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Abstract: In this study, we formulated and analyzed a within-host co-infection model of Dengue
virus (DENV) and Zika virus (ZIKV) that incorporated CTL-mediated immunity, and four types
of distributed time delays. The model described the dynamics of uninfected cells, latently, and
productively infected cells for each virus, along with free DENV and ZIKV particles and virus-targeted
CTL responses. We first proved that all model solutions remained nonnegative and bounded. We
computed the basic reproduction numbers R% for DENV and R% for ZIKV, together with the invasion
reproduction numbers R5™ and R,™, which determined invasion capability under pre-existing
infection. These numbers governed the existence and the global asymptotic stability of model
equilibria. Global stability was established using the Lyapunov method, and numerical simulations
were performed to validate the analytical results. In addition, sensitivity analysis identified the most
influential parameters affecting viral clearance. The effects of antiviral therapy, time delays, and latent
infection stages on the DENV-ZIKYV co-dynamics were investigated. The results showed that treatment
intervention, prolonged delays, and the inclusion of latent infection stages led to a reduction in R} and
RL. Furthermore, neglecting intracellular delays or latent infection stages leads to an overestimation
of RL and R and the antiviral efficacy required for infection control. This suggests that therapeutic
strategies aimed at prolonging intracellular delay phases and accounting for latent-stage dynamics may
decrease these reproduction numbers below unity, thereby promoting viral elimination within the host.

Keywords: co-infection; dengue virus; zika virus; time delay; drug therapy; sensitivity analysis; basic
and invasion reproduction numbers
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1. Introduction

Dengue virus (DENV) and Zika virus (ZIKV) are among the most epidemiologically significant
flaviviruses worldwide. Both viruses are primarily transmitted by Aedes aegypti and Aedes albopictus,
mosquito species that are widely distributed in tropical and subtropical climates and facilitate sustained
viral circulation in densely populated regions. While dengue transmission is largely vector-dependent,
ZIKV also exhibits additional transmission routes, including sexual and vertical transmission during
pregnancy, thereby increasing its public health complexity and creating additional challenges for
epidemiological surveillance systems [1, 2].

According to the World Health Organization, the global burden of dengue has increased
substantially over the past two decades, with reported cases rising from approximately 505,000 in 2000
to more than 14.6 million in 2024, representing the highest annual incidence recorded to date [2].
Cartographic modeling estimates indicate that the number of dengue cases exceeded twice the 7 million
reported in 2023 and was nearly twelvefold higher than the 1.2 million cases documented in 2014 [3].
In the same year, 9,508 deaths were attributed to Dengue, corresponding to a global case-fatality rate
of 0.07% [3]. In contrast, Zika virus incidence declined markedly following the major epidemic waves
of 2015-2016; however, its presence in more than 90 countries in 2023 continued to underscore its
persistent epidemic potential and capacity for resurgence [4].

DENV and ZIKV are positive-sense, single-stranded RNA viruses classified within the genus
Flavivirus. Both viruses elicit innate and adaptive immune responses that shape infection outcomes
and contribute to host defense by limiting viral replication and persistence [5, 6]. Adaptive immunity
consists of two principal arms: The humoral response, mediated by B lymphocytes that produce
antibodies capable of binding to and neutralizing viral particles, and the cellular response, mediated by
cytotoxic T lymphocytes (CTLs), that recognize and eliminate infected cells. CTLs are particularly
critical in mosquito-borne viral infections, where effective clearance of infected cells is essential
for controlling viral load and limiting disease progression. In dengue infection, CTL responses
have been shown to influence viral control and disease severity [7], and similar cellular immune
mechanisms are implicated in ZIKV infection outcomes [8]. DENV consists of four antigenically
distinct serotypes (DENV-1 to DENV-4). Infection with one serotype induces long-lasting homologous
immunity against that specific serotype; however, it confers only partial and transient protection against
the remaining serotypes. As a result, secondary infections can occur and are frequently associated
with heightened disease severity due to immune-mediated mechanisms [9]. In addition, the limited
cross-protective immunity between DENV and ZIKV permits sequential infections and co-infections.
These events have been documented in several endemic regions and may substantially influence viral
dynamics and host immune interactions within the infected individual [10-12].

At the cellular scale, mathematical modeling provides a powerful framework for investigating
within-host viral dynamics in primary, secondary, and co-infection scenarios. These models facilitate
a mechanistic understanding of the interactions among viruses, target cells, and immune components,
and are especially valuable when examining co-infections such as DENV and ZIKV, which compete
for similar cellular targets. Moreover, within-host models enable researchers to explore biological
mechanisms that are challenging to measure experimentally and to predict infection trajectories,
including viral persistence or clearance. Such predictive insights are instrumental in guiding antiviral
drug development and vaccine strategies.
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The simple target cell limited framework has served as the foundational structure for modeling
within-host viral dynamics, capturing the interactions among susceptible target cells, infected cells,
and free virions. Building upon a simple foundational model, this approach has been extensively
applied to DENYV infections [13, 14] and to ZIKV infections [15-17]. Extensions of this framework
have progressively incorporated immunological mechanisms. Nikin-Beers and Ciupe [18] formulated
this basic framework to elucidate the underlying mechanisms governing viral amplification and
clearance during both primary and secondary dengue infections. In addition, Ben Shachar and
Koelle [13] demonstrated that T cell-mediated cytokine responses may exacerbate disease severity
during secondary DENV infection. For ZIKYV, Osuna et al. [15] calibrated the model using primate
data, while Best et al. [16] evaluated antiviral treatment effects. Best and Perelson [17] later
integrated innate immune mediators such as interferon-a and natural killer cells. Tuncer and
Martcheva [19] developed coupled within-host and within-vector models that distinguish pregnant and
non-pregnant hosts, and validated them using primate data. Moreover, Best et al. [20] emphasized
viral interference with host innate defenses, underscoring the growing recognition of immune-virus
feedback mechanisms in shaping infection trajectories.

Subsequent developments entailed structural limitations of the classical framework, particularly the
absence of target cell renewal and natural death. Models incorporating target cell recruitment and
turnover were advanced by Nuraini et al. [21], who explicitly modeled CTL-mediated viral control.
The combined action of innate immunity and CTLs was further analyzed by S. Perera and S. S. N.
Perera [22], with subsequent computations in [23] and asymptotic investigations in [24]. Nonlinear
interaction structures were introduced using Beddington-DeAngelis functional responses in [25], while
Thibodeaux et al. [26] extended CTL-driven models by incorporating monocyte dynamics regulated
by macrophage colony-stimulating factor. Stochastic effects were incorporated to capture biological
variability [27], and delayed stochastic perturbations were examined by Modak and Muthu [28].

Parallel studies entailed immune complexity during secondary infection, including models
integrating both CTL and antibody-mediated responses as in [29-31], and explicit treatment of
secondary DENV dynamics [32, 33]. Antibody competition and cross-reactivity mechanisms
contributing to antibody-dependent enhancement were investigated in [18, 34]. Extensions to
multi-target cell infection structures were proposed by Alshaikh et al. [35] and later expanded spatially
by [36]. Additional refinements included antibody-dependent enhancement with constrained plasma
cell proliferation [37] and hybrid deterministic-stochastic formulations using piecewise fractional
differential equations to capture nonlinear transmission and logistic target cell growth [38]. Gujarati
and Ambika [39] further examined the dynamics of antibody classes during secondary DENV
infection. Furthermore, Aldubiban et al. [40] advanced secondary DENV within-host modeling
by incorporating CTL immunity together with explicit time-delay mechanisms, and then refining
the formulation using distributed delays to better capture heterogeneity in infection progression and
virion maturation.

Regarding DENV-ZIKYV co-infection, considerable attention has been devoted to population-level
epidemiological modeling (see e.g. [41-43]). Despite these extensive contributions addressing
dengue-Zika co-infection at the population scale, within-host dynamics remain insufficiently
investigated. Tang et al. [44] proposed a within-host DENV-ZIKYV co-infection model incorporating
antibodies to characterize humoral immune responses and cross-immune effects, including
antibody-dependent enhancement (ADE) and antibody-dependent neutralization (ADN). While
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this framework provides valuable insight into antibody-mediated interactions, several biologically
important mechanisms and mathematical aspects remain unexplored.

First, CTL-mediated elimination of infected cells is not explicitly incorporated. Experimental and
immunological evidence indicates that CTLs play a crucial role in controlling flaviviral infections
through the recognition and clearance of infected cells, thereby contributing to viral elimination and
disease regulation [7, 8].

Second, the model neglects latently infected cells, in which infected cells harbor the virus before
becoming productively infectious. Since latency constitutes an important stage in intracellular viral
progression, neglecting this compartment may limit the representation of viral persistence and delayed
infection dynamics.

Third, the model assumes instantaneous transitions among infection stages. However, several
biological processes involved in DENV-ZIKV infection are intrinsically time-dependent, including
the establishment of latent infection, progression to productive infection, activation of latently
infected cells, and maturation of newly produced virions prior to infectivity. To better capture these
mechanisms, we incorporate four biologically motivated distributed intracellular delays corresponding
to: (i) latent infection establishment, (ii) productive infection establishment, (iii) activation of latent
cells, and (iv) virion maturation. Unlike instantaneous or discrete-delay formulations, distributed time
delays enable temporal heterogeneity in intracellular progression, thereby providing a more realistic
description of viral development across infected cells and virions.

Fourth, a comprehensive mathematical analysis of DENV-ZIKV co-infection, including
well-posedness, equilibrium structure, stability, and antiviral treatment effects, remains limited.

The researchers in [45], developed and analyzed DENV-ZIKV co-infection model with
CTL-mediated immunity; however, latent infection and intracellular time delays were not considered.

Motivated by the limitations of [44, 45], we develop a within-host DENV-ZIKV co-infection model
integrating CTL-mediated immunity, latent infection stages, and four biologically motivated distributed
intracellular time delays. The proposed framework enables investigation of how cellular immune
responses and delayed intracellular viral progression influence invasion thresholds, viral persistence,
competitive outcomes, and long-term co-infection dynamics.

Contributions of this study:

e We develop a within-host DENV-ZIKYV co-infection model integrating CTL-mediated immunity,
latent infection stages, and four biologically motivated distributed intracellular time delays
describing latent-cell establishment, productive-cell establishment, latent-cell activation, and
virion maturation.

e A rigorous qualitative investigation of the proposed system is performed to establish its
fundamental mathematical properties.

e The basic and invasion reproduction numbers are derived and analytically shown to govern the
existence and stability of all equilibrium states.

e The global stability behavior of the co-infection system is thoroughly examined.

e An antiviral treatment strategy is integrated into the model to evaluate its impact on viral
progression and immune dynamics.
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e A detailed sensitivity analysis is conducted to identify the most influential parameters affecting

viral persistence and clearance.

e Numerical simulations are implemented to support the theoretical analysis and to assess the

effectiveness of therapeutic interventions as well as time delay.

In this study, we provide a mechanistic framework for understanding the role of CTL-mediated
immunity and intracellular delay heterogeneity in shaping DENV-ZIKV co-infection dynamics and
establish a foundation for future mathematical, immunological, and data-driven investigations.

2. Model formulation

In this section, we present the formulation of the DENV-ZIKV within-host co-infection model with

CTL immunity, latently infected cells, and multi-distributed time delays. The model is developed under
the following assumptions:

Al.

A2.

A3.

Ad4.

AS.

A6.

The within-host system consists of nine interacting compartments: uninfected cells X, latently
DENV-infected cells Y5, productively DENV-infected cells Y4, latently ZIKV-infected cells
YZ, productively ZIKV-infected cells Y2, free DENV virions Vp, free ZIKV virions V,
DENV-targeted CTLs Up, and ZIKV-targeted CTLs U;. These compartments are removed at
rates d, bp, ap, bz, az, cp, ¢z, Yp, and Yz, respectively.

Uninfected cells are produced at a constant rate 4 and become infected by DENV and ZIKV
through bilinear incidence terms SpXVp and S7XV7, respectively. Infection results in the
depletion of uninfected cells, and the formation of latent and active infected cell compartments
YL, Y4, YL, and Y2 are described by Eqs (2.1)—(2.5).

For each i € {D,Z}, a fraction 6, € [0,1] of newly infected cells immediately enters the
productively infected class, while the remaining fraction (1 — 6;) becomes latently infected.
Latently infected cells transition to the productive class at rates np and 7z, respectively (see
Egs (2.2)-(2.5)).

Productively infected cells Y S and Y‘Z“ produce new DENV and ZIKV virions at rates kp and kz,
respectively (see Eqgs (2.6) and (2.7)). CTLs contribute to viral control by killing productively
infected cells at rates 5DYLA; Up and 6ZY§‘ Uy, as described in Egs (2.3) and (2.5).

DENV- and ZIKV-targeted CTLs U and Uy are produced at basal rates ¢p and ¢z, respectively,
and undergo clonal expansion in response to antigenic stimulation at rates ppYpUp and p Y5 Uy.
The CTL immune response dynamics are governed by Eqs (2.8) and (2.9).

The model incorporates eight biologically distinct distributed time delays representing
intracellular processes such as cell infection, activation of latent cells, and maturation of virions.
For each delay process i = 1,2,...,8, the delay variable 7 is characterized by a probability
density function f;(7) supported on [0, §;], where §; denotes the upper bound of the corresponding
delay interval. These functions satisfy standard probabilistic assumptions and admit the following
interpretations:
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e The probability that uninfected cells contacted by DENV or ZIKV at time 7 — 7 survive for 7 time
units and become latently infected at time ¢ is given by f;(1)e™" for i = 1,4, where 1/n; denotes

the average time required for latent infection to establish.

e The probability that viral-contacted cells require 7 time units and become productively infected is
represented by fi(t)e™" for i = 2,5, where 1/n; denotes the average time required for productive

infection to establish.

e The probability that latently infected cells become productive after a delay 7 is represented by
Ji(m)e ™" for i = 3,6, where 1/n; is the average time for the activation of latently infected cells.

e The probability that new produced virions at time ¢ — 7 and become mature at time ¢ is given by

fi(m)e™™" fori = 7,8, where 1/n; represents the average maturation time.

We denote

=), W=Pr-1), for ¥e(XY5 YN YY) V. Vs Up. Us}.

Define S
IT;(7) = fi(r)e™", and F; = f II;(v)dr, i=1,2,...,8,
0

which satisfy 0 < F; < 1. Based on Assumptions A1-A6, the proposed DENV-ZIKV co-infection

model is given by

17).4
E = /l - dX —ﬁDXVD —ﬁzx‘/z,
dy}, > L
o (1- HD),BDf IL ()X Vp- dt — (np + bp)Yp,
0
dYA Sz 53
TrD = 0pBp f IL(1)X, Vp, dt + 1p f 3(7)Y5 dt — apYiy — SpYaUp,
0 0
dy} S L
I (1- Hz)ﬁzf IL(DXVz. dt — (7 + b)Y,
0
dYA 55 S(,
th = 0,8, f 5(1)X, Vz, dt + 12 f Hs(1)YS, dt — azYs — 6,Y5 Uy,
0 0
dVp > A
7 = kD H7(T)YDT dr — CDVD,
0
dv, > A
7 = kZ Hg(T)YZT dr — C2VZ,
0
du
d_tD =¢p +PDY1A5UD —ypUp,
dU
d_tZ = @z +pzYy Uz — Y2 U3.

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
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The initial conditions for system in Eqgs (2.1)—(2.9) are given by

where S*

X(3) = ¢1(%), Y500) = ¢a(), Y () = $3(), Y5 () = $a(30), Y (%) = 5 (),

V() = ¢s(), V() = ¢7(%), Up(x) = ¢s(), Uz(%) = (),

¢i(x)>0,i=1,2,...,9, x € [-57,0],

= max{S,S,,...

(2.10)

,Sg} and ¢; € C([-S*,0],R50). Here, C denotes the Banach space of

continuous functions mapping [-S*,0] into Ryy with norm [|¢;|| = sup_g..,, |¢i(%)]. By standard
results for functional differential equations [46, 47] system in Eqs (2.1)—(2.9) with initial data in
Eq (2.10) admits a unique continuous solution. The definitions and values of the model parameters
and variables are listed in Table 1. Figure 1 illustrates the within-host dynamics of DENV and ZIKV
co-infection, highlighting the interactions between viral populations, latent and actively infected cells,
and CTL-mediated immune responses with time delays.

Table 1. Model parameters.

Symbol  Description Value

X Uninfected target cells cells mm™3

YLL) Latently DEN V-infected cells cells mm™>

Y, Latently ZIK V-infected cells cells mm™3

YS Productively DENV-infected cells cells mm™

Y, Productively ZIK V-infected cells cells mm™3

Vb Free DENVs viruses mm3

Vy Free ZIKVs viruses mm~>

Up DENV-targeted CTLs cells mm™>

Uz ZIKV-targeted CTLs cells mm™3

A Production rate of uninfected cells 10 cells mm™ day~!

d Death rate of uninfected cells 0.14 day™!

Bp DENV-cells incidence rate varied

Bz ZIKV-cells incidence rate varied

6p Probability of productive DENV infection 0.3

6, Probability of productive ZIKV infection 0.25

1D Conversion rate of latently DEN V-infected to productive cells 0.1 day™!

nz Conversion rate of latently ZIK V-infected to productive cells 0.2 day™!

bp Death rate of latently DEN V-infected cells 0.14 day™!

by Death rate of latently ZIK V-infected cells 0.14 day™!

ap Death rate of productively DEN V-infected cells 0.14 day™!

az Death rate of productively ZIK V-infected cells 0.1483 day™!

kp DENY virion production rate 10 viruses cells™! day™!
kz ZIKV virion production rate 8 viruses cells™! day™!
cp Rate of DENV clearance 3.48 day’1

cz Rate of ZIKV clearance 2 day~!

op CTL killing rate of DEN V-infected cells 0.001 cells™! mm? day™!
oz CTL killing rate of ZIK V-infected cells 0.002 cells™! mm? day~!
®D Production rate of DENV-targeted CTLs 30 cells day™!

w7z Production rate of ZIKV-targeted CTLs 25 cells day™!

oD Activation rate of DENV-targeted CTLs 0.03 cell”! mm? day™!
0z Activation rate of ZIKV-targeted CTLs 0.02 cell™! mm? day™!
Yp Death rate of DENV-targeted CTLs 0.5 day™!

vz Death rate of ZIKV-targeted CTLs 0.4 day™!

T Time delay parameter varied

1/n; Average lifetime of the cell or virus during delay period 1 day

Networks and Heterogeneous Media
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Figure 1. Structural framework of the proposed within-host DENV-ZIKV
co-infection model.

Parameter values are selected from available literature whenever possible and, in the absence of
direct experimental estimates for DENV-ZIKV within-host co-infection, biologically plausible values
are adopted to ensure realistic intracellular viral dynamics. In particular, the infection rates (8p)
and (B7), as well as the delay-related parameters (7) and (n;), are chosen within biologically reasonable
ranges and vary to investigate their effects on system dynamics. The delay parameters are selected to
reflect characteristic timescales associated with intracellular viral progression, including latent-cell
establishment, productive infection development, latent-cell activation, and virion maturation.
Numerical simulations under different parameter settings are performed to illustrate and support the
theoretical results and to assess the sensitivity of the dynamical outcomes to parameter variation.

Remark 1. In this work, we employ a bilinear incidence function, which is commonly adopted
in mathematical virology and epidemiology due to its mathematical tractability and its biological
interpretation based on direct interactions between susceptible target cells (X) (or individuals (S)) and
virus particles (V) (or infected individuals (1)). The term SXV (or SST) assumes that the generation
of new infections is proportional to the encounter rate between these two populations.

Nevertheless, a variety of alternative incidence functions have been proposed in the literature to
capture more realistic infection mechanisms. Some of these include:

e Saturated incidence [48, 49]:
BXV
——.v20,
1+vV
which incorporates saturation effects at high viral levels and yields a maximal infection rate
bounded by £X.

e Michaelis-Menten incidence [50, 51]:

BXV
K+V’

which also introduces saturation, with the infection rate approaching SX as V — co.

K >0,
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e Standard incidence [52-55]:

BXV

X+Y
which describes a frequency-dependent infection process in which virus-cell interactions are
normalized by the total cell population. This formulation may account for limited infection
efficiency and may prevent unrealistically large infection rates at high cell densities.

¢ Beddington-DeAngelis incidence [56, 57]:

BXV
—_— (v}
1+ vV +wX

>0,

where vV accounts for viral interference and wX reflects crowding effects among
susceptible cells.

e General incidence [58, 59]:
Y(X, V),

where W denotes a general nonlinear incidence function covering a broad class of
infection dynamics.

3. Preliminaries

This section is dedicated to the analysis of the fundamental qualitative properties of system
in Egs (2.1)—(2.9) subject to the initial conditions in Eq (2.10). Specifically, we establish the
non-negativity and boundedness of all state variables and subsequently identify all biologically relevant
equilibrium points of the model, together with the threshold conditions governing their existence.

3.1. Basic properties

Lemma 1. Solutions of model in Eqs (2.1)—(2.9) with the initial states in Eq (2.10) are non-negative
and ultimately bounded.

Proof. Let us first show the non-negativity of solutions of model in Eqgs (2.1)—(2.9).
Equations (2.1), (2.8), and (2.9) give

(dX dUp dUy

7 1X=0> =0s = = /L s 0-
dth_O 7 lup=0 7 lu, o) (4, ¢p,z) >

Hence, X(7) > 0, Up(#) > 0 and Ug(t) > 0, for all + > 0. From Eqs (2.2)—(2.7), we have
¢ S1
Y5(1) = ¢a(0)e™ 2" 1 (1 - 6p)Bp f g b0 f I (1) X({ = 1)Vp({ — 1)drd{ = 0,
0 0
Yg(l) — ¢3(0)€— fot(an+5DUD(x))dx + ft e f;(aD‘HSDUD(X))dX
0

X

S S3
0B f IL(T)X( = D)Vp( — 1)dt + np f IL(1)Y5(¢ — D)dr|dL > 0,
0 0
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t S 4
VA = 4u0)e Y+ (1= 0y [ e 0 [ IOXE = Vil - et 0,
0 0

d 1
Yzz‘\(t) — ¢5(O)e—f0(az+5zUz(x))dx + f e—f{(aZ‘HSZUZ(x))dX
0

X

S's S6
by [ TS = Vol = Ddr oy [ TWOYAC = o de >0,
0 0

! S7
V() = ¢6(0)e " + kp f e o f II;(1)Y5(¢ — 1)drdl > 0,
0 0

t S'g
Vit = 6100 by [ 0 [T (o - nedg > o
0 0
for all ¢ € [0, S *] [60]. Hence, by recursive argumentation, we obtain that
Y5(1), Yo (), YE(1), Y5(1), Vp(t), V2(£) = 0 for all £ > 0.

Hence, X, Y5, Y4, YL, Y4, Vp, V2, Up and, Uy are non-negative.
Now, we prove the ultimate boundedness of X, Y5, Yo, YL, Y2, Vp, V2, Up, and Uz. From Eq (2.1),
we have, lim sup X(¢) < Q,, where Q; = g. To prove the ultimate boundedness of YlL)(t) and Yé(t),
—o00

we define

S S4
Y1) = (1 -6p) f I, (t)X,dt + Y5 and W,(1) = (1 — 6;) I,(7)X.dt + Y£.
0 0

Then, we get

dX.  dyt
Td _D
a " a

= -p) fOSI (1)
= (1-6p) fo L) [ = dXs — BoX,Vir ~ B,V dr
+ (1 - 6p)Bp fo I 0X, Vit — (i + b)Y
=(1-6p)a fOSl I, (7)dt - (1 = 6p)d fOSl I, (1) X dt
—(1-6p)B; fo I (00X, Vind = o -+ b)Y
< (1= 6p)IF, — (1 - 6p)d fo I — (0 + b)Y

S'1
<(1-6pA-4 [(1 - eD)f I, (1) X.dt + Yg]
0
= (1 =6p)d - Y1 ().
Similarly, we get

d¥,
— (O (1 =050,
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where {; = min{d,np + bp} and { = min{d,n; + bz}. It follows that, limsup ¥ (r) < Q, and
t—00

limsup Wo(r) < €, where Q, = “}M and Q; = “;ﬂ Since (1 — 6p) fOS‘ I, (1) X.dr, YE,
t—o00

(1 -6, fos4 I1,(7)Xd7 and Y} are non-negative, then lim sup Y5(r) < € and lim sup YZ(z) < Q.
—o0 —o0
Define

P ) Ss 1)
(1) = Op f IL(1)X.dt + YA + 2 Up and W4(r) = 6, f II5(1)X.dt + Y3 + 2 Uy
0 Pb 0

Pz
Then, we get
d¥;(1) fsz dx, days  6pdUp
=0 11 dr + + —
a0 ) RO grdr

S 2 S 2
= 6p f Ty(7) [A = dX; — BoXe Ve — Bz X Vie] dT + OB f Ty (1) X, Vpedt
0 0

+ ﬂDf (7)Y}, dt — apYp — SpYpUp + p—D ((PD +ppYpUp — lﬁDUD)
0 D

S5 S S
= 6pA f IL(7t)dt — dbp f I (7)X.dt — 6pB7 f 1L ()X, Vz.dt
0 0 0

Opep OpY¥p

S3
+17Df H3(T)Y£TdT—aDYS + Up
0

Pb PD
Oppp  Op¥p
Pp Pp

A
< OpAF, — dbp f (1) X.dt + npF3Q, — apYp + Up
0

Op¥p 5 A Op
< GD/l + 77092 + - §3 HDf Hz(T)XTdT + YD + —UD
PD 0 PD
)
= Opd+1pQs + 222 _ £ wi(s),
19))
Similarly, we get
d¥.(¢ o
d“( ) < 047,05+ 2w,
t Pz

lim sup () < Qs, where Q, = 220A0I400D onq Q) = L202Mp21205%07¢7 g [im sup Yo < Q,
=00 D3 pz84 100

lim sup Y2(r) < Qs, limsup Up(1) < Qs, and lim sup Uz(r) < Q7, where Qg = §—§Q4 and Q; = ‘;—;Qs.
t—00 t—o0 t—0o0
Now, let us define

where {3 = min{d,ap,y¥p} and ¢ = min{d, az,¥;}. It follows that limsup¥;(r) < Q4 and
[—o0

\1’5(I) = VD + Vz.
Then, we obtain

d¥s@) _dvp _dVy
dr — dt dt

S 7 S8
=kp f ;(1)Yp.dt — cpVp + k7 f (1)Y5.dt — ¢,V
0 0
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< kpF7Qy + kzFgQs — s (Vp + Vz)
< kpQy + kzQs5 — {5'Ps(2),

where s = min{cp, cz}. It follows that, lim sup ¥s(¢) < Qg, where Qg = kl’%%
[—o0

Qg, Iim sup V(7)) < Qg. Consequently, according to the Lemma 1, the region
[—00

, then lim sup V() <
—o0

U= {(X, Y}, Y}, Y}, Y7, Vi, V2, Up, Uz) € R2  IXI < Qu, V5N < Qo V1] < Qs, V5] < Qu,
Y21l < Qs, IVl < Qs IVl < Qs Ul < Q6, 1UZ]] < Q)

is positively invariant with respect to model in Eqs (2.1)—(2.9).
4. Existence and global stability of equilibria

We determine the equilibrium points of the proposed model and investigate the conditions required
for their existence. These conditions are characterized in terms of the basic reproduction numbers.
The basic reproduction number R§ for the DENV-ZIKV co-infection system is determined using
the next-generation matrix approach proposed [61] (see Appendix A). The analysis leads to the
following expression
RL = max{R%, RS},

where

RL — kpBpAWpFi0p RL = kzBzA07Fs0 2
P dep(mp + bp)apyp + Spep)’ 27 dez(ng + by)aghz + 6297)°

where op = (np + bp)OplF> + np(1 — 0p)F 1F3 and o7 = (nz + bz)0zF s + nz(1 — 02)F 4F¢. It is noteworthy
that RS and R% correspond to the basic reproduction numbers of the DENV and ZIKV mono-infection
submodels, respectively.

Furthermore, the invasion reproduction numbers RIL)’i”V and Ré”"’v, which describe the ability of
one virus to invade when the other is already at endemic equilibrium, are derived for the system in
Egs (2.1)—(2.9) and are reported in detail in the Appendix (see Appendix B). Specifically, they are
given by

RLm = kpBpAYpF70p _ RL _
deplapyp + 6pep)(p + bp) (1 + kzdﬁ—fZFS?;) 1+ %Yz
RL™ = kzBz W 7F30 2 _ R .
dez(azyz + 62¢2)(nz + bz) (1 + %YS*) 1+ %Yg*
Thus,
RL™ = R} <R. RL™ = R; L

kzBzFs A B kpBpF7 yAx
1+ WYZ 1+ dcp YD

Biologically, the invasion reproduction numbers quantify the ability of one virus to establish
infection when the other virus is already maintained at its endemic equilibrium. The additional
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denominator terms involving (172) and (Y’ g*) reflect the reduction in available susceptible target cells
caused by the resident virus, as well as the modified within-host environment associated with ongoing
infection and immune activity. Consequently, the effective transmission potential of the invading virus
is reduced compared with the disease-free setting, which explains why RIL)’i”V < RE and (Ré’i”v < RY).
Therefore, successful invasion requires sufficiently strong transmission potential to overcome the
competitive effects generated by the pre-existing infection.

4.1. Existence of equilibria

Lemma 2. The system in Eqgs (2.1)—(2.9), admits four possible equilibria:

(I) Disease-free equilibrium: £Q° = (X°,0,0,0,0,0,0, UY, UY) which always exists.

(I) DENV mono-infection equilibrium: If Rg > 1, then there exists EQ* =
(X*, Y5, Y2*,0,0,V;,0,Us, Us), in addition to EQ°. L

(II) ZIKV mono-infection equilibrium: If Ré > 1, then there exists EQ
(X,0,0,Y,,Y,.0,V,, Up, Uy), in addition to EQ".

(IV) DENV-ZIKYV co-infection equilibrium: If RL > 1 and RL v 5 1 then there exists EQ =
(X, Y5, YA, Y5, Y4, Vp, Vy, Up, Uy), in addition to EQ°, EQ and EQ.

Proof. Setting the right-hand sides of Eqs (2.1)—(2.9) equal to zero gives:

0=21-—dX —BpXVp—B,XVy, 4.1)
0= (1 - 6p)BpF1XVp — (np + bp)Y5, 4.2)
0 = 0pBpF2 XV + npF3Y5 — apYs — pYaUp, 4.3)
0 = (1 = 02)BFsXV7 — (17 + by)Y7, (4.4)
0 = 0,8,FsXVy + nzFeY: —azYy — 6,Y5 Uy, (4.5)
0 = kpF7Yh — cpVp, (4.6)
0 = kFsYs — c;Vy, 4.7
0=¢p+ppYpUp—¥pUp, (4.8)
0=z +pzYsUz —y7Us. 4.9)

From Egs (4.1), (4.2), (4.4), (4.8), and (4.9) we have

_ /ICDCZ

B dcpey +,8DkDF7CZYS -f‘lgzkngC‘DYIZ4 ’
yL = (1- QD),BDkDFlF7CZ/1YS

P (np + bp)(dcpez +,8DkDF7CZY?) +,BZ]<ZFSCDY?)’
(1 - Qz)ﬁzkzF4FSCD/1Y§

L _
L & _, (4.10)
(nz + bz)(dcpez + BpkpFrczYy, + BzkzFscpYy)
kpF k,F
VD D 7Yg’ VZ- Z SY,Z4’
Cp Cz
¥D Yz
Up=——and U, = —————.
P ¥p—ppYh 3 W7 —pzYs
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We note that Up > 0 and Uz > 0, when Y4 € [0, z—’;) and Y2 € [(), [“’)—j) , respectively. Substituting in
Eqgs (4.3) and (4.5), we obtain

AkpcsF 0
( ﬁD DCz 70-DA — - ap + i—(pD) YS = 0’ (411)
(7 + bp)(depcz + BokoFczY3 + BrkzFscpY}) po¥p = Yo
AkzcpF 0
( BzAkzcp SO'ZA ——q i—(ﬁz) Y’Z4 =0. 4.12)
(117 + bz)(dcpez + BpkpFrcz Yy + BzkzFscpYy) pz¥; =Yz

Equations (4.11) and (4.12) have four possibilities:

1)) Y,% = ? anéi Y2 =0, wh%)ch gives disease-free equilibrium. EQ° = (X°,0,0,0,0,0,0, U, U)),
where X = 2, U} = :—‘;, and U) = ;—i.

(II) Y2 # 0 and Y, = 0, so from Eq (4.11), we get

BpAkpF707p oppp
o —ap+ ———— =0,
(np + bp)(dcp + BpkpF7Y7) ppYy —¥p
which gives
AL(YAY* + BEYA + CL
sUpy + Bp¥p + C =0, (4.13)

ppYs —¥p
where

Af) = apPfpkpppF7(np + bp),
BY = apdeppp(mp + bp) — kpBpAppFr0p — BokpF7(7p + bp)apWp + Spep),
C}, = kpBpAWpFr0p — dep(np + bp)ap¥p + Spgp).

We define a continuous function H* as:

HE (v = AL(YA)? + BEYA + CL e [o U )
D) — A s 4D s .
ppY) —¥p J9))
Then we have
d +b +0
HY(0) = cp(p + bp)lapyp + dpgp) (1 B Rg) <0, ifRL > 1.

Y

Moreover
lim H"™(Yp) = oo,

A_ (YD
r-(32)

so there exists Y5* € (0, Z/,_Z) such that H**(Y5*) = 0.
For R > 1, we have

Ch, = dep(np + bp)apyp + 6pep) (R = 1) > 0.

Moreover,
kpPpAFs0p > depap(np + bp).
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This implies that B5, < 0. Hence, there exist two positive solutions

2
.. “Bhx \/(Bg) — 4ALCL
o= 2AL '
D
If RE > 1, implies that B < 0 and C5 > 0.
We have
lim HY(Y5) = —oo, lim H(Y)) = oo.
Then
Y5 € (0, @) and Yt € (@, oo).
/%)) 195
Then we take
2
o B (B) —2ach
D = .
2AL
Hence,
" /lCD Le _ (1 - HD),BDkDFlF7/lYS*

b b

= Ak > D — A >
dcp + BpkpF7Y} (np + bp)(dcp + BpkpF7Y}")

kpF
Y =0, Y5 =0,V = —2LYp >0, Vi =0,
Cp
g:w—D*>OandU}:ﬂ>O.
Yp —ppYp, Yz

It follows that, a DENV mono-infection equilibrium EQ* = (X*, Y5, Y4*,0,0, V3,0, U;, U;) when
Rj > 1.
(I1I) YS =0and Y ? # 0, then from Eq (4.12), we have

BzAkzFgo; 0707

m ozt =0,
(nz + bz)(dcz + BzkzFsY?) pzY; — ¢z
which gives
2
AL(Y4) + BLY2 + CL
(12) _rr *-y, Yge[o,@), (4.14)
pzY, =Yz 0z

where

AL = azBrkzp7Fs(nz + by),
B} = azdczp;(0z + bz) — kzBzAp7Fs07 — BrkzFs(nz + by)(azyz + 67¢7),
Cy = kzB7 A0 Fsoz — dez(nz + by)(azyz + 62¢7).

We define a continuous function HL as:
2
AL(Y) +BLY) + CL
IOZYE4 — Yz

ﬁL(Yﬁ) = , wWhere YQ € [O, ﬂ)

Pz

Networks and Heterogeneous Media Volume 21, Issue 4, 1262—-1333.
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We get
EL(O) = —C—é _ dez(nz + bz)azz + 62¢7) = kaPzAzFsoz
Yz vy
dc;(nz + by)azpz + 62¢7)
_ dez(nz zwzz 7+ 0797 (1—R§).

We have EL(O) < 0if RS > 1. Moreover

lim H (V) = oo,
of)
_— e
then there exists ¥, € (0, Z—;) such that HL(YZ) =0.
Similar to Case (II), one can show that if RS > 1, then C% > 0 and B < 0.
Then there exist two positive solutions

 -BLx \J(BL) —4ALct

We have

Then
Y5 € (0, ﬂ) and Y5+ € (ﬂ, oo).

Then we take
)
o By (B - aatc

Y, =
g 2AL
Hence,
—A
_ P — — 1-6 kzF4FsAY
X = Cz _A>O,YZ:O,Y§: ( B2k 4F s Z—A >0,
dcy + BzkzFgY, (nz + bz)(dcz + BzkzFsY ;)
_ — kFe— _ _
Vp=0, V= 227,50, Up=22>0and U, = —2— >0
€z Yo Yz —pzY,

Consequently a ZIKV mono-infection equilibrium @ = (Y, 0,0, 7;,172,0, \_/Z,ﬁp,ﬁz) exists
when RS > 1.
(IV) Y4 # 0and Y2 # 0, so from Eqs (4.11) and (4.12), we have

BpAkpczF70p an + dppp
—dap
(np + bp)(dcpey +ﬁDkDF7CZY3 +,szzFSCDY?)

—— =0, 4.15)
PDYg —Yp
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BzAkzcpFsoz 0z0z
A ——az+————=0. (4.16)
(nz + bz)(dcpez + BpkpFrczYy, + BzkzFscpYy) pzY; =Yz
We solve Eqs (4.15) and (4.16) using the isocline method [62]. Let us consider
AkpczF 0
FlL(YA’ Y,Zcx) _ BpAkpcz 7O'DA _ —ap IZ—(PD -0, 4.17)
(np + bp)(dcpez + BpkpFrczY ) + BzkzFscpYy) ppYy —¥p
Yy € [O, @)
Pb
AkzcpF 1)
FEp. ¥ = i 24 a2 @)
(nz + bz)(dcpez + BpkpFrczY ) + BzkzFscpYy) pzY; =Yz
Yy € [O, ﬁ)
Pz

From Eq (4.17), we note the following:
(a) When Y4 = 0, then

BpAkpczFr0p a Oppp 0
—ap - =0,
(np + bp)(depez + BzkzFsepYs) Yp

— = dcz kpBpAypF0p B 1) ’

BzkzFs \dcp(np + bp)(apyp + dpep)
d —

— ¥} = L (R - 1) =: Y,

Bzkzfs
which is positive if R > 1.
(b) When Y2 = 0, then
BpAkpF707p Op¢p

ap

)

(b + bp)(dcp + BokpF7Y8) "7 ppYA —yy,

From Eq (4.13), we get

—BL — \(BL)" - 4akct

2AL

Yp=Yp =

(c)
dY? _ _(’)FIL/OYS
dYg aFlL/ﬁYé
_ _k%ﬁ%)/lC%F%O-D(pDYS —¥p)* + Speppp(np + bp)dcpez +,BDkDF7CZYg +ﬁzkzF80DY§)2
kpkzBpBzAczcpFFsop(opYey — Yp)?

<0, Y€ (O, @)
Pb
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then Y7 is a decreasing function of Y. It follows that FL(Y#, Y4) intersects the Y5 —axis in Y5 = Y5*

and YA—ax1s inY2 = YA ‘ifZFg (RS -

Now from Eq (4 18) we note the following:
(d) When Y2 = 0, then

BzAkzcpFsoy a 0z¢0z7 0
—az - =0,
(nz + bz)(dcpey +ﬁDkDF7CZYS) Yz
— v = dcp kzpz A zFsoz B 1) ,
ﬁDkDF 7 \dcz(nz + bz)(azyz + 02¢7)
— YA = (R —1) =14,
ﬁDkDF 7 P
which is positive if RS > 1.
(e) When Y4 =0, then
BzAkzFso7 Oz¢z
T az + i - 0.
(nz + bz)(dcz + BzkzFsY7) pzY, =Yz

From Eq (4.14), we get

2
oo ~BE = N(BY) - 44k
z

(®)
dy;  OF%/oYy
dys — OFL/oY4

kpkzBpBzAczcpFFsoz(pzYs — vz)?
koA Fz07(p2Y5 — Wz)? + 620202(117 + bz)(depey + BokpFacz Yy + BzkzFsepYy)?

<0, Ype (0,@).
PD

Then Y4 decreases as Y increases. As a result, the function F2(Yj, Y2) intersects the Y, —axis in

Y4 = Y and Y4—axis in Y4 = Y4 = ﬁd,ggF7(R§— D).

Ihe jlbove analzms shows that the two isoclines in Eqs (4.17) and (4.18) intersect each other
in (Y4, Ys), where Y4 € (O, ﬁ—g) and YA (O ‘”Z) provided the following conditions hold:

F
IBZ Z SYA RLmv 1’

YA>Y, = RE>1+

Cz
Bpkpf7

Yo >Ya = R;>1+ -

Yo' = R;™ > 1.

Hence,

/lCDCZ

X= = —,
dCDCZ +,8DkDF7CZYS +ﬂzkzF8CDY?
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o1 _ (1 = 6p)BpkpF 1FrczAY
D — — — ’
(np + bp)(dcpez +,BDkDF7CZYé +,32kzF8CDY?)

= (I - Qz)ﬁzkzlz4/:86’D/U/§1

Y, = —,
(7 + bz)(dcpez + BokpFrezYp + BzkzFscpY?)
— kpF7—=, —  kzFg—
Vp = =2V, V, = 22V,
Cp Cz
ﬁD: Ll = andl~]Z=L~A.
Yp —ppYy, Yz —pzY;

Thus, the DENV-ZIKYV co-infection equilibrium EOQ = (X, YL, 7?), ?ZL, 7? Vp, Vi, Up, Uy) exists if
RE™ > 1and RS™ > 1.

5. Global stability analysis

In this section, we investigate the global stability of all equilibrium points of the co-infection model
in Egs (2.1)~(2.9). For each equilibrium, an appropriate Lyapunov function is constructed, and the
Lyapunov-LaSalle’s invariance principle (L-LAS), as formulated in [63], is employed to establish
global asymptotic stability. We employ the Volterra-type function

L(x)=x—-1-Inx, x>0,

which satisfies
L(x)>0and L(1) =0.

To incorporate the effects of distributed intracellular delays, the Lyapunov functionals are
augmented with suitable integral components involving delayed variables. These integral terms are
introduced to represent the hereditary nature of the delayed processes embedded in the system. Upon
differentiation, they are constructed to offset the corresponding distributed-delay terms arising from
the model equations, thereby yielding a negative semi-definite Lyapunov derivative and enabling the
application of the L-LAS.

Let 1", be the largest invariant subset of

det
T] = {(X’ Yga Yé’ Yg7 Yé’ VD’ V27 UD, UZ) . d_tj = 0}’ j: O’ 1’2’3’

where ®? is a Lyapunov function.

Theorem 1. The disease-free equilibrium EQ° = (X°,0,0,0,0,0,0, UY,UY) is globally
asymptotically stable (G.A.S) when R} < 1; if R} > 1, the equilibrium becomes unstable.

Proof. Define the Lyapunov functional

OL(X, Y5, YA, YE, Y5, Vi, Vs, Up, Uy) = @F, + 6L,

where @, is the algebraic part and ©f, is integral delay part, given as:

X\ 1npF3 np +bp nzFs
et = x° (—)+ YL + YA + YL
01 L X0 oD D oD D oy V4
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+b X° X° ) +b U
Lz zy,Z4+,BD VD+ﬁZ V,+ p(Mp D)U?)L(—f)))
oz Cp Cz PO D U,
o +b U
N z(nz Z)USL(—ﬁ),
pPzOz 7

and

_ S !
of, = AU =) [Ty f X($)Vp(d)dddr
0 -7

Op

S !
. BoOpip + bp) f T, (1) f X(¢)Vp(p)depdr
O-D 0 -7
S3 d
L 0o + bp) f (1) f Y5(¢)dpdt
O-D 0 -7

S 4 !
, NeFeB(1 -0 f IL () f X()VA$)ddr
(o 0 -7

N Bz0z(nz + bz)
0z

S !
2D [T [ viesar
Oz 0 -7

0 S 7 !
, BokoX f () f YA(@)ddde
0 -7

()]

0 S's t
4 kX f T5(7) f Y7 (¢)dgdr.
0 -7

Cz

S's !
I1s5(7) f X(®)Vz(¢p)dopdr
0 -7

It is straightforward to verify that ©5(X,Y5, Y. YL Y5, Vp, V2, Up,Uz) > 0 for all
(X. Y5, Y7, YE, Y2, Vi, V2, Up, Uz) > 0 and ©(X°,0,0,0,0,0,0, UY, UY) = 0. Differentiating ©F along
the trajectories of system in Eqgs (2.1)-(2.9) yields:

deL  deL  det
= +
di ~ di | di

b

where
d@élz l_X_O d_X+77DF3dYé+77D+deY?)+nZF6dYé
dt X | dt Jp dt Op dt (4 dt
+ nz + bZ dY? 4 ﬁDXO dVD 4 ﬁzXo dVZ
Oz dt cp dt cz dt
+ Op(np + bp) l_U_IO) dUp + 0z(nz + bz) I_Zg dﬁ
PpO D Up| dt Pz0z Uz) dt’°
and

L S !
djm _ npF3Bp(l —6p) d f 1, (1) f X(¢)Vp(d)dpdr
t Op dt Jo -7
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N BoOp(np + bp) d
Op dt

Op dt

S»o !
fo L) f X($)Vo(@)dddr

S3 !
I (e [ vhoaoar
0 -7

N nzFeBz(1 - 67) d
gz dt

S's t
fo y(7) f X(@)Vy(@)ddr

+ Bz0z(nz + bz) i
gz dt

S 4 !
fo () f X(®)VAP)ddr

S6 t
2L [T [ viosdr

(4 dt

. BokpX° d

Cp dt 0

S 7 !
4 f YA@)dgdr

0 S's t
| Pk X d f (1) f YA(p)ddr.
0 -7

Cz d_t
Using Leibniz’s rule, for example,

d
dt Jy

S t S d t
- H1(T)f X(¢)VD(¢)d¢dT:£ Hl(T)ztf X()Vp(@)dgdr

S 1
= f I (7) [X(®)Vp(?) — X(t — T)Vp(t — T)] dT
0

S
= FIXVD - f Hl(T)XTVDTdT.
0

Similarly, we obtain analogous expressions for the remaining delay integrals as:

def,

_ npF3Bp(l —6p)

dt Op

Op

S
[F 1XVp — f Hl(T)XTVDTdT]
0

S
[FzXVD - f Hz(T)XTVDTdT]
0

S3
+ 1olp * bo) [F3 YL - f Hg(T)YlL)TdT]
0

Op

FeB7(1 -0 >
| NzFeBz(1 — 07) [axvz - f H4<T>X7szdf]
0

gz

gz

S's
F5XVZ —f HS(T)XTVZTdT]
0

S'6
4 10z ¥ bz) [F6Yg - f H@(T)YéTdT]
0

0z

BokpX°
Cp

N BzkzX°

Cz

+

Networks and Heterogeneous Media

[F7 Yp -

[Fg Yy -

S7
f I1;(1) YSTdT]
0

S8
f Hg(T)YéTdT] :
0
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From Egs (2.1)—(2.9), we get

d®é =11 X0 1-dX XV XVyz)
1ok 3 S .
+ = (1 -6p)Bp IT, ()X Vpdt — (np + bp)Y
D 0
np +bp 52 53
+ @mf‘mmxmmwwf‘m@%muwm—%m%)
nzFe 54 .
+ - (1- QZ)ﬁzf IL(T)X:Vzdr — (7 + b)Y,
z 0
nz + bz 5 56
+ (%@f mmxwﬂﬂwafImﬂ@m=@@—@@w)
O-Z 0 0

X0 S7 X0 S's
B @{frmmﬁm—%m%ﬁz(@f mw@wqu)
0 0

Cp Cz

Sp(p +bp) . U
4 2 Z 00) (1 - U—D (ep +ppYpUp — ¥pUp)
D

PpO D
57(117 + bz) Uz
, 82z + by) (1 _ _z)«az +p2Y3Uz ~w2U)
Pz0z Uz
F 1-0 S
4o 3Bp( b) [Fl XV — f HI(T)XTVDTdT]
Jp 0
2] +b >
+ w [FZXVD - f HZ(T)XTVDTdT]
JOp 0
+b 53
+ m [F3 Yg - f H3(T)Y£Td7]
(8)) 0
F 1-0 S 4
+@ﬁ%__ﬁvmw—f mm&wJ{
gz 0
0 b >
+ w FSXVZ - f HS(T)XTVZTdT]
(4 0
+b %
| 1z(nz + bz) [F6 YL - f Te(7) YerdT]
(4 0
kpX° 5
4 Poko [F7 yA - f n7<r>YSTdT]
Cp 0
BzkzX°

+

S's
h@—fmm@m}
0

Collecting terms, we find that the distributed-delay terms cancel pairwise. Then we get

Cz

dot X0 kpX°F +bp) Spp+b
P _ (1AL (- dX) + Bokp 7_610(771) D)_ p(Mp D)U([)) YS
dt X Cp JOp Op
k, X°F +b ) +b
+ (ﬁz 4 8 az(nz 7) _ AUZ 7) Ug) Yé
Cz (04 Oz
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N op(mp + bp)
PpOD

Uo ) b U,
(1 __D)(QDD_'#DUD)_'_M(] —_Z)(QDZ_wZUZ)‘
Up PzOz Uz

Using A = dX°, ¢p = ypU? and ¢z = YUY, we obtain

oy _ dX-X7 (ﬁDAkDE ap(ip +bp) _ Spgp(ip + bD>) A

dt X dcp Op Ypop b
N (ﬁz/lkzF s az(nz+bz)  6z07(nz + bz)) A
dcz 0z Yz07 ‘
_ Sp¥p(mp + bp) (Up — Up)? _ Ozyz(nz + bz) (Uz = Uy’
PpOD Up pPz0z Uz
_ dX =X Spyn(np + bp) Up = UDY  Sz07(nz + bz) (Uz = UDY’
- X PpOD Up pPz0z Uz
N (np + bp)apyp + dpep) ( BokpypAF,0p B 1) ¥
Ypop dcp(np + bp)ap¥p + dpep) P
4 (nz + bz)azyz + 62¢7) ( BzkzpzAFgo _ 1) A
Yz07 dcz(nz + bz)(azyz + 62¢7) g
_ _dX =X Spdo(n + bp) Up = Up? 6402017 + by) (Uz = Up)?
- X PpO D Up Pz0z U;
N (np + bp)ap¥p + dp¢p) (R%, B 1) YA + (nz + bz)azyz + 67¢7) (Ré B 1) Y4,
Ypop Yz07

L
If RE < 1 and RS < 1, then % < 0, for all (X, Y5 YA, YE Y2, Vp, Vz, Up, UZ) > 0. Furthermore,
L
d% = 0 holds only when X = X°, Up = U}, and U; = UJ, together with (R5 — 1)Y5 = 0 and
(Ré -1)Y. g‘ = 0. The trajectories of system in Eqs (2.1)—(2.9) converge to Y7 [47]. This set has elements

satisfying X = X°, Up = UY, Uz = UY, so
(R5 - 1)Y5 = 0and (R; - )Y = 0. 5.1)

There are four cases:
(i) R = 1 and RS = 1. Then from Eq (2.1), we get

dx
0= o= A—dX° - BpX°Vy - B, XV, = (BpVp + BV)X" = 0, (5.2)

= Vp(t) =0, Vz(¢) = 0 for any ¢,

and then 2 = 92 — (. From Eqgs (2.6) and (2.7), we find that

Tdt dt
dVp 57 A A
0= — kp IT;(7)Yp,dt = Y (t) = 0 for any ¢, (5.3)
0
dVZ S A A
0=—==ks | Ts@¥zdr= Y;(t)=0 foranys, (5.4
0
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and so we have di = dY = 0. From Egs (2.3) and (2.5), we find that
dyy >3
0= d_tD = an I3(r) Y}, dr = Y5(t) = 0 for any ¢, (5.5
0
dy} %
0= d_tz - nzf s(1)Y5 . dr = YZ(t) = 0 for any t. (5.6)
0

Thus, T = {EQ°}.

(i) R < 1and R; < 1. Then from Eq (5.1), we have Y3 = Y2 = 0, from Eq (5.2), we have
Vp =V, =0, and from Eqs (5.5) and (5.6), we have Y5 = Y. = O Thus T, ={EQ"}.

(iii) RS = 1 and R; < 1. Then from Eq (5.1), we have Y; =0 and from Eq (5.2), we have
Vp=V,;=0. Equations (5.3), (5.5) and (5.6) imply that Y7 = YA Y} =YL =0. Thus, T, = {EQ").

(iv) R < 1 and R; = 1. Then from Eq (5.1), we have YA O and from Eq (5.2), we have
Vp = Vz = 0. Equations (5.4)—(5.6) imply that Y, = Y, = Y5 = YL 0. Thus, Y} = {EQ").

Applying L-LAS, we obtain that EQ° is G. A S. To estabhsh the instability of EQ" if RS > 1,
we compute the Jacobian matrix at the disease-free equilibrium EQ°, and then we calculate the
characteristic equation as:

—d-¢ 0 0 0 0 —BpX° —B,X° 0 0
0  —(mp+bp)—¢ 0 0 0 (1 = 6p)F BpX° 0 0 0
0 Fsnp —ap - 6pUY — & 0 0 OpF2BpX° 0 0 0
0 0 0 —(nz+bz) - & 0 0 (1-0)FBzX° 0 0
det(J(EQ) -¢D=| 0 0 0 Fenz —ay - 5,Uy— & 0 0F58,X° 0 0 |=0
0 0 Fokp 0 0 —cp—¢& 0 0 0
0 0 0 0 Fskz 0 —c,—& 0 0
0 0 poU, 0 0 0 0 —Yp-& 0
0 0 0 0 pzUY 0 0 0 Yz —§&
(5.7)

. . . . . . = Si _ ) .
where ¢ is the eigenvalue and [ is the identity matrix and F; = fo fi(mye Errdri = 1,2,..,8.
Expanding the determinant, we obtain:

(d +EWp + E)z + EME) = 0, (5.8)
where M(¢) = M, (€)M,(£) is defined for interval [0, co) as:

M\(&) = & +m5& +Ané + g, Maé) = & + €8 + A + g,
and

b =ap +bp +cp+np +pUY,

nA”Lf =ap(bp + cp +1np) + cp(bp +np) + (bp + cp +np)opUy, Up - gDﬁD'EZF7kDXO

g = cp(p + bp)ap + pUp) — BokpF7X ((1p + bp)OpFa + np(1 — Op)F F3)

Sp¥p
D

= cp(mp + bp) (aD + ) —ﬁDkDF75'DXO,

flz :az+bz+CZ+nz+6ng,
it = az(by + cz +nz) + cz(bz + nz) + (bz + cz + n2)6,UY — 0,8F sFskz X,
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i§ = cz(mz + bz)az + 6,Uy) — BzkzFs X (117 + bz)07F 5 + nz(1 — 0,)F 4F¢)

o) _
= cz(nz + bz) (az + ffz) — Bk Fso,X°,

z

where &p = (7p + bp)dpFs + np(1 — Op)F\F3, 67 = (N7 + by)0zFs + nz(1 — 6,)F4Fs. Thus M;(0) =

cD(TID+bD)E;llL))l//D+5D<PD) (RL 1) < 0if Ré > 1, and M>(0) = cz(nz+bz)E;iZz¢z+5z¢z) (RL 1) < 0if RIZ > 1]

and ;I_{?OM (&) = oo, i = 1,2. Then M;(¢) has a positive real root. Thus, when RS > 1 and/or RS > 1

(i.e., Ry > 1), Eq (5.8) has a positive root, and so E 0" is unstable.

Theorem 2. The DENV mono-infection equilibrium EQ* = (X*, Y5, Y5*,0,0,V;,0,U;, Us) is
G.AS if Rg > 1 and Ré””v < 1. Moreover, if Ré’”” > 1, then EQ" is unstable.

Proof. Define ©X(X, Y}, Yi, Y2, Y2, Vp, Vz, Up, Uy) as:

YL YA
() e ) - e )

op YL* op YA*
+UZF6Y£+UZ+bZY?+ﬁDX D£( ) ,BZX*VZ
0z 0z Cp Vb ¢z
+ op(np + bD) L( i)) 0z(nz + bz) £( )
PDOD U P70z
noF3Bp(1 = 6p) ., . X($)Vp(9)
Oy, [ oo [ o) avar
S 2
N BoOp(np + bD)X*Vl*)f Hz(T)f s (X(¢)VD(¢)) ddr
ODp 0 -7 X*V;j)
53 t YL
N np(np + bp) yL f H3(T)f L( Di(f)) dédr
Op 0 -7 YD

— S4 !
N w TL(7) f X(¢)Vy($)dbdr
7 -7

0 by % '
| BBz + bz) f [s(7) f X($)Vy(d)dddr
(04 0 -7
S6 4
. 120z + bz) f Ty(7) f YL($)dodr
gz 0 -7
* S 7 d A
4 PokoX s, f I;(7) f ll(Yfo))dfﬁdT
Cp 0 -7 Y, D

% S's t
4 BekeX fo ) [ ¥odoar

Cz

We  observe  that  ONX, Y5, YA, YL, Y5, Vi, Vz, Up, Uy) > 0 for all

(d)(gZ Y5, Y5, YL Y5, VD, Vz,Up,Uz) > 0 and OX(X*, Y5, Y5,0,0,V;,0,U;, U;) = 0. Calculating

—;- along the solutions of system in Egs (2.1)—~(2.9) as:

det X nofs (Y5
—L = (1-S ) (A —dX = BpXVp — BXV,) + -2
7 ( X)( BpXVp — BzXV7) i ( YzL))
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1_F

S1 Asx
X ((1 - HD)ﬁDf Hl(T)XTVDTdT _ (nD + bD)Yg) + D + bD ( Y )
0

0p
S2 S'3
X (gDﬁDf IL(T) X, Vp.dr + npf (7)Y}, dr — apYp — 5DY£UD)
0 0

UZF 6

S 4
Ql‘&wﬁf HAﬂKVzm=%W+bﬁ¥)
0

nz + bZ Ss Se L A A
= 078z IIs(7)X: VzdT + 12 Is(n)Yz dr —azY; —67Y; Uz
z 0 0

X* | % S 7 X* S8
+ Po (1 - —D) (kD f H7(T)YSTdT - cDVD) + Pz (kz f Hg(T)Y?TdT - cZVZ)
0 0

Cp Cz

op(np + bp) U:
4 22X 7 9D (1 - —D) (¢p +ppYpUp = ¥pUp)
PpOD Up

S,(nz +b Uy
, S22 +by) (1 _ _z)«,pz +pLYAUZ = Y2U7)
Pz0z Uz

FiBp(1 -6 51 XVp  X.Vp, X, Vp:
L 3Bp( D)X*VBf )| 2¥e _ XVor e\l gr
op 0 XV X'V XVp

Op(np + b 52 XVp  X.Vp, X. Vo,
4 Boolin + b) gy f (1) | o2 — 22280 g (222 e
oD 0 XV XtV XVp

YL YL YL
UD(TID + bp) yL f Ms(7) [ _ b, ln( DT)] dr
0

o YL yL YL
FeB,(1 —0,) (5
+@ﬁ%——2f ML(r)(XV, — X, Vz)dr
o 0
0,(n; + b Ss
4 B2 2 02) [ 1 XV, - X, Ve
0z 0
+b S6
# P [T 1ot - v e
y4 0
knX* S7 YA YA YA
4 Boko Yg*f II;(7) [—A?— br +ln( T)]dr
o 0 YA yA YA
kyX* (5
+P ZCZ f Ig(7)(Y) — Yi )dr.
V4 0

It follows that

doy (1 3 X_*) (1= dX) + (,BDkDF7X* _ap(p +bp)  6p(p + bD) )YA
dl’ Cp Op Op
4 BzkzFsX* _ az(nz + bz) _ 0z(nz + by) Uz | vA
Cyz (4 O'Z z)"z
_ np(1 — 6p)Bpf3 fsl I, (r )X VDT d UDF3(UD +bp) ng
Op 0 D Op
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Ax
YD

+bp)o S2 X Vp. Ya +b
_ (qp +bp) DﬁDf (1) DA D g ap(np + bp)
0

Op D Op

np(p +bp) Y5 Yy BokpX* 7 YV
-— I17(7)
0 D

(1) 2L dr - dr + BpX*V;,
- ; 3(7) 7 . % BpX"Vp,

0 +b
00 Hb0) ey
0p PpO D

5 b U, 1 —6p)F St X Vp,
N z(Nz + bz) (1 )(902—¢’ZUZ)+ np( - D) 3ﬁDX*V;f HI(T)ln( XVD )dT
0

__Z
Pz0z Uz D D

0 +b $2 X, Vp, +b S3 YL
+ p(Mp D)ﬁDX*V;)f I, (1) ln( D )dT + np(Mp D) YLL)* f II5(7) ln( YDT)dT
0 0

Op XVD Op L

D

k X* S 7 YA

| PoknX" Yy f (1) ln( Zf)dr.
Cp 0 YD

1) b U*
9o(iio + bo) (1 _ U—i) (0 — UpUn)

Equilibrium EQ* satisfies

1= dX* + BoX' V5,
(1 = 6p)BpF 1 X"V, = (qp + bp) Y},
apYs = OpBpFaX Vi + npF3 Y5 — 8,Ya Us,
kpF-Y8" = cpVi,
¢p = YU}, — pp¥p Uy,
¢z =YzU7,

we obtain

(IBDkDF7X* B ap(np + bp) _ Op(nmp + bp)

Cp J0p Jp

U;;) Y5
kpF-X* b 1) b Y
_ (,31) pF7 YS* _ ap(Mp + bp) Yg* _ p(np + bp) UZYS*)—AD =0,
Yy

Cp Jp Op

and

(ﬂzkzF g X" _ az(mz + bz) _ 0z(nz + bz)

(nz + bz)azyz + 02¢7) ( RLinv
Cz (4 Oz

* A _ A
UZ) 2= Y70z z 1) 1z,

and using the following equalities

X, Vpe X, Vp, YE X YLV
ln—DzlnLlL)+ln—+ln(fD,
XVp XVyY, X Y5;'Vp
X.Vp, X, Vp YA X* YAV:
In b :lnLﬁ+ln—+ln fD ,
XVp XViya X YAV
YL YL YA* YL*YA
in{357) = (35 ) + (5252,
Yy Y5y, Y5Y,
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So,
d@f
dt

Mz + b)) azgyz + 02¢7)
Yz0z
S X Vp Yt 1 —0p)FF

ﬁDX*V;;f (0 a2 ls e oMol = 6p)Fy 3 BpX7V5
Op 0

X*VEYLL) Op
0 + bp)F ) +b 0 +b
+ D(UD D) ZﬁDX* VB _ D(UD D) YS* UZ _ D(77D D)

BoX"Vp
0p 0p 0p

S2 XTV TYA* F 1 - 0
Xf (1) pefp 4o Tp 1 D)
0 0p

< (Ry™ - 1)¥2

_ np(1 — 6p)F3

X .
= (1 — )(dX* +Bp XV, —dX) +

L yAx

S3 YL Y
BpX'V;, f (1) 22 _gr
0

YEYA

57 Yy Vs Sp(p + b
_Pp XV f I (1) 2t VDdT +BpX" Vi + Op(io *+ bo) Yp'Up
0

YD D Op

op(np + bp) Up . Ay 0z(nz + bz) z
L NI T OD) (4 2D U — pp YA UL — g Up) + 22O [y 2z
PDUD U WpUp —ppYp Up —¥pUp) 0707 U,

1 - 6p)F S XV Y X YLv:
4 o = 6p)f5 3ﬁDX*V,’3f Hl(r)[ln(—D D)+ln( )+ln( D D)}dr
0

Op X*Vng X Ylg*VD
0 +b So X-,-V TyA* X* YAv*
+ 9olio + b0) D)ﬁDX*Vg f IT,(7) [m(—’)* L )+ln(—)+ln(—f* D)] dr
(o)) 0 X*VDYD X YD VD
F.(1-6 S3 YL YA* YL*YA
+ IofA” = Yp) i D)ﬁDX*VL*)f I15(7) [ln( DLT* li)+1n( Iz AD*)} dr
Op 0 Yy Y, Y Y,
57 Yp.V; YV
+ﬁ_DX*ng H7(T)[ln( b D)+ln( L f)]dr.
F7 0 YD VD YDVD
It follows that
— =1 -—=|dX" —-dX)+BpX'V;|[1 - —
o= (13 a0 sy (1- 4]
(nz + bz)azyz + 6292) (L A Op(p +bp) .
+ R;™ —1)Y, + —————=Y"(Up — Uy)
Y70z ( ‘ ) g Op pAEp P
op(np + bp) Uy .
¢ 22D 770 (1 - —D)(wDUD —ypUp)
PpOD Up
1) +b U; 1) +b U;
- 2o+ Po) ey, (1 - —D) AU AL (1 - —Z) WUy = y2Uz)
Op D pz0z Uz
1—-6,)F S XTV TyL* XTV TyL*
_ 1o = 6p)F5 3/3DX*V;;f Iy (1) | =2 —l—ln(—D* D
Op 0 XIVDYD X*VDYD
6 +b 52 X Vp YA X, Vp YA
_ b + bp) D),BDX*V;; f T (7) | =22 2 —1-In D z
Op 0 X*ViY, X ViYs
F(l1-6 S3 YL YA* YL YA*
_ ok = 6p) D),BDX*V;;f H3(T)l bz —l—ln( o ’;)]dr
Op 0 Y5rYy Y5y,

U*
( )(%l’ZU;—LﬁZUz)
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S 7 YA V* YA v
ﬁ”x VDf h(7) | 222 — 1 —In| 222 ||dr
0 Y'Vp Y5 'Vp

1 —-6p)F,F X 1 - 8p)F,F YLv:
+77D( D)IBﬁval( ) np( D)l3ﬁDXVl( fD)

Vb

0 bp)F X\ 0 bp)F YAV

+ p(Mp + bp) Z,BDX*VEIH( )+ p(Mp + bp) zﬁDX*V In ( 4 )
(0)) X J0p

Asx
D
LxyA

N np(1 —6p)FF3

Jp

BoX VjIn (YLYA

YAV
)+,8DXV In ( 2 D)
YDVD

Then we get

o1 _ dX-XV o eve (12X, Gzt bazbs + 5zp7)
at X X Yz07

 SpYp(p +bp) Up = Up)’ 570200z + bz) (Uz = Uy

PpY D Up Pz0z U,
U*

_ op(np +bD)YA*UD 7_ D _ Up

Op UD U;;
np(1 = Op)F3 N fsl X Vp. Y5

- ——BpXV I1 —=\d

o BpX"Vp, | (ML XYL T

o S2 VDTYA*
,BDX VDL Hz(T)L W dr

_ S3 YL YA*
_ nDFl(l GD)ﬁDX*VEf H3(T).£( )dT
0

Jp YLYA

S7 YA V* *
_@XV f I (r )L( Dr D)dT+,BDX*V;1n(%)
0

(Ry™ - 1)1}

_ Op(p +bp)
Op

F7 YA Vb

_d(X - X + (nz + bz)azyz + 62¢7) (
X Yz0z

_ Sp¥p(p + bp) (Up — Uy’ _ Oz¥z(nz + bz) (Uz - U;)?
PpOD Up pz0z Uz

N op(np + bp) Yé*(UD - Up) _ﬁDX*VBL(ﬁ)

R;™ -1)Y}

Op Up

(1 = 0p)Fs fsl X Vp YE
_ I T DT 38 xry I 0D g
oy XV | LML x-viyt |

GD(UD + bD) fsz )(TVDTYSa<
_ VD ¥ OD) g sy [ ZeTeTp g
PoX'Vp | TLML XV vh

F(l1-=6 S'3 YL YA*
_ npFu( D)IBDX*VEI H3(T).£( prip )dT
0

0p

_Poyey I LYAV*d
Fr Dfo DL yay, )"

Op
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From equilibrium conditions of EQ*, we have Y5* — ﬁ—g = — p;"%. It follows that
D

O} _ dX-X')  (nz+bo)azdz +61¢2)

(RZ™ —1)vs

dt X V707
_ Spep(p +bp) Up = Up)®*  S47(nz + by) Uz = Uy)?
PpI D UpUp pPz0z Uy
v o[ X mp(1=6p)F3Bp . . fsl X Vp Y5
- BpXVpL|~ |- XV I D g
& DL( X) op b J, O Feyy |7
Op(np + bp) o fsz X Vp Y
-2 Pl oxtv;, | I Z0rD |y
o Bp X"V, ) ()L XVv] T
noF1(1=6p) , . . fs3 Y5 Yy
- PR XV I d
N e V7 7Y
BD e f57 YAV
-2Lxy, Il “DrD) r,
F7 D 0 7(T)~£ YS*VD T.

. L
Consequently, if R>™ < 1, then % < 0, for all (X Y5 Yo, YL Y5, Vp, Vs, Up, UZ) > (. Moreover,

dot * * * * * * iny
—Lt=0whenX=X" Y=Y, Y=Yy Vo=V, Up=U), Uz = UZ,and(Ré’ - 1)Y2 = 0. The
solutions of system in Eqs (2.1)—(2.9) converge to Y, which has elements satisfying X = X*, Y} = Y5,

YS = YS*,VD = VE, UD = U}_k), UZ = U;, and
(RS™ - 1Yy = 0. (5.9)
We have two cases: (i) Ré’mv < 1, then Eq (5.9) implies that Yg‘ =0, and Eq (2.1) gives

dX
0= i A—dX* - BpX*V}, — Bz X*V; = V() = 0 for any t. (5.10)

From Eq (2.5), we have

dy4 S6
_ 4z L Loy —
0= 3 T]zf [e(7)Y7,dtr = Y;(¢) = O for any t. (5.11)
0

Hence, 1| = {EQ"}. (ii) Ré’mv = 1, then from Eq (5.10), we have V, = 0, and from Eq (2.7), we get

dVZ S A A
0= — k; Ig(7)Y;.dr = Y, (¢t) = O for any t.
0

Additionally, from Eq (5.11), we have Y7 = 0. Hence, Y, = {EQ"}. Applying the L-LAS theorem
implies that EQ* is G.A.S.

To determine whether EQ" is unstable when Ré’”w > 1, we compute the characteristic equation at
EQ* as:

det(J(EQ") — &I = (Y7 + OONE6pUp(cp + Ed + BpVp + &)
X (bp +np + EWp +E) + Wp — ppYp' + E(ep + Elap + &)
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X (d+BpVy +Ebp +np + &) — kpBpX*(d + &) + Tp + F20pé)]
=0, (5.12)

where N(¢) is defined for interval [0, co) as:
NE) =& + 8 + E[E + &,
and

& =az+bs+cz+n,+06,Us,

87 = az(bz + cz +nz) + cz(bz + nz) + (bz + ¢z + 17)67U; — 0,B7kzFsFs X",

&g = cz(nz + by)az + 67U3) — BzkzFs X (7 + bz)07F s + nz(1 — 62)F 4F)
= cz(nz + bz) (az + 6,U3) — BrkzFsX 5.

If R;™ > 1, then N(0) < O since N(0) = —lzbaebzioren) (REm — 1) and mN(E) = oo, so,

Eq (5.12) has a positive root and hence EQ* is unstable.

Theorem 3. The ZIKV mono-infection equilibrium EQ = (X, 0,0, Yy, Y, 0,V, Up, Uy) is G.A.S
if RL > 1 and R;™ < 1. Moreover, if R;™ > 1, then EQ is unstable.

Proof. Define ®X(X, Y}, Y, Y2, Y2, Vp, Vz, Up, Uy) as:

— (X F b F b X
®§:X.£(:)+77D 3YIL)+UD+ DYD+TI26 él:( ] Nz + bz 2.5[ } Bp Vy
X 0p YZ YZ

Op oz gz Cp

Bz X— (Vz) 5D(UD+bD)U L(UD) 5Z(Uz+bz)U L( )
z

+=VL
Cz ? Vy PDO D Up Pz0z

S !
, MoFBo(l = 6p) f () f X(@)Vp(@)dddr
O-D 0 -7

So t S3 !
+ﬁ—DaD(’7’)+bD) f Iy(7) f X(¢)VD(¢)d¢dr+%;bD) (1) f Y5(¢)dpdr

Sy S
wx sz IL(r )f (X((ﬁ)“/;z(‘p))d(ﬁd M}( sz I15(7)
0

Oz 7 gz

S6 L
y f (X(¢)vz<¢>) dode + T b f o f [ (¢)] dds
-7 XV, gz 0

Y S 7 S8 A
X (T [ vioranae + 22257, (M [ [ (¢)]d¢d
Cp 0 -7 Cz

We  observe  that @YX, Y5, Yy, YL, Y5, Vi, Vz, Up, Uy) > 0 for all
(X, YL, YA YE YA V. Vs, Up,Uz) > 0 and OL(X,0,0,Y5 ,Y,.0,V,,Up,Uz) = 0. Calculating
L
% along the solutions of system in Eqs (2.1)—(2.9) as:

d@é X npfF3 S1 L
ar =[1- X (A —dX - BpXVp — BzXV7) + (1 -6p)Bp ; IT, ()X Vpdt — (np + bp)Y
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np +bp 52 >3 L A A
GDﬁD HQ(T)XTVDTCIT +1p H3(T)YDTdT - ClDYD - 6DYDUD
JOp 0 0
nZF6 Y, 54 L
+ 1- —L (1- 92),32 H4(7) X, Vzedt — (nz + bz)Y;
(4 Y
nz + bz YA Ss Se
222 [ X, Ve, [ Tk - ¥ - 6,780,
oz Y, 0 0
X S7 X % Ss
+ BoX (kD f (7)Y} dr — chD) + prX (1 = —Z) (kz f Tlg(1) Y4 dr — czvz)
Cp 0 Cz VZ 0
op(np + bp) U
+M( D)(‘PD +ppYUp —¥pUp)
PpOD U
0z(nz + byz) U
+ L( Z](‘PZ +p2Y5 Uz = yrzUz)
pPz0z U
F 1-0
+ BB =00) (T xv, - XVpode
(0)) 0
0 +b 52 +b 53
4 Booln + bo) (7517 03XV, = X, Vprydr + 12012+ o) f T5(e)(Y5 — Y5 )dr
Op 0 Op 0
Fef,(1 — 6 S4 XV, X,V XV,
'72 6Bz( Z)szf H4()[ z z +ln( Z)]d‘l’
0z 0 XV; XVy XVz
6 b)— [ XV, XV X, Vg,
+ﬁz 2(nz + Z)szf Hs()[ z z +ln( Z)]dr
0z 0 Xv, XV, XVy
+ b _ S6 YL YL YL
4 1z + b2) Yéf Me(r) | % - = + ln( ZL) dr
0z 0 Y, Y, Y;
kpX (7
4 Bk f I (7)(YA - YA )dr
Cp 0
k )_(_ S'g YA YA YA
Pz Y;f (1) | =% - = +1n(LAT) dr.
Cz 0 7 YZ YZ

