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Abstract: This article investigates the truncated M-fractional Shynaray-IIA equation, which has
important applications in many fields, such as fiber optic communication, magnetodynamics of
ferromagnetic materials, and fluid dynamics. First, the truncated M-fractional Shynaray-IIA equation
is transformed into a nonlinear ordinary differential equation through a fractional-order derivative and
the traveling wave transformation. Then, the generalized (G'/G)-expansion method is adopted to get
multiple groups of coefficient solutions based on the auxiliary equation. The conditions satisfied by the
coeflicients of the auxiliary equation are classified, and all novel wave solutions of the TMF-SIIAE are
obtained, including bright solitons, dark solitons, and breathers. Finally, in order to better understand
the behavior of the solutions, a 3D graph, cartesian and polar graph, contour graph and density graph
of the solutions are drawn using Python software. Specifically, we also conducted a comparative
analysis between the newly obtained solution and the existing solution, and quantitatively discussed
the parameters of fractional-order derivatives and analyzed their physical applications.

Keywords: truncated M-fractional Shynaray-IIA equation; truncated M-fractional derivative; wave
solution; generalized (G'/G)—expansion method; dynamics

1. Introduction

With the extensive discovery of nonlinear phenomena and the widespread application of nonlinear
tools, nonlinear theory [1, 2] has been widely applied in multiple disciplines, and theoretical and
applied research through nonlinear partial differential equations (NLPDEs) has become quite
common. The theoretical system of nonlinear integer-order partial differential equations (a unified
abbreviation for NLPDEs) has been fully developed, and local approximation [3] or an iterative
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method [4] can effectively handle nonlinear terms. However, for nonlinear fractional-order partial
differential equations (NFPDEs), the coupling of nonlinear terms and fractional derivatives
significantly increases complexity, which requires in-depth research by combining various fractional
calculus rules [5] and nonlinear analysis techniques [6]. For solving NLPDEs, there are many
classical methods, such as the complete discriminant system method [7], dynamical systems
method [8, 9], Adomian decomposition method [10], improved nonlinear Riccati equation
method [11], Hirota method [12, 13], Kudryashov approach [14], and neural networks
method [15, 16]. Although there are existing techniques for solving NFPDEs, such as Lie symmetry
analysis [17], special transformations [18] and the homotopy analysis method [19], these methods
have limitations. Meanwhile, some researchers are also focusing on the soliton resolution conjecture
and the asymptotic stability of solutions of the modified Camassa-Holm equation [20]. Currently,
research on NFPDEs continues to deepen.

We have noticed that a class of NLPDEs with coupling properties, the Shynaray IIA equation
(S-ITAE), has been widely studied by researchers. In the field of fiber optic communication, the
#%-model expansion method has been utilized with the S-IIAE and some new solutions of the
perturbed form are obtained, including various types of soliton solutions which are stable forms of
corresponding optical pulses under dispersion and nonlinear equilibrium [21]. In the field of
magnetodynamics of ferromagnetic materials, analytical methods such as the improved modified
Sardar sub-equation method have been used to derive solutions for bright solitons, dark solitons, and
anti-kink solitons. Through these solutions, they can predict the soliton like motion modes of domain
walls driven by magnetic fields, providing a reference for optimizing the writing speed and stability of
magnetic storage devices [22]. In fluid mechanics, the S-IIAE is extended to the dynamic
reconstruction of catastrophic waves such as tsunamis. The bright and dark solitons represented by
hyperbolic functions have been obtained via the improved tan(®/2)-expansion method. Solitary wave
solutions such as trigonometric function solutions, hyperbolic function solutions, and Jacobi function
solutions were derived through utilizing the improved Sardar sub-equation method and the new
extended direct algebraic method [23].

Here, we focus on the truncated M-fractional Shynaray-1IA equation (TMF-SITAE) given as [24]:

e 2a, N,
zDM’ﬁtg + DM,flg - lDMi(g -h) =0,

iDL f— Dl f =D (f - h) =0, (1.1)

M, xt
D3P h=2uDyf(f - ) = 0.

If f=Ag(1 = +1),then Eq (1.1) is simplified to

N\, 2a, N\,
zDMﬁg + DM’ftg - zDM'i(g -h) =0,

. . (1.2)
Dyt h = 2uaDi(1gP) = 0,

where the function g = g(x, 7) is a complex-valued function, while & = h(x, ¢) is a real-valued function.

The TMF-SIIAE is a partial differential equation model combining the truncated M-fractional
derivative and strong nonlinearity. Due to its ability to accurately describe memory, nonlocal
properties, and complex coupled behaviors, it exhibits more significant physical characteristics in
optical fiber communication, oceanic catastrophic simulation, and magnetic domain wall dynamics.
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Especially, Eq (1.1) possesses integrable characteristics through the inverse scattering transform and
has important applications in nonlinear optics.

In this paper, we focus on solving the TMF-SIIAE. The exp,, function, modified simplest equation
and Kudryashov technique have already been utilized to solve problems. The generalized
(G'/G)—expansion method we use is based on the classical (G'/G)—expansion method [25, 26], which
has the advantage of being able to obtain a variety of wave solutions, including trigonometric function
solutions, hyperbolic function solutions, rational function solutions, etc.

The structure of this paper is as follows: In Section 2, the TMF-SIIAE is transformed into a
nonlinear ordinary differential equation via fractional-order derivative and the traveling wave
transformation. In Section 3, all new wave solutions of TMF-SIIAE are obtained through the
generalized (G'/G)-expansion method. In Section 4, a 3D graph, cartesian and polar graph, contour
graph and density graph of the solutions are drawn using Python software, and the dynamics of the
solutions are analyzed. In Section 5, a comparison and novelty analysis of the solutions is given. In
Section 6, a comprehensive conclusion is presented.

2. Mathematical techniques

Definition 2.1. [27] The truncated M-fractional derivative for f : [0, +c0) — R is defined as:

flx JE(ex™) - f(x)

€

Dy f(x) = lim 2.1)

where 0 <a < 1,8 >0, and E B(x) is a truncated Mittag-Leffler (TML) function which is defined as

J
By = X i
Some oi)erational properties of the TML function are applied during the calculation process.
Theorem 2.1. Let0 < < 1,8 > 0, a, b are all real constants, and f, g are a-differentiable functions
with independent variable x > 0.
(1) Dy (af(x) + bg(x)) = aDy, f(x) + bDf ().
(2) DSY(f(x) - g(x)) = f(x) - DA g(x) + g(x) - DY f ().

(3) DPF L@ _ 80Dy (0= (0)-Dyf g(x)
M. g(x) £

(4) Dy (C) = 0, Cis a constant.
5 Dﬁgx( fogx) = f(gx))- Djfxg(x), f is differentiable at g(x).
(6) D(/ffxf (x) = r)(i:l) ) d{zch)'

The sixth rule of the Theorem 2.1 states the relationship between the truncated M-fractional
derivative and the classical derivative.

Remark 1. On the basis of the definition of the truncated M-fractional derivative, the truncated
M-fractional second derivative can be obtained as Dij’ft f(x) = D%(Dﬁ " S(0).

There are many definitions and forms of fractional derivatives. Different fractional derivatives have
different limitations. For example, the integral forms of Caputo and Riemann-Liouville fractional
derivatives are complex, and it is very difficult to construct analytical traveling wave solutions after
substituting a partial differential. The differential operation of Atangana-Baleanu fractional derivative
has no elementary explicit simplification, and the transformed equation is highly complex, so it is
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difficult to find the exact solution by using the algebraic expansion method, such as the
(G'/G)-expansion method. The conformable fractional derivative only contains a single parameter a,
which cannot independently control the two kinds of physical quantities of medium damping or
dispersion, and the degree of freedom of the physical description is insufficient. The He fractional
derivative [28] and the local fractional derivative [29] are mostly used in fractal continuous media.
The operator depends on the fractal dimension and is suitable for narrow scenes. Compared with
these fractional derivatives, the truncated M-fractional derivative has the following advantages: first,
the two free parameters a,f are more flexible in the physical description, in which parameter « is
used to describe the strength of the medium memory effect, and parameter S is used to characterize
the equivalent dispersion and damping. Second, the truncated Mittag-Leffler (TML) function in the
truncated M-fractional derivative is an infinite series. The truncated M-fractional derivative is defined
by finite term TML truncation to avoid infinite series operation. Through traveling wave
transformation, fractional partial differential equations can be transformed into integer ordinary
differential equations. Third, the truncated M-fractional derivative can quickly eliminate the coupling
term and reduce the order of the equation based on the differential definition, so as to obtain the
univariate ordinary differential equation. Fourth, when @ = S = 1, the classical integer-order
derivative is strictly regressed, which is convenient for the horizontal comparison and degradation
verification of the solution with the results of the existing integer-order literature.
The transformation is applied as:

(x* — 61%), (2.2)

g(x,1) = P(&) - ¢ IR i 1) = Q(&), £ = @

where P(¢) is the amplitude of the pulse g(x, ), i is the frequency and w denotes the wave number. v
indicates the initial phase component, and ¢ is the velocity of the soliton.
By substituting the above transformation into Eq (1.2), the equation can be transformed into

6P +w(l —n)P +nPQ +i(6 —né — w)P +iQP +iQ P =0,

, , 2.3
0 +4uAsPP =0. )

By integrating the second equation of Eq (2.3), we can get Q = —2uAdP?. Then we substitute the
expressions of Q and Q' into the first equation of Eq (2.3), and obtain

6P + w(l — )P — 2uAdnP? + i(6 — 76 — w)P — 6iuAsP*P = 0. (2.4)
The real part of Eq (2.4) is
6P" + w(l — )P — 2uiénP? = 0, (2.5)
and from the imaginary part of Eq (2.4), we can obtain
w=041-n). (2.6)

Next, in order to obtain the exact traveling wave solutions of TMF-SIIAE, different methods
are considered.
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3. New wave solutions

3.1. (G'/G)-expansion method applied to TMF-SIIAE

Assume that the solutions of Eq (2.5) can be indicated by a polynomial in (%) as P(¢) = am(%)m +
-+ agy,a, # 0, where G = G(¢) satisfies the second-order LODE in the form G~ + d,G + d,G = 0,
and then

P& =a ( )3'" et ag,
G
P = _ma111(_)m+1 -t (,l]dz, (31)

1" Gl
P’ =m@m + 1)61,,,(6)"”2 + -+ adid,.

Considering the homogeneous balance and balancing the highest-order derivative term P and the
highest-order nonlinear term P?, that is, m + 2 = 3m, we get m = 1. So we can get

Gl
P(§) = al(—) +ap,a; # 0,

G’
P%f)—al( 5 + 3apa; (—) +3a0a1( ) + ay,
(3.2)
P = —01(5) _aldl(E)_aldz,

., G’ G’ G’
P’ = 2611(5)3 + ?,aldl(E)2 + Qayd, + aldf)(E) + ad,d,.

We substitute Eq (3.2) into Eq (2.5), and combine similar terms of (%). Next by making the
coeflicients of the obtained polynomial zero, the algebraic equations can be obtained:

(£)%: 26a; — 2udéna; =0,

(%)2: 3ayd,6 — 6aga’pén = 0,

(£)": 2a1d26 + a1d?6 + ayw(1 — ) — 6a2a;pdon = 0,

(%)0: a1d1dy6 + w(l —n)ay — 2a(3),u/1677 =0.

By solving the above algebraic equation system, we can obtain 6 = w1 ! =

-1 N T Ny 40T g
Suppose that A = d° — 4d,, and then the travelling wave solutions of the truncated M-fractional
S-1IA equation can be expressed in the following three cases.
Case1 A > 0.

The travelling wave solution of Eq (1.2) is

VA Cl sinh ‘Ff + C, cosh %2 f
2 Wl/lﬂ C, cosh ‘Ff + C, sinh \Ff
oA C;sinh ‘F§+ C, cosh ‘F{;“ 2

h(x,t) = —— - (
21 ¢, cosh %g + C; sinh %f

LR o) +)
2

g(x,1) =
(3.3)

where & = @(x“ — ot%).
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Case 2 A < 0.
The travelling wave solution of Eq (1.2) is

V-A —Cjsin %f + C;, cos %f

. T(B+1) o
g(-xa t) = . . el(T(—UX"+wt )+v),
2Vudn - C cos \/TTAS + C, sin ‘/TjAf
V=A VoA (3.4
SA  —Cisin Z2E + Cycos FRE
h(x,t) = — - (
2n C cos VT_jf + C, sin VT‘jg
where ¢ = TEHU (xe — 57),
Case3A=0.
The travelling wave solution of Eq (1.2) is
&) (TED (o a o
g(x9 t) = . e’( @ (—nx"+w )+v),
VuAn(Cr + C2¢) 45)
20 C .
h(x,f) = —— - (—=—)?,
n Ci+GC¥¢

where & = @(x“ —o1%).

3.2. Generalized (G /G )-expansion method applied to the TMF-SIIAE

Due to the different auxiliary equations, Eq (1.2) may obtain more types of solutions. Below, we
consider another form of solution as follows:

m G i m G .
P@) = ) all+ =) + Z bill+ &), (3.6)

i=0

where a;, b; (i = 1...m) are constant coefficients, a,,, b,, are not zero simultaneously, and m is a positive
integer. In Eq (3.6), G(¢) satisfies the auxiliary equation

K\GG" - K,GG' - K5(G')? — K,G* =0, (3.7)

where K, K, K3, K, are real constants.

Substitute the solution Eq (3.6) into Eq (2.5). Then consider the homogeneous balance and
balancing the highest-order derivative term P’ and the highest-order nonlinear term P?, that is,
m+2 =3m,and we getm = 1.

Thus we can get

’

P = ao + (1 + %) F b+ %)-1,
, G . G G,
P@ = a() —hit+ T, (3.8)

” G . G G
P @) =alz) +2h(+ E)_S((E) ).
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1203

Combining Eq (3.7) and the fact that (G ) = GGG# we can obtain

G. K; G’2 K,G K,
—) = (= - D(—= 3.9
&) (K1 NG+ G Tx (3.9)

Next, Combining Egs (2.5), (3.8) and (3.9), the coefficients of each power of (%) are obtained and
set to zero, resulting in a system of algebraic equations as follows:
’ _ 2
(& + D 20 = 2pasna; = 0,
' 31 6(K3—K1)(K2 —21K3+21K
(% +l)21 a16(K3 1)(K122 3+21K})
( G 4 l)" 52a1(K3—K1)(K4—12K1—1K2+12K3)+a1(K2—21K3+21K1 )’

— 6;1/1577a0a% =0,
+ w(l = ma; — 6uddn(aia, + aiby) =0

K2
1
’ —_ —_ 2 — 2 — —
(Q +l)0: 601(1(2 21K3+21K1)(Ka—12K; IKZ;:Z K3)+b1 (K —2IK3+2IK)(K3—K)) +w(1-n)ag _211/1577((1(3) +6agaby) = 0
1
’ _ 2 _r _ 2 _
G —2. 3b16(K4—LP K —IK)+P K3)(Kr—21K3+21K)) 2 _
(g +D == ZK%* = — 6uddnagby = 0
Pro_ 2
(G + 1) 2b15(Ks 11;{12 1K>+PK3)? 2u/lc577b3 0.
There are several poss1ble solutions to algebraic systems of above equations.
. _ K>-2IK3+2IK _ K3 K1 _ 2w(n- 1)K2
Group 1: ap = +=7770, ay = £ b1 = 0,6 = R i PR G K TR
[ = l, K3 * Kl. X
. _ K,-2IK5+2IK; _ _ K4—12K1—1K2+12K3 _ 2‘1)(77_1)1(1
l Group 2: gy = TR 0,b, = T vin #0,6 = A(K4—PK — 1K +2K3)—(K,—21K3+21K) 2 °
=1L
. _ KK _ _ win-1K}
Group 3: ag=0,a, = iK i’ by =0,0= Koo Kl)(K4—12K]—lK2+12K3)’l 2(Kz Kl)’ K5 # K.
.0 _ K4—IPK 1K, +PK.
Gl‘Ollp4. ap = ap, Ay —0 bl = _% 750
w(=DK} _ *2a0K) Vpln-K»
0= (K2=21K3+21K, 2 +2(K3— K1 )(K4— 2 K1~ 1Ko+ K3)~6pdna2 K2 © 2(K1-K3) K3 # K.

win-DK?
(K =21K3+21K) ) +2(K3— K )(K4—P K|~ Ky + P K3)~6pna} K7

Gl’OllpS ap = ap, a; = If%\/le b1:0,6:

l:%m—mKiKl

2(Ky
K>—2IK3+2IK K3—K K4—P K -IK)+PK.
Group 6: ay = + 5200220 g = g KoK gy o R Rl
P ©: do 2K vary T F e O T Kivetn
. 2wn-1)K
while K3 = Kl, 0= —TI, [ = l,
2

i 2w(-DK? 2+ \KI—4Ka(Ks—K1)
while K5 # K;, 6 = oDy -, _ K s(KsK)

T (K2 -21K3+2IK1 )2 2(K3-K1)
Moreover, the solutions % of Eq (3.9) can be divided into the following cases:

Casel K, # 0 and K22 +4K4(K; — K3) > 0.

¢ K VA  Cisinh M e B—g + Cs cosh 522 —¢ .10
G T 2K -Ky) 2K —K) ¢ cosh SRRt + Cysinh g '
where A = K3 + 4K4(K; — K3).
Case 2 K, # 0 and K5 + 4K4(K, — K3) < 0.
G _ K, . V—-A . —Cj sin 2(K—\/§<)§+C2 Ccos W%f G3.11)
G 2Ki—-K3) 2K -K3) C; cos Z(K—‘/;)f + C, sin 2(12/3(3)5
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1204

Case 3 K, # 0 and K% +4K4(K, - K3) =0

’ K
“. S T, (3.12)
G 2(K1 - Kg) Cl + sz
Case 4 K, =0and K4(K1 - K3) > 0.
G VKK —Ky Cisinh-mem YRR £ 1 €, cosh YEL KD ¢ o
G K-k C| cosh =222 ‘K“(Kl K3 2R e+ Cy sinh VK4(K1 K‘ g '
K1-K3
Case 5 K, =0and K4(K1 - K3) < 0.
G _ VKK -K) —Cy sin —F=—= K“(K‘ NRE B g 1 €y cos Y II?(KAK* .f Gl
G - Kl - K3 C cos V-K4(K1-K3) K4(K1 K3 §+C sin V-K4(K(-K3) K4(K1 K3) f '

By combining the classification of parameter variables and the classification of solutions to auxiliary
Eq (3.7), we can obtain the new travelling wave solutions of the original Eq (1.2) as:

For Group 1

Case 1 K, # 0 and K3 + 4K4(K, — K3) > 0.

When C; = 0 and C, # 0, the solution is

K, - 21K3 + 21K1 K; - K; K \/Z \/Z
(x, 1) = x( + I+ + coth(——————%)))
8! Kvil K Ak - Ky T2k - Ky K, —ky)°

) ei(r(/f;’”(—r]x“+wt")+v),

4w(n — DuAK; K> - 2IK; + 2IK, (3.15)
4(K3 - Kl)(K4 - lzKl — lK2 + 12K3) — (K2 - 2[[(3 + 21[(1)2 2K1 \/ﬂ/ln
K; - K K VA VA

K Vit 2K Ky T 20K — Ky coth(Z =",

hi(x, 1) = —

where [ is arbitrary constant, and A = K22 + 4K4(K, — K3).
When C; # 0 and C, = 0, the solution is

K> —2IK; + 2IK Ki—-—K K A
g(x,1) = (= R B B3 Y 2 __+ va tanh(Lf»)
2K Vudn KiVuln  2(Ki - K3) 2K - K3) 2(K, - K3)

LT+ @
. el(ia (—nx*+wt )+v)’

4ow(n — HuAK? K> — 2IK3 + 2IK, (3.16)
4(Kv, — K])(K4 — lzKl - lK2 + 12K3) - (K2 — 21K3 + 21K1 )2 2K1 \//1/177
K3 — K, K, VA VA

N TR SR Al Ty AL

hy(x,0) = —

Case 2 K, # 0 and K22 + 4K4(K1 - Kg) < 0.
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When C; = 0 and C, # 0, the solution is

( [) +(K2 - 2ZK3 + 21K1 + K; — K, (l + K> + V-A ( V— g)))
X, 1) =+
& 2KVl KNl 2K —Ky) 2K - Ky) 2K - K )
i(CED () +v)
bl ) 4ew(n — DuAK? K, - 2IK; + 2IK, (3.17)
X, = -
3 4(Ks — K\)(Ky — PK) — Ky + PK3) — (Ky — 21K3 + 21K, 2 2K, [y
K- K K V=A V-A
L = cot( ).

+ +
KiVudn  2(K; - K3) 2K, - K3) 2(K; - K3)
When C; # 0 and C, = 0, the solution is

K, - 21K3 + 2IK; K; — K, K, V-A V—
8a(x, 1) = £( + I+ - tan( )
2K, \udn KiVuln  2(Ki—-K;) 2K -Ks3) 2K - Ka)
P e 0 4)
B 4w(n — DpAK? K> — 2IK5 + 21K, (3.18)
X, 1) =—
! 4(K3 — K1) (Ky — PKy — IKy + PK3) — (Ko — 2IKs + 2IK,)2 2K, vy
K; - K, K> V-A V-A

+ I+ - tan( )))>.

Kviu 2K - Ky 2K - Ky K - o
Case 3 K, = 0 and K4(K| — K3) > 0.
When C; = 0 and C, # 0, the solution is

K, - 21K3 + 2lK1 K; - K; VK4(K1 — K3) \/

(x,1) = £( + I+ coth( )
83 2K, \Vudn K \udn K - K3 é:

l.(r(/m)

—— (=nx"+wt*)+v)
2

4w(n — DHuAK? K, — 21Ky + 21K, (3.19)
A4(K; — K (K4 — lzKl —IK, + 12K3) — (K, = 2IK;5 + 21K1)2 2K, \/Iu/h]
N K; - K, VK4(K; — K3) ‘VK4(K1 K3)

! %
K, \/,u/ln( i K, - K3 K, - K; kK

When C; # 0 and C, = 0, the solution is

K, - 2IK5 + 2IK K; - K VK4(K; - K m
8e(x, 1) = +( 2 s Ly =2 ! (I+ 4(Ky 3)t anh 4(Ki 3) B i E——F )
2K Vudn K| Vun K, - K;
i(KeD

—— (=nx*+wi*)+v) ,

hs(x, 1) = -

4w(n — HuAK? K, —2IKs + 21K, (3.20)
4(K3 - K])(K4 - lzKl - IK, + 12K3) - (Kz - 2IK3 + 21K1)2 2K, \/lu/l)]
N K; - K, VK4(K, - K3) ‘VK4(K1 K3)

l
K, \/,u/ln( i K - K; @n K, - K; “r-6 O

Case 4 K, = 0 and K4(K;| — K3) < 0.

he(x, 1) = —
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When C; = 0 and C, # 0, the solution is

Ko = 20K+ 2K Ks—Ki , VK=K \/K4(K3 1)
g7(x, 1) = =( + I+ )
2K, Vudn K \udn K - K;

. T(B+1)
et( —— (=nx¥+wt®)+v) ,

4w(n — HuAK? K, - 21Ky + 2K, (3:2D)
4Kz — K))(Ky — lZK] - 1K, + lng) — (K, = 2IK;5 + 2lK1)2 2K, Vudn
N K3 - K, VK4 (K3 — Kl) VK4(K3 K1)

[
Ko /177( TR K K - 6)))

When C; # 0 and C, = 0, the solution is
K> - 2IK; + 2IK K; - K VK4(K5; — K \/ - Ky)
g = w222 Ko VRGRZRY, 15)))
2K, \udn Ky Vuldn K - K; K, -

L T(B+1)
ez( ~ (—nx"+wt‘y)+v)’

hy(x,1) = —

4w(n — DHuAK? K, - 21Ky + 21K, (3.22)
A4(K; — K (K4 — lzKl —IK, + 12K3) — (K, = 2IK;5 + 21K1)2 2K, \/,Ll/l?]
N K; - K, VK4(K3 — Kl) ‘VK4(K3 Ky)

l
KN /177( TR CK o).

For Group 2
Case 1 K, # 0 and K22 +4K4(K; — K3) > 0.
When C; = 0 and C, # 0, the solution is
K, — 21K3 + 21K, Ky — lzKl - IK, + 12K3 K> \/Z

GOSN Ko K- Ko 2K - Ko
VA

hS(-x’ t) ==

. T(B+1)

I e N A
COth(Z(Kl—K3)§)) )-e

(=nx*+wt®)+v)
3.23
4dw(n — l)u/lKl2 K, - 2IK; + 21K, ( )
4(K4 - lzKl - lK2 + 12K3) - (K2 - 21K3 + 21K1)2 ZK] \/’u/l]]
K, - PK, - IK, + PK K A
+ = L2 (1 + 24 VA coth( VA a7,
K Vudn 2K - K3) 2K - K3) 2(K - K3)
where [ is arbitrary constant, and A = K% + 4K4(K; — K3).
When C; # 0 and C, = 0, the solution is
K> - 21K +2IK; K4 — PK, — K, + K5 K, VA

X, 1) == + [+ +
O TRT Kividn 2K K 2K - K
VA

N
tanh(5 =8N €

ho(x,1) = —

(=x*+wt®)+v)
b

) (3.24)
4w(n — DudK; K, - 2IK; + 2IK,

4(Ky — PKy — Ky + PK3) — (Ky — 2IK3 + 2IK1)? " 2K, Vudn
+ K, - lzKl - IK, + 12K3 K \/Z \/_

R SRS TT A Ay amy ALUE

th(-x, l) = -
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Case 2 K, # 0 and K7 + 4K4(K;, — K;3) < 0.
When C; = 0 and C, # 0, the solution is

K, — 2lK3 + 21K, K, - lzKl - IK, + 12K3 K, V-A

(x,1) = £( + (+ +
s 2K Vudn K1 Vudn 2K - K3) 2K - K3)

-A - T(B+1) o
COt( ))—l) . el( & (-nx¥+tort )+V)’
2K~ Ko

4dw(n — 1),u/le K> - 2IK;5 + 21K,
4(K4 — 2K, — IK, + PK3) — (K, — 21K + 2IK)? 2K, Vudn
+ K, — lzKl —-IK + Z2K3 K> V-A v

A —1\2
i Tk -k ek =k Gk — k) )

hyi(x, 1) =

where [ is arbitrary constant, and A = K22 +4K4(K, — K3).
When C; # 0 and C, = 0, the solution is

(x.1) +(K2—21K3 + 2K, + K4—12K1 —1K2+12K3(l+ K, V-A
X, 1) =+ -
812 2K Vudn K1 Vudn 2K - K3) 2K - K3)
-A . TB+1) o
tan( ))—l) . el( - (-nx¥ ot )+V)’
2K~ K
s 1) 4w(n - l),u/U(l2 K> - 2IK;5 + 21K,
X, 1) = —
. 4Ky — K, — Ky + PK3) — (K, — 21Ks + 21K\ 2K, udy
K, - PK, - IK, + PK K V-A V-A
T B Y tan( ).
K| Vudn 2K -K3) 2K -K3) 2K - K3)
Case 3 K, # 0 and Kzz + 4K4(K1 - Kg) =0.
When C; = C, = 1, the solution is
K, - ZZK'; + 2IK; Ky — l2K1 -IK, + 12K3 K, 1 —1
g13(x, 1) = %( + (+ + )7)
2K \udn K| Vun 2K -K;) 1+¢&
ol I w4y
hs(e ) 4w(n — 1)/vt/lK12 K, — 2IK5 + 21K,
X, 1) =—
B 4Ky — K, — 1K, + PK3) — (K, — 21Ks + 2IK))?° 2K, \udy
Ky - PK, - IK, + K K
L B4 1 2+ 3(1 + 2 + N2
K1 Vuldn 2K —-K3) 1+¢

Case 4 K, = 0 and K4(K;| — K3) > 0.

(3.25)

(3.26)

(3.27)
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When C; = 0 and C, # 0, the solution is
K> - 2[K3 + 21K1 K, — lzKl —-IK, + 12K3 VK4(K1 — K3)

X, 1) ==+ + [+
g14(x, 1) = £( K il X ol ( K —K,
coth(—;((Kl Loty e o,
1
(e 1) 4w(n — 1);1/1[(12 K, - 2IK; + 21K,
X, 1) =-
1 4(Ky — PK, — IK, + PK3) — (K, — 21K + 21K 2K, il
K, — lzKl - ZKZ + 12K3 (l + VK4(K1 - Kg) VK4(K1 K3 §))‘1)2
Ky Vudn K - K3 K - K; .

When C; # 0 and C, = 0, the solution is
K, — 2[K3 + 21K1 K, - lzKl - lK2 + lng VK4(K1 - K3)

(x, 1) = =( + ~(I+
815 2K, \udn K1 Vuldn ( K - K3
tanh( VK4(K; - K3) )71 - R ety
K, - ’
s ) 4ow(n — 1),u/lK12 K, - 2IK5 + 21K,
xX,1) = —
P 4Ky — PK, — 1K, + PK3) — (Ky — 21K3 + 21K 2 2K, vy
K., - PK, - IK, + PK Ki(K| - K Ki(K; - K3)
LK 1 2 3(l+V4(1 3)tn v 4(1 35)))
Ky \udn K, - K;

Case 5 K, = 0 and K4(K;| — K3) < 0.
When C; = 0 and C, # 0, the solution is

K, - 21K3 + 2lK1 K, — lzKl - ZKZ + l2K3 VK4(K3 - Kl)

(x, 1) = =( + I+
816 2K, Vudn K Vudn K, - K3
K K - K ; + @ v
cot( 14{( 3 1)5))_1) G sy
=
4w(n — 1),u/lK12 K, — 2IK5 + 2IK;
hlﬁ(x7 t) = -

4Ky — K, — 1K, + PK3) — (K, — 21Ks + 2IK))?° 2K, Vol
+ K, - lzKl - ZKZ + 12K3 (l + VK4(K3 - Kl) VK4(K3 K1 é:)) )
K Vudn K- K;

When C; # 0 and C, = 0, the solution is
K2 - ZZKg + 21K1 K4 - lzKl - le + 12K3 VK4(K3 - Kl)

(x,1) = =( + I+
817 2K, Vuldn K1 Vudn K, - K;
tan(——g == Ralls Z B gty - et oo,
K, -
hr(et) = 4o(n — DAK? K> — 2IK;3 + 2IK,
17\ A - -

4(K4 - lzKl - lK2 + 12K3) - (K2 - 21K3 + 21K1)2 2K1 \/Iu/ln

+ K, — IZK] - lK2 + Z2K3 (l + VK4(K3 - K]) VK4(K3 Kl f))_1)2-
Ky vpan K1 - Ks Ki—Ks

(3.28)

(3.29)

(3.30)

(3.31)
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For Group 3
Case 1 K>, # 0 and Kg + 4K4(K1 - K3) > 0.
When C; = 0 and C, # 0, the solution is

K- K K, VA VA
(x,1) = (1 + + coth(—————¢&))
818 KV 2K K T2k -k Mk k)t
A IXTHI ) ) (3.32)
w(n = 1)(Ks - K1) K, VA VA )
hig(x, 1) = — [+ + th ,
W) = K — PR, — 1K+ PRy 2K — K T 2K — Ko <Mk, k)
where [ = 2(K 255> and A = K + 4K4(K, — K3).
When C; # 0and C, = 0, the solution is
K;— K K A A
oK, K VA VA
K| Vun 2(K; - K3)  2(K; - K3) 2(K; - K3)
. ei(r(ﬂ‘:”( nx +wt“)+v), (333)
—1)(K; - K K. A A
oty = —— LA DE-K) S /1 tanh( VA )2

2n(Ky — PK, — IK; + PK3) 2(Ky - K3)  2(K; - K3) 2(K, - K3)

Case 2 K, # 0 and K7 + 4K4(K, — K;3) < 0.
When C; = 0 and C, # 0, the solution is

(x,1) = eI (1 + K, VA cot( V-4 £))
820 KV 2K - Ky 2K =Ky 20Ky - K)
. ei(@(—nx +a)t”)+V)’ (334)
o) = —— - D& =K) K VA NEA

2n(Kys — K, - IK; + PK3) 2(Ki - K3) 2K, - K3) 2(K; - K3)
When C; # 0 and C, = 0, the solution is

K - K, K VoA VA
gu(x, 1) =+ I+ - tan( )
KiVudn  2(Ki—-K3) 2(Ki—-K;) 2K - K3)
. ei(@(—nx"mr")w), (3.35)
w(n — 1)(K3 — K)) K, V-A V-A

hoy(x, 1) = — (I + - tan( ).

2n(Ky — PKy - 1Ky + PK3) "~ 2K, - K3)  2(K; - K3) 2(K, - K3)

Case 3 K, = 0 and K4(K;| — K3) > 0.
When C; = 0 and C, # 0, the solution is

K; - K; VK4(K1—K3) VK4(K1 K3

X, 1) ==+ [+
gn(x,1) = K '_#/177( K, — K, K, - K
. P (nx oI+ (3.36)
-1)(K;3-K VK4(K; - K \/KK K3)
I (1) = — w(n — (K3 — Ky) U+ 4(K1 — K3) coth( 4(Ky — K3)
27](K4 - lzKl —IK, + 12K3) K, - Kj K, - K3
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1210

When C; # 0 and C, = 0, the solution is

K; - K, VK4(K; — K3) an ‘VK4(K1 K3

gn(x, ) ==+ (+

K1 Vudn K - K; K, - K;
P I +) (3.37)
-1)(K;3-K VK4(K; - K \/K K - K3)
I 1) = — w(n — (K5 — Ky) I+ 4(K; 3),[ anh 4(Ky — K3)
27](K4 - lzKl —IK, + lng,) K, - Kj K, - K3

Case 4 K, = 0 and K4(K;| — K3) < 0.
When C; = 0 and C, # 0, the solution is

gl(x, 1) = s 1(l+ 4(Ks 1) VK4(K; — Ky) &))e iR (e y ot ).

K1 Vudn K, - K; K, - K3 (3.38)
s 1) = — w(n — 1)(K3 — K1) I+ VK4 (K3 - Kl ‘VK4(K3 - K1
A 2n(Ky — PK, - IK, + PK5) K - K; K - K;

When C; # 0 and C, = 0, the solution is

K3 - K1 VK4(K3 - Kl) VK4(K3 K1 f)) l(l"(ﬁ 1)( nx"+(ut"‘)+v)

gxs(x, 1) = + (+

K| Vun K, - K3 K, - (3.39)
hos(r. 1) = — w(n — 1)(K; - Ky) I+ VK4(K;5 - Kl VK4(K3 - K1
2 2n(Ky — PK, — IK, + PK;) K, - K; K, - K;
For Group 4

Case 1 K, # 0 and Kg + 4K4(K1 - K3) > 0.
When C; = 0 and C, # 0, the solution is

Ky — PK, — K> + PK5 +aoK) Vudn VA
g26(x, 1) = (ap = +
K1 \uldn Ky - K3 2(K; - K3)

coth(—\/Z - Il oy

2(K - K3)

4

s, 1) wpd(n — I)Kl2 (3.40)

HEE

200 (K — 2IK; + 21K, )2 + 2(K; — K, — 1K, + PK3)(Ks — K;) — 6pdna2K?

K, - PK, - IK, + PK; + Ky VuAd A

(o + 4 1 2t 3( apk ,UTI+ VA coth( VA &) )

K1 Vuldn K - K3 2K, - K3) 2(K; - K3)

where [ = ﬂ“gﬁ‘(l—_ ”‘I?j)_Kz, ap 1s an arbitrary constant, and A = K22 +4K4(K, — K3).
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When C; # 0 and C, = 0, the solution is

Ky — PK, - IK, + PK3 +aoK, Nl .\ VA

g27(x, 1) = (ap +

K Vudn K, - K; 2(K, - K3)
tanh( \/Z é;))—l) ) ei(r(p(;'])(—nx"‘+wt”)+v)’
2(K; - K3)
5 (3.41)
(1) = — wud(n — HK;
T (K> - 2IK5 + 21K1)2 + 2(K4 - lzKl —-IK, + 12K3)(K3 - Kl) - 6/1/1776131{12
(ao + K, - lzKl - IK; + 12K3(iaoK1 \/,Ll/b] 4 \/Z tanh( \/Z f))_l)Z.
Ky \udn K\ - K3 2(K, - K3) 2(K, - K3)
Case 2 K, # 0 and K5 + 4K4(K, — K3) < 0.
When C; = 0 and C, # 0, the solution is
gzg(x t) _ (ao N K, — l2K1 - lK2 + lng(ia()Kl \//,t/b] + V—A COt( V—A f))_l)
’ K, Vudn K, - K; 2K -K;) 2K - K3)
. ei(”/fj‘>(—nx“+wz“)+v)’
o) = — wpd(n — DK? (3.42)
S (K, — 21K3 + 21K )2 + 2(Ky — PK, — IK, + PK3)(Ks — K1) — 6udna2K?
(ao 4 K, — lzKl - IK + l2K3 (iaoKl \//J/b] + V-A COt( V-A é‘:))_l)2,
K\ \udn K, - K; 2K - K;) 2K - K3)
When C; # 0 and C, = 0, the solution is
gzg(_x t) _ (ao N K4 - ZZKI — le + lng(iaoKl \//J/U] _ V—-A tan( V—A ‘f))_l)
’ K, Vudn K, - K; 2K -K;) 2K - K3)
. ei(@(—nx"%—wt”ﬂv)’
hos(8) = — wpd(n — HK? (3.43)
S (K, — 21K3 + 21K )2 + 2(Ky — PK, — IK; + PK3)(Ks — K1) — 6udna2K?
(ao + K, — lzKl - IK + 12K3 +aoK; \/,U/ll] B V-A tan( V-A f))_l)z,
K \udn K, - K3 2K - K3) 2K - K;)

Case 3 K, = 0 and K4(K;| — K3) > 0.
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When C; = 0 and C, # 0, the solution is

