ )(aZψZ+δZφZ )

ψZ

(
RL,inv

Z − 1
)

and lim
ξ→∞

N(ξ) = ∞, so,

Eq (5.12) has a positive root and hence EQ∗ is unstable.
Theorem 3. The ZIKV mono-infection equilibrium EQ = (X, 0, 0, Y

L
Z,Y

A
Z , 0,VZ,UD,UZ) is G.A.S

if RL
Z > 1 and RL,inv

D ≤ 1. Moreover, if RL,inv
D > 1, then EQ is unstable.

Proof. Define ΘL
2(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) as:

ΘL
2 = XL

(
X

X

)
+
ηD𭟋3

σD
YL

D +
ηD + bD

σD
YA

D +
ηZ𭟋6

σZ
Y

L
ZL

YL
Z

Y
L
Z

 + ηZ + bZ

σZ
Y

A
ZL

YA
Z

Y
A
Z

 + βDX
cD

VD

+
βZX
cZ

VZL

(
VZ

VZ

)
+
δD(ηD + bD)

ρDσD
UDL

(
UD

UD

)
+
δZ(ηZ + bZ)
ρZσZ

UZL

(
UZ

UZ

)
+
ηD𭟋3βD(1 − θD)

σD

∫ S 1

0
Π1(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ

+
βDθD(ηD + bD)

σD

∫ S 2

0
Π2(τ)

∫ t

t−τ
X(ϕ)VD(ϕ)dϕdτ +

ηD(ηD + bD)
σD

∫ S 3

0
Π3(τ)

∫ t

t−τ
YL

D(ϕ)dϕdτ

+
ηZ𭟋6βZ(1 − θZ)

σZ
X VZ

∫ S 4

0
Π4(τ)

∫ t

t−τ
L

(
X(ϕ)VZ(ϕ)

X VZ

)
dϕdτ +

βZθZ(ηZ + bZ)
σZ

X VZ

∫ S 5

0
Π5(τ)

×

∫ t

t−τ
L

(
X(ϕ)VZ(ϕ)

X VZ

)
dϕdτ +

ηZ(ηZ + bZ)
σZ

Y
L
Z

∫ S 6

0
Π6(τ)

∫ t

t−τ
L

YL
Z (ϕ)

Y
L
Z

 dϕdτ

+
βDkDX

cD

∫ S 7

0
Π7(τ)

∫ t

t−τ
YA

D(ϕ)dϕdτ +
βZkZX

cZ
Y

A
Z

∫ S 8

0
Π8(τ)

∫ t

t−τ
L

YA
Z (ϕ)

Y
A
Z

 dϕdτ.

We observe that ΘL
2(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 for all

(X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 and ΘL

2(X, 0, 0, Y
L
Z ,Y

A
Z , 0,VZ,UD,UZ) = 0. Calculating

dΘL
2

dt along the solutions of system in Eqs (2.1)–(2.9) as:

dΘL
2

dt
=

1 − X
X

 (λ − dX − βDXVD − βZXVZ) +
ηD𭟋3

σD

(
(1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτdτ − (ηD + bD)YL

D

)
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+
ηD + bD

σD

(
θDβD

∫ S 2

0
Π2(τ)XτVDτdτ + ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D − δDYA

DUD

)
+
ηZ𭟋6

σZ

1 − Y
L
Z

YL
Z

 ((1 − θZ)βZ

∫ S 4

0
Π4(τ)XτVZτdτ − (ηZ + bZ)YL

Z

)

+
ηZ + bZ

σZ

1 − Y
A
Z

YA
Z

 (θZβZ

∫ S 5

0
Π5(τ)XτVZτdτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ − aZYA
Z − δZYA

Z UZ

)
+
βDX
cD

(
kD

∫ S 7

0
Π7(τ)YA

Dτdτ − cDVD

)
+
βZX
cZ

1 − VZ

VZ

 (kZ

∫ S 8

0
Π8(τ)YA

Zτdτ − cZVZ

)
+
δD(ηD + bD)

ρDσD

1 − UD

UD

 (φD + ρDYA
DUD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − UZ

UZ

 (φZ + ρZYA
Z UZ − ψZUZ)

+
ηD𭟋3βD(1 − θD)

σD

∫ S 1

0
Π1(τ)(XVD − XτVDτ)dτ

+
βDθD(ηD + bD)

σD

∫ S 2

0
Π2(τ)(XVD − XτVDτ)dτ +

ηD(ηD + bD)
σD

∫ S 3

0
Π3(τ)(YL

D − YL
Dτ)dτ

+
ηZ𭟋6βZ(1 − θZ)

σZ
XVZ

∫ S 4

0
Π4(τ)

[
XVZ

XVZ

−
XτVZτ

XVZ

+ ln
(

XτVZτ

XVZ

)]
dτ

+
βZθZ(ηZ + bZ)

σZ
XVZ

∫ S 5

0
Π5(τ)

[
XVZ

XVZ

−
XτVZτ

XVZ

+ ln
(

XτVZτ

XVZ

)]
dτ

+
ηZ(ηZ + bZ)

σZ
Y

L
Z

∫ S 6

0
Π6(τ)

YL
Z

Y
L
Z

−
YL

Zτ

Y
L
Z

+ ln
(
YL

Zτ

YL
Z

) dτ

+
βDkDX

cD

∫ S 7

0
Π7(τ)(YA

D − YA
Dτ)dτ

+
βZkZX

cZ
Y

A
Z

∫ S 8

0
Π8(τ)

YA
Z

Y
A
Z

−
YA

Zτ

Y
A
Z

+ ln
(
YA

Zτ

YA
Z

) dτ.

It follows that

dΘL
2

dt
=

1 − X
X

 (λ − dX) +
βDkD𭟋7X

cD
−

aD(ηD + bD)
σD

−
δD(ηD + bD)

σD
UD

 YA
D

+

βZkZ𭟋8X
cZ

−
aZ(ηZ + bZ)

σZ
−
δZ(ηZ + bZ)

σZ
UZ

 YA
Z −

ηZ(1 − θZ)βZ𭟋6

σZ

Y
L
Z

YL
Z

∫ S 4

0
Π4(τ)XτVZτdτ

+
ηZ𭟋6(ηZ + bZ)

σZ
Y

L
Z −

(ηZ + bZ)θZβZ

σZ

Y
A
Z

YA
Z

∫ S 5

0
Π5(τ)XτVZτdτ +

aZ(ηZ + bZ)
σZ

Y
A
Z

−
ηZ(ηZ + bZ)

σZ

Y
A
Z

YA
Z

∫ S 6

0
Π6(τ)YL

Zτdτ −
βZkZX

cZ

VZ

VZ

∫ S 8

0
Π8(τ)YA

Zτdτ + βZXVZ
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+
δZ(ηZ + bZ)

σZ
Y

A
ZUZ +

δD(ηD + bD)
ρDσD

1 − UD

UD

 (φD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − UZ

UZ

 (φZ − ψZUZ) +
ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ) ln

(
XτVZτ

XVZ

)
dτ

+
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ) ln

(
XτVZτ

XVZ

)
dτ +

ηZ(ηZ + bZ)
σZ

Y
L
Z

∫ S 6

0
Π6(τ) ln

(
YL

Zτ

YL
Z

)
dτ

+
βZkZX

cZ
Y

A
Z

∫ S 8

0
Π8(τ) ln

(
YA

Zτ

YA
Z

)
dτ.

Equilibrium EQ satisfies

λ = dX + βZX VZ,

(1 − θZ)βZ𭟋4X VZ = (ηZ + bZ)Y
L
Z,

aZY
A
Z = θZβZ𭟋5X VZ + ηZ𭟋6Y

L
Z − δZY

A
ZUZ,

kZ𭟋8Y
A
Z = cZVZ,

φD = ψDUD,

φZ = ψZUZ − ρZY
A
ZUZ,

we obtainβDkD𭟋7X
cD

−
aD(ηD + bD)

σD
−
δD(ηD + bD)

σD
UD

 YA
D =

(ηD + bD)(aDψD + δDφD)
ψDσD

(
RL,inv

D − 1
)

YA
D,

and βZkZ𭟋8X
cZ

−
aZ(ηZ + bZ)

σZ
−
δZ(ηZ + bZ)

σZ
UZ

 YA
Z

=

βZkZ𭟋8X
cZ

Y
A
Z −

aZ(ηZ + bZ)
σZ

Y
A
Z −

δZ(ηZ + bZ)
σZ

UZY
A
Z

 YA
Z

Y
A
Z

= 0.

Using the following equalities

ln
(

XτVZτ

XVZ

)
= ln

XτVZτY
L
Z

XVZYL
Z

 + ln
X

X

 + ln

YL
Z VZ

Y
L
ZVZ

 ,
ln

(
XτVZτ

XVZ

)
= ln

XτVZτY
A
Z

XVZYA
Z

 + ln
X

X

 + ln

YA
Z VZ

Y
A
ZVZ

 ,
ln

(
YL

Zτ

YL
Z

)
= ln

YL
ZτY

A
Z

Y
L
ZYA

Z

 + ln

Y
L
ZYA

Z

YL
Z Y

A
Z

 ,
ln

(
YA

Zτ

YA
Z

)
= ln

YA
ZτVZ

Y
A
ZVZ

 + ln

Y
A
ZVZ

YA
Z VZ

 .
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Thus,

dΘL
2

dt
=

1 − X
X

 (dX + βZXVZ − dX) +
(ηD + bD)(aDψD + δDφD)

ψDσD

(
RL,inv

D − 1
)

YA
D

−
ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ)

XτVZτY
L
Z

XVZYL
Z

dτ

+ 2
ηZ(1 − θZ)𭟋4𭟋6

σZ
βZXVZ +

θZ(ηZ + bZ)𭟋5

σZ
βZXVZ −

δZ(ηZ + bZ)
σZ

Y
A
ZUZ

−
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)

XτVZτY
A
Z

XVZYA
Z

dτ −
ηZ(1 − θZ)𭟋4

σZ
βZXVZ

∫ S 6

0
Π6(τ)

YL
ZτY

A
Z

Y
L
ZYA

Z

dτ

+
δZ(ηZ + bZ)

σZ
Y

A
ZUZ −

βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)

YA
ZτVZ

Y
A
ZVZ

dτ + βZXVZ

−
δD(ηD + bD)

ρDσD

1 − UD

UD

 (ψDUD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − UZ

UZ

 (ψZUZ − ρZY
A
ZUZ − ψZUZ)

+
ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ)

ln
XτVZτY

L
Z

XVZYL
Z

 + ln
X

X

 + ln

YL
Z VZ

Y
L
ZVZ


 dτ

+
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)

ln
XτVZτY

A
Z

XVZYA
Z

 + ln
X

X

 + ln

YA
Z VZ

Y
A
ZVZ


 dτ

+
ηZ𭟋4(1 − θZ)

σZ
βZXVZ

∫ S 6

0
Π6(τ)

ln
YL

ZτY
A
Z

Y
L
ZYA

Z

 + ln

Y
L
ZYA

Z

YL
Z Y

A
Z


 dτ

+
βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)

ln
YA

ZτVZ

Y
A
ZVZ

 + ln

Y
A
ZVZ

YA
Z VZ


 dτ.

It follows that

dΘL
2

dt
=

1 − X
X

 (dX − dX) + βZXVZ

1 − X
X

 + (ηD + bD)(aDψD + δDφD)
ψDσD

(
RL,inv

D − 1
)

YA
D

+
δZ(ηZ + bZ)

σZ
Y

A
Z(UZ − UZ) +

δD(ηD + bD)
ρDσD

1 − UD

UD

 (ψDUD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − UZ

UZ

 (ψZUZ − ψZUZ) −
δZ(ηZ + bZ)

σZ
Y

A
ZUZ

1 − UZ

UZ


−
ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ)

XτVZτY
L
Z

XVZYL
Z

− 1 − ln

XτVZτY
L
Z

XVZYL
Z


 dτ

−
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)

XτVZτY
A
Z

XVZYA
Z

− 1 − ln

XτVZτY
A
Z

XVZYA
Z


 dτ
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−
ηZ(1 − θZ)𭟋4

σZ
βZXVZ

∫ S 6

0
Π6(τ)

YL
ZτY

A
Z

Y
L
ZYA

Z

− 1 − ln

YL
ZτY

A
Z

Y
L
ZYA

Z


 dτ

−
βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)

YA
ZτVZ

Y
A
ZVZ

− 1 − ln

YA
ZτVZ

Y
A
ZVZ


 dτ

+
ηZ(1 − θZ)𭟋4𭟋6

σZ
βZXVZ ln

X
X

 + ηZ(1 − θZ)𭟋4𭟋6

σZ
βZXVZ ln

YL
Z VZ

Y
L
ZVZ


+
θZ(ηZ + bZ)𭟋5

σZ
βZXVZ ln

X
X

 + θZ(ηZ + bZ)𭟋5

σZ
βZXVZ ln

YA
Z VZ

Y
A
ZVZ


+
ηZ(1 − θZ)𭟋4𭟋6

σZ
βZXVZ ln

Y
L
ZYA

Z

YL
Z Y

A
Z

 + βZXVZ ln

Y
A
ZVZ

YA
Z VZ

 .