It follows that
BokpF 7y B ap(np + bp) 5D(TID +bp)
Cp ()} J0p

nz(1 = 60,)BF6 Y,
oz

det X
72 ( UD) YA

= 1—})(/1—dX)+(

+ BzkzF 8Y B az(nz + bz) 52(772 +by)
Cz (4 (4

S4
UZ) Yy - I f I4(7)X, Vz-dt
0

nZFe(z + b=t Nz +b2)88, Y
+ Y, -

A S
+ bz)—
—Yi f [s(0)X, Vyedr + 2012+ 02) Y,
VA 0

O'Z O-Z O-Z
nz(nz + bz) 72 56 " ﬂzkz)_( V, (" A -
- f H6(T)YZTdT — — f IIg(7) YZTdT +6,XVy,
oz Y, cz Vz Jo
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6,(nz +b Sp(p +b u
MYAUZ M(l ——D](QDD—WDUD)
gz PpO D Y
S7(n7 + b U 1-0)Fs  — % X:Vz:
g2 by Un) e y,up+ 2= %, f IL(7) In dr
P70z Uz 7z 0 xVz
0.z +b7) , —— [ Ve byt Y
NUAUARANS 8 f I5(7) In (—Z)dT NUUARALS f Te(7) ln(—L)
oy 0 XV, Oz 0 Z
ko X—a (5 Y
A5 [ o ) ar
Cz 0 Yz

Equilibrium EQ satisfies
A=dX +,X Vs,
(1 = 0)B2FsX V= (17 + b)Yy,
azl_/z‘ = 0,B2FsX V7 + nzF 6?; - 521_/z‘ﬁz,
koFsYy = Vs,
¢p = ¥pUp,
Yz = l//zﬁz - Pz?/;ﬁz,

we obtain

(,301601':7Y _ap(p +bp)  plnp + bD)UD) vA = (np + bp)(apyp + pep) (Rlb,inv _ 1) Y4,

Cp Op Op b wDO-D
and
BzkzFsX  az(nz + bz) _6z(z+ b))+ ) 4
- Uz|Y;
Cz gz (4

kzFsX — +by)=a 6,z +Db Y,

_ (,Bz 7F3 Y/; _az(nz +bz) Yle z(nz + bz) UZYz) —_i 0
Cz Oz gz YZ

Using the following equalities

—L — —
X X, V.Y X YLV
ln( Vzr =1n #]+ln(x)+ln( Z),

XVz XV, YL Y,V,
XV X V.Y, X YAV,
In =In| ——(+In[ [+ In[ = ,
XVy XV,Y4 X Y,V

—A —L
YL YLy Y,Ys
ln( ZLT =In|-Z& Z]+ln( _A],
Y; Y4 YLY
YA YAV Y,V
ln( ZAT =In| = Z)+ln( i_z .
YZ YZVZ YZVZ
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Thus,
de; X\ — — (mp + bp)apyp + Spep) (.1
—==|1-=|@dX+B,XV,—dX) + RLM™ _ 1) yA
- ( X)( BzXV; ~ dX) Rz (RE™ = 1) v
1-0,)Fs — [5* XVT
_ 1z( 7) 6,32Xsz 21z
0z 0 ZYZ
1 —0)FFe — 0,0y +by)F 8,y + by)—A—
2772( 2)F 4 6,32XV2+ z(Nz + bz) S,BZXVZ z(nz Z)YAUZ
(4 (4 Oz
Ol +b0) o (P XVey (= 0Fs oo (5 572
——ﬁzXsz Z dr ,BZXsz (1) 5——dT
(074 0 VZ 7 0z 0 Y YA
5,(ny +b Y4V
0z + bz) Z)YAUZ—ﬁ—ZXVZ f (1) ZT Ldr + B XV,
0z 0 YZVZ
Sp(p + bp) U
—M(1——D)(¢/DUD oUn)
PpO D
1) +b U
+M 1——Z (W Uy — ZY Uz —¥7Uy)
Pz0z
1—0,)Fs — (54 XTVTY X YLy
» 1 =026 6ﬁzxvzf IL(7) |In | =222 +ln(—)+ln ALY | P
oz 0 XV, YE X V,Va,
—A —
0 b)) — (55 X, V.Y X Y4V
+Mﬁzxvzf Ts(7) |In | 22222 +ln( )+ln ~Z 2 \ar
oz 0 XV,Y4 X Y,V;)]
—L
Fiu(1—=6 S6 YLy, Y, Y4
| 1zFad = 07) Z)ﬁzxvz f T4(7) ln[—ZLT ]+ln[ Z_i] dr
oz 0 Y, Y2 YLY,
YAV YoV
+ﬁ—ZXsz (1) ln(_ZAT Z]+ln[ z 2\ ar.
Fs 0 Y,V, Y2Vy

It follows that

de? X (np + bp)apyp + dpyp) i
1-Z|dX -dX)+B,XV,[1-= RE™ _ 1) YA
—> ( ]( )+ Bz z( X] o (RG™ =1)75
57(ny + by)—n opip +bp) (. U —
L Y,(Uy - Uy + M 1- 22 WpUp —ypUp)
gz PpO D Up
) b U — 5 b U
N z(Mz + bz) (1——2)(',[/ZUZ—wZUZ) z(Nz + Z)YAUZ(l__Z)
P70 U, A Uz
— —L
1 —60,)F S4 X, V.Y X, V.Y
=0 g 37, f () | 2222 — 1 — In| 2222 || dr
0z 0 ZYé‘ XVZYé'
—A —A\]
Oz + b S X, Vz.Y X, V.Y
2(nz Z),BZXVZf Ts(7) ztz 1—In Zrlz dr
oz 0 z? XVZYQ ]
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_ nz(1 —02)F4

JRE— SG
ﬁzXVZ f H6(T) dr
0

gz

—'%XVZfO ITg(7)

8

YLY, » I(YLYZ)
Y ¥4 YiyA

YAV, YAV,
— - 1- ln[ —
Y,Vz Y,Vz

1 - 0)FsF 1 - ,)FiF YLV
772( 2)F4 6ﬁZXVZ (X) nz( 2)F 4 6,32 XV, 1 ( 7z z)

dr

Oz Oz -
Y,V
9 by)F X) 6 by)F Y5V
Z(UZ + Z) S,BZXVZ ( ] Z(']Z + Z) SﬂZXVZ i Z
(04 X gz Y VZ
—L
1 — 0,)F4F A YoV
L 1A =0y v 1n A] + B, XV, In| —Z Z].
oz YZ Y, YZ Vz
Then we get
doe} d(X - X)? (77D + bp)ap¥p + 0p¥p) (1
=- XV 1—— REM™ _ 1) yA
dt ﬁZ z X lpDO-D ( D ) D
_ OpYp(p + bp) (Up — Up)? _ Oz¥z(nz + bz) (Uz — Uy)?
PpO D Up Pz0O 7z Uz
— —L
_ 62(nz + b)) A U, U 1 —0)Fs — (5% X V.Y
2(772 7) YAUZ [2 Yz __z) _ 772( 7) 6ﬁZXVZf H4(T)£ Vid &4 dr
0z z Uy Oz 0 XV,YL
0, + D7), —— ([ XVeYo\ | s —0)Fs  —— (% YL,
- ——BXV; f (D) L| ——— |dt — ———B:XV; f Ie(r) L dr
oz 0 XV,Yy 0z 0 Y, YA
YAV, — X
_Pryy, f HS(T)L[ )d‘l’ +B,XV,In [—)
__dX - X)? L o+ bp)(ap¥p + 6p¢ep) (RIL),inv _ 1) yA
X Ypop
_ Spy¥p(p + bp) (Up - Up)* _ Oz¢z(nz + bz) (Uz - Uz)*
PpO D Up Pz0O 7z Uz
87(ny + bz)—A(Uy — Uzy)? — (X 1 - 6,)F
N z(1z + bz) YZ( z 7) —,BZXVzL( ) nz( 7) 6/32XVZ
oz Z 0oz
S4 X,V Y, 0,00, + by)  — 5 X, Vs Y,
% f My(0) £ | =22 | dr - uﬁzxvzf Ms(7) £ | =22 |dr
0 XV, Yk oz 0 XV, Y4
o
Fi(1-6;) — (3¢ Ly, 1y
_ nefall = 67) Z)ﬁzxvz f H6(T).£ ar - P37, f Ig(1)L Z’ Z\dx.
o 0 Y, YA Fs 0 Y,V,
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From Equilibrium conditions of EQ, we have I_/; - /‘f—j = —p%. It follows that
zYZ

dO  d(X-X)?> (1p+bp)aplp + 6p¢n) (i
2= - + (RE™ - 1)1y

dt X YpOp
_ SpYp(p + bp) (Up - Up)? _ 0z2¢z(nz + bz) (Uz - Uy)?
PDpO D Up PzOz ﬁzUz
— —L
— (x 1-—0,)Fs — (5 X V.Y
—ﬂzxvzzz(—) =02 5y, f (0 L| == |dr
X (4 0 XVZYé’
—A
0,(n; +by) — [ X, V.Y
_ z(’]z Z),BZXVZf s(7).L 7L 7 dr
Oz 0 ZleA‘
nFal=6)  — [ YL,
_ 02006 5y, f My L| 222 | dr
7 o 7,v)
__ [Ss YAV
_brxy, f Hg(T)L{_ZAT Z]dr.
Fg 0 Y,V,

L — — — J— J— J—
Moreover, 2 = 0 when X = X, Yt = ¥, YA = ¥, V; = Vz, Up = Up, U; = Uz and

(RIL)’i”V - 1) Yg = 0. The solutions of system in Eqgs (2.1)—(2.9) converge to Y’,, which contains elements

WithX:Y, YZL :?;, Yé :71;, \ :Vz, Up :ﬁp, Uy :EZ and,

. L
Consequently, if Rg’”” < 1, we get % < 0, for all (X, Y5 YA, YE Y2, Vp, Vg, Up, UZ) > 0.

(RE™ - 1)y =0. (5.13)

We have two cases: (i) Rg’inv < 1, then Eq (5.13) implies that Yg =0, and from Eq (2.1), we get

dX — - —
0= E =A1- dX—ﬂDXVD —,82XVZ - VD(t) =0 for any 1. (514)

From Eq (2.3), we have

dyA S
0=—2= [5(7)Y: dr = Y5(r) = 0 for any ¢ (5.15)
dr b . 3 Dr D yi. .

Hence, 17, = {@}.
(ii) Rg""v = 1, then from Eq (5.14), we have Vp = 0, and from Eq (2.6), we have

dv, 57
0= a’_tD = kDf I;(1)Yp dr = Yi(H) = 0 for any ¢.
0

_ From Eq (5.15), we have Y, L = 0. Hence, Y, = {EQ)}. Applying the L-LAS theorem implies that
EQis G.AS.
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To determine whether EQ is unstable when RlL)’i”V > 1, we compute the characteristic equation at
EQ as:

det(J(EQ) - ) = Wp + OWE(6,Us(cz + E)Xd + B,V + &) (5.16)
X (by + 117 + Oz + ) + Wz — ps ¥+ EN(cz + E)az +€)
X (d +ﬂz‘_/z + &bz +nz+ &) — kzﬁzy(d +&)+ 02 +F5925)] =0

where W(¢) is defined for interval [0, o0) as:

W) =& + 6)2'52 + ¢+ @é’

and
&% = ap +bp +cp+np +6pUp,
d)lL =ap(bp + cp +np) + cp(bp +np) + (bp + cp + UD)éDﬁD - QDﬁDkD'E2F7X
&% = cp(p + bp)ap + 5pUp) — BokpF1X((p + bp)OpFy + np(1 — 6p)F 1F3)

5D¢D

= cp(np + bp)(ap + ) — ﬁDkDF70'DX

if R;™ > 1, then W(0) < 0, since W(0) = —<2lptiolinsntoniv) (Rl _ 1) and limW(¢) = eo. so.
Eq (5.16) has a positive root and hence EQ is unstable.

Theorem 4. A ZIKV-DENV co-infection equilibrium EQ = (X, Y%, Y, Y2, Y2, Vi, V., Up, Uy) is
G.AS,if RE™ > 1 and RL™ > 1.

Proof. Define @5(X, Y}, Yy, Y., Y5, Vp, V2, Up, Uy) as:

= (X Fi= (Y5 F Y, Y}
®§:X‘£(§)+nD 3Y[L)£(?_i)+nD+bDYg£(Y ) Nz 6YL.£[.Y,Z) nz+bzy,zq£(~_z]
D VA

oD L oD oz 0z Yy
() Sl ) ) el
D Z D Z
nDFaﬁD(l—eD)WDX fsl 0 (X(¢>VD<¢)) dodr
Jp 0 -1 VD
S2
IBDQD(Z_DD+ bD)XVDf (1) (X(ff’)gz)(ﬁb))d(ﬁd
D
+nD<n3D+ bD>7lL) fo L, [ L;(qs)] dodr nzF6ﬁz(1—ez>-
-7 D
S4 t - S's
X fo T1,(7) f L(%)d@wﬁzwn—zbﬁxw f I5(7) f (X(¢)VZ(¢))d¢dT
-7 Z

S6 t L S5
N ﬂz(ﬂz"‘bz)?éf (1) ( (¢))d¢d Bokp YAf I (r )f ( D(¢))d¢d
0z 0 -t YL Cp 0

V4 D

S8 A
ﬁzkz YAf Hs()f [ (¢>Jd¢d
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We  observe  that @YX, Y5, Yp, Y., Y5, Vb, Vz,

(X, Y5, YA, YL, Y4, Vi, Vs, Up, Uz) > 0 and OL(X, Y5, Y4, YL

along the solutions of system in Eqs (2.1)—(2.9) as:

45 _ (1 X
dt X

+ npF3

0p

)(/1 —dX - BpXVp - BzXV7)

Y
Y

L
1- £
Y,

Sl
]((1 - QD)ﬁDf IT(7)X:Vp.dt — (np
0
?A
| —_—
Yy

np +bp
Op

—+

nzFs
gz

+

A
| —_—

Y. S's S6
(92,32 f 5(0)X, Vzedt + 177 f
0 0

Yz
-2

. BzX
V )( P 0 '
. 900 + bp) )(¢D+pDYSUD—WDUD)+

oz

, BoX
Cp

S7
f (1) Y5 dt — cpVp

Cz

D
U
PDO D

Up
+ npf3Bp(1 —6p)
0p

S'1
f () [
0
N Bobp(p + bp)

S
fHZ(T)[
Op 0
S3 YL
f Hg(f)[
0 Y

D _
VL
D

S4
f m(ﬂ[
0

XV, X:Vp:
XV, D D

XVp  XVp
X VD XT VDT
L

XVp XVp
Dt

XVp

+bp) =
N np(p + bp) 7L
Op
n nzFeBz(1 — 67)
0z

N Bz0z(nz + bz) v

e

XV;

0z(nz + bz)

+ln(
X

X‘r VDT

+ln(
X

X‘r VZT

+ In
5

X,

Up,Uy) > 0 for all

—_— —_— —_— —_— —_— L
Y2, Vp, V7, Up, Uyz) = 0. Calculating d%

+ bD)Yg)

S S3
] (HD,BD f I, (1) X, Vp.dt + np f 3(1)Y5. dt — apYs — 6pYh UD)
0 0

S 4
)((1 —6,)B; f IL(0)X, Vyedt — (17 + bz)Yé)
0

()Y} dr — a Yy — 6,Y5 UZ)

V.
1 - -2

vl
(1 .

o

e

&

S's
f Hg(T) YéTdT —Cz VZ
0

U,
U,

|

)(SDZ +p7YsUz —¥zUz)
pPz0z

XT VDT

D

D

V4
VZT

S's
f H5<r>[
0

S6 YL
f H6(T)[
0 Y
S8 YA Y
f s (7) [~—§ -
0 Y, Y

o
|

dr

7z
gz
+by)=
N nz(nz + bz) 7
0z
N BokpX
Cp

kX~
,BZZ Y,Z4

dr

L
D
XT VZT
L
L
YZ
A

Yp

XVp
Y
Dt
+ ln( yL
D
XV,
Xv, XV,
Xv, XV,
2
Y}
Dt
A
D

XVZ X‘r VZT
L
( Y
+1In
Y

_D_ Dt
VA
D

Z

T 4+ 1In

+ dr.

-z _
VL
z
A
D
Z

S7 Y A
f II;(7) [
0 Y
A
A

A
Cz YZ

:)
It follows that

XV,

o

(YZT
@ _ [1 _X)(/l_dx)_l_[ﬁDkDFﬂ?_ ap(np + bp)
dt X Cp Op
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_ 6p(np + bp) 7
Op b

)
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N (,szzF s X _az(nz+bz)  6z(nz + bz)

Cz O'Z gz

Uz) Yy

(1 = 0p)BoF s 5 n2(1 = 6,)B,Fo Y%

Sy
F f H4(T)XT VZTdT
7z JO

S
YL f Hl(T)XTVDTdT -
0

J0p 0z
Fs(p +bp)=,  nzFe(nz +bz)= +bp)0nBn Vi [
L 3(np + bp) YL+ nzFe(z + bz) YL - M_g f [L(7)X, Vp.dr
Op (4 Op YD 0

?A S5 . B
— —(UZ Al bZ)QZ’BZ Z f II5(7) X, Vz.dt + ap(p + bp) YA + dznz + bz) Y4

D z
Oz Yé Op gz

bp) VA 53 by) Yy (S0
_77D(771)+ D)_Df Hs(T)YLL)TdT_w_Zf Hé(T)YZLTdT
0 0

JOp YS 0z Y?
X Vo [ kX Vz XV
_BokoX Vi (T ya g BrkeX Ve f ()Y, dr + BoXVp
cp Vb Jo ¢z VzJo
— § +bp) = 0z(11z + bz)
4 XV, + U Oy, 020z D),
Op Oz

, 00010+ bp) [1 _ _D]% Uy + 221202 (1 - —Z)(SDZ —UaUy)
PpU D U pz9z

1—0p)Fs  — [ Ve
=0, o fo I1,(7) In (XVD)dT

Op D
1 —6,)F 54 ) ars
LA =0 = f () In | 224 ar
0z 0 XVZ
0 b — (52 X.Vp,
g Bt *bo)y 25, f My(0) In [ S22 )
Jp XV
0 +b = X Vs,
, 920z + bz) Z),BZXVZ Ms(r) In [ XYz )
0z
b L +b,)— S6 YL
UD(UD"‘ D) f M4(r) In ( DL)dT+ nz(nz + Z)YZLf Me(7) ln( zLT)dT
Op 0 YD Oz 0 YZ
kpX YA k,X—, (58 Y4
| Poko YAf H7(T)1n( [:)dT+ﬂZ z Ygf Hg(T)ln( ZAT)dT.
Cp 0 YD Cz 0 YZ

Equilibrium EQ satisfies

1=dX +ﬁD§VD +,BZYFVZ,
(1 = 6p)BoF1XVp = (np + bp)Y,,
apYh = OpBoF2XVp + npF3Ys - 6,YAU
(1 = 0)BF4XV; = (bz + n)Y5,
azYh = 0,8,FsXVy + nFeY: — 6,YAU,,
kDF773 = CDVD,

kZFSYQ = szz,
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¢p = ‘ﬁDﬁD _pD?gﬁD,
@7 = YUz —p7 Y5 Uy,

and using the following equalities

X.Vp, X.Vp YL X YLV
ln( Dr) _qp| 2222 +ln(—)+ln A )
XVp XVpYk X Y5V
X.Vp, X Vp, YA X YAV,
ln( Dr) = |n| 222220 +ln(—)+ln RLMN
XVp XVpY4 X YpVp
YL YE YA yLyA
in[157) = | 2222 f]m[ lLLg],
Yh YLy yEYA
Y4 YAV YAy,
ln(% =In| =—— D +1n D~D ,
Yy, YgVD YSVD
X.V,. XV Yk X YLV,
In =ln|l ——=|+In|=|+1n
XVy XV, vk X Yiv,)
X.Vy. X,V YA X YAV,
ln( Z :1n#+1( ]+ln 1,
XVy XV, Y4 X Y4V,
yL YL 7A 'fLyA
ln( ZLT =1In|Z"Z|+1n| 22 ,
Y’ YLyA YLYA
Y4 YAV YAV
1n(ZAT =In| Z 2|+ In| 2
Y4 YAV, YAV,)
We obtain
(ﬁDkDF 7 XYA ap(np + bD)’fD op(mp + bp) = 7A Z_S -0,
Cp JOp JOp D
(ﬁzkst f?? _az(nz + bz)~z 0z(nz + bz) — 7A) Y_? o
cz oz oz é‘
So,
dOL X\ - - L=0p)Fs , = (5 X VpYp
_3 = (1 - —) (dX +ﬂDXVD +ﬁzXVZ - dX) — MﬁDXVDf ](T) -D d
dt X Op 0 VoYp
1 -6,)F S4 Vy Yk 1 —Op)FiF3  —
_ 7) 6,32Xsz ML) -Z Zd 2770( p)F 3ﬁDXVD
oz 0 ZYZ Op
2) + bp)F —~ 1-0,)F,F¢  —— %) + by)F
N p(1p + bp) Z,BDXVD+2nZ( 2)F 4 6,32XVZ 2(1z + bz) SﬂzXVz
Op (04 (04
Op(np + b 52 X Vpe 0,(ny + b S X Vg
_ p(np + D)ﬁDXVDf T (1) == D Dd AUTARS Z),BZXVZf z Zd
Op 0 XVD I Oz 0 XVZ f
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1= Op)F) = (% Y5Yj 1= 6)Fs  — (% YLY}
_ 1p(1 = Op) 1ﬁDXVDf T5(7) %‘r fdr— nz(1 = 62) 4ﬂzXsz H(,(T)..,ZLT de
Op 0 Y Y, 0z 0 Y;Y,

7

S7 YAV, Ay,
_bozy, f (1) 2L _Bizy, f M) 22 4 4 XV + B, XV,
F 0 V F 0 Y V.

D D 7 Vz
0 +bp)= 0 +by)~ 1) +bp)=,~
N p(Mp D)YSUD-F z(1z Z)YQUZ— p(Mp D)YSUD
J0p Oz Op
1) +b 10) +b U
b M( ——D)(%UD oA — U Un)
0z PpO D U
19) +b U _ — 02  ——
+ Otz + bz) (1 - —ZJ WUz — pzYpUz —¥zUyz) + nD(—D)3,BDXVD
Pz0z Op

J X, Vp, YL X Y5V,
xf I, (7) |In | 2222222 +ln(— +1n ( ]dT
0 XVpYE X Y5Vp
1= 0)Fs  — [ X,V YE X YLV,
+Mﬁ2xvzf T (7) |In| 222222 +ln[ ]+1 z
oz 0 XV YE X YLy,

0 +b — (5 X, Vp. Y X YAV,
LURIPS oA f T,(7) |In | 2222 n[—)+1n 2 War
Op 0 XVpYp X YaVp

0 b Ss X,V YA X YAV,
y Yzt b2 f Ms(7) |In | 222 +ln[ )+ln gz
oz 0 XV, Y} X YV,

_ S YLY
L o = 6p)Fy GD)FlﬁDXVD f Ts(7) ln[
0 YLy

0p

1-6,)F %
+ P57, [ o) m
Oz 0

S7 YAV YAV
+ﬁ—DXVD f L (7) | In| 2222 | 4 In| 2222
Fq 0 YAV, YAV,

YAT'\?Z YAV,
— +In =
Y VZ Y 7 VZ

- (1 - ;—(](di— dax) +ﬁD§VD(1 - ;) +ﬁZY’VZ(1 - ;—() $ O F o) gy )

Op

dr.

+ﬁ—ZXVZf Ig(7) |1
0

It follows that
a0t
dt
o +by)~ —~
+ z(1z 7) Y?(Uz — Uy +
(o PpO D

+ 92(z + bz) (1 - %) WzUz — ¥7Uy)

1) b U
9p(ip + bp) [1 - U_Z) WpUp — ¥pUp)

Pz0z
) bp)—, ~ U ) by)—, ~ U
_ Op(npp + D)YSUD(l__D)_ z(nz + Z)YQUZ(I——Z)
Op D gz Uz
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_np(1 = 6p)F3

S XV Yk XV, Yh
BpXVp f (1) | ——2 — In| =—2||dr
Op 0 XVDYD XVDYL
1-60)Fs — [ XV, Yk XV, YE
_ nz(1 = 62) 6,32XVDf IL(7) =Y z dr
oz 0 XV, YL XV, YL
Op(p + b S2 X, Vo Y X Vp. Yy
_ i +bo) g 55 f My(r) | 22l — In | 2222 || e
Op 0 XVp Y, XVp Y,
0,(n, + b S X,V YA X,V YA
_ 2(nz + bz) ,BZXVZ f Ts(7) z In ~~z z || 4z
oz 0 XV, Y} XV, Y4
1-6pF,  — 5 YL YA YE yA
_ =0, 7, f (1) —In| 222 || g7
Op 0 YL Yy YLy
1=6,)F S6 YL YA YL YA
AU AT TS f Mg(r) | =% —In| £ || dr
oz 0 Y} LY YLY
— S YA Vp YAV
—’B—DXVDf I (1) SRS . ) [ D] dr
F 0 YaVp YAVp

A
— ﬁ_ZXVZf Hg(T) [ZZ
F 0 Y

Z

V YAV
T 2 —1—ln[~Z;ZJ dr
Ay, YAV,

1 - 6p)F\F 1 - 6,)F4F X
N np( p)F1 3,BDXVD 772( 2)F 4 GﬁZXVZ nl X
Op X oy X
1 —0p)FF YLV 1 — 6,)F4F YLV
N np( p)Fi 3,3DXVD D 772( 2)F4 6ﬁzXVZ —
0 bp)F X L0 bFs — (X
N p(Mp + bp) Z,BDXVD 2(nz + bz) Sﬁ’zXVzln X
Op X oy X
0 bp)Fs  —— YAi? N b,)F YAV,
+ p(1p + bp) Z,BDXVD D D Z(Uz+ 7) S,BZXVZ zVZ
Op Y?VZ
1= O0p)FiF3  — Y4 1 — 0,)F4F yLyA
+ np( p)Fi SﬂDXVD [ IZ] nz( Z) 4 G,BZXVZI ( i"’i]
9D D YZYZ
_— YAV ‘Z“
+ IBDXVD In + ﬁZXVZ In
D D ZVZ
Thus,
doe; _ _dX - X) _ OpYp(p + bp) (Up — Up)? _ Oz¥z(nz + bz) (Uz — Uy)>
dt X PpO D Up pPzOz Uz
50(770 + bD) 4 (Up — UD) 52(772 + bz) (UZ - UZ) 55 X
—BrXV =
(o)) D UD gz UZ IBD DL X
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np(1 —6p)F;

0p

~B,XV,L (;) -

_ nz(1 = 07)F¢
0z

52 VY 0,(ns + b
Xf Hz(T)L[ D ]dT— 2(1z + bz)
0 XVDYIA) 0z

o S3 YL YA
0

DD

YL YA S7 YAV
2t e _Prxy, f () L| 22 |dr
YLyA F 0 YA

_ np(1 — 6p)F,
Op

S6
Xf H6(T)£
0 z1z
YAV
_Prxy, f Hg(T)L(_.,ZT Z]dr.
Fg 0 ay

From the equilibrium conditions, we have ?‘3 —

7

de;  d(X -X)

,BDXVDf Hl(T)L[
0

— XV, Yk ) b
B2XV; f H4(T)-£[—X z Z)dr——D(nD+ 2,
0

ZYZ

Yo _ _
PD

_ Oopep(mp + bp) (Up — ﬁD)z

X, Vp. Yk
TP D e
XVpYE

BpXVp

L Op

X Vi Y2
T gr
XV, Y4

—~—~— S's
ﬁzXVZ f H5(T).£ [
0

- 6,)F
7) 45,XV,
oz

D Vb

and YA Yz — _ 22 Tt follows that
pDUD Pz pZ z

B Oz¢07(Mz + bz) (Uz — ﬁz)z

dr X PO D
(X — (X 1
—ﬁDXVDL()—() —ﬁzXVz£(§) _ ol

_nz(1 = 02)F6
oz

S2 X, Vp. YA
xf HQ(T)L(—D D)d‘l’—
0 X

S 4
B XV, f H4(T)£(
0

A o
DYD Z

_ o S'3 YL
_ il =60 QD)FlﬁDXVDf H3(T)£( =1
0

Yé? Y"ZLx ) ﬂD

Op

S'6
X f IIg(7).L =
0 z z

YAV
_Prgy, f HB(T)L[f’VZ)dT.
Fs 0 Y4

ZVZ

d@

UpUp
—O0p)F; — [ VoY
—D“ﬁDXVDf I(T)L[#)aﬁ-
0

0p

XV, Yk ] _ 6p(p + bp)

L
ZYZ

0z(nz + bz)

Dt~ D

Y 1-
]dT_UZ(

D" D

d ——XVDf H7(T).£(
F 0

Pz0z ﬁzUZ

XVpY:

BoXVp
Op

X,V Y4
Tz dr
XV, Y4
0)Fs ==

S's
8,XV, f mmz(
0

Bz XV7
0z

YAV
_Dr D dr
YoVp

L

So =% < 0, for all (X Y5 YA YE Y2, Vp, Vg, Up, UZ) > (0. Moreover, % = 0 when X = X,
Yé = Yg, Yg = YS, Yé‘ = Yé‘, YIZL‘ = YA VD = VD, VZ = Vz,UD = UD, and UZ = sz for all ¢. The

solutions of system in Egs (2.1)—(2.9) converge to 17, =
is G.A.S when R;™ > 1 and R,™ > 1.

{E Q} and the L-LAS theorem implies that E Q

Table 2 provides an overview of the existence and global stability conditions for each equilibria of

model in Egs (2.1)-(2.9).

Networks and Heterogeneous Media

Volume 21, Issue 4, 1262—-1333.



1305

Table 2.

Egs (2.1)-(2.9).

Conditions of existence and global stability of equilibria of the model in

Equilibrium

Existence condition

Stability condition

EQO = (XO, 07 07 07 07 07 O’ Ug’ Ug) -
EQ" = (X", Y5, Yp,0,0,V;,0,Up, Uy)  RE>1
E0=(X.0,0,Y,.Y,.0,0.V,Up.Us)  RL>1

EQ=(X, Y5 YA YL YAV, V2, Up, Uz) R5™ > 1and RE™ > 1

Ré <1and Ré <1
RE > 1and RY™ < 1
R > 1and Rgmv <1

L,inv L,inv
RS >1land R;™ > 1

6. Co-infection model with antiviral treatment for blocking viral infections

Inhibiting the ability of viruses to infect uninfected cells represents one of the most biologically
intuitive antiviral mechanisms. This can be achieved through pharmacological agents that block viral
entry into host cells, thereby reducing the effective infection rate. Within the framework of within-host
mathematical modeling, as proposed in [19], this mechanism is incorporated by introducing treatment
controls that reduce infection transmission parameters. Accordingly, the baseline infection rates 8, and
[z are scaled by the control variables up and uz, respectively, reflecting treatment efficacy in preventing

viral entry. As a result, the original system in Eqs (2.1)—(2.9) is modified as follows:

dX

dt
leL)
dt
dyA
dt
dy:
dt
dy?
dt
dvp
dt
dv,
dt
dUp
dt
du,
dt

=A—dX - (1 —up)BpXVp — (1 —uz)BzXVy,

S1
= (1= 0p)(1 = up)Bo f I (D)X, Ve dt — (1 + b)Y,
0

S 2 S3
= 0p(1 — up)Bp f (1) X Vp. dt + 1p f [3(1)Y5, dt — apYp — 5pYaUp,
0 0

S4
= (1= 0)(1 - )y f TL(T)X, Ve dr — (1, +
0

S's S 6
= 6z(1 - Mz)ﬁzf Is(1)X:Vz dt + 1z f He(n)YS, dt — azYy — 6,Y5 Uz,
0 0

S7
= kDf H7(T)YST dr — CDVD,
0
A
=k f (1)Y5, dt — c; V7,
0

= ¢p +ppYpUp — ¥pUp,

=@z +pzY, Uz — 47Uy,

where up and u; € [0, 1] represent the antiviral efficacies
The influence of antiviral treatment on the viral dynamics is reflected through the basic reproduction
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numbers of system in Eqs (6.1)—(6.9), which are given by:

kp(1 = up)BpAypF7 [(p + bp)OpFs + np(1 — 6p)F 1F3]
dcp(np + bp)ap¥p + dpep)

kz(1 = uz)Bz AW 7Fg [(117 + b2)0,Fs + nz(1 = 0,)F 4F¢]
dez(nz + bz)az¥z + 6z¢7)

Ré(”D) =

2

R(uz) = .

For fixed parameter values, Rg(uD) and Ré(uz) are strictly decreasing functions of the treatment
intensities up and uz, respectively. This monotonic behavior directly reflects the effectiveness
of antiviral therapy in blocking the viral infection of uninfected target cells. As treatment
intensity increases, the effective infection rates decrease, leading to a reduced generation of newly
latently infected cells (YIL), Yé) and productively infected cells (YS, YQ). Consequently, the viral
concentrations (Vp,V7) decline. Hence, this treatment strategy acts as an effective preventive
mechanism for limiting viral spread and mitigating the severity of DENV-ZIKV co-infection.

The minimum treatment efficacies required to ensure R% < land R. < 1 are given by:

o { cpd(mp + bp)ap¥p + 6pep) }
ufy = max<{1 - ,0p,
kpBpAypF7 [(np + bp)OpFa + np(1 — 6p)F1F3]
WS = max {1 3 czd(nz + bz)azyz + 62¢7) ’ 0} .
kzBz A0 Fs [(nz + b2)0Fs + nz(1 — 67)F4Fs]

Corolary 1. If u$; < up < 1 and uff < uz < 1, then the disease-free equilibrium EQ° is G.A.S.

6.1. Effect of time delays

To examine the influence of distributed time delays on viral dynamics, we first consider the limiting
case in which all intracellular delays are neglected. In this case, the system in Eqs (6.1)—(6.9) reduces
to the following delay-free system:

1704
7 A—=dX = (1 —up)BpXVp — (1 —uz)BzXVy, (6.10)
dyj;, .
e (I =6p)(1 —up)BpXVp — (np + bp)Yp, (6.11)
¥ = 0p(1 XV, YL YA - 65,YAU 6.12
7— p(1 —up)BpXVp +npYy —ap¥p — 6pYpUp, (6.12)
dyk .
e (1 =02)( —uz)BzXV; — (nz + b)Y, (6.13)
av; = 6,(1 XV YL Y4 - 6,Y5U 6.14
7—2( —uz)Bz z+Nz¥; —azY¥,; —ozr,Uyg, (6.14)
dv,
-0 = kDYS — CDVD, (615)
dt
dv.
_d[Z = sz? - Cz‘/z, (616)

Networks and Heterogeneous Media Volume 21, Issue 4, 1262—-1333.
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dU

dtD = ¢p + ppYAUp — ¥pUp, 6.17)
dU
d—tz = @7 + pzYoUz — y7Uy. (6.18)

The corresponding basic reproduction numbers for DENV and ZIKV are given by:

kp(1 — up)BpAyp(np + bplp) RL ™ol kz(1 — uz)Bz Az (nz + bz07)
s Z) — .
dcp(ap¥p + 6pep)(np + bp) ‘ dcz(azz + 62¢02)(Nz + bz)

RIE) no delay(uD) —

.. . . : L. no del L, 1o del
The minimum antiviral treatment efficacies required to ensure Rj;" “® < 1 and R; ™" < 1 are
given by:

jermodelay {1 _dceplapyp + 6pep)(ip + bp) 0}

P kpBpAyp(np + bpbp) )

e delay _ o {1 _dezazyz + 6z2¢7)(nz + bz)’ 0}
kzBz A7 (7 + bz67)

Since 0 < F; < 1, it follows that

RL it delay(, ) kp(1 = up)BpAWpF7 [(p + bp)OpF> + 1p(1 — 6p)F 1F3]
b P dcp(mp + bp)ap¥p + dpyp)
kD(l - MD)ﬁDﬂwD(nD + bDeD) _ pL,nodelay
S - p (MD)a
dep(apyp + dpep)(mp + bp)
kz(1 — uz)Bz AW zFs [(nz + bz)07Fs5 + 112(1 — 62)F4F¢]
dcz(mz + bz)azyz + 6z¢7)
< kz(l - MZ)ﬁZ/lWZ(nZ + bZQZ) _ Ré, no delay(uz)‘
dcz(azyz + 6z¢97)(nz + bz)

Therefore, neglecting intracellular time delays leads to an overestimation of the viral reproduction
potential. Biologically, this occurs because the delay-free formulation implicitly assumes that
transitions between intracellular stages occur instantaneously. In reality, infected cells require time
to establish infection, latent cells require activation before becoming productively infected, and
newly produced virions may require maturation before becoming fully infectious. These delayed
biological processes effectively slow viral propagation and reduce the number of secondary infected
cells generated by a single infected cell.

Consequently, the treatment thresholds satisfy

Ré, with delay (MZ) —

cr, no dela cr, with dela;
u Y >u Y

cr, no delay cr, with delay
D D , u, > U, .

This indicates that neglecting intracellular delays may overestimate the antiviral efficacy required
to suppress infection.

6.2. Effect of latently infected cells
We next investigate the effect of neglecting latently infected cells. In the absence of latent
compartments, the system in Egs (6.10)—(6.18) reduces to
dX

E =A—-dX - -up)BpXVp — (1 —uz)pzXVy,

Networks and Heterogeneous Media Volume 21, Issue 4, 1262—-1333.
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dYS A A
s (1 —up)BpXVp —ap¥Yp —opYpUp,
dY? A A
7 = (1 - l/tz)ﬁvaZ — aZYZ - 5ZYZ Uz,
dVp

7 = kDYS —¢pVp,

av,

7 = kzyé —czVy,

dU

d_tD =¢p +ppYpUp — ¥pUp,

dU

d_tz =z +pzYyUz — Y7 Us.