K, — lzKl - lK2 + 12K3(i200K1 \/,U/l)] - K, + VK4(K1 - K3)

g30(x, 1) = (ap +

K Vuldn 2(K; - K3) K, - K3
coth(—v K1~ K9 g1y . it omrvorion,
Ky -
hag(x, 1) = — wud(y -~ DK] (3.44)
0 (Ky — 2IK; + 21K)? + 2(Ky — PK, — IK, + PK3)(Ks — K,) — 6pna2K> '
(a N K, - lzKl - IKZ + 12K3(i2a0K1 \/,Ll/h] - K + VK4(K1 - K3)
o K1 Vil 2(K, - K3) K1 - K;
V 4(K1 K3)
th(————
coth( K, — 'y
When C; # 0 and C, = 0, the solution is
gg](x t) _ (ao N K, - lzKl - lK2 + 12K3(12a0K1 \/,Llﬂf] - K + VK4(K1 - K3)
o - K\ Vuldn 2(K - K3) K - K3
tanh<—“ Kl ~ K9 g1y it st omrvorion,
Ky -
h (x l) _ w#/l(ﬂ - 1)K12 (3 45)
A (K, — 21K + 21K,)? + 2(Ky — PK, — K, + PK3)(Ks — Ky) — 6uina2K? '
(a N K, — 12K1 - IK; + 12K3(12a0K1 \//1/17] - K + VK4(K1 - K3)
0= K| Vudn 2(K, - K3) K, - K;
v 4(K1 K3)
tanh(—————
anh(=—g — =8
Case 4 K, = 0 and K4(K;| — K3) < 0.
When C; = 0 and C, # 0, the solution is
g32(x t) _ (ao N K, — lzKl - lK2 + 12K3(i200K1 \//.1/177 - K, + VK4(K3 - Kl)
’ B K\ Vuldn 2(K; - K3) K| - K;
COt( \ 4(K3 )é_-)) ) l(r(/i:l>(—r]x“+wt”)+v)’
Ky -
wud(n —1 K2
ha(x, 1) = — = (3.46)

(K2 - 21K3 + 2ZK1)2 + 2(K4 - lzKl le + l2K3)(K3 - Kl) - 6/,[/17] 2K2
K, — lzKl - ZKZ + 12K3(i2a0K1 \/,Ll/]]] - K, + VK4(K3 - Kl)
K1 \uldn 2(K, - K3) K, - K3

VK4(K3 — K)

Cot(Kl—f)) .

(ap £
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When C; # 0 and C, = 0, the solution is

K, - lzKl - IK; + lng 4_-2a0K1 \/,Ll/b] - K + \/K4(K3 - Kl)
K| Vuadn 2(K, - K3) K, - K;

r(g+1)
- (=nx¥+wt®)+v) ,

g33(x, 1) = (ap +

tan( Klzflia‘ I_(3K1)§))_l) : ei(

wpd(n — DHK?
ha3(x,1) = — .

(K2 - 21K3 + 21K1)2 + 2(K4 - lzKl - lK2 + l2K3)(K3 - Kl) - 6/.1/1776%[{12
K, — lzKl - lK2 + lng i2a0K1 \/,U/b] - K, + VK4(K3 - Kl)

(@ £ K \uadn 2(K; - K3) K - K3
tan( A K g2
1 — A3

For Group 5
Case 1 K, #0 and K22 + 4K4(K1 - K3) > 0.
When C; = 0 and C, # 0, the solution is

_ K; - K, *agK; \/,Ll/ln \/Z \/Z
g(x, 1) = (ap = X \/1777( K — K. + 2K~ K) COth(mf)))

(—nx"+wt®)+v)
b

L T(B+1
T

wpd(n — DK}

hag(x, 1) = —
O = = 21K, + 2K, + 2(Ks — PKy = 1K + PKo)(Ks — Ky) = 6udna2k>

K5 — K| +apK; \//.1/17] \/Z \/Z 2
e N T T R T T S TV T S

where [ = % Vfg)_Kz, ay is an arbitrary constant, and A = K3 + 4K4(K; — K3).

When C; # 0 and C, = 0, the solution is

_ K; - K, #agK; \/,Ll/ln \/Z \/Z
g3s(x, 1) = (ap = X \/1777( K — K. + K~ K) taﬂh(mf)))

. T(B+1) .
. ez(T(—nx”+wt’)+v) ,

wud(n — DK}

has(x, 1) = =

S = e, a1k + 21K 1 2(Ks - PK, — Ky + PK3)(Ks — Ky) — 6pdnagK?
Ky — Ky  +ayK; Vul VA VA

(ag + 2 BL ZAoRi VAT tanh(5—————&)))".

KiVuldn K- K3 2(K, - K3) 2(K, - K3)

Case 2 K, # 0 and K22 + 4K4(K1 - Kg) < 0.

(3.47)

(3.48)

(3.49)
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When C; = 0 and C, # 0, the solution is

_ K; — K +agK, \udn V-A V-A
a6(01) = (a0 L2t (S 45— Ol )

i( [+ (=nx¥+wt®)+v)

. e (3 .
gl 1) = wud(n — I)Kf (3.50)
WD T T K, — 20K + 20K, + 2(Ka — PK, — 1K, + PK3)(Ks — Ky) — GuAna2K?
Ks— K +aoki iy V=A VoA
(ag + =L (ERDNET col( O,

K Vuldn K- K3 2K -K3) 2K - K3)
When C; # 0 and C, = 0, the solution is

K; - K, (iaOKl Vudy  N=-A fan( V-A 2
K\ Vudy K- K; 2K - K;) 2K - K3)

. T(B+1)
.el( ~ (—nx“+wt“)+v),

g37(x, 1) = (ap +

(1) = wpd(n — DK? (3.51)
D= (K2 — 21K3 + 21K1)2 + 2(K4 - lzKl — lK2 + 12K3)(K3 - Kl) - 6/1/1776131{12
K; — Ky *agK; Vud V—A V-—A
(ag + =L (FUTINET tan( O)F.

KiVudn K —-K; 2(K; - K3) 2(K, - K3)
Case 3 K, = 0 and K4(K| — K3) > 0.
When C; = 0 and C, # 0, the solution is

K; - K, (+2a0K1 VuAdn — VK4(K1 K3 VK4(K1 K3)
K Vudn 2(K; - K3) K - K; K - K3

. ei( 71"(;(3:1) (—nx¥+wt®)+v) ,

g33(x, 1) = (ap = £))

wpd(n — 1)K2 (3.52)
(K> = 2IK5 + 211(1)2 +2(K4 — PK; — IK> + PK3)(K5 — Kl) — 6;1/177112[(2
K3 — K; +2a0K; Yudn — VK4(K1 K3) VK4 (K, -

4
(ag coth(
"7 K Vudn 2(K; - K3) K, - K3 K -

When C; # 0 and C, = 0, the solution is
K3 - K, (+2a0K1 VuAdn — VK4(K1 K3 ‘VK4(K1 K3)
K| Vun 2(K; - K3) Ky - K3 K - K3

. T(B+1)
. ez( = (nx¥+wt®)+y) ,

hss(x,t) = —

6)))

£))

g39(x, 1) = (ap £

B . ) wpd(n — DK? (3.53)
x,f) = —
» (K, — 21K; + 21K1)2 +2(Ky — PK; — IK; + PK3)(K3 — Ky) — 6pAna2 K>
(a0 + K; - K, (+200K1 VuAdn — VK4(K1 K3 anh VK4(K1 K3 .
==
K \udn 2(K; - K3) K - K; K, -

Case 4 K, = 0 and K4(K;| — K3) < 0.

Networks and Heterogeneous Media Volume 21, Issue 4, 1197-1226.