Then we get

dΘL
2

dt
= −

d(X − X)2

X
+ βZXVZ

1 − X
X

 + (ηD + bD)(aDψD + δDφD)
ψDσD

(
RL,inv

D − 1
)

YA
D

−
δDψD(ηD + bD)

ρDσD

(UD − UD)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − UZ)2

UZ

−
δZ(ηZ + bZ)

σZ
Y

A
ZUZ

2 − UZ

UZ
−

UZ

UZ

 − ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ)L

XτVZτY
L
Z

XVZYL
Z

 dτ

−
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)L

XτVZτY
A
Z

XVZYA
Z

 dτ −
ηZ(1 − θZ)𭟋4

σZ
βZXVZ

∫ S 6

0
Π6(τ)L

YL
ZτY

A
Z

Y
L
ZYA

Z

 dτ

−
βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)L

YA
ZτVZ

Y
A
ZVZ

 dτ + βZXVZ ln
X

X


= −

d(X − X)2

X
+

(ηD + bD)(aDψD + δDφD)
ψDσD

(
RL,inv

D − 1
)

YA
D

−
δDψD(ηD + bD)

ρDσD

(UD − UD)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − UZ)2

UZ

+
δZ(ηZ + bZ)

σZ
Y

A
Z

(UZ − UZ)2

UZ
− βZXVZL

X
X

 − ηZ(1 − θZ)𭟋6

σZ
βZXVZ

×

∫ S 4

0
Π4(τ)L

XτVZτY
L
Z

XVZYL
Z

 dτ −
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)L

XτVZτY
A
Z

XVZYA
Z

 dτ

−
ηZ𭟋4(1 − θZ)

σZ
βZXVZ

∫ S 6

0
Π6(τ)L

YL
ZτY

A
Z

Y
L
ZYA

Z

 dτ −
βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)L

YA
ZτVZ

Y
A
ZVZ

 dτ.
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From Equilibrium conditions of EQ, we have Y
A
Z −

ψZ
ρZ
= −

φZ

ρZUZ
. It follows that

dΘL
2

dt
= −

d(X − X)2

X
+

(ηD + bD)(aDψD + δDφD)
ψDσD

(
RL,inv

D − 1
)

YA
D

−
δDψD(ηD + bD)

ρDσD

(UD − UD)2

UD
−
δZφZ(ηZ + bZ)

ρZσZ

(UZ − UZ)2

UZUZ

− βZXVZL

X
X

 − ηZ(1 − θZ)𭟋6

σZ
βZXVZ

∫ S 4

0
Π4(τ)L

XτVZτY
L
Z

XVZYL
Z

 dτ

−
θZ(ηZ + bZ)

σZ
βZXVZ

∫ S 5

0
Π5(τ)L

XτVZτY
A
Z

XVZYA
Z

 dτ

−
ηZ𭟋4(1 − θZ)

σZ
βZXVZ

∫ S 6

0
Π6(τ)L

YL
ZτY

A
Z

Y
L
ZYA

Z

 dτ

−
βZ

𭟋8
XVZ

∫ S 8

0
Π8(τ)L

YA
ZτVZ

Y
A
ZVZ

 dτ.

Consequently, if RL,inv
D ≤ 1, we get dΘL

2
dt ≤ 0, for all

(
X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

)
> 0.

Moreover, dΘL
2

dt = 0 when X = X, YL
Z = Y

L
Z, YA

Z = Y
A
Z , VZ = VZ, UD = UD, UZ = UZ and(

RL,inv
D − 1

)
YA

D = 0. The solutions of system in Eqs (2.1)–(2.9) converge to Υ′2, which contains elements

with X = X, YL
Z = Y

L
Z, YA

Z = Y
A
Z , VZ = VZ, UD = UD, UZ = UZ and,(

RL,inv
D − 1

)
YA

D = 0. (5.13)

We have two cases: (i) RL,inv
D < 1, then Eq (5.13) implies that YA

D = 0, and from Eq (2.1), we get

0 =
dX
dt
= λ − dX − βDXVD − βZXVZ =⇒ VD(t) = 0 for any t. (5.14)

From Eq (2.3), we have

0 =
dYA

D

dt
= ηD

∫ S 3

0
Π3(τ)YL

Dτdτ⇒ YL
D(t) = 0 for any t. (5.15)

Hence, Υ′2 = {EQ}.
(ii) RL,inv

D = 1, then from Eq (5.14), we have VD = 0, and from Eq (2.6), we have

0 =
dVD

dt
= kD

∫ S 7

0
Π7(τ)YA

Dτdτ⇒ YA
D(t) = 0 for any t.

From Eq (5.15), we have YL
D = 0. Hence, Υ′2 = {EQ}. Applying the L-LAS theorem implies that

EQ is G.A.S.
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To determine whether EQ is unstable when RL,inv
D > 1, we compute the characteristic equation at

EQ as:

det(J(EQ) − ξI) = (ψD + ξ)W(ξ)[(δZUZ(cZ + ξ)(d + βZVZ + ξ) (5.16)

× (bZ + ηZ + ξ)(ψZ + ξ) + (ψZ − ρZY
A
Z + ξ)((cZ + ξ)(aZ + ξ)

× (d + βZVZ + ξ)(bZ + ηZ + ξ) − kZβZX(d + ξ) + σ̄Z + 𭟋̄5θZξ)] = 0,

where W(ξ) is defined for interval [0,∞) as:

W(ξ) = ξ3 + ω̂L
2ξ

2 + ω̂L
1ξ + ω̂

L
0 ,

and

ω̂L
2 = aD + bD + cD + ηD + δDUD,

ω̂L
1 = aD(bD + cD + ηD) + cD(bD + ηD) + (bD + cD + ηD)δDUD − θDβDkD𭟋̄2𭟋̄7X,

ω̂L
0 = cD(ηD + bD)(aD + δDUD) − βDkD𭟋̄7X((ηD + bD)θD𭟋̄2 + ηD(1 − θD)𭟋̄1𭟋̄3)

= cD(ηD + bD)(aD +
δDφD

ψD
) − βDkD𭟋̄7σ̄DX,

if RL,inv
D > 1, then W(0) < 0, since W(0) = − cD(ηD+bD)(aDψD+δDφD)

ψD

(
RL,inv

D − 1
)

and lim
ξ→∞

W(ξ) = ∞, so,

Eq (5.16) has a positive root and hence EQ is unstable.
Theorem 4. A ZIKV-DENV co-infection equilibrium ẼQ = (X̃, ỸL

D, Ỹ
A
D, Ỹ

L
Z , Ỹ

A
Z , ṼD, ṼZ, ŨD, ŨZ) is

G.A.S, if RL,inv
D > 1 and RL,inv

Z > 1.
Proof. Define ΘL

3(X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) as:

ΘL
3 = X̃L

(
X

X̃

)
+
ηD𭟋3

σD
ỸL

DL

YL
D

ỸL
D

 + ηD + bD

σD
ỸA

DL

YA
D

ỸA
D

 + ηZ𭟋6

σZ
ỸL

ZL

YL
Z

ỸL
Z

 + ηZ + bZ

σZ
ỸA

ZL

YA
Z

ỸA
Z


+
βD

cD
X̃ṼDL

(
VD

ṼD

)
+
βZ

cZ
X̃ṼZL

(
VZ

ṼZ

)
+
δD(ηD + bD)

ρDσD
ŨDL

(
UD

ŨD

)
+
δZ(ηZ + bZ)
ρZσZ

ŨZL

(
UZ

ŨZ

)
+
ηD𭟋3βD(1 − θD)

σD
X̃ṼD ×

∫ S 1

0
Π1(τ)

∫ t

t−τ
L

(
X(ϕ)VD(ϕ)

X̃ṼD

)
dϕdτ

+
βDθD(ηD + bD)

σD
X̃ṼD

∫ S 2

0
Π2(τ)

∫ t

t−τ
L

(
X(ϕ)VD(ϕ)

X̃ṼD

)
dϕdτ

+
ηD(ηD + bD)

σD
ỸL

D

∫ S 3

0
Π3(τ)

∫ t

t−τ
L

YL
D(ϕ)

ỸL
D

 dϕdτ +
ηZ𭟋6βZ(1 − θZ)

σZ
X̃ṼZ

×

∫ S 4

0
Π4(τ)

∫ t

t−τ
L

(
X(ϕ)VZ(ϕ)

X̃ṼZ

)
dϕdτ +

βZθZ(ηZ + bZ)
σZ

X̃ṼZ

∫ S 5

0
Π5(τ)

∫ t

t−τ
L

(
X(ϕ)VZ(ϕ)

X̃ṼZ

)
dϕdτ

+
ηZ(ηZ + bZ)

σZ
ỸL

Z

∫ S 6

0
Π6(τ)

∫ t

t−τ
L

YL
Z (ϕ)

ỸL
Z

 dϕdτ +
βDkDX̃

cD
ỸA

D

∫ S 7

0
Π7(τ)

∫ t

t−τ
L

YA
D(ϕ)

ỸA
D

 dϕdτ

+
βZkZ X̃

cZ
ỸA

Z

∫ S 8

0
Π8(τ)

∫ t

t−τ
L

YA
Z (ϕ)

ỸA
Z

 dϕdτ.
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We observe that ΘL
3(X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 for all

(X, YL
D, Y

A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ) > 0 and ΘL

3(X̃, ỸL
D, Ỹ

A
D, Ỹ

L
Z , Ỹ

A
Z , ṼD, ṼZ, ŨD, ŨZ) = 0. Calculating dΘL

3
dt

along the solutions of system in Eqs (2.1)–(2.9) as:

dΘL
3

dt
=

1 − X̃
X

 (λ − dX − βDXVD − βZXVZ)

+
ηD𭟋3

σD

1 − ỸL
D

YL
D

 ((1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτdτ − (ηD + bD)YL

D

)
+
ηD + bD

σD

1 − ỸA
D

YA
D

 (θDβD

∫ S 2

0
Π2(τ)XτVDτdτ + ηD

∫ S 3

0
Π3(τ)YL

Dτdτ − aDYA
D − δDYA

DUD

)
+
ηZ𭟋6

σZ

1 − ỸL
Z

YL
Z

 ((1 − θZ)βZ

∫ S 4

0
Π4(τ)XτVZτdτ − (ηZ + bZ)YL

Z

)
+
ηZ + bZ

σZ

1 − ỸA
Z

YA
Z

 (θZβZ

∫ S 5

0
Π5(τ)XτVZτdτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτdτ − aZYA
Z − δZYA

Z UZ

)
+
βDX̃
cD

1 − ṼD

VD

 (kD

∫ S 7

0
Π7(τ)YA

Dτdτ − cDVD

)
+
βZ X̃
cZ

1 − ṼZ

VZ

 (kZ

∫ S 8

0
Π8(τ)YA

Zτdτ − cZVZ

)
+
δD(ηD + bD)

ρDσD

1 − ŨD

UD

 (φD + ρDYA
DUD − ψDUD) +

δZ(ηZ + bZ)
ρZσZ

1 − ŨZ

UZ

 (φZ + ρZYA
Z UZ − ψZUZ)

+
ηD𭟋3βD(1 − θD)

σD
X̃ṼD

∫ S 1

0
Π1(τ)

[
XVD

X̃ṼD

−
XτVDτ

X̃ṼD

+ ln
(

XτVDτ

XVD

)]
dτ

+
βDθD(ηD + bD)

σD
X̃ṼD

∫ S 2

0
Π2(τ)

[
XVD

X̃ṼD

−
XτVDτ

X̃ṼD

+ ln
(

XτVDτ

XVD

)]
dτ

+
ηD(ηD + bD)

σD
ỸL

D

∫ S 3

0
Π3(τ)

YL
D

ỸL
D

−
YL

Dτ

ỸL
D

+ ln
(
YL

Dτ

YL
D

) dτ

+
ηZ𭟋6βZ(1 − θZ)

σZ
X̃ṼZ

∫ S 4

0
Π4(τ)

[
XVZ

X̃ṼZ

−
XτVZτ

X̃ṼZ

+ ln
(

XτVZτ

XVZ

)]
dτ

+
βZθZ(ηZ + bZ)

σZ
X̃ṼZ

∫ S 5

0
Π5(τ)

[
XVZ

X̃ṼZ

−
XτVZτ

X̃ṼZ

+ ln
(

XτVZτ

XVZ

)]
dτ

+
ηZ(ηZ + bZ)

σZ
ỸL

Z

∫ S 6

0
Π6(τ)

YL
Z

ỸL
Z

−
YL

Zτ

ỸL
Z

+ ln
(
YL

Zτ

YL
Z

) dτ

+
βDkDX̃

cD
ỸA

D

∫ S 7

0
Π7(τ)

YA
D

ỸA
D

−
YA

Dτ

ỸA
D

+ ln
(
YA

Dτ

YA
D

) dτ

+
βZkZ X̃

cZ
ỸA

Z

∫ S 8

0
Π8(τ)

YA
Z

ỸA
Z

−
YA

Zτ

ỸA
Z

+ ln
(
YA

Zτ

YA
Z

) dτ.