The corresponding basic reproduction numbers become

Rwithout latent(uD) — kD(l B uD)ﬁD/le Rwithout latent(uz) — kZ(l - uZ)ﬁZ/hpZ .
b dcp(ap¥p + dpep) g dez(azz + 67¢7)

The corresponding minimum treatment efficacies are:

ug, without latent _ max {1 _ dCD(aDl//D + 6D‘)DD), 0} , Er, without latent _ max {1 _ dCZ(aZl//Z + 52‘102)’ O} .
kpBpAYp kzBz Az

Since 0 < 0p < 1 and 0 < 67 < 1, then 222% < 1 and 2222% - | and so we get
np+bp nz+bz

_ kp(1 = up)BpAyp(np + bpbp) - kp(l — up)BpAyp RYithout laent 3

- - D)s
dep(apyp + 6pep)p + bp)  deplapyp + dpep) b

Ry ety ) kz(1 — uz)Bz A7 (nz + bz67) - kz(1 — uz)Bz Ay = Ryithoutlatent(,,

dez(azyz + 62072)(nz + bz)  dezlazyz + 67¢7)

R\gith latent ( uD)

Thus, neglecting latently infected cells also leads to an overestimation of the viral reproduction
numbers. Biologically, the latent compartment acts as a temporal bottleneck in intracellular viral
progression. Following viral entry, not all infected cells immediately become productively infectious;
rather, a proportion enters a latent state and requires activation before initiating viral production.
Consequently, latency delays viral amplification and reduces the effective rate of infection spread.
Ignoring this stage implicitly assumes immediate viral productivity, thereby artificially accelerating
infection dynamics and inflating the estimated viral fitness. As a result,

cr, without latent cr, with latent cr, without latent cr, with latent
D 2Uu D s u 7 > U 7 .

This finding suggests that models neglecting latency may overestimate the level of antiviral efficacy
required for viral elimination.
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7. Numerical simulations

In this section, we present numerical simulations of the system in Eqs (2.1)-(2.9) aimed at
illustrating and supporting the theoretical results established in Theorems 1-4. In particular, the
simulations are designed to examine the threshold dynamics of the model by selecting parameter
regimes corresponding to the theoretical conditions governing the existence and stability of the
equilibria. Numerical experiments are conducted under different scenarios determined by the
reproduction and invasion reproduction numbers, including cases where (Rf)) and (Ré) are below
or above unity, as well as situations in which (R5™) and (R,™) determine competitive exclusion
or coexistence. This enables numerical confirmation of the predicted equilibrium transitions and
global asymptotic stability results. Moreover, variations in key parameters, particularly the infection
rates (Bp), (Bz), antiviral treatment intensities (up), (uz), and intracellular delay parameters (7;),
are considered to investigate their influence on viral persistence, treatment outcomes, and stability
thresholds. Due to the absence of reliable clinical datasets for DENV-ZIKV co-infection, the
parameter values employed in the numerical simulations are either adopted from studies on DENV or
ZIKV mono-infections or selected within biologically plausible ranges. Accordingly, the simulations
are intended to illustrate the qualitative dynamics of the model rather than to provide data-driven
parameter estimation or calibration. To this end, the distributed time-delay model in Eqgs (2.1)—(2.9)
is transformed to a discrete-delay system through the use of a particular class of probability density
functions, namely the Dirac delta function D(-). Following [64], we define

f(t)y=D(t—-1),i=1,2,---,8.

Incase §; » o,i=1,2,---,8, we have

f ft(T)dT =landF,; = f D(r—1)e"dr = e,
0 0
Then,

f‘x’ D(t — 1)) X Vpdr = e Xy, Ve, foo D(t — 1)e ™" X, Vpdt = e X, Vprys
0 0
L ) D(t — 13)e”™™"Y ,%Tdr = Py ,%T}, fo ) D(t —14)e "™ X Vzdt = e X, Ve,
fo ) D(t = 15)e " X Vzedt = e 55X, Ve, fo ) D(t — 16)e " Y, dt = ¢ "T°Y,
f‘” D(t —17)e”" Yp.dr = e"Yp f‘” D(t — 13)e ™ Yy dt = e 7Y
0 0

Hence, the model in Eqgs (2.1)—(2.9) can be written as:

ax
E = /1 - dX —ﬂDXVD —ﬂzx‘/Z,
dYé -niT L
- (1 —6p)Bpe™ "' X, Vpr, — (np + bp)Yp,
dYg —nyT) -n3713yL A A
_d[ = Opfpe XTQVDTZ +npe ‘YDT3 —aDYD _5DYDUD’
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dy:t
d_ = (1 = 0)Bz¢ ™™ X, Vzr, — (17 + b2)Y7, (7.1)
dY[Z4 =0 ~nsTs Y —neTe YL YA 5 YA
ar 7Bz€¢ s Vzes + 1z 7ee —GzY7 —02Y; Uz,
dVD e T A dVZ —ngTg A
7:]{ 77YDT7_CDVD’ dl‘ _k 88YZT8—C2VZ,
dU dU
dtD = ¢p +ppYpUp — ¥pUp, d_tZ = ¢z +pzY3 Uz — 47U
The threshold parameters of the model in Eq (7.1) are provided as:
L kDﬁD/hﬁDO'De_nTr7 L kzﬁz/llﬁz(fze_ngm

~dep(qp + bp)apyp +Spep). 7 dez(ng + br)aghz + 6z¢7)
RLmY _ kpBpAypope™"
D

o878 A
dep(apyp + 6pep)(1p + bp) (1 + kzﬂz_“ Yz)
kzz Ay 70 7€ "7
dez(azyz + 6297)(nz + by) (1 + Mym)

L,inv _
RZ

where o, and oz become o = (17p + bp)pe ™™ +np(1 — Bp)e ™1™ and o, = (7 + bz)lze75 +
772(1 _ ez)e_(n47'4+n676)‘

7.1. Stability of equilibria for the model in Eq (7.1)

By using the dde23 solver in MATLAB, we solve numerically the system of DDEs in Eq (7.1)
numerically. The values of parameters of model in Eq (7.1) are given in Table 1. Here, we fix 7;
forr; = 0.1,i = 1,2,...,8. To analyze the global behavior of the system, ten distinct sets of initial
conditions, inspired by the study of [65], are considered:

X(¢) = 40 + 4sin(¢) — 3k, Y5(¢) = 10+ 0.1sin() + 2k,
YA$) = 5+ 0.3sin(¢) + 0.9k, Yi(¢) = 10 + 0.2 sin(¢) + 2k,
YA($) = 5 + 0.2sin(¢) + 0.9, Vp() = 20 + 0.4 sin(¢) + 7k,
Va(¢) = 20 + 0.5sin(¢) + 7k, Up(¢) = 110 + 8 sin(¢) — 10k,
U(¢) = 150 + 10sin(¢) — 15k, ¢ € [-0.1,0], k= 1,2, ..., 10.

These initial conditions are selected to examine whether the system trajectories converge to one of
the steady states regardless of the starting values. The sinusoidal terms are introduced to represent
heterogeneous and time-varying histories over the delay interval rather than constant initial profiles,
thereby testing the robustness of the model dynamics under substantially different initial perturbations.
Numerical simulations indicate that the qualitative asymptotic behavior remains unchanged and that
the solutions converge to the equilibrium predicted by the global stability analysis, demonstrating that
the stability conclusions are independent of the specific form of the initial conditions.

By varying the values of the parameters S and 87, parameters, the four following scenarios arise as:
Scenario 1 (Stability of EQ°): When the incidence rates are low, 8, = 0.001 and 8, = 0.001, the

reproduction numbers satisfy R5 = 0.4738 < 1 and RS = 0.5639 < 1. Under the conditions
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v,

listed in Table 2, all solution trajectories converge to the infection-free equilibrium EQ° =
(71.43,0,0,0,0,0,0,60,62.5) as shown in Figure 2. This verifies the global asymptotic stability
of EQY in accordance with Theorem 1. Biologically, this outcome indicates complete elimination
of both viruses and infected cells, while uninfected target cells return to their normal level.

10 20 30 40 50 60 0 10 20 30 40 50 60
t t t

Uninfected cells Latently DEN V-infected cells Productively DEN V-infected cells

50 60

20 100

80

60

Vo0

10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t t

Latently ZIK V-infected cells Productively ZIK V-infected cells Free DENV

10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t t

Free ZIKV DENV-targeted CTLs ZIKV-targeted CTLs

Figure 2. All trajectories of the system in Eq (7.1) starting from different initial states
converge to the disease-free equilibrium E 0° = (71.43,0,0,0,0,0,0,60,62.5) under the
conditions R < 1 and RS < 1.

Scenario 2 (Stability of EQ*): We choose parameter values Sp = 0.004 and 5, = 0.001, and

we obtain R5 = 1.8953 > 1 and Ré’mv = 0.5639 < 1. The feasibility conditions in
Table 2, therefore ensure the existence of the DENV mono-infection equilibrium EQ* =
(46.41,9.24,7.26,0,0, 18.87,0,106.28,62.50).  As illustrated in Figure 3, trajectories from
different initial histories converge to EQ*, confirming its global asymptotic stability and
agreeing with Theorem 2. From a biological standpoint, DENV persists, whereas ZIKV cannot
successfully invade; any introduction of ZIKV decays over time, while DENV maintains a stable
endemic presence.
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0 10 20 30 40 50 60 0 10 20 30 40 50 60 "0 10 20 30 40 50 60
t t t

Uninfected cells Latently DEN V-infected cells Productively DEN V-infected cells
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Figure 3. All trajectories of the system in Eq (7.1) starting from different
initial ~states converge to the DENV mono-infection equilibrium EQ" =
(46.41,9.24,7.26,0,0, 18.87,0, 106.28, 62.50) under the conditions R5 > 1 and Ré”"v <1

Scenario 3 (Stability of £Q): With parameter values 8, = 0.001 and 8, = 0.004, the reproduction
numbers are calculated as R, = 2.2557 > 1 and Rf)’i”v = 04738 < 1. Under these
conditions in Table 2, the system admits the ZIKV mono-infection equilibrium E_Q =
(40.37,0,0,8.68,7.44,0,26.92,60,99.51). Figure 4 shows that trajectories starting from different
initial conditions converge toward this equilibrium EQ, which is in full agreement with the
analytical results established in Theorem 3. Biologically, this scenario reflects sustained ZIKV
infection with unsuccessful DENV invasion, as DENV-related compartments decline to zero
while ZIKV persists.
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Figure 4. All trajectories of the system in Eq (7.1) starting from different
initial ~states converge to the ZIKV mono-infection equilibrium EQ =
(40.37,0,0, 8.68,7.44,0,26.92,60,99.51) under the conditions R, > 1 and Rg’”v <.
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Scenario 4 (Stability of EQ): We select parameter values Sp = 0.004 and 5; = 0.004, and
we obtain R;™ = 1.8953 > 1 and R;™ = 22556 > 1. Under these conditions
summarized in Table 2, the system admits the DENV-ZIKV co-infection equilibrium
EQ = (39.07,1.95,1.82,7.57,6.70,4.73,24.25,67.35,93.99), which is G.A.S, agreeing with
Theorem 4. Figure 5 shows that trajectories starting from different initial conditions converge
toward the equilibrium point EQ. Both viruses approach a coexistence state. Biologically, this
outcome corresponds to long-term coexistence of DENV and ZIKYV, indicating that neither virus

can be cleared by the modeled immune response under these parameter values.
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7.2. Model simulation under antiviral treatment for blocking viral infections

To investigate the impact of antiviral therapies on the within-host co-dynamics of DENV and ZIKYV,
we extend the system in Eq (7.1), by incorporating antiviral treatment that blocks viral infection of
healthy target cells. The resulting model is given by

dX

E =A-dX-(- uD)BDXVD —ﬁz(l —uz)XVy, (7.2)
leL) T L

e (1 =6p)(1 —up)Bpe™™ "' X;, Vpe, — (p + bp)Yp, (7.3)
dYS _ —n2T2 -n373 YL A A

7 = QD(l - uD),BDe XTZ VD-I-2 + npe YDT} — (lDYD - 5DYDUD’ (74)
dYé —N4T. L

a (1 = 02)B2(1 —uz)e ™™ X, Vzr, — (nz + b)Y, (7.5)
dYé — —ns5T5 —NeTe L A A

v 07(1 — uz)Bze X+ Vze, +1z€ Yz, —az¥; —6zY; Uz, (7.6)
dav,

d_tD = kpe""Yp. — cpVp, (7.7)
dv,

d—tZ = kze_nngYéTg - C2VZ, (78)
dUu
d_tD = ¢p +ppYaUp — YpUp, (7.9)
dUu
— 5 =0z +p2YyUz 02Uz, (7.10)

The basic reproduction numbers of the model in Eqgs (7.2)—(7.10) are given by
kp(1 — up)BpAYpope™" kz(1 — uz)Bz Apz0z¢™™"™
dep(np + bp)apyp + 6p¢p)’ dez(nz + bz)azz + 62¢7)

Both reproduction numbers are strictly decreasing functions of the treatment intensities up and uy,
highlighting the inhibitory effect of antiviral therapy on viral transmission within the host. To guarantee
RE(up) < 1 and RL(uz) < 1, the treatment intensities must satisfy

Ri(up) = R(uz) =

kDﬁD/ll//DO'De_”7T7
B czd(nz + bz)azyz + 62¢7) 0
kzﬁlel//ZO'Ze‘”8T8 ’ ’

Substituting the parameter values in Scenario 4 by setting Sp = 57 = 0.004 yields

d +b +0
up <up <1 where uj, = max{l _& (7o p)ap¥p DSOD),O},

u; <uy <1 where u; = max {1

up ~ 0.472375, u; ~ 0.556668.
Consequently, we have
(i) 1f 0.472375 < up < 1 and 0.556668 < uz < 1, then R% (up) < 1 and R (uz) < 1, and EQ is G.A.S.

(ii) If 0 < up < 0.472375 and/or 0 < u; < 0.556668, then RI[) (up) > 1 and/or Ré (uz) > 1, causing
E Q" to lose stability and another equilibrium to become globally asymptotically stable.
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To evaluate treatment efficacy, the control parameters uy and uz, representing the antiviral treatment
intensities against DENV and ZIKYV, respectively, are varied, as listed in Table 3. The system in
Eqgs (7.2)—(7.10) is simulated using these efficacy levels together with the following initial conditions:

X(¢) =37 + 5sin(¢), Y5(¢) =8 +0.1sin(g),
Yo(¢) = 12+ 0.1sin(¢), Yi(¢) = 8 + 0.2sin(¢h),
YA($) = 11 + 0.3sin(¢), Vp() = 34 + 0.5 sin(¢),
Vy(#) = 30 + 0.2sin(¢), Up(¢) = 90 + 0.1 sin(¢),
Uy(¢) = 110 + 0.1sin(¢), ¢ € [<0.1,0].

(7.11)

Table 3. Influence of the antiviral treatment efficacies u; and up on the associated
reproduction numbers R’ and R%.

Case up uy R RL

DE-1 0.0 0.0 1.8953 2.2556

DE-2 0.2 0.2 1.5162 1.8045

DE-3 0.4 0.4 1.1372 1.3534

DE-4 0.472375 0.556668 1 1

DE-5 0.8 0.8 0.3791 0.4511
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Figure 6. Solutions of the system in Eqs (7.2)—(7.10) under antiviral treatment.
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Figure 6 shows that increasing the treatment intensities u and u; leads to a pronounced reduction
in free virus concentrations (Vp, Vz). This decline limits the generation of newly infected cells, while
enabling the population of uninfected target cells to recover. Moreover, the reproduction numbers
RE and R% decrease monotonically with increasing treatment efficacy in Table 3 and cross the critical
threshold of unity at approximately up, = 0.472375 and u; = 0.556668. Beyond this level (e.g., up =
uz = 0.8), both reproduction numbers remain below one, confirming that sufficiently strong inhibition
of viral entry leads to within-host clearance of both DENV and ZIKV.

7.3. Sensitivity analysis

In biological systems, sensitivity analysis is employed to investigate the relationship between
model parameters and system outputs, thereby enhancing the understanding of model behavior and
identifying the key parameters that most strongly influence the outcomes. Several approaches have
been developed to quantify the biological response to variations in model parameters, including direct
differentiation, Latin hypercube sampling, and system linearization followed by the solutions of the
resulting equations [66].

For the model in Eq (7.1), we adopt a derivative-based sensitivity analysis, which can be computed
analytically by evaluating the partial derivatives of the model outputs with respect to the parameters. In
particular, we focus on the sensitivity of RS and R%, as these quantities play a central role in determining
the stability of EQ. The normalized forward sensitivity index is generally given by

@ oo R g s

se{D,Z), (7.12)

where « is a parameter. The sensitivity analyses of R% and R are carried out as follows:

7.3.1. Sensitivity analysis of RS

The normalized forward sensitivity indices of R%, which quantify the influence of DENV-related
parameters on within-host viral dynamics, are computed using Eq (7.12). The resulting sensitivity
indices are reported in Table 4 and illustrated in Figure 7.

Table 4. Sensitivity indices of R%.

Parameters Value of Aff%’ Parameters Value of Asg
A 1 Op 0.3314
d -1 1D 0.2730
Bp 1 n —-0.0468
cp -1 ny -0.0532
kp 1 n3 —0.0468
bp -0.2730 ny -0.1

ap -0.7 T —-0.0468
ép -0.3 T -0.0532
©p -0.3 T3 —0.0468
YD 0.3 T7 -0.1
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A ﬂgkz 0Z¢ZUZ d Cyz Qg 52@21)2 Ny 77 Mo T N1 N3 T1 T3

Forward sensitivity indices

Parameters

Figure 7. Forward sensitivity analysis of the parameters on R5.

From the signs of the indices, we note the following observations:

e Positive sensitivity indices are associated with the parameters A, Bp, kp, ¥p, np, and Op,
indicating that increases in these parameters lead to an increase in R5. Hence, they facilitate the
proliferation and persistence of DENV within the host. Among them, A, 8p, and kp exhibit the
largest positive sensitivity indices, reflecting their dominant role in viral propagation. In contrast,
Yp, Op, and 1p, exert comparatively weaker positive effects. For example, a 10% increase (or
decrease) in B, produces a corresponding 10% increase (or decrease) in RL, while a 10% change
in 77p results in only a 2.73% change in Rk,

e Negative sensitivity indices are observed for the parameters d, ap, cp, dp, bp, ¢p, ny, na,
ns3, n7, T1, T2, T3, and 77, implying that increases in these parameters reduce the value of Rg.
Consequently, these parameters play an inhibitory role in controlling DENV infection. For
instance, the sensitivity index of bp is —0.273, meaning that a 10% increase in bp leads to an
approximate 2.73% reduction in R5. Among all negatively contributing parameters, d and cp
exert the strongest suppressive effects on viral dynamics.

7.3.2. Sensitivity analysis of R,

Using Eq (7.12), the normalized forward sensitivity indices of R, which characterize the impact
of model parameters on the within-host progression of ZIKV infection, are calculated. The numerical
results are summarized in Table 5 and illustrated in Figure 8.
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Table 5. Sensitivity indices of R%.