1215

When C; = 0 and C, # 0, the solution is

K3 - Ky £2a¢0K; Judn — VK4(K% - Kl ‘VK4(K3 Ky)
gao(x, 1) = (ap + ( &)
K Vudn 2(K; - K3) K, - K;
. ei(@(—nxuwﬂ)w)’
Bl ) = wpA(n — I)Kf (3.54)
O = T K, — 21K, + 211(1)2 +2(Ks - PK, — IK; + PK3)(Ks — K1) — 6udna2K?
(o + K; - K, (+2a0K1 Vudn — VK4(K3 - K1 ‘VK4(K% K) ).
0 .y
K1 Vudn 2(K; - K3) K, - K;

When C; # 0 and C, = 0, the solution is

K3 - K, (+2a0K1 Vudn — VK4(K3 - Kl ‘VK4(K3 K1) o))
K1 Vudn 2(K; - K3) K, - K;

. ei(—wf;")(—nx“+wt”)+v)’

gu(x, 1) =(ap +

b (5. wpd(n - DK? (3.55)
X, 1) = —
. (K, — 21K + 2IK, )2 +2(Ky — PKy — 1K, + PKs)(Ks — Ky) — 6udna2K>
(a0 + K3 - K, (+200K1 Vudn — VK4(K3 - Kl ‘VK4(K3 Ky) )
0=x .
Kl \//,t/b] 2(K1 - K3) Kl K3 K K
For Group 6

Case1 K, # 0 and K% +4K4(K; — K3) > 0.
When C; = 0 and C, # 0, the solution is

K, - 21K3 + ZlKl K; - K; \/Z \/Z \/Z
gao(x, 1) = £( + coth(z———=-=%))
2K, Vudn K1 Vudn 2(K1 K;)  2(Ki - K3) 2(K, - K3)
K, - IZK] - IK, + 12K3 \/Z \/Z \/_
+ + + coth( a™h
K1 Vuldn 2(Ky - K3)  2(K; - K3) 2(K, - K3)
. ei(@(—nxﬂmﬂ)m’
(e = A0 = DK} Ky = 20K + 21K, Ky~ K, VA VA (3.56)
, (K> — 2IK3 + 21K )? 2K, \uldn K1 Vudn 2(K1 K3)  2(Ki - K3)
A K, - PK; - IK, + PK A A
coth( VA &)+ 4 ! 2 3 (+ VA + VA
2(K; - K3) K Vudn 2(Ky - K3)  2(K; - K3)
VA
coth(—————&)™H?,
2K - Ko
where [ = 520K g = 2 K2 and A = K2+ 4K4(K) — Ky).
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When C; # 0 and C, = 0, the solution is

K, - 21K3 + 21K1 K; - K; \/Z \/Z \/Z
ga3(x, 1) = =( + tanh(5————=¢))
2K, Vudn K1 VuAn 2(K1 -K3)  2(K; - K3) 2(K, - K3)
K4 — lzKl — lK2 + 12K3 \/Z \/Z \/_
+ + + tanh( &) D)
K Vudn 2K - K3) 2K - K3) 2(K, - K3)
ol e w4y
B 1) 4udw(n — DK} K, —2IK; + 2K, Ki- K, VA . VA (3.57)
X, 1) =
3 (Ky — 21K3 + 21K ))* 2K, \Judy K1 N 2K —Ky) | 2Ky — K3)
A K, - PK, - IK, + PK A A
tanh(Lg)) M e L T VA VA
2(K; - K3) K \udn 2(Ki - K3)  2(Ki - K3)
VA
tanh(—————
(2(K1 K3)§)) .

Case 2 K, = 0 and K4(K;, — K3) > 0.

When C; = 0 and C, # 0, the solution is

K, —2IK5 + 2IK; + K; - K, (i\/Z—Kz + VK4(K; — K3)
2K, Vudn Ki Vudn 2(K; — K3) K, - K;
VKK = K3) K, — PK, - IK, + I’K; ( +VA-K, VKiK -K3)

gaa(x, 1) = =(

coth( ) + +
K - K3 d K1 \uldn 2(K, - K3) K, - K3

COth( \ 4( 1= )é,:)) ) i (‘B,fl)(—nx"+wt")+v)’

K - (3.58)
h (x.0) 4/1/1(1)(77 - 1)K12 K> — 2IK;5 + 2IK; + K;-K, + \/Z - K + VK4 (K — K3)

X, 1) =
44 (K, — 2IK3 + 21K )2 2K, Vudn K Vudn 2(K; — K3) K, - K3

coth VKK, - K3)§)) L Ki- PK, - IK, + PK; ( +VA-K, .\ VKK = K3)

K - K;3 K1 \uldn 2(K; - K3) K - K3

VK4 (K 3)
coth(K—lf)) ).
1
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When C; # 0 and C, = 0, the solution is

x) +(K2 — 21K + 2IK; .\ Ki—K, +VA-K, . VKK, — K3)
X, 1) =+
84s 2K, Vudn Ki Vudn 2(K; — K3) K, - K;
Ki(K, — K Ky — PK, - IK, + PK; +VA - K. Ki(K, - K
tanh( VK4(K; 3)f)) LK 1 2 3 VA - K, L 4(K1 — K3)
K| - K; K| Vudn 2(Ky - K3) K, - K;
\/K4(K1 - K3) g+

tanh( f))_l) _ei( - (—nx”+a)t“)+v),

K, - K;
, (3.59)
B udw(n - DKL Ky - 2K + 2K, K- Ky = VA - K, .\ VKK — K3)
X, 1) =
» (K, — 21K3 + 21K ))> 2K, \udn K Vudny 2(K, — K3) K - K;

tanh( KK, - K3)§)) + Ky = PK, = IK, + PK; + VA - K, K4(Ky — K3)

+
K| - K; K| Vudn 2(K; - K3) K, - K3
VK4(K; — K _
tanh(#éﬁ)) 1)2-
1= K3

Case 3 K, = 0 and K4(K; — K3) < 0.

When C; = 0 and C, # 0, the solution is

K, —2IK5 + 21K, + K; - K, i\/Z—KQ VK4(K5 — Kj)

(x,1) = £( +
846 2K, Vuldn K, Vudn 2(K; - K3) Ky - K3
VK«(K; = K)) Ki— PK, - IK, + PK; +VA-K, VKi(K;-K))
cot( &) + ( +
K - K3 K1 \uldn 2(K; — K3) K| - K;
Cot( VK4(K3 - Kl)éf))_l) . ei(r$;1)(_nxtt+wto)+v)’
K=K (3.60)
h (x.0) 4/1/1(1)(77 - 1)K12 K> — 2IK;5 + 2IK; + K;-K, + \/Z - K + VK4 (K5 — Ky) .
X, 1) =
46 (K, = 2IK5 + 2IK,)? 2K, Vudn K Vudn 2(K; — K3) K| - K3
Ki(K; — Ky) Ki— PK, - IK, + PK; +VA-K, VKi(K;-K))
cot( &) + +
K - K3 K1 Vuldn 2(K, - K3) K - K3
VK4(K3 - Kl) —1\2
(————————— .
cot( K _K )
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When C; # 0 and C, = 0, the solution is

K> — 2IK5 + 21K; + K5 — K, i\/z—Kz + VK4 (K5 — K7)
2K, Vudn K Vuldn 2(K; — K3) K, - K;
VKK =Ky .. Ki— PKy - IK; + PK; & VA-K, VKK - K)

ga7(x, 1) = £(

tan( ) + +
K - K3 J K1 \uldn 2(K, - K3) K, - K;
tan<—KZ§(K3 1; KD g1y - eitetone s,
e , (3.61)
o udeon - DK} Ky = 20K + 21K, K3 - K, + VA-K, . VKK — K)
X, 1) =
4 (Ky = 2IK5 + 2IK1)* 2K, \pdy K Vudny 2(K, — K3) K - K3
Ki(K; — K1) Ki— PK, - IK, + PK; +VA-K, VKi(K;-K))
tan( &) + +
K - K3 K1 \uldn 2(K; - K3) K - K3
VK4(K3 - Kl) —15\2
tan(———— .
an( X _ K, &)

4. Numerical calculation and visualization

4.1. Graphical representation of solutions based on specific parameter values

In order to better understand the dynamic behavior and characteristics of the solution of Eq (1.2), the
parameters are assigned and dynamically changed through Python software programming to observe
the shape of the solution. In particular, due to the physical significance of the truncated M-fractional
derivative, the ranges of both the parameters x and ¢ should satisfy x > 0,7 > 0.

When the parameter values are set to the following: K; = 2,K; = 1,K3 = 0,K, = 1,4 = 1l,u =
I,p=1+ %\/i,w =1, = —% V2,1 =1,a = 0.5,8 = 0.5, the representation of the solution g;(x, t)
can be obtained as shown in Figure 1. From 3D and Cartesian/polar graphs, it can be seen that the
solution g(x, #) has the localization, stability, and particle-like behavior of a soliton, and g;(x, ) is a
bright soliton with an isolated peak appearing in a field with a zero background value.