It follows that

dΘL
3

dt
=

1 − X̃
X

 (λ − dX) +
βDkD𭟋7X̃

cD
−

aD(ηD + bD)
σD

−
δD(ηD + bD)

σD
ŨD

 YA
D
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+

βZkZ𭟋8X̃
cZ

−
aZ(ηZ + bZ)

σZ
−
δZ(ηZ + bZ)

σZ
ŨZ

 YA
Z

−
ηD(1 − θD)βD𭟋3

σD

ỸL
D

YL
D

∫ S 1

0
Π1(τ)XτVDτdτ −

ηZ(1 − θZ)βZ𭟋6

σZ

ỸL
Z

YL
Z

∫ S 4

0
Π4(τ)XτVZτdτ

+
ηD𭟋3(ηD + bD)

σD
ỸL

D +
ηZ𭟋6(ηZ + bZ)

σZ
ỸL

Z −
(ηD + bD)θDβD

σD

ỸA
D

YA
D

∫ S 2

0
Π2(τ)XτVDτdτ

−
(ηZ + bZ)θZβZ

σZ

ỸA
Z

YA
Z

∫ S 5

0
Π5(τ)XτVZτdτ +

aD(ηD + bD)
σD

ỸA
D +

aZ(ηZ + bZ)
σZ

ỸA
Z

−
ηD(ηD + bD)

σD

ỸA
D

YA
D

∫ S 3

0
Π3(τ)YL

Dτdτ −
ηZ(ηZ + bZ)

σZ

ỸA
Z

YA
Z

∫ S 6

0
Π6(τ)YL

Zτdτ

−
βDkDX̃

cD

ṼD

VD

∫ S 7

0
Π7(τ)YA

Dτdτ −
βZkZ X̃

cZ

ṼZ

VZ

∫ S 8

0
Π8(τ)YA

Zτdτ + βDX̃ṼD

+ βZ X̃ṼZ +
δD(ηD + bD)

σD
ỸA

DUD +
δZ(ηZ + bZ)

σZ
ỸA

Z UZ

+
δD(ηD + bD)

ρDσD

1 − ŨD

UD

 (φD − ψDUD) +
δZ(ηZ + bZ)
ρZσZ

1 − ŨZ

UZ

 (φZ − ψZUZ)

+
ηD(1 − θD)𭟋3

σD
βDX̃ṼD

∫ S 1

0
Π1(τ) ln

(
XτVDτ

XVD

)
dτ

+
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼZ

∫ S 4

0
Π4(τ) ln

(
XτVZτ

XVZ

)
dτ

+
θD(ηD + bD)

σD
βDX̃ṼD

∫ S 2

0
Π2(τ) ln

(
XτVDτ

XVD

)
dτ

+
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ) ln

(
XτVZτ

XVZ

)
dτ

+
ηD(ηD + bD)

σD
ỸL

D

∫ S 3

0
Π3(τ) ln

(
YL

Dτ

YL
D

)
dτ +

ηZ(ηZ + bZ)
σZ

ỸL
Z

∫ S 6

0
Π6(τ) ln

(
YL

Zτ

YL
Z

)
dτ

+
βDkDX̃

cD
ỸA

D

∫ S 7

0
Π7(τ) ln

(
YA

Dτ

YA
D

)
dτ +

βZkZ X̃
cZ

ỸA
Z

∫ S 8

0
Π8(τ) ln

(
YA

Zτ

YA
Z

)
dτ.

Equilibrium ẼQ satisfies

λ = dX̃ + βDX̃ṼD + βZ X̃ṼZ,

(1 − θD)βD𭟋1X̃ṼD = (ηD + bD)ỸL
D,

aDỸA
D = θDβD𭟋2X̃ṼD + ηD𭟋3ỸL

D − δDỸA
DŨD,

(1 − θZ)βZ𭟋4X̃ṼZ = (bZ + ηZ)ỸL
Z ,

aZỸA
Z = θZβZ𭟋5X̃ṼZ + ηZ𭟋6ỸL

Z − δZỸA
Z ŨZ,

kD𭟋7ỸA
D = cDṼD,

kZ𭟋8ỸA
Z = cZṼZ,
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φD = ψDŨD − ρDỸA
DŨD,

φZ = ψZŨZ − ρZỸA
Z ŨZ,

and using the following equalities

ln
(

XτVDτ

XVD

)
= ln

XτVDτỸL
D

X̃ṼDYL
D

 + ln
 X̃

X

 + ln

YL
DṼD

ỸL
DVD

 ,
ln

(
XτVDτ

XVD

)
= ln

XτVDτỸA
D

X̃ṼDYA
D

 + ln
 X̃

X

 + ln

YA
DṼD

ỸA
DVD

 ,
ln

(
YL

Dτ

YL
D

)
= ln

YL
DτỸ

A
D

ỸL
DYA

D

 + ln

 ỸL
DYA

D

YL
DỸA

D

 ,
ln

(
YA

Dτ

YA
D

)
= ln

YA
DτṼD

ỸA
DVD

 + ln

 ỸA
DVD

YA
DṼD

 ,
ln

(
XτVZτ

XVZ

)
= ln

XτVZτỸL
Z

X̃ṼZYL
Z

 + ln
 X̃

X

 + ln

YL
Z ṼZ

ỸL
Z VZ

 ,
ln

(
XτVZτ

XVZ

)
= ln

XτVZτỸA
Z

X̃ṼZYA
Z

 + ln
 X̃

X

 + ln

YA
Z ṼZ

ỸA
Z VZ

 ,
ln

(
YL

Zτ

YL
Z

)
= ln

YL
ZτỸ

A
Z

ỸL
Z YA

Z

 + ln

 ỸL
Z YA

Z

YL
Z ỸA

Z

 ,
ln

(
YA

Zτ

YA
Z

)
= ln

YA
ZτṼZ

ỸA
Z VZ

 + ln

 ỸA
Z VZ

YA
Z ṼZ

 .
We obtain (

βDkD𭟋7

cD
X̃ỸA

D −
aD(ηD + bD)

σD
ỸA

D −
δD(ηD + bD)

σD
ŨDỸA

D

)
YA

D

ỸA
D

= 0,(
βZkZ𭟋8

cZ
X̃ỸA

Z −
aZ(ηZ + bZ)

σZ
ỸA

Z −
δZ(ηZ + bZ)

σZ
ŨZỸA

Z

)
YA

Z

ỸA
Z

= 0.

So,

dΘL
3

dt
=

1 − X̃
X

 (dX̃ + βDX̃ṼD + βZ X̃ṼZ − dX) −
ηD(1 − θD)𭟋3

σD
βDX̃ṼD

∫ S 1

0
Π1(τ)

XτVDτỸL
D

X̃ṼDYD

dτ

−
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼZ

∫ S 4

0
Π4(τ)

XτVZτỸL
Z

X̃ṼZYL
Z

dτ + 2
ηD(1 − θD)𭟋1𭟋3

σD
βDX̃ṼD

+
θD(ηD + bD)𭟋2

σD
βDX̃ṼD + 2

ηZ(1 − θZ)𭟋4𭟋6

σZ
βZ X̃ṼZ +

θZ(ηZ + bZ)𭟋5

σZ
βZ X̃ṼZ

−
θD(ηD + bD)

σD
βDX̃ṼD

∫ S 2

0
Π2(τ)

XτVDτỸA
D

X̃ṼDYA
D

dτ −
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ)

XτVZτỸA
Z

X̃ṼZYA
Z

dτ
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−
ηD(1 − θD)𭟋1

σD
βDX̃ṼD

∫ S 3

0
Π3(τ)

YL
DτỸ

A
D

ỸL
DYA

D

dτ −
ηZ(1 − θZ)𭟋4

σZ
βZ X̃ṼZ

∫ S 6

0
Π6(τ)

YL
ZτỸ

A
Z

ỸL
Z YA

Z

dτ

−
βD

𭟋7
X̃ṼD

∫ S 7

0
Π7(τ)

YA
DτṼD

ỸA
DVD

dτ −
βZ

𭟋8
X̃ṼZ

∫ S 8

0
Π8(τ)

YA
ZτṼZ

ỸA
Z VZ

dτ + βDX̃ṼD + βZ X̃ṼZ

+
δD(ηD + bD)

σD
ỸA

DUD +
δZ(ηZ + bZ)

σZ
ỸA

Z UZ −
δD(ηD + bD)

σD
ỸA

DŨD

−
δZ(ηZ + bZ)

σZ
ỸA

Z ŨZ +
δD(ηD + bD)

ρDσD

1 − ŨD

UD

 (ψDŨD − ρDỸA
DŨD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − ŨZ

UZ

 (ψZŨZ − ρZỸA
DŨZ − ψZUZ) +

ηD(1 − θD)𭟋3

σD
βDX̃ṼD

×

∫ S 1

0
Π1(τ)

ln XτVDτỸL
D

X̃ṼDYL
D

 + ln
 X̃

X

 + ln

YL
DṼD

ỸL
DVD

 dτ

+
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼZ

∫ S 4

0
Π4(τ)

ln XτVZτỸL
Z

X̃ṼZYL
Z

 + ln
 X̃

X

 + ln

YL
Z ṼZ

ỸL
Z VZ

 dτ

+
θD(ηD + bD)

σD
βDX̃ṼD

∫ S 2

0
Π2(τ)

ln XτVDτỸA
D

X̃ṼDYA
D

 + ln
 X̃

X

 + ln

YA
DṼD

ỸA
DVD

 dτ

+
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ)

ln XτVZτỸA
Z

X̃ṼZYA
Z

 + ln
 X̃

X

 + ln

YA
Z ṼZ

ỸA
Z VZ

 dτ

+
ηD(1 − θD)𭟋1

σD
βDX̃ṼD

∫ S 3

0
Π3(τ)

ln YL
DτỸ

A
D

ỸL
DYA

D

 + ln

 ỸL
DYA

D

YL
DỸA

D

 dτ

+
ηZ(1 − θZ)𭟋4

σZ
βZ X̃ṼZ

∫ S 6

0
Π6(τ)

ln
YL

ZτỸ
A
Z

ỸL
Z YA

Z

 + ln

 ỸL
Z YA

Z

YL
Z Y

A
Z


 dτ

+
βD

𭟋7
X̃ṼD

∫ S 7

0
Π7(τ)

ln YA
DτṼD

ỸA
DVD

 + ln

 ỸA
DVD

YA
DṼD

 dτ

+
βZ

𭟋8
X̃ṼZ

∫ S 8

0
Π8(τ)

ln
YA

ZτṼZ

Y
A
ZVZ

 + ln

 ỸA
Z VZ

YA
Z ṼZ


 dτ.