Parameters Value of Agé Parameters Value of Agé
A 1 0, 0.1489
d -1 nz 0.2628
Bz 1 ny -0.0615
cz -1 ns —0.0385
ky 1 ng -0.0615
by -0.2628 ng -0.1

az —-0.5358 Ty -0.0615
0z —-0.4642 Ts —-0.0385
©z -0.4642 T6 —-0.0615
Uy 0.4642 Tg -0.1

T T T T T T T T

)\ﬁzkzlﬂznzez d Czazéz(pzbznng NaNe Ty TNy Ty

Forward sensitivity indices

Parameters

Figure 8. Forward sensitivity analysis of the parameters on R%.

Based on the signs and magnitudes of these indices, the following observations are made:

o Positive sensitivity indices correspond to the parameters A, 8z, kz, ¥z, nz, and 6z, indicating that

increases in these parameters enhance R% and thus promote ZIKV amplification within the host.
Notably, A, 87, and k; display the highest positive sensitivity indices, underscoring their critical
role in viral persistence. In contrast, ¢z, 177, and 8, contribute more modestly. As an illustration,
a 10% increase (or decrease) in k; leads to an approximate 10% increase (or decrease) in RL,
whereas a 10% variation in 1 results in an approximate 2.63 % change in R%.

Negative sensitivity indices are associated with the parameters d, az, cz, 0z, bz, ¢z, ng, ns,
ne, Ng, T4, Ts, Te, and 7g, indicating that increasing these parameters suppresses the value of Ré
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and consequently limits ZIKV progression. For example, the sensitivity index of az is —0.5358,
implying that a 10% increase (or decrease) in az yields an approximate 5.35% decrease (or
increase) in RS. Among all inhibitory parameters, d and ¢z exhibit the most pronounced negative
influence, followed by az, 6z, bz, ¢z, n4, ns, ne, ng, 74, Ts, 76, and 7g, which consistently exert
weaker yet stabilizing effects.

The present sensitivity analysis is local in nature and is intended to identify the dominant parameters
governing the threshold dynamics of DENV-ZIKV co-infection. While the derivative-based approach
provides useful insight into parameter influence near baseline values, a more comprehensive global
sensitivity analysis and uncertainty quantification framework may further clarify parameter interactions
and robustness of the predicted dynamics. Such investigations constitute an important direction for
future work.

7.4. Impact of time delays on DENV-ZIKV co-dynamics

Among the delay parameters governing the DENV-ZIKV within-host co-infection dynamics,
numerical investigations indicate that the basic reproduction numbers RS and R% are particularly
sensitive to variations in the delay parameters 7; and 7g, respectively; these delays correspond to the
maturation periods associated with newly released DENV and ZIKV virions, respectively. Owing
to their dominant influence, our analysis focuses on examining how changes in 77 and 7g affect the
stability properties of the disease-free equilibrium EQ°.

To isolate the effects of these delays, the parameters 8p = 0.004, 5 = 0.004, and 7; = 0.1 for
i = 1,2,...,6 are fixed. The impact of incorporating the delays 7; and 753 on the global stability
of EQ° is then investigated. Since the expressions of the reproduction numbers R% and RS given
in Eq (7.13) depend explicitly on 7; and g, any variation in these parameters directly modifies the
stability characteristics of the disease-free equilibrium. In particular, increasing 7; and 7g leads to a
reduction in the values of R and R%, which is favorable for stabilizing the system (see Table 6).

Table 6. The variation of RS and R with respect to the delay parameters.

Case T7 T8 R RL
T.D-1 0.2 0.2 1.7149 2.0410
T.D-2 0.4 0.4 1.4041 1.6710
T.D-3 0.7394 09134 1 1
T.D-4 1.4 1.4 0.5165 0.6147
T.D-5 1.6 1.6 0.4229 0.5033

The system in Eq (7.1) is solved numerically under the initial conditions in Eq (7.11). To determine
the critical delay thresholds governing the stability of EQ°, the reproduction numbers are expressed
explicitly as functions of 77 and 7g:

kpBpAypope "
dep(np + bp)apyp + 50900)’
kzﬁz/llngze_ngrg
dez(nz + bz)azyz + 52902).

Ri(17) =

(7.13)

Ri(1g) =
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To ensure that Ré(T7) <1and Ré(Ts) < 1, the following threshold conditions must be satisfied:

( kpBpAYpop )}

1
77 > 77 = maxq0, — In
T { dcp(np + bp)(ap¥p + dpep)

ny

( kzBz A 707 )} .

1
T3 > Ty = maxq0,—1In
s { dcz(nz + bz)azyz + 62¢7)

ng

Substituting the parameter values yields the critical thresholds
75"~ 0.73937, Tg = 0.91344.

Accordingly, the following stability scenarios arise:
(i) If 7 > 0.73937 and 75 > 0.91344, then R5(17) < 1, Ri(15) < 1, and the disease-free equilibrium
EQ"is G.A.S.
(ii) If 77 < 0.73937 and/or 75 < 0.91344, then R (77) > 1 and/or R5(7g) > 1, and the equilibrium EQ°
loses stability, in which case another equilibrium becomes globally asymptotically stable.
Table 6 reports the computed values of R%)(Tﬂ and Ré(Tg) for several representative delay scenarios.
As the delays 77 and 7g increase, both reproduction numbers decrease monotonically, indicating
enhanced system stability. This trend is further confirmed by the numerical simulations shown in

Figure 9.
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) S
0 10 20 30 40 50 0 10 20 30 40 50 60 t
t
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cells
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X .

e 0 10 20 30 40 50 60 SO

0 10 20 30 40 50 60 t 0 10 2 30 40 50 60
t t
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Figure 9. Solutions of the system in Eq (7.1) under the effect of three different time delays.
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The simulations demonstrate that incorporating larger time delays results in a substantial increase
in the population of uninfected cells, accompanied by marked reductions in latently and productively
infected cells and viral loads. Biologically, prolonged intracellular delays slow viral replication
processes, producing an effect analogous to antiviral treatment. Consequently, incorporating
biologically realistic time delays provides valuable insight into potential therapeutic strategies that
enhance infection control and promote host recovery.

Moreover, as viral loads decline due to extended delay periods, there is a gradual increase in
uninfected cell concentrations over time.

8. Conclusions

In this study, we developed and rigorously analyzed a within-host dynamical model describing
DENV-ZIKV co-infection under CTL-mediated immune regulation and multiple distributed
intracellular delays. The model explicitly differentiates latent and productively infected cell
compartments, enabling a biologically refined representation of intracellular viral progression and
immune—virus interaction dynamics.

The basic reproduction numbers of the individual viral subsystems, denoted by R% and R%, were
derived using the next-generation operator framework. It was established that the overall basic
reproduction number of the coupled co-infection system satisfies R} = max{R},, R;}, which indicates
that the virus with the greater replication and transmission capability within the host dominates the
early-stage infection dynamics and possesses a competitive advantage during the initial phase of
infection. Furthermore, invasion reproduction numbers R%;™ and R5™ were obtained to characterize
the competitive ability of one virus to establish infection in a host environment where the other virus
has already reached its endemic equilibrium.

These four threshold quantities, Rg, Ré, Rgi”v and Ré’i”v, were shown to completely determine the
existence, and global asymptotic stability of the four biologically feasible equilibria: the disease-free
state (EQ”), DENV mono-infection (EQ*), ZIKV mono-infection (@), and DENV-ZIKV
co-infection (EQ). The global threshold behavior of the system was rigorously established using
Lyapunov functional techniques adapted to distributed-delay systems.

8.1. Key findings

o EQ always exists. EQ* exists whenever (RL > 1), while (EQ) exists whenever (R; > 1). The
coexistence equilibrium (EQ ) exists whenever (Rg””v > 1 and Ré””v > 1).

e EQ° is G.A.S when R} < 1 implying that the infection will disappear regardless of the

initial conditions, and the system returns to a healthy state. If RY > 1 and R™ < 1, the
system converges to EQ*. In this case, DENV establishes persistent infection sustained by its
reproduction potential, whereas ZIKYV fails to invade due to an unfavorable effective reproduction
threshold in the DENV-established immune environment. Similarly, when R% > 1 and RlL)’i”V <1,
then EQ becomes G.A.S. Here, CTL dynamics and viral competition prevent DENV from
successfully invading the ZIKV-dominated host environment. In contrast, if Rg’inv > 1 and
Ré’i”” > 1, then EQ is G.A.S. In this regime, each virus can successfully invade and persist

despite the presence of the other, leading to long-term co-infection maintained through a balance
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between viral replication and CTL-mediated immune pressure. Numerical simulations conducted
under variations of the infection rates Sp and 57 confirmed the global stability properties of all
four equilibrium states.

e The model was extended to incorporate antiviral control parameters up and uz, which reduce
viral entry, modifying the infection rates to (1 — up)Bp and (1 — uz)Bz, where up,u; € [0,1].
Under this modification, the effective reproduction numbers become functions of the control
levels. It was shown that EQ° becomes G.A.S whenever the controlled reproduction numbers
satisfy R5(up) < 1 and RL(uz) < 1. Thus, sufficiently large treatment efficacy levels drive both
effective reproduction numbers below unity, leading to elimination of DENV and ZIKV from the
host. Numerical simulations confirmed that sufficiently strong antiviral intervention reduces viral
concentration and restores global stability of the disease-free equilibrium.

e Sensitivity analysis revealed that the recruitment rate A, infection rates 8 and 8z, viral production
rates kp, and kz, natural death rate d and viral clearance rates cp and c; exert the strongest
influence on system dynamics.

e Examination of intracellular delay effects revealed that longer delay periods decrease (Rk)
and (R%), producing an effect analogous to antiviral therapy. Hence, extending intracellular delays
may represent a viable mechanism for reducing reproduction thresholds below one and achieving
viral elimination. Moreover, comparison between the delayed and delay-free formulations
showed that neglecting intracellular time delays leads to an overestimation of viral reproduction
numbers and the minimum antiviral efficacy required for infection control.

e The role of latently infected cells was further examined by comparing the full model with a
reduced formulation lacking latent compartments. The results demonstrated that the inclusion
of latent infection stages decreases (Rg) and (Ré), whereas neglecting latency leads to an
overestimation of viral reproduction potential and antiviral treatment thresholds.

8.2. Limitations and future work

A limitation of this framework is the use of a bilinear CTL proliferation term, which provides a
simplified representation of immune activation and does not explicitly account for saturation effects,
antigen-presentation delays, or immune exhaustion. Furthermore, the sensitivity analysis performed in
this study is local in nature.

Another limitation arises from the lack of reliable clinical co-infection data for DENV-ZIKV
systems.  Consequently, the numerical simulations are not calibrated using patient-specific
observations; instead, parameter values are adopted from related mono-infection studies or selected
within biologically reasonable ranges to illustrate the qualitative behavior of the model.

The framework also assumes independent DENV- and ZIKV-specific CTL responses. Since DENV
and ZIKYV are antigenically related flaviviruses, cross-reactive CTL responses may influence immune
competition and cross-protection during co-infection. In future studies, researchers may incorporate
CTL cross immunity by enabling DENV-specific CTLs to partially target ZIK'V-infected cells and vice
versa through additional immune interaction terms. However, such an extension would substantially
increase model complexity and require additional biological assumptions and parameter estimation.
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In future work, we will focus on obtaining sufficiently rich real-world or in vivo co-infection data to
enable reliable parameter estimations and full model validations, thereby enabling a more rigorous
assessment of the model’s predictive capability. Additional extensions may incorporate nonlinear
immune activation mechanisms, global sensitivity analysis, and parameter uncertainty quantification
to further evaluate the robustness of the predicted DENV-ZIKYV co-infection dynamics.

Mathematical virology and epidemiological models with diffusion have received considerable
attention in recent years [67, 68]. This model may also be extended to a delayed PDE framework
by incorporating the spatial diffusion of cells and virus particles. This extension will be explored in
future work.
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Appendix

A: Basic reproduction number

The basic reproduction number represents the expected number of newly infected cells generated
by a single infected cell over its infectious lifespan, assuming that the entire population of target cells
is initially uninfected. This threshold quantity is evaluated at the Disease-free equilibrium state.

i. Determination of the basic reproduction number for DENYV single infection

To derive the DENV-only subsystem, all ZIKV-related variables are removed by setting Y~ = Y2 =
Vz = 0 in system in Eq (2.1)—(2.9). The resulting reduced system is given by:

dx
E = /l—dX—ﬂDXVD—ﬁz)(VZ, (Al)

dy’k 5 e L

= (1 -6p)Bp fH@e™ X, Vp,dt — (np + bp) Y, (A.2)

0
dYA S ) S'3
d—tD = 6pPBp FH(D)e ™ X, Vp, dT + 11p f:(0)e™™ YEdT — apYh — 6pYaUp, (A.3)
0 0
A% 57
d—tD = kp F(De™YA dt - cpVi, (A.4)
0
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dU
(;=%+mm%—%%, (A.5)
dU
d_l‘z :()Dz—lﬂzUZ. (A6)

The disease-free equilibrium (DFE) of the system in Eqs (A.1)~(A.6) is EQ° = (X°,0,0,0, UY, UY),
where X° = 4, Up = 22, and U} = Z.

Using the next-generation matrix approach, the basic reproduction number for DENV, denoted by
Rg, is obtained as the spectral radius p(IFDVZ)l), where Fp corresponds to new infection terms and V),

contains all remaining transition terms.

Define
(1= 60p)8p f ' TL(D)X,Vpy dr b)Y
Fp = 8pBp 0S2 IL, ()X, Vp. dr ., Vp=| -1 fo ’ HSZ»(T)YIng + aDYS + 6DYSUD
0 - |, (Y5 dt +cpVp

Linearizing at the DFE yields the Jacobian matrices

0 0 (1-6p)BoFi2 M + bp 0 0
FD = O 0 QDﬂDFz/El . VD = _nDF3 ap + 6D:;_g 0
00 0 0 —kpF7 Cp
Therefore, X =
_ BpAYpF70p
RL = p(FpV3)) = D :
p = PEDYD dcp(mp + bp)ap¥p + dpep)
where

—(m71+n373)

op = (mp + bp)Ope™™ + np(1 —Op)e

ii. Determination of the basic reproduction number for ZIKV single infection

Following the same procedure, the ZIKV-only subsystem is obtained by setting Y5 = Y4 = Vp =0
in the system in Eqs (2.1)—(2.9):

dx
E = /l - dX —ﬁDXVD —ﬁzXVZ, (A7)
dyt i .

I (1-62)pz fa()e ™ XV dt — (nz + by)Y7, (A.8)

0
dYA S5 S@
th =08, |  fs(De"™ X Vydr+n, | fs(D)e Y dr — asYs - 6,Y5 Uy, (A.9)
0 0
dv Ss
d_tZ =k; |  fiDe™ YD dr—c;Vy, (A.10)
0
dU
zﬁ:%—ww, (A.11)
t
du
— =0z +pV3Uz ~YzUsz. (A.12)
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Applying the next-generation matrix method again,

kzﬁz/ll//z/:so'z
dez(nz + by)azyz + 6z¢z7)

R, = p(F,V;") =

where
07 = (117 + bz)0ze75™ + (1 — O7)e MT4tN6To),
iii. Computation of the basic reproduction number for DENV/ZIKV co-infection

In a similar way, we can calculate the basic reproduction number for DENV-ZIKV co-infection
model in Eqgs (2.1)—(2.9), as Rg = p(EV, 1), where

(00 0 0 (1-6p)BpFiX° 0
0000 6pBpFX° 0
0000 0 (1 = 07)BF4X°
=100 0 0 0 o,8,Fx0 | 2
0000 0 0
(0000 0 0
[ np + bp 0 0 0 0 0]
—npF3 aD+6DU0D 0 0 0 O
v, 0 0 nz + by 0 0 0
0 0 0 —nzFs az+6zU05 0 0
0 —kDF7 0 0 Cp 0
0 0 0 —kFs 0 ¢z |

Then, the next generation matrix at the Disease-free equilibrium, denoted as Fy V', is obtained by
multiplying the infection matrix F, with the inverse of the transition matrix V;'. Therefore, the basic
reproductive number for the co-infection model is:

kpBpAYpF70p kzf3z 0 7Fs0
dep(np + bp)apyp + 50800)’ decz(nz + bz)azyz + 672¢7)

Ré = p(FOV(;l) = max{ } = max{Rf),Ré}.

B: The invasion reproduction numbers

In between-host dynamics, the invasion reproduction number quantifies the ability of a new disease
to invade a population in which another disease is already at an endemic equilibrium [69, 70]. In
within-host viral dynamics, it measures the ability of a new virus to invade a host in which another
virus has already established an infected equilibrium [71].

i. Invasion of DENYV into a ZIKV-resident host

Assume that ZIKV is resident at the ZIKV mono-infection equilibrium EQ =
(X,0,0,Y5,Y;,0, V2, Up, Uz), where
/lCZ —L _ ?L _ (1 - Gz)ﬁzkzl:d:g/l?;

Y = —A, 7 —A )
dcz + BzkzFgY , (nz + bz)(dcz + BzkzF3Y ;)
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Vp =0, VZ:ﬂY;, UD:@>OandUZ:L_AwhereYZ€(0,ﬂ).

<z Yo Yz —pzYy pz

The invasion reproduction number of DENV is derived by considering the system in
Eqgs (A.1)—(A.6) and evaluating the Jacobian matrices of ¥ and V), at the equilibrium EQ, yielding

0 0 (1-6p)BpFiX o + bp 0 0
Plb,mv =10 0 HD,BDFZX R Vf)’lnv = —nDF3 ap +opUp 0
0 O 0 0 —kDF7 Cp

Thus, the invasion reproduction number of DENV is given by

RE™ = (vavmv—l) _ kpBpF,0pX _ kpBpAypF0p
b pop colap + 6pUp) i + bp) ks
pldp = O0pYUp)ilp T Yp)  dep(apyp + dpep)(ip + bp) |1 + i Yz

ii. Invasion of ZIKV into a DENV-resident host

Assume that DENV is a resident at the DENV mono-infection equilibrium EQ* =
(X*, YL, Ya*,0,0,V;,0,U;, Us), where

- /lCD Le (1 - HD)ﬁDkDF1F7/1Yg*
dCD +ﬁDkDF7YS* » b (T]D + bD)(dCD +ﬁDkDF7Yg*)’
kpF
Yé* — O, Yé* — O, V]_*) — D 7Yg*’ V; — 0’
¢p
x ¥D « _ ¥z
Uy=——"———F—and U, = —.
P yp - ppYA 2 Yy

Consider Eqs (A.7)—(A.12). The corresponding next-generation matrices for ZIKV invading a
DEN V-resident host are given by

00 (1 - gz)ﬂzF4X* nz + bZ 0 0
Piva =10 0 Qzﬁstx* , Viva = _nZFé az + (SzUé 0
00 0 0 —kng Cz

Hence, the invasion reproductive number of ZIKV is

kzpzFsoz X" _ kzBz A zF 307
cz(az +0zU2) Mz +bz)  deg(azpy + 6202)(nz + bz) (1 + %YS*)

RE™ = p (IF"Z”VV"Z"V_I) =
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