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Abstract: This article investigates the truncated M-fractional Shynaray-IIA equation, which has
important applications in many fields, such as fiber optic communication, magnetodynamics of
ferromagnetic materials, and fluid dynamics. First, the truncated M-fractional Shynaray-IIA equation
is transformed into a nonlinear ordinary differential equation through a fractional-order derivative and
the traveling wave transformation. Then, the generalized (G

′

/G)-expansion method is adopted to get
multiple groups of coefficient solutions based on the auxiliary equation. The conditions satisfied by the
coefficients of the auxiliary equation are classified, and all novel wave solutions of the TMF-SIIAE are
obtained, including bright solitons, dark solitons, and breathers. Finally, in order to better understand
the behavior of the solutions, a 3D graph, cartesian and polar graph, contour graph and density graph
of the solutions are drawn using Python software. Specifically, we also conducted a comparative
analysis between the newly obtained solution and the existing solution, and quantitatively discussed
the parameters of fractional-order derivatives and analyzed their physical applications.
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1. Introduction

With the extensive discovery of nonlinear phenomena and the widespread application of nonlinear
tools, nonlinear theory [1, 2] has been widely applied in multiple disciplines, and theoretical and
applied research through nonlinear partial differential equations (NLPDEs) has become quite
common. The theoretical system of nonlinear integer-order partial differential equations (a unified
abbreviation for NLPDEs) has been fully developed, and local approximation [3] or an iterative

https://https://www.aimspress.com/journal/nhm
https://dx.doi.org/10.3934/nhm.2026048


1198

method [4] can effectively handle nonlinear terms. However, for nonlinear fractional-order partial
differential equations (NFPDEs), the coupling of nonlinear terms and fractional derivatives
significantly increases complexity, which requires in-depth research by combining various fractional
calculus rules [5] and nonlinear analysis techniques [6]. For solving NLPDEs, there are many
classical methods, such as the complete discriminant system method [7], dynamical systems
method [8, 9], Adomian decomposition method [10], improved nonlinear Riccati equation
method [11], Hirota method [12, 13], Kudryashov approach [14], and neural networks
method [15, 16]. Although there are existing techniques for solving NFPDEs, such as Lie symmetry
analysis [17], special transformations [18] and the homotopy analysis method [19], these methods
have limitations. Meanwhile, some researchers are also focusing on the soliton resolution conjecture
and the asymptotic stability of solutions of the modified Camassa-Holm equation [20]. Currently,
research on NFPDEs continues to deepen.

We have noticed that a class of NLPDEs with coupling properties, the Shynaray IIA equation
(S-IIAE), has been widely studied by researchers. In the field of fiber optic communication, the
ϕ6-model expansion method has been utilized with the S-IIAE and some new solutions of the
perturbed form are obtained, including various types of soliton solutions which are stable forms of
corresponding optical pulses under dispersion and nonlinear equilibrium [21]. In the field of
magnetodynamics of ferromagnetic materials, analytical methods such as the improved modified
Sardar sub-equation method have been used to derive solutions for bright solitons, dark solitons, and
anti-kink solitons. Through these solutions, they can predict the soliton like motion modes of domain
walls driven by magnetic fields, providing a reference for optimizing the writing speed and stability of
magnetic storage devices [22]. In fluid mechanics, the S-IIAE is extended to the dynamic
reconstruction of catastrophic waves such as tsunamis. The bright and dark solitons represented by
hyperbolic functions have been obtained via the improved tan(Φ/2)-expansion method. Solitary wave
solutions such as trigonometric function solutions, hyperbolic function solutions, and Jacobi function
solutions were derived through utilizing the improved Sardar sub-equation method and the new
extended direct algebraic method [23].

Here, we focus on the truncated M-fractional Shynaray-IIA equation (TMF-SIIAE) given as [24]:

iDα,βM,tg + D2α,β
M,xtg − iDα,βM,x(g · h) = 0,

iDα,βM,t f − D2α,β
M,xt f − iDα,βM,x( f · h) = 0,

Dα,βM,xh − 2µDα,βM,t( f · g) = 0.