It follows that
dΘL

3

dt
=

1 − X̃
X

 (dX̃ − dX) + βDX̃ṼD

1 − X̃
X

 + βZ X̃ṼZ

1 − X̃
X

 + δD(ηD + bD)
σD

ỸA
D(UD − ŨD)

+
δZ(ηZ + bZ)

σZ
ỸA

Z (UZ − ŨZ) +
δD(ηD + bD)

ρDσD

1 − ŨD

UD

 (ψDŨD − ψDUD)

+
δZ(ηZ + bZ)
ρZσZ

1 − ŨZ

UZ

 (ψZŨZ − ψZUZ)

−
δD(ηD + bD)

σD
ỸA

DŨD

1 − ŨD

UD

 − δZ(ηZ + bZ)
σZ

ỸA
Z ŨZ

1 − ŨZ

UZ


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−
ηD(1 − θD)𭟋3

σD
βDX̃ṼD

∫ S 1

0
Π1(τ)

XτVDτỸL
D

X̃ṼDYD

− ln

XτVDτỸL
D

X̃ṼDYL
D

 dτ

−
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼD

∫ S 4

0
Π4(τ)

XτVZτỸL
Z

X̃ṼZYL
Z

− ln

XτVZτỸL
Z

X̃ṼZYL
Z

 dτ

−
θD(ηD + bD)

σD
βDX̃ṼD

∫ S 2

0
Π2(τ)

XτVDτỸA
D

X̃ṼDYA
D

− ln

XτVDτỸA
D

X̃ṼDYA
D

 dτ

−
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ)

XτVZτỸA
Z

X̃ṼZYA
Z

− ln

XτVZτỸA
Z

X̃ṼZYA
Z

 dτ

−
ηD(1 − θD)𭟋1

σD
βDX̃ṼD

∫ S 3

0
Π3(τ)

YL
DτỸ

A
D

ỸL
DYA

D

− ln

YL
DτỸ

A
D

ỸL
DYA

D

 dτ

−
ηZ(1 − θZ)𭟋4

σZ
βZ X̃ṼZ

∫ S 6

0
Π6(τ)

YL
ZτỸ

A
Z

ỸL
Z YA

Z

− ln

YL
ZτỸ

A
Z

ỸL
Z YA

Z

 dτ

−
βD

𭟋7
X̃ṼD

∫ S 7

0
Π7(τ)

YA
DτṼD

ỸA
DVD

− 1 − ln

YA
DτṼD

ỸA
DVD

 dτ

−
βZ

𭟋8
X̃ṼZ

∫ S 8

0
Π8(τ)

YA
ZτṼZ

ỸA
Z VZ

− 1 − ln

YA
ZτṼZ

ỸA
Z VZ

 dτ

+
ηD(1 − θD)𭟋1𭟋3

σD
βDX̃ṼD ln

 X̃
X

 + ηZ(1 − θZ)𭟋4𭟋6

σZ
βZ X̃ṼZ ln

 X̃
X


+
ηD(1 − θD)𭟋1𭟋3

σD
βDX̃ṼD ln

YL
DṼD

ỸL
DVD

 + ηZ(1 − θZ)𭟋4𭟋6

σZ
βZ X̃ṼZ ln

YL
Z ṼZ

ỸL
Z VZ


+
θD(ηD + bD)𭟋2

σD
βDX̃ṼD ln

 X̃
X

 + θZ(ηZ + bZ)𭟋5

σZ
βZ X̃ṼZ ln

 X̃
X


+
θD(ηD + bD)𭟋2

σD
βDX̃ṼD ln

YA
DṼD

ỸA
DVD

 + θZ(ηZ + bZ)𭟋5

σZ
βZ X̃ṼZ ln

YA
Z ṼZ

ỸA
Z VZ


+
ηD(1 − θD)𭟋1𭟋3

σD
βDX̃ṼD ln

 ỸL
DYA

D

YL
DỸA

D

 + ηZ(1 − θZ)𭟋4𭟋6

σZ
βZ X̃ṼZ ln

 ỸL
Z YA

Z

YL
Z ỸA

Z


+ βDX̃ṼD ln

 ỸA
DVD

YA
DṼD

 + βZ X̃ṼZ ln

 ỸA
Z VZ

YA
Z ṼZ

 .
Thus,

dΘL
3

dt
= −

d(X − X̃)2

X
−
δDψD(ηD + bD)

ρDσD

(UD − ŨD)2

UD
−
δZψZ(ηZ + bZ)

ρZσZ

(UZ − ŨZ)2

UZ

+
δD(ηD + bD)

σD
ỸA

D
(UD − ŨD)2

UD
+
δZ(ηZ + bZ)

σZ
ỸA

Z
(UZ − ŨZ)2

UZ
− βDX̃ṼDL

 X̃
X


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− βZ X̃ṼZL

 X̃
X

 − ηD(1 − θD)𭟋3

σD
βDX̃ṼD

∫ S 1

0
Π1(τ)L

XτVDτỸL
D

X̃ṼDYL
D

 dτ

−
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼZ

∫ S 4

0
Π4(τ)L

XτVZτỸL
Z

X̃ṼZYL
Z

 dτ −
θD(ηD + bD)

σD
βDX̃ṼD

×

∫ S 2

0
Π2(τ)L

XτVDτỸA
D

X̃ṼDYA
D

 dτ −
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ)L

XτVZτỸA
Z

X̃ṼZYA
Z

 dτ

−
ηD(1 − θD)𭟋1

σD
βDX̃ṼD

∫ S 3

0
Π3(τ)L

YL
DτỸ

A
D

ỸL
DYA

D

 dτ −
ηZ(1 − θZ)𭟋4

σZ
βZ X̃ṼZ

×

∫ S 6

0
Π6(τ)L

YL
ZτỸ

A
Z

ỸL
Z YA

Z

 dτ −
βD

𭟋7
X̃ṼD

∫ S 7

0
Π7(τ)L

YA
DτṼD

ỸA
DVD

 dτ

−
βZ

𭟋8
X̃ṼZ

∫ S 8

0
Π8(τ)L

YA
ZτṼZ

ỸA
Z VZ

 dτ.

From the equilibrium conditions, we have ỸA
D −

ψD
ρD
= −

φD

ρDŨD
and ỸA

Z −
ψZ
ρZ
= −

φZ

ρZŨZ
. It follows that

dΘL
3

dt
= −

d(X − X̃)2

X
−
δDφD(ηD + bD)

ρDσD

(UD − ŨD)2

ŨDUD

−
δZφZ(ηZ + bZ)

ρZσZ

(UZ − ŨZ)2

ŨZUZ

− βDX̃ṼDL

 X̃
X

 − βZ X̃ṼZL

 X̃
X

 − ηD(1 − θD)𭟋3

σD
βDX̃ṼD

∫ S 1

0
Π1(τ)L

XτVDτỸL
D

X̃ṼDYL
D

 dτ

−
ηZ(1 − θZ)𭟋6

σZ
βZ X̃ṼZ

∫ S 4

0
Π4(τ)L

XτVZτỸL
Z

X̃ṼZYL
Z

 dτ −
θD(ηD + bD)

σD
βDX̃ṼD

×

∫ S 2

0
Π2(τ)L

XτVDτỸA
D

X̃ṼDYA
D

 dτ −
θZ(ηZ + bZ)

σZ
βZ X̃ṼZ

∫ S 5

0
Π5(τ)L

XτVZτỸA
Z

X̃ṼZYA
Z

 dτ

−
ηD(1 − θD)𭟋1

σD
βDX̃ṼD

∫ S 3

0
Π3(τ)L

YL
DτỸ

A
D

ỸL
DYA

D

 dτ −
ηZ(1 − θZ)𭟋4

σZ
βZ X̃ṼZ

×

∫ S 6

0
Π6(τ)L

YL
ZτỸ

A
Z

ỸL
Z YA

Z

 dτ −
βD

𭟋7
X̃ṼD

∫ S 7

0
Π7(τ)L

YA
DτṼD

ỸA
DVD

 dτ

−
βZ

𭟋8
X̃ṼZ

∫ S 8

0
Π8(τ)L

YA
ZτṼZ

ỸA
Z VZ

 dτ.

So dΘL
3

dt ≤ 0, for all
(
X, YL

D, Y
A
D, Y

L
Z , Y

A
Z ,VD,VZ,UD,UZ

)
> 0. Moreover, dΘL

3
dt = 0 when X = X̃,

YL
D = ỸL

D, YA
D = ỸA

D, YL
Z = ỸL

Z , YA
Z = ỸA

Z , VD = ṼD, VZ = ṼZ,UD = ŨD, and UZ = ŨZ for all t. The
solutions of system in Eqs (2.1)–(2.9) converge to Υ′3 = {ẼQ}, and the L-LAS theorem implies that ẼQ
is G.A.S when RL,inv

D > 1 and RL,inv
Z > 1.

Table 2 provides an overview of the existence and global stability conditions for each equilibria of
model in Eqs (2.1)–(2.9).
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Table 2. Conditions of existence and global stability of equilibria of the model in
Eqs (2.1)–(2.9).

Equilibrium Existence condition Stability condition

EQ0 = (X0, 0, 0, 0, 0, 0, 0,U0
D,U

0
Z) - RL

D ≤ 1 and RL
Z ≤ 1

EQ∗ = (X∗, YL∗
D , YA∗

D , 0, 0,V∗D, 0,U
∗
D,U

∗
Z) RL

D > 1 RL
D > 1 and RL,inv

Z ≤ 1

EQ = (X, 0, 0, Y
L
Z ,Y

A
Z , 0, 0,VZ ,UD,UZ) RL

Z > 1 RL
Z > 1 and RL,inv

D ≤ 1
ẼQ = (X̃, ỸL

D, Ỹ
A
D, Ỹ

L
Z , Ỹ

A
Z , ṼD, ṼZ , ŨD, ŨZ) RL,inv

D > 1 and RL,inv
Z > 1 RL,inv

D > 1 and RL,inv
Z > 1

6. Co-infection model with antiviral treatment for blocking viral infections

Inhibiting the ability of viruses to infect uninfected cells represents one of the most biologically
intuitive antiviral mechanisms. This can be achieved through pharmacological agents that block viral
entry into host cells, thereby reducing the effective infection rate. Within the framework of within-host
mathematical modeling, as proposed in [19], this mechanism is incorporated by introducing treatment
controls that reduce infection transmission parameters. Accordingly, the baseline infection rates βD and
βZ are scaled by the control variables uD and uZ, respectively, reflecting treatment efficacy in preventing
viral entry. As a result, the original system in Eqs (2.1)–(2.9) is modified as follows:

dX
dt
= λ − dX − (1 − uD)βDXVD − (1 − uZ)βZXVZ, (6.1)

dYL
D

dt
= (1 − θD)(1 − uD)βD

∫ S 1

0
Π1(τ)XτVDτ dτ − (ηD + bD)YL

D, (6.2)

dYA
D

dt
= θD(1 − uD)βD

∫ S 2

0
Π2(τ)XτVDτ dτ + ηD

∫ S 3

0
Π3(τ)YL

Dτ dτ − aDYA
D − δDYA

DUD, (6.3)

dYL
Z

dt
= (1 − θZ)(1 − uZ)βZ

∫ S 4

0
Π4(τ)XτVZτ dτ − (ηZ + bZ)YL

Z , (6.4)

dYA
Z

dt
= θZ(1 − uZ)βZ

∫ S 5

0
Π5(τ)XτVZτ dτ + ηZ

∫ S 6

0
Π6(τ)YL

Zτ dτ − aZYA
Z − δZYA

Z UZ, (6.5)

dVD

dt
= kD

∫ S 7

0
Π7(τ)YA

Dτ dτ − cDVD, (6.6)

dVZ

dt
= kZ

∫ S 8

0
Π8(τ)YA

Zτ dτ − cZVZ, (6.7)

dUD

dt
= φD + ρDYA

DUD − ψDUD, (6.8)

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ, (6.9)

where uD and uZ ∈ [0, 1] represent the antiviral efficacies against DENV and ZIKV, respectively.
The influence of antiviral treatment on the viral dynamics is reflected through the basic reproduction
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numbers of system in Eqs (6.1)–(6.9), which are given by:

RL
D(uD) =

kD(1 − uD)βDλψD𭟋7
[
(ηD + bD)θD𭟋2 + ηD(1 − θD)𭟋1𭟋3

]
dcD(ηD + bD)(aDψD + δDφD)

,

RL
Z(uZ) =

kZ(1 − uZ)βZλψZ𭟋8
[
(ηZ + bZ)θZ𭟋5 + ηZ(1 − θZ)𭟋4𭟋6

]
dcZ(ηZ + bZ)(aZψZ + δZφZ)

.

For fixed parameter values, RL
D(uD) and RL

Z(uZ) are strictly decreasing functions of the treatment
intensities uD and uZ, respectively. This monotonic behavior directly reflects the effectiveness
of antiviral therapy in blocking the viral infection of uninfected target cells. As treatment
intensity increases, the effective infection rates decrease, leading to a reduced generation of newly
latently infected cells

(
YL

D, Y
L
Z

)
and productively infected cells

(
YA

D, Y
A
Z

)
. Consequently, the viral

concentrations (VD,VZ) decline. Hence, this treatment strategy acts as an effective preventive
mechanism for limiting viral spread and mitigating the severity of DENV–ZIKV co-infection.

The minimum treatment efficacies required to ensure RL
D ≤ 1and RL

Z ≤ 1 are given by:

ucr
D = max

{
1 −

cDd(ηD + bD)(aDψD + δDφD)
kDβDλψD𭟋7

[
(ηD + bD)θD𭟋2 + ηD(1 − θD)𭟋1𭟋3

] , 0} ,
ucr

Z = max
{

1 −
cZd(ηZ + bZ)(aZψZ + δZφZ)

kZβZλψZ𭟋8
[
(ηZ + bZ)θZ𭟋5 + ηZ(1 − θZ)𭟋4𭟋6

] , 0} .
Corolary 1. If ucr

D ≤ uD ≤ 1 and ucr
Z ≤ uZ ≤ 1, then the disease-free equilibrium EQ0 is G.A.S.

6.1. Effect of time delays

To examine the influence of distributed time delays on viral dynamics, we first consider the limiting
case in which all intracellular delays are neglected. In this case, the system in Eqs (6.1)–(6.9) reduces
to the following delay-free system:

dX
dt
= λ − dX − (1 − uD)βDXVD − (1 − uZ)βZXVZ, (6.10)

dYL
D

dt
= (1 − θD)(1 − uD)βDXVD − (ηD + bD)YL

D, (6.11)

dYA
D

dt
= θD(1 − uD)βDXVD + ηDYL

D − aDYA
D − δDYA

DUD, (6.12)

dYL
Z

dt
= (1 − θZ)(1 − uZ)βZXVZ − (ηZ + bZ)YL

Z , (6.13)

dYA
Z

dt
= θZ(1 − uZ)βZXVZ + ηZYL

Z − aZYA
Z − δZYA

Z UZ, (6.14)

dVD

dt
= kDYA

D − cDVD, (6.15)

dVZ

dt
= kZYA

Z − cZVZ, (6.16)
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dUD

dt
= φD + ρDYA

DUD − ψDUD, (6.17)

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ. (6.18)

The corresponding basic reproduction numbers for DENV and ZIKV are given by:

RL, no delay
D (uD) =

kD(1 − uD)βDλψD(ηD + bDθD)
dcD(aDψD + δDφD)(ηD + bD)

, RL, no delay
Z (uZ) =

kZ(1 − uZ)βZλψZ(ηZ + bZθZ)
dcZ(aZψZ + δZφZ)(ηZ + bZ)

.

The minimum antiviral treatment efficacies required to ensure RL, no delay
D ≤ 1 and RL, no delay

Z ≤ 1 are
given by:

ucr, no delay
D = max

{
1 −

dcD(aDψD + δDφD)(ηD + bD)
kDβDλψD(ηD + bDθD)

, 0
}
,

ucr, no delay
Z = max

{
1 −

dcZ(aZψZ + δZφZ)(ηZ + bZ)
kZβZλψZ(ηZ + bZθZ)

, 0
}
.

Since 0 < 𭟋i ≤ 1, it follows that

RL, with delay
D (uD) =

kD(1 − uD)βDλψD𭟋7
[
(ηD + bD)θD𭟋2 + ηD(1 − θD)𭟋1𭟋3

]
dcD(ηD + bD)(aDψD + δDφD)

≤
kD(1 − uD)βDλψD(ηD + bDθD)
dcD(aDψD + δDφD)(ηD + bD)

= RL, no delay
D (uD),

RL, with delay
Z (uZ) =

kZ(1 − uZ)βZλψZ𭟋8
[
(ηZ + bZ)θZ𭟋5 + ηZ(1 − θZ)𭟋4𭟋6

]
dcZ(ηZ + bZ)(aZψZ + δZφZ)

≤
kZ(1 − uZ)βZλψZ(ηZ + bZθZ)
dcZ(aZψZ + δZφZ)(ηZ + bZ)

= RL, no delay
Z (uZ).

Therefore, neglecting intracellular time delays leads to an overestimation of the viral reproduction
potential. Biologically, this occurs because the delay-free formulation implicitly assumes that
transitions between intracellular stages occur instantaneously. In reality, infected cells require time
to establish infection, latent cells require activation before becoming productively infected, and
newly produced virions may require maturation before becoming fully infectious. These delayed
biological processes effectively slow viral propagation and reduce the number of secondary infected
cells generated by a single infected cell.

Consequently, the treatment thresholds satisfy

ucr, no delay
D ≥ ucr, with delay

D , ucr, no delay
Z ≥ ucr, with delay

Z .

This indicates that neglecting intracellular delays may overestimate the antiviral efficacy required
to suppress infection.

6.2. Effect of latently infected cells

We next investigate the effect of neglecting latently infected cells. In the absence of latent
compartments, the system in Eqs (6.10)–(6.18) reduces to

dX
dt
= λ − dX − (1 − uD)βDXVD − (1 − uZ)βZXVZ,
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dYA
D

dt
= (1 − uD)βDXVD − aDYA

D − δDYA
DUD,

dYA
Z

dt
= (1 − uZ)βZXVZ − aZYA

Z − δZYA
Z UZ,

dVD

dt
= kDYA

D − cDVD,

dVZ

dt
= kZYA

Z − cZVZ,

dUD

dt
= φD + ρDYA

DUD − ψDUD,

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ.

The corresponding basic reproduction numbers become

Rwithout latent
D (uD) =

kD(1 − uD)βDλψD

dcD(aDψD + δDφD)
, Rwithout latent

Z (uZ) =
kZ(1 − uZ)βZλψZ

dcZ(aZψZ + δZφZ)
.

The corresponding minimum treatment efficacies are:

ucr, without latent
D = max

{
1 −

dcD(aDψD + δDφD)
kDβDλψD

, 0
}
, ucr, without latent

Z = max
{

1 −
dcZ(aZψZ + δZφZ)

kZβZλψZ
, 0

}
.

Since 0 < θD < 1 and 0 < θZ < 1, then ηD+bDθD
ηD+bD

< 1 and ηZ+bZθZ
ηZ+bZ

< 1, and so we get

Rwith latent
D (uD) =

kD(1 − uD)βDλψD(ηD + bDθD)
dcD(aDψD + δDφD)(ηD + bD)

<
kD(1 − uD)βDλψD

dcD(aDψD + δDφD)
= Rwithout latent

D (uD),

Rwith latent
Z (uZ) =

kZ(1 − uZ)βZλψZ(ηZ + bZθZ)
dcZ(aZψZ + δZφZ)(ηZ + bZ)

<
kZ(1 − uZ)βZλψZ

dcZ(aZψZ + δZφZ)
= Rwithout latent

Z (uZ).

Thus, neglecting latently infected cells also leads to an overestimation of the viral reproduction
numbers. Biologically, the latent compartment acts as a temporal bottleneck in intracellular viral
progression. Following viral entry, not all infected cells immediately become productively infectious;
rather, a proportion enters a latent state and requires activation before initiating viral production.
Consequently, latency delays viral amplification and reduces the effective rate of infection spread.
Ignoring this stage implicitly assumes immediate viral productivity, thereby artificially accelerating
infection dynamics and inflating the estimated viral fitness. As a result,

ucr, without latent
D ≥ ucr, with latent

D , ucr, without latent
Z ≥ ucr, with latent

Z .

This finding suggests that models neglecting latency may overestimate the level of antiviral efficacy
required for viral elimination.
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7. Numerical simulations

In this section, we present numerical simulations of the system in Eqs (2.1)–(2.9) aimed at
illustrating and supporting the theoretical results established in Theorems 1–4. In particular, the
simulations are designed to examine the threshold dynamics of the model by selecting parameter
regimes corresponding to the theoretical conditions governing the existence and stability of the
equilibria. Numerical experiments are conducted under different scenarios determined by the
reproduction and invasion reproduction numbers, including cases where (RL

D) and (RL
Z) are below

or above unity, as well as situations in which (RL,inv
D ) and (RL,inv

Z ) determine competitive exclusion
or coexistence. This enables numerical confirmation of the predicted equilibrium transitions and
global asymptotic stability results. Moreover, variations in key parameters, particularly the infection
rates (βD), (βZ), antiviral treatment intensities (uD), (uZ), and intracellular delay parameters (τi),
are considered to investigate their influence on viral persistence, treatment outcomes, and stability
thresholds. Due to the absence of reliable clinical datasets for DENV–ZIKV co-infection, the
parameter values employed in the numerical simulations are either adopted from studies on DENV or
ZIKV mono-infections or selected within biologically plausible ranges. Accordingly, the simulations
are intended to illustrate the qualitative dynamics of the model rather than to provide data-driven
parameter estimation or calibration. To this end, the distributed time-delay model in Eqs (2.1)–(2.9)
is transformed to a discrete-delay system through the use of a particular class of probability density
functions, namely the Dirac delta function D(·). Following [64], we define

fi(τ) = D(τ − τi), i = 1, 2, · · · , 8.

In case S i → ∞, i = 1, 2, · · · , 8, we have∫ ∞

0
fi(τ)dτ = 1 and 𭟋i =

∫ ∞

0
D (τ − τi) e−niτdτ = e−niτi .

Then,∫ ∞

0
D(τ − τ1)e−n1τXτVDτdτ = e−n1τ1 Xτ1VDτ1 ,

∫ ∞

0
D(τ − τ2)e−n2τXτVDτdτ = e−n2τ2 Xτ2VDτ2 ,∫ ∞

0
D(τ − τ3)e−n3τYL

Dτdτ = e−n3τ3YL
Dτ3
,

∫ ∞

0
D(τ − τ4)e−n4τXτVZτdτ = e−n4τ4 Xτ4VZτ4 ,∫ ∞

0
D(τ − τ5)e−n5τXτVZτdτ = e−n5τ5 Xτ5VZτ5 ,

∫ ∞

0
D(τ − τ6)e−n6τYL

Zτdτ = e−n6τ6YL
Zτ6
,∫ ∞

0
D(τ − τ7)e−n7τYA

Dτdτ = e−n7τ7YA
Dτ7
,

∫ ∞

0
D(τ − τ8)e−n8τYA

Zτdτ = e−n8τ8YA
Zτ8
.

Hence, the model in Eqs (2.1)–(2.9) can be written as:

dX
dt
= λ − dX − βDXVD − βZXVZ,

dYL
D

dt
= (1 − θD)βDe−n1τ1 Xτ1VDτ1 − (ηD + bD)YL

D,

dYA
D

dt
= θDβDe−n2τ2 Xτ2VDτ2 + ηDe−n3τ3YL

Dτ3
− aDYA

D − δDYA
DUD,
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dYL
Z

dt
= (1 − θZ)βZe−n4τ4 Xτ4VZτ4 − (ηZ + bZ)YL

Z , (7.1)

dYA
Z

dt
= θZβZe−n5τ5 Xτ5VZτ5 + ηZe−n6τ6YL

Zτ6
− aZYA

Z − δZYA
Z UZ,

dVD

dt
= kDe−n7τ7YA

Dτ7
− cDVD,

dVZ

dt
= kZe−n8τ8YA

Zτ8
− cZVZ,

dUD

dt
= φD + ρDYA

DUD − ψDUD,
dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ.

The threshold parameters of the model in Eq (7.1) are provided as:

RL
D =

kDβDλψDσDe−n7τ7

dcD(ηD + bD)(aDψD + δDφD)
, RL

Z =
kZβZλψZσZe−n8τ8

dcZ(ηZ + bZ)(aZψZ + δZφZ)
,

RL,inv
D =

kDβDλψDσDe−n7τ7

dcD(aDψD + δDφD)(ηD + bD)
(
1 + kZβZe−n8τ8

dcZ
Y

A
Z

) ,
RL,inv

Z =
kZβZλψZσZe−n8τ8

dcZ(aZψZ + δZφZ)(ηZ + bZ)
(
1 + kDβDe−n7τ7

dcD
YA∗

D

) ,
where σD and σZ become σD = (ηD + bD)θDe−n2τ2 + ηD(1− θD)e−(n1τ1+n3τ3) and σZ = (ηZ + bZ)θZe−n5τ5 +

ηZ(1 − θZ)e−(n4τ4+n6τ6).

7.1. Stability of equilibria for the model in Eq (7.1)

By using the dde23 solver in MATLAB, we solve numerically the system of DDEs in Eq (7.1)
numerically. The values of parameters of model in Eq (7.1) are given in Table 1. Here, we fix τi

for τi = 0.1, i = 1, 2, ..., 8. To analyze the global behavior of the system, ten distinct sets of initial
conditions, inspired by the study of [65], are considered:

X(ϕ) = 40 + 4 sin(ϕ) − 3k, YL
D(ϕ) = 10 + 0.1 sin(ϕ) + 2k,

YA
D(ϕ) = 5 + 0.3 sin(ϕ) + 0.9k, YL

Z (ϕ) = 10 + 0.2 sin(ϕ) + 2k,

YA
Z (ϕ) = 5 + 0.2 sin(ϕ) + 0.9k, VD(ϕ) = 20 + 0.4 sin(ϕ) + 7k,

VZ(ϕ) = 20 + 0.5 sin(ϕ) + 7k, UD(ϕ) = 110 + 8 sin(ϕ) − 10k,

UZ(ϕ) = 150 + 10 sin(ϕ) − 15k, ϕ ∈ [−0.1, 0] , k = 1, 2, ..., 10.

These initial conditions are selected to examine whether the system trajectories converge to one of
the steady states regardless of the starting values. The sinusoidal terms are introduced to represent
heterogeneous and time-varying histories over the delay interval rather than constant initial profiles,
thereby testing the robustness of the model dynamics under substantially different initial perturbations.
Numerical simulations indicate that the qualitative asymptotic behavior remains unchanged and that
the solutions converge to the equilibrium predicted by the global stability analysis, demonstrating that
the stability conclusions are independent of the specific form of the initial conditions.

By varying the values of the parameters βD and βZ, parameters, the four following scenarios arise as:
Scenario 1 (Stability of EQ0): When the incidence rates are low, βD = 0.001 and βZ = 0.001, the

reproduction numbers satisfy RL
D = 0.4738 < 1 and RL

Z = 0.5639 < 1. Under the conditions
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listed in Table 2, all solution trajectories converge to the infection-free equilibrium EQ0 =

(71.43, 0, 0, 0, 0, 0, 0, 60, 62.5) as shown in Figure 2. This verifies the global asymptotic stability
of EQ0 in accordance with Theorem 1. Biologically, this outcome indicates complete elimination
of both viruses and infected cells, while uninfected target cells return to their normal level.
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Figure 2. All trajectories of the system in Eq (7.1) starting from different initial states
converge to the disease-free equilibrium EQ0 = (71.43, 0, 0, 0, 0, 0, 0, 60, 62.5) under the
conditions RL

D ≤ 1 and RL
Z ≤ 1.

Scenario 2 (Stability of EQ∗): We choose parameter values βD = 0.004 and βZ = 0.001, and
we obtain RL

D = 1.8953 > 1 and RL,inv
Z = 0.5639 < 1. The feasibility conditions in

Table 2, therefore ensure the existence of the DENV mono-infection equilibrium EQ∗ =
(46.41, 9.24, 7.26, 0, 0, 18.87, 0, 106.28, 62.50). As illustrated in Figure 3, trajectories from
different initial histories converge to EQ∗, confirming its global asymptotic stability and
agreeing with Theorem 2. From a biological standpoint, DENV persists, whereas ZIKV cannot
successfully invade; any introduction of ZIKV decays over time, while DENV maintains a stable
endemic presence.
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Figure 3. All trajectories of the system in Eq (7.1) starting from different
initial states converge to the DENV mono-infection equilibrium EQ∗ =

(46.41, 9.24, 7.26, 0, 0, 18.87, 0, 106.28, 62.50) under the conditions RL
D > 1 and RL,inv

Z ≤ 1.

Scenario 3 (Stability of EQ): With parameter values βD = 0.001 and βZ = 0.004, the reproduction
numbers are calculated as RL

Z = 2.2557 > 1 and RL,inv
D = 0.4738 < 1. Under these

conditions in Table 2, the system admits the ZIKV mono-infection equilibrium EQ =

(40.37, 0, 0, 8.68, 7.44, 0, 26.92, 60, 99.51). Figure 4 shows that trajectories starting from different
initial conditions converge toward this equilibrium EQ, which is in full agreement with the
analytical results established in Theorem 3. Biologically, this scenario reflects sustained ZIKV
infection with unsuccessful DENV invasion, as DENV-related compartments decline to zero
while ZIKV persists.
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Figure 4. All trajectories of the system in Eq (7.1) starting from different
initial states converge to the ZIKV mono-infection equilibrium EQ =

(40.37, 0, 0, 8.68, 7.44, 0, 26.92, 60, 99.51) under the conditions RL
Z > 1 and RL,inv

D ≤ 1.

Networks and Heterogeneous Media Volume 21, Issue 4, 1262–1333.



1314

Scenario 4 (Stability of ẼQ): We select parameter values βD = 0.004 and βZ = 0.004, and
we obtain RL,inv

D = 1.8953 > 1 and RL,inv
Z = 2.2556 > 1. Under these conditions

summarized in Table 2, the system admits the DENV–ZIKV co-infection equilibrium
ẼQ = (39.07, 1.95, 1.82, 7.57, 6.70, 4.73, 24.25, 67.35, 93.99), which is G.A.S, agreeing with
Theorem 4. Figure 5 shows that trajectories starting from different initial conditions converge
toward the equilibrium point ẼQ. Both viruses approach a coexistence state. Biologically, this
outcome corresponds to long-term coexistence of DENV and ZIKV, indicating that neither virus
can be cleared by the modeled immune response under these parameter values.
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Figure 5. All trajectories of the system in Eq (7.1) starting from different
initial states converge to the DENV–ZIKV co-infection equilibrium ẼQ =

(39.07, 1.95, 1.82, 7.57, 6.70, 4.73, 24.25, 67.35, 93.99) under the conditions RL,inv
D > 1

and RL,inv
Z > 1.
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7.2. Model simulation under antiviral treatment for blocking viral infections

To investigate the impact of antiviral therapies on the within-host co-dynamics of DENV and ZIKV,
we extend the system in Eq (7.1), by incorporating antiviral treatment that blocks viral infection of
healthy target cells. The resulting model is given by

dX
dt
= λ − dX − (1 − uD)βDXVD − βZ(1 − uZ)XVZ, (7.2)

dYL
D

dt
= (1 − θD)(1 − uD)βDe−n1τ1 Xτ1VDτ1 − (ηD + bD)YL

D, (7.3)

dYA
D

dt
= θD(1 − uD)βDe−n2τ2 Xτ2VDτ2 + ηDe−n3τ3YL

Dτ3
− aDYA

D − δDYA
DUD, (7.4)

dYL
Z

dt
= (1 − θZ)βZ(1 − uZ)e−n4τ4 Xτ4VZτ4 − (ηZ + bZ)YL

Z , (7.5)

dYA
Z

dt
= θZ(1 − uZ)βZe−n5τ5 Xτ5VZτ5 + ηZe−n6τ6YL

Zτ6
− aZYA

Z − δZYA
Z UZ, (7.6)

dVD

dt
= kDe−n7τ7YA

Dτ7
− cDVD, (7.7)

dVZ

dt
= kZe−n8τ8YA

Zτ8
− cZVZ, (7.8)

dUD

dt
= φD + ρDYA

DUD − ψDUD, (7.9)

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ. (7.10)

The basic reproduction numbers of the model in Eqs (7.2)–(7.10) are given by

RL
D(uD) =

kD(1 − uD)βDλψDσDe−n7τ7

dcD(ηD + bD)(aDψD + δDφD)
, RL

Z(uZ) =
kZ(1 − uZ)βZλψZσZe−n8τ8

dcZ(ηZ + bZ)(aZψZ + δZφZ)
.

Both reproduction numbers are strictly decreasing functions of the treatment intensities uD and uZ,

highlighting the inhibitory effect of antiviral therapy on viral transmission within the host. To guarantee
RL

D(uD) ≤ 1 and RL
Z(uZ) ≤ 1, the treatment intensities must satisfy

ucr
D ≤ uD ≤ 1 where ucr

D = max
{

1 −
cDd(ηD + bD)(aDψD + δDφD)

kDβDλψDσDe−n7τ7
, 0

}
,

ucr
Z ≤ uZ ≤ 1 where ucr

Z = max
{

1 −
cZd(ηZ + bZ)(aZψZ + δZφZ)

kZβZλψZσZe−n8τ8
, 0

}
.

Substituting the parameter values in Scenario 4 by setting βD = βZ = 0.004 yields

ucr
D ≈ 0.472375, ucr

Z ≈ 0.556668.

Consequently, we have

(i) If 0.472375 ≤ uD ≤ 1 and 0.556668 ≤ uZ ≤ 1, then RL
D (uD) ≤ 1 and RL

Z (uZ) ≤ 1, and EQ0 is G.A.S.

(ii) If 0 ≤ uD < 0.472375 and/or 0 ≤ uZ < 0.556668, then RL
D (uD) > 1 and/or RL

Z (uZ) > 1, causing
EQ0 to lose stability and another equilibrium to become globally asymptotically stable.
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To evaluate treatment efficacy, the control parameters uD and uZ, representing the antiviral treatment
intensities against DENV and ZIKV, respectively, are varied, as listed in Table 3. The system in
Eqs (7.2)–(7.10) is simulated using these efficacy levels together with the following initial conditions:

X(ϕ) = 37 + 5 sin(ϕ), YL
D(ϕ) = 8 + 0.1 sin(ϕ),

YA
D(ϕ) = 12 + 0.1 sin(ϕ), YL

Z (ϕ) = 8 + 0.2 sin(ϕ),
YA

Z (ϕ) = 11 + 0.3 sin(ϕ), VD(ϕ) = 34 + 0.5 sin(ϕ), (7.11)
VZ(ϕ) = 30 + 0.2 sin(ϕ), UD(ϕ) = 90 + 0.1 sin(ϕ),
UZ(ϕ) = 110 + 0.1 sin(ϕ), ϕ ∈ [−0.1, 0].

Table 3. Influence of the antiviral treatment efficacies uZ and uD on the associated
reproduction numbers RL

D and RL
Z.

Case uD uZ RL
D RL

Z

DE-1 0.0 0.0 1.8953 2.2556
DE-2 0.2 0.2 1.5162 1.8045
DE-3 0.4 0.4 1.1372 1.3534
DE-4 0.472375 0.556668 1 1
DE-5 0.8 0.8 0.3791 0.4511
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Figure 6. Solutions of the system in Eqs (7.2)–(7.10) under antiviral treatment.
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Figure 6 shows that increasing the treatment intensities uD and uZ leads to a pronounced reduction
in free virus concentrations (VD,VZ). This decline limits the generation of newly infected cells, while
enabling the population of uninfected target cells to recover. Moreover, the reproduction numbers
RL

D and RL
Z decrease monotonically with increasing treatment efficacy in Table 3 and cross the critical

threshold of unity at approximately uD = 0.472375 and uZ = 0.556668. Beyond this level (e.g., uD =

uZ = 0.8), both reproduction numbers remain below one, confirming that sufficiently strong inhibition
of viral entry leads to within-host clearance of both DENV and ZIKV.

7.3. Sensitivity analysis

In biological systems, sensitivity analysis is employed to investigate the relationship between
model parameters and system outputs, thereby enhancing the understanding of model behavior and
identifying the key parameters that most strongly influence the outcomes. Several approaches have
been developed to quantify the biological response to variations in model parameters, including direct
differentiation, Latin hypercube sampling, and system linearization followed by the solutions of the
resulting equations [66].

For the model in Eq (7.1), we adopt a derivative-based sensitivity analysis, which can be computed
analytically by evaluating the partial derivatives of the model outputs with respect to the parameters. In
particular, we focus on the sensitivity of RL

D and RL
Z, as these quantities play a central role in determining

the stability of EQ0. The normalized forward sensitivity index is generally given by

Λ
RL

s
α =

∂RL
s

∂α
·
α

RL
s
, s ∈ {D,Z}, (7.12)

where α is a parameter. The sensitivity analyses of RL
D and RL

Z are carried out as follows:

7.3.1. Sensitivity analysis of RL
D

The normalized forward sensitivity indices of RL
D, which quantify the influence of DENV-related

parameters on within-host viral dynamics, are computed using Eq (7.12). The resulting sensitivity
indices are reported in Table 4 and illustrated in Figure 7.

Table 4. Sensitivity indices of RL
D.

Parameters Value of ΛRL
D

α Parameters Value of ΛRL
D

α

λ 1 θD 0.3314
d −1 ηD 0.2730
βD 1 n1 −0.0468
cD −1 n2 −0.0532
kD 1 n3 −0.0468
bD −0.2730 n7 −0.1
aD −0.7 τ1 −0.0468
δD −0.3 τ2 −0.0532
φD −0.3 τ3 −0.0468
ψD 0.3 τ7 −0.1
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Figure 7. Forward sensitivity analysis of the parameters on RL
D.

From the signs of the indices, we note the following observations:

• Positive sensitivity indices are associated with the parameters λ, βD, kD, ψD, ηD, and θD,

indicating that increases in these parameters lead to an increase in RL
D. Hence, they facilitate the

proliferation and persistence of DENV within the host. Among them, λ, βD, and kD exhibit the
largest positive sensitivity indices, reflecting their dominant role in viral propagation. In contrast,
ψD, θD, and ηD, exert comparatively weaker positive effects. For example, a 10% increase (or
decrease) in βD produces a corresponding 10% increase (or decrease) in RL

D, while a 10% change
in ηD results in only a 2.73% change in RL

D.

• Negative sensitivity indices are observed for the parameters d, aD, cD, δD, bD, φD, n1, n2,
n3, n7, τ1, τ2, τ3, and τ7, implying that increases in these parameters reduce the value of RL

D.
Consequently, these parameters play an inhibitory role in controlling DENV infection. For
instance, the sensitivity index of bD is −0.273, meaning that a 10% increase in bD leads to an
approximate 2.73% reduction in RL

D. Among all negatively contributing parameters, d and cD

exert the strongest suppressive effects on viral dynamics.

7.3.2. Sensitivity analysis of RL
Z

Using Eq (7.12), the normalized forward sensitivity indices of RL
Z, which characterize the impact

of model parameters on the within-host progression of ZIKV infection, are calculated. The numerical
results are summarized in Table 5 and illustrated in Figure 8.
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Table 5. Sensitivity indices of RL
Z.

Parameters Value of ΛRL
Z
α Parameters Value of ΛRL

Z
α

λ 1 θZ 0.1489
d −1 ηZ 0.2628
βZ 1 n4 −0.0615
cZ −1 n5 −0.0385
kZ 1 n6 −0.0615
bZ −0.2628 n8 −0.1
aZ −0.5358 τ4 −0.0615
δZ −0.4642 τ5 −0.0385
φZ −0.4642 τ6 −0.0615
ψZ 0.4642 τ8 −0.1

Figure 8. Forward sensitivity analysis of the parameters on RL
Z.

Based on the signs and magnitudes of these indices, the following observations are made:

• Positive sensitivity indices correspond to the parameters λ, βZ, kZ, ψZ, ηZ, and θZ, indicating that
increases in these parameters enhance RL

Z and thus promote ZIKV amplification within the host.
Notably, λ, βZ, and kZ display the highest positive sensitivity indices, underscoring their critical
role in viral persistence. In contrast, ψZ, ηZ, and θZ contribute more modestly. As an illustration,
a 10% increase (or decrease) in kZ leads to an approximate 10% increase (or decrease) in RL

Z,
whereas a 10% variation in ηZ results in an approximate 2.63 % change in RL

Z.

• Negative sensitivity indices are associated with the parameters d, aZ, cZ, δZ, bZ, φZ, n4, n5,
n6, n8, τ4, τ5, τ6, and τ8, indicating that increasing these parameters suppresses the value of RL

Z

Networks and Heterogeneous Media Volume 21, Issue 4, 1262–1333.



1320

and consequently limits ZIKV progression. For example, the sensitivity index of aZ is −0.5358,
implying that a 10% increase (or decrease) in aZ yields an approximate 5.35% decrease (or
increase) in RL

Z. Among all inhibitory parameters, d and cZ exhibit the most pronounced negative
influence, followed by aZ, δZ, bZ, φZ, n4, n5, n6, n8, τ4, τ5, τ6, and τ8, which consistently exert
weaker yet stabilizing effects.

The present sensitivity analysis is local in nature and is intended to identify the dominant parameters
governing the threshold dynamics of DENV–ZIKV co-infection. While the derivative-based approach
provides useful insight into parameter influence near baseline values, a more comprehensive global
sensitivity analysis and uncertainty quantification framework may further clarify parameter interactions
and robustness of the predicted dynamics. Such investigations constitute an important direction for
future work.

7.4. Impact of time delays on DENV–ZIKV co-dynamics

Among the delay parameters governing the DENV–ZIKV within-host co-infection dynamics,
numerical investigations indicate that the basic reproduction numbers RL

D and RL
Z are particularly

sensitive to variations in the delay parameters τ7 and τ8, respectively; these delays correspond to the
maturation periods associated with newly released DENV and ZIKV virions, respectively. Owing
to their dominant influence, our analysis focuses on examining how changes in τ7 and τ8 affect the
stability properties of the disease-free equilibrium EQ0.

To isolate the effects of these delays, the parameters βD = 0.004, βZ = 0.004, and τi = 0.1 for
i = 1, 2, . . . , 6 are fixed. The impact of incorporating the delays τ7 and τ8 on the global stability
of EQ0 is then investigated. Since the expressions of the reproduction numbers RL

D and RL
Z given

in Eq (7.13) depend explicitly on τ7 and τ8, any variation in these parameters directly modifies the
stability characteristics of the disease-free equilibrium. In particular, increasing τ7 and τ8 leads to a
reduction in the values of RL

D and RL
Z, which is favorable for stabilizing the system (see Table 6).

Table 6. The variation of RL
D and RL

Z with respect to the delay parameters.

Case τ7 τ8 RL
D RL

Z

T.D-1 0.2 0.2 1.7149 2.0410
T.D-2 0.4 0.4 1.4041 1.6710
T.D-3 0.7394 0.9134 1 1
T.D-4 1.4 1.4 0.5165 0.6147
T.D-5 1.6 1.6 0.4229 0.5033

The system in Eq (7.1) is solved numerically under the initial conditions in Eq (7.11). To determine
the critical delay thresholds governing the stability of EQ0, the reproduction numbers are expressed
explicitly as functions of τ7 and τ8:

RL
D(τ7) =

kDβDλψDσDe−n7τ7

dcD(ηD + bD)(aDψD + δDφD)
,

RL
Z(τ8) =

kZβZλψZσZe−n8τ8

dcZ(ηZ + bZ)(aZψZ + δZφZ)
.

(7.13)
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To ensure that RL
D(τ7) ≤ 1 and RL

Z(τ8) ≤ 1, the following threshold conditions must be satisfied:

τ7 ≥ τ
cr
7 = max

{
0,

1
n7

ln
(

kDβDλψDσD

dcD(ηD + bD)(aDψD + δDφD)

)}
,

τ8 ≥ τ
cr
8 = max

{
0,

1
n8

ln
(

kZβZλψZσZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)

)}
.

Substituting the parameter values yields the critical thresholds

τcr
7 ≈ 0.73937, τcr

8 ≈ 0.91344.

Accordingly, the following stability scenarios arise:
(i) If τ7 ≥ 0.73937 and τ8 ≥ 0.91344, then RL

D(τ7) ≤ 1, RL
Z(τ8) ≤ 1, and the disease-free equilibrium

EQ0 is G.A.S.
(ii) If τ7 < 0.73937 and/or τ8 < 0.91344, then RL

D(τ7) > 1 and/or RL
Z(τ8) > 1, and the equilibrium EQ0

loses stability, in which case another equilibrium becomes globally asymptotically stable.
Table 6 reports the computed values of RL

D(τ7) and RL
Z(τ8) for several representative delay scenarios.

As the delays τ7 and τ8 increase, both reproduction numbers decrease monotonically, indicating
enhanced system stability. This trend is further confirmed by the numerical simulations shown in
Figure 9.
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Figure 9. Solutions of the system in Eq (7.1) under the effect of three different time delays.
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The simulations demonstrate that incorporating larger time delays results in a substantial increase
in the population of uninfected cells, accompanied by marked reductions in latently and productively
infected cells and viral loads. Biologically, prolonged intracellular delays slow viral replication
processes, producing an effect analogous to antiviral treatment. Consequently, incorporating
biologically realistic time delays provides valuable insight into potential therapeutic strategies that
enhance infection control and promote host recovery.

Moreover, as viral loads decline due to extended delay periods, there is a gradual increase in
uninfected cell concentrations over time.

8. Conclusions

In this study, we developed and rigorously analyzed a within-host dynamical model describing
DENV–ZIKV co-infection under CTL-mediated immune regulation and multiple distributed
intracellular delays. The model explicitly differentiates latent and productively infected cell
compartments, enabling a biologically refined representation of intracellular viral progression and
immune–virus interaction dynamics.

The basic reproduction numbers of the individual viral subsystems, denoted by RL
D and RL

Z, were
derived using the next-generation operator framework. It was established that the overall basic
reproduction number of the coupled co-infection system satisfies RL

0 = max{RL
D,R

L
Z}, which indicates

that the virus with the greater replication and transmission capability within the host dominates the
early-stage infection dynamics and possesses a competitive advantage during the initial phase of
infection. Furthermore, invasion reproduction numbers RL,inv

D and RL,inv
Z were obtained to characterize

the competitive ability of one virus to establish infection in a host environment where the other virus
has already reached its endemic equilibrium.

These four threshold quantities, RL
D, RL

Z, RL,inv
D and RL,inv

Z , were shown to completely determine the
existence, and global asymptotic stability of the four biologically feasible equilibria: the disease-free
state (EQ0), DENV mono-infection (EQ∗), ZIKV mono-infection (EQ), and DENV–ZIKV
co-infection (ẼQ). The global threshold behavior of the system was rigorously established using
Lyapunov functional techniques adapted to distributed-delay systems.

8.1. Key findings

• EQ0 always exists. EQ∗ exists whenever (RL
D > 1), while (EQ) exists whenever (RL

Z > 1). The
coexistence equilibrium (ẼQ ) exists whenever (RL,inv

D > 1 and RL,inv
Z > 1).

• EQ0 is G.A.S when RL
0 ≤ 1 implying that the infection will disappear regardless of the

initial conditions, and the system returns to a healthy state. If RL
D > 1 and RL,inv

Z ≤ 1, the
system converges to EQ∗. In this case, DENV establishes persistent infection sustained by its
reproduction potential, whereas ZIKV fails to invade due to an unfavorable effective reproduction
threshold in the DENV-established immune environment. Similarly, when RL

Z > 1 and RL,inv
D ≤ 1,

then EQ becomes G.A.S. Here, CTL dynamics and viral competition prevent DENV from
successfully invading the ZIKV-dominated host environment. In contrast, if RL,inv

D > 1 and
RL,inv

Z > 1, then ẼQ is G.A.S. In this regime, each virus can successfully invade and persist
despite the presence of the other, leading to long-term co-infection maintained through a balance
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between viral replication and CTL-mediated immune pressure. Numerical simulations conducted
under variations of the infection rates βD and βZ confirmed the global stability properties of all
four equilibrium states.

• The model was extended to incorporate antiviral control parameters uD and uZ, which reduce
viral entry, modifying the infection rates to (1 − uD)βD and (1 − uZ)βZ, where uD, uZ ∈ [0, 1].
Under this modification, the effective reproduction numbers become functions of the control
levels. It was shown that EQ0 becomes G.A.S whenever the controlled reproduction numbers
satisfy RL

D(uD) ≤ 1 and RL
Z(uZ) ≤ 1. Thus, sufficiently large treatment efficacy levels drive both

effective reproduction numbers below unity, leading to elimination of DENV and ZIKV from the
host. Numerical simulations confirmed that sufficiently strong antiviral intervention reduces viral
concentration and restores global stability of the disease-free equilibrium.

• Sensitivity analysis revealed that the recruitment rate λ, infection rates βD and βZ, viral production
rates kD, and kZ, natural death rate d and viral clearance rates cD and cZ exert the strongest
influence on system dynamics.

• Examination of intracellular delay effects revealed that longer delay periods decrease (RL
D)

and (RL
Z), producing an effect analogous to antiviral therapy. Hence, extending intracellular delays

may represent a viable mechanism for reducing reproduction thresholds below one and achieving
viral elimination. Moreover, comparison between the delayed and delay-free formulations
showed that neglecting intracellular time delays leads to an overestimation of viral reproduction
numbers and the minimum antiviral efficacy required for infection control.

• The role of latently infected cells was further examined by comparing the full model with a
reduced formulation lacking latent compartments. The results demonstrated that the inclusion
of latent infection stages decreases (RL

D) and (RL
Z), whereas neglecting latency leads to an

overestimation of viral reproduction potential and antiviral treatment thresholds.

8.2. Limitations and future work

A limitation of this framework is the use of a bilinear CTL proliferation term, which provides a
simplified representation of immune activation and does not explicitly account for saturation effects,
antigen-presentation delays, or immune exhaustion. Furthermore, the sensitivity analysis performed in
this study is local in nature.

Another limitation arises from the lack of reliable clinical co-infection data for DENV–ZIKV
systems. Consequently, the numerical simulations are not calibrated using patient-specific
observations; instead, parameter values are adopted from related mono-infection studies or selected
within biologically reasonable ranges to illustrate the qualitative behavior of the model.

The framework also assumes independent DENV- and ZIKV-specific CTL responses. Since DENV
and ZIKV are antigenically related flaviviruses, cross-reactive CTL responses may influence immune
competition and cross-protection during co-infection. In future studies, researchers may incorporate
CTL cross immunity by enabling DENV-specific CTLs to partially target ZIKV-infected cells and vice
versa through additional immune interaction terms. However, such an extension would substantially
increase model complexity and require additional biological assumptions and parameter estimation.
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In future work, we will focus on obtaining sufficiently rich real-world or in vivo co-infection data to
enable reliable parameter estimations and full model validations, thereby enabling a more rigorous
assessment of the model’s predictive capability. Additional extensions may incorporate nonlinear
immune activation mechanisms, global sensitivity analysis, and parameter uncertainty quantification
to further evaluate the robustness of the predicted DENV–ZIKV co-infection dynamics.

Mathematical virology and epidemiological models with diffusion have received considerable
attention in recent years [67, 68]. This model may also be extended to a delayed PDE framework
by incorporating the spatial diffusion of cells and virus particles. This extension will be explored in
future work.
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Appendix

A: Basic reproduction number

The basic reproduction number represents the expected number of newly infected cells generated
by a single infected cell over its infectious lifespan, assuming that the entire population of target cells
is initially uninfected. This threshold quantity is evaluated at the Disease-free equilibrium state.

i. Determination of the basic reproduction number for DENV single infection

To derive the DENV-only subsystem, all ZIKV-related variables are removed by setting YL
Z = YA

Z =

VZ = 0 in system in Eq (2.1)–(2.9). The resulting reduced system is given by:

dX
dt
= λ − dX − βDXVD − βZXVZ, (A.1)

dYL
D

dt
= (1 − θD)βD

∫ S 1

0
f1(τ)e−n1τXτVDτ dτ − (ηD + bD)YL

D, (A.2)

dYA
D

dt
= θDβD

∫ S 2

0
f2(τ)e−n2τXτVDτ dτ + ηD

∫ S 3

0
f3(τ)e−n3τYL

Ddτ − aDYA
D − δDYA

DUD, (A.3)

dVD

dt
= kD

∫ S 7

0
f7(τ)e−n7τYA

Dτ dτ − cDVD, (A.4)
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dUD

dt
= φD + ρDYA

DUD − ψDUD, (A.5)

dUZ

dt
= φZ − ψZUZ. (A.6)

The disease-free equilibrium (DFE) of the system in Eqs (A.1)–(A.6) is EQ0 = (X0, 0, 0, 0,U0
D,U

0
Z),

where X0 = λ
d , U0

D =
φD
ψD

, and U0
Z =

φZ
ψZ

.
Using the next-generation matrix approach, the basic reproduction number for DENV, denoted by

RL
D, is obtained as the spectral radius ρ(FDV

−1
D ), where FD corresponds to new infection terms and VD

contains all remaining transition terms.
Define

FD =


(1 − θD)βD

∫ S 1

0
Π1(τ)XτVDτ dτ

θDβD

∫ S 2

0
Π2(τ)XτVDτ dτ

0

 , VD =


(ηD + bD)YL

D

−ηD

∫ S 3

0
Π3(τ)YL

Ddτ + aDYA
D + δDYA

DUD

−
∫ S 7

0
Π7(τ)YA

Dτ dτ + cDVD

 .
Linearizing at the DFE yields the Jacobian matrices

FD =


0 0 (1 − θD)βD𭟋1

λ
d

0 0 θDβD𭟋2
λ
d

0 0 0

 , VD =


ηD + bD 0 0
−ηD𭟋3 aD + δD

φD
ψD

0
0 −kD𭟋7 cD

 .
Therefore,

RL
D = ρ(FDV

−1
D ) =

kDβDλψD𭟋7σD

dcD(ηD + bD)(aDψD + δDφD)
,

where
σD = (ηD + bD)θDe−n2τ2 + ηD(1 − θD)e−(n1τ1+n3τ3).

ii. Determination of the basic reproduction number for ZIKV single infection

Following the same procedure, the ZIKV-only subsystem is obtained by setting YL
D = YA

D = VD = 0
in the system in Eqs (2.1)–(2.9):

dX
dt
= λ − dX − βDXVD − βZXVZ, (A.7)

dYL
Z

dt
= (1 − θZ)βZ

∫ S 4

0
f4(τ)e−n4τXτVZτ dτ − (ηZ + bZ)YL

Z , (A.8)

dYA
Z

dt
= θZβZ

∫ S 5

0
f5(τ)e−n5τXτVZτ dτ + ηZ

∫ S 6

0
f6(τ)e−n6τYL

Zτdτ − aZYA
Z − δZYA

Z UZ, (A.9)

dVZ

dt
= kZ

∫ S 8

0
f8(τ)e−n8τYA

Zτ dτ − cZVZ, (A.10)

dUD

dt
= φD − ψDUD, (A.11)

dUZ

dt
= φZ + ρZYA

Z UZ − ψZUZ. (A.12)
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Applying the next-generation matrix method again,

RL
Z = ρ(FZV

−1
Z ) =

kZβZλψZ𭟋8σZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)
,

where
σZ = (ηZ + bZ)θZe−n5τ5 + ηZ(1 − θZ)e−(n4τ4+n6τ6).

iii. Computation of the basic reproduction number for DENV/ZIKV co-infection

In a similar way, we can calculate the basic reproduction number for DENV–ZIKV co-infection
model in Eqs (2.1)–(2.9), as RL

0 = ρ(F0V
−1
0 ), where

F0 =



0 0 0 0 (1 − θD)βD𭟋1X0 0
0 0 0 0 θDβD𭟋2X0 0
0 0 0 0 0 (1 − θZ)βZ𭟋4X0

0 0 0 0 0 θZβZ𭟋5X0

0 0 0 0 0 0
0 0 0 0 0 0


and

V0 =



ηD + bD 0 0 0 0 0
−ηD𭟋3 aD + δDU0

D 0 0 0 0
0 0 ηZ + bZ 0 0 0
0 0 −ηZ𭟋6 aZ + δZU0

Z 0 0
0 −kD𭟋7 0 0 cD 0
0 0 0 −kZ𭟋8 0 cZ


.

Then, the next generation matrix at the Disease-free equilibrium, denoted as F0V
−1
0 , is obtained by

multiplying the infection matrix F0 with the inverse of the transition matrix V−1
0 . Therefore, the basic

reproductive number for the co-infection model is:

RL
0 = ρ(F0V

−1
0 ) = max

{
kDβDλψD𭟋7σD

dcD(ηD + bD)(aDψD + δDφD)
,

kZβZλψZ𭟋8σZ

dcZ(ηZ + bZ)(aZψZ + δZφZ)

}
= max{RL

D,R
L
Z}.

B: The invasion reproduction numbers

In between-host dynamics, the invasion reproduction number quantifies the ability of a new disease
to invade a population in which another disease is already at an endemic equilibrium [69, 70]. In
within-host viral dynamics, it measures the ability of a new virus to invade a host in which another
virus has already established an infected equilibrium [71].

i. Invasion of DENV into a ZIKV-resident host

Assume that ZIKV is resident at the ZIKV mono-infection equilibrium EQ =

(X, 0, 0, Y
L
Z,Y

A
Z , 0,VZ,UD,UZ), where

X =
λcZ

dcZ + βZkZ𭟋8Y
A
Z

, Y
L
D = 0, Y

L
Z =

(1 − θZ)βZkZ𭟋4𭟋8λY
A
Z

(ηZ + bZ)(dcZ + βZkZ𭟋8Y
A
Z)
,
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VD = 0, VZ =
kZ𭟋8

cZ
Y

A
Z , UD =

φD

ψD
> 0 and UZ =

φZ

ψZ − ρZY
A
Z

where YZ ∈

(
0,
ψZ

ρZ

)
.

The invasion reproduction number of DENV is derived by considering the system in
Eqs (A.1)–(A.6) and evaluating the Jacobian matrices of FD andVD at the equilibrium EQ, yielding

FL,inv
D =


0 0 (1 − θD)βD𭟋1X
0 0 θDβD𭟋2X
0 0 0

 , VL,inv
D =


ηD + bD 0 0
−ηD𭟋3 aD + δDUD 0

0 −kD𭟋7 cD

 .
Thus, the invasion reproduction number of DENV is given by

RL,inv
D = ρ

(
Finv

D V
inv−1
D

)
=

kDβD𭟋7σDX

cD(aD + δDUD)(ηD + bD)
=

kDβDλψD𭟋7σD

dcD(aDψD + δDφD)(ηD + bD)
(
1 + kZβZ𭟋8

dcZ
Y

A
Z

) .
ii. Invasion of ZIKV into a DENV-resident host

Assume that DENV is a resident at the DENV mono-infection equilibrium EQ∗ =

(X∗, YL∗
D , Y

A∗
D , 0, 0,V∗D, 0,U

∗
D,U

∗
Z), where

X∗ =
λcD

dcD + βDkD𭟋7YA∗
D

, YL∗
D =

(1 − θD)βDkD𭟋1𭟋7λYA∗
D

(ηD + bD)(dcD + βDkD𭟋7YA∗
D )

,

YL∗
Z = 0, YA∗

Z = 0,V∗D =
kD𭟋7

cD
YA∗

D , V∗Z = 0,

U∗D =
φD

ψD − ρDYA∗
D

and U∗Z =
φZ

ψZ
.

Consider Eqs (A.7)–(A.12). The corresponding next-generation matrices for ZIKV invading a
DENV-resident host are given by

Finv
Z =


0 0 (1 − θZ)βZ𭟋4X∗

0 0 θZβZ𭟋5X∗

0 0 0

 , Vinv
Z =


ηZ + bZ 0 0
−ηZ𭟋6 aZ + δZU∗Z 0

0 −kZ𭟋8 cZ

 .
Hence, the invasion reproductive number of ZIKV is

RL,inv
Z = ρ

(
Finv

Z V
inv−1
Z

)
=

kZβZ𭟋8σZX∗

cZ(aZ + δZU∗Z)(ηZ + bZ)
=

kZβZλψZ𭟋8σZ

dcZ(aZψZ + δZφZ)(ηZ + bZ)
(
1 + kDβD𭟋7

dcD
YA∗

D

) .
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