When the parameter values are set to the following: K; =2, K, = -1, K3 = LKy = -1,4=1,u =
I,p=1- @,w = V10,6 =4,1=1,a = 0.5, = 0.5, the representation of the solution A;;(x, f) can
be obtained as shown in Figure 2. From 3D and Cartesian/polar graphs, it can be seen that the solution
hi1(x, t) has periodicity. It is a soliton that oscillates and fluctuates over time, and is a breather.

When the parameter values are set to the following: K; = 1, K, =2,K3; =0, K, = -1, = 1,u =
ILLp=5w=-406=1,l=1,a = 05,8 = 0.5, the representation of the solution can be obtained as
g13(x, 1) shown in Figure 3. Solution g;3(x, 7) is a rational function wave. From 3D and Cartesian/polar
graphs, it can be seen that it is a bright soliton, and its energy density exhibits symmetry.

When the parameter values are set to the following: K; = 1,K; = 0,K; =3, K, = 1,4 = 1,u =
I,n=2,w=-1,0 =1, = g,a = 0.5, = 0.5, the representation of the solution /,7(x, ) can be
obtained as shown in Figure 4. Solution /,7(x, f) is a breather. It can be seen from the polar graph that
it has periodicity.

When the parameter values are set to the following: K; = 2,K; = 1,K3 = 0,Ky, = 1,4 = 1,u =
I,p=1+ %\/i,w = V2,6 = —%, = —4—1‘,& = 0.5,8 = 0.5, the representation of the solution g9(x,?)
can be obtained as shown in Figure 5. From 3D and Cartesian/polar graphs, it can be concluded that
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g19(x, 1) exhibits a local depression on a uniform field with non-zero background values. Its intensity
is minimal at the center and gradually increases to a constant value on both sides. It is a dark soliton.

lgatx, 0)]

\ I =
\\ / B
\\1///

(a) 3D graph (b) 2D Cartesian and polar graph
0.03 [T*
. -
- Y - T8 %
L,
56
40 0.01 s
w K e
w s Ll
(c) Contour graph (d) Density graph

Figure 1. The solution g(x,7) of Eq (1.1) when K; =2, K, = 1,K3; = 0,K, = 1,1 =1,u =
Ln=1+3V2,w=1,6=-2V2,1=1,0=05,=05.
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(a) 3D graph (b) 2D Cartesian and polar graph
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(c) Contour graph (d) Density graph

Figure 2. The solution A;(x,t) of Eq (1.1) when K; = 2, K, = -1,K3 = 1,K; = -1,4 =
Lu=1n=1-Y0 4= V10,6 =4,l= 1,0 =05,8=0.5.

lgastx, £)]

(a) 3D graph (b) 2D Cartesian and polar graph

lg1s(x, O]

(c) Contour graph (d) Density graph

Figure 3. The solution g3(x,7) of Eq (1.1) when K; = 1,K, = 2,K5; = 0,K4y = —1,4 =
Lu=1ln=5w=-46=1,l=1,a=05,8=0.5.
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Figure 4. The solution /47(x,7) of Eq (1.1) when K; = 1,K; = 0,K3; =3, K, = 1,A=1,u =
Lp=2w=-1,6=1,1=3,a=05p8=05
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(c) Contour graph (d) Density graph

Figure 5. The solution g9(x,7) of Eq (1.1) when K; =2, K, = 1,K3 =0, K, = 1,1 =1,u =
Lp=1+3V2,w=V2,6=-%1=-1a=058=05.

4.2. The influence pattern of fractional-order numbers a and 3 on the solutions

The parameters @ and S in the truncated M-fractional derivative Djff J(x) are the core control
parameters for waveform evolution, parameter a regulates spatial scale changes through the power
function term x'~?, while 8 alters the equivalent derivative coefficient through the gamma function
I + 1). Together, they modify the construction form of the transformation variable
¢ = @(x“ — 0t), ultimately altering the independent variable structure of all analytical solutions.
Keeping all other coefficients of the fixed model K, K;, K3, K4, 4, 4, 7, w, 6, [l unchanged, we employ
the control variable method to conduct grouped simulation experiments to analyze the impact of
parameters @ and 8 on the system.

Comparing Figures 6(a) and (b) in the diagram, when 8 = 0.5 and a changes from 0.5 to 0.2, the
oscillation period of the breather becomes longer. This change carries different implications in different
physical contexts. For instance, in fluid mechanics, early disturbances continue to accumulate, solitary
waves continuously expand, and dissipation slows down. In optical fiber communication, the memory
effect is pronounced, historical optical fields continue to couple and overlap, solitons are broadened,
peak values decrease, and pulse dispersion intensifies. In the dynamics of ferromagnetic materials,
excessive memory leads to the dispersion of domain wall solitons and the broadening of waveforms.

Comparing Figure 6(a) and (d) in the diagram, when o = 0.5 and S changes from 0.5 to 0.9, the
amplitude of the breather increases. In fluid mechanics, an increase in beta leads to an increase in
fluid viscous damping, which in turn accelerates the periodic loss and replenishment of water energy,
resulting in violent oscillations of fluid breathing waves. In optical fiber communication, the
dispersion effect of the optical fiber is enhanced, leading to an increased imbalance between
dispersion and nonlinearity. This results in stronger periodic stretching and contraction of the optical
field, as well as a larger amplitude and shorter period of breathing mode oscillation. In the dynamics
of ferromagnetic materials, the increase of S enhances the domain wall damping, leading to the
periodic accumulation of magnetic energy, which in turn results in a more intense release and a
stronger oscillation of the magnetic breathing sub-oscillation.
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Figure 6. 2D Cartesian graph of the solution /,7(x,f) when K; = 1,K;, = 0,K3 = 3,K; =

_ _ _ _ _ _ 3
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5. Comparison and novelty analysis of solutions

This study is the first to employ the generalized (G'/G)-expansion method within the truncated
M-fractional derivative to solve the coupled TMF-SIIAE, introducing a novel solution structure due to
the coupling terms. Compared to previous research on integer-order or other fractional-order
Shynaray-IIA equations in literature [21-24], which mainly utilized the ¢°-model expansion method,
the improved modified Sardar sub-equation and the improved tan(®/2)-expansion method, yielding
only hyperbolic function and trigonometric function solitons, this paper adopts the generalized
(G'/G)-expansion method to obtain over forty seven sets of six major categories of novel analytical
solutions, encompassing rational-type solitons, composite oscillatory breathing solitons, and
mixed-form bright-dark solitons.

6. Conclusions

In this research work, we focus on a class of NFPEDs (named the TMF-SITAE) that has important
applications in fields such as fiber optic communication, magnetodynamics of ferromagnetic materials,
and fluid dynamics. By using the mathematical tool (the truncated M-fractional derivative and the
special traveling wave transformation), the TMF-SIIAE is transformed from a nonlinear fractional-
order equation to a nonlinear integer-order equation, and then the form and properties of the solutions to
the equation are discussed. By transitioning from classical (G'/G)-expansion method to the generalized
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(G'/G)-expansion method, we have obtained the method based on auxiliary equations, which has a
wide range of application scenarios. By establishing algebraic equation systems for the coefficients in
the auxiliary equations and the coefficients in the original equations, and solving them, we obtained
six groups of coefficient solution systems. Based on the classification of the coefficient conditions
in the auxiliary equations, we obtain the novel wave solutions of the original equations of different
classifications under the six groups of coeflicient solution systems, including bright solitons, dark
solitons, and breathers. Finally, the behavior of five types of solutions are depicted through numerical
calculations and Python software visualization. A 3D graph, Cartesian/polar graph, contour graph, and
density graph better reflect the characteristics of the novel wave solutions.
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