(1.1)

If f = λḡ(λ = ±1), then Eq (1.1) is simplified to

iDα,βM,tg + D2α,β
M,xtg − iDα,βM,x(g · h) = 0,

Dα,βM,xh − 2µλDα,βM,t(|g|
2) = 0,

(1.2)

where the function g = g(x, t) is a complex-valued function, while h = h(x, t) is a real-valued function.
The TMF-SIIAE is a partial differential equation model combining the truncated M-fractional

derivative and strong nonlinearity. Due to its ability to accurately describe memory, nonlocal
properties, and complex coupled behaviors, it exhibits more significant physical characteristics in
optical fiber communication, oceanic catastrophic simulation, and magnetic domain wall dynamics.
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Especially, Eq (1.1) possesses integrable characteristics through the inverse scattering transform and
has important applications in nonlinear optics.

In this paper, we focus on solving the TMF-SIIAE. The expα function, modified simplest equation
and Kudryashov technique have already been utilized to solve problems. The generalized
(G

′

/G)-expansion method we use is based on the classical (G
′

/G)-expansion method [25, 26], which
has the advantage of being able to obtain a variety of wave solutions, including trigonometric function
solutions, hyperbolic function solutions, rational function solutions, etc.

The structure of this paper is as follows: In Section 2, the TMF-SIIAE is transformed into a
nonlinear ordinary differential equation via fractional-order derivative and the traveling wave
transformation. In Section 3, all new wave solutions of TMF-SIIAE are obtained through the
generalized (G

′

/G)-expansion method. In Section 4, a 3D graph, cartesian and polar graph, contour
graph and density graph of the solutions are drawn using Python software, and the dynamics of the
solutions are analyzed. In Section 5, a comparison and novelty analysis of the solutions is given. In
Section 6, a comprehensive conclusion is presented.

2. Mathematical techniques

Definition 2.1. [27] The truncated M-fractional derivative for f : [0,+∞)→ R is defined as:

Dα,βM,x f (x) = lim
ϵ→0

f (x · jEβ(ϵx
−α)) − f (x)

ϵ
, (2.1)

where 0 < α ≤ 1, β > 0, and jEβ(x) is a truncated Mittag-Leffler (TML) function which is defined as

jEβ(x) =
j∑

k=0

xk

Γ(βk+1) .

Some operational properties of the TML function are applied during the calculation process.
Theorem 2.1. Let 0 < α ≤ 1, β > 0, a, b are all real constants, and f , g are α-differentiable functions

with independent variable x > 0.
(1) Dα,βM,x(a f (x) + bg(x)) = aDα,βM,x f (x) + bDα,βM,xg(x).
(2) Dα,βM,x( f (x) · g(x)) = f (x) · Dα,βM,xg(x) + g(x) · Dα,βM,x f (x).

(3) Dα,βM,x
f (x)
g(x) =

g(x)·Dα,βM,x f (x)− f (x)·Dα,βM,xg(x)

g2(x) .

(4) Dα,βM,x(C) = 0, C is a constant.
(5) Dα,βM,x( f ◦ g(x)) = f

′

(g(x)) · Dα,βM,xg(x), f is differentiable at g(x).
(6) Dα,βM,x f (x) = x1−α

Γ(β+1) ·
d f (x)

dx .
The sixth rule of the Theorem 2.1 states the relationship between the truncated M-fractional

derivative and the classical derivative.
Remark 1. On the basis of the definition of the truncated M-fractional derivative, the truncated

M-fractional second derivative can be obtained as D2α,β
M,xt f (x) = Dα,βM,t(D

α,β
M,x f (x)).

There are many definitions and forms of fractional derivatives. Different fractional derivatives have
different limitations. For example, the integral forms of Caputo and Riemann-Liouville fractional
derivatives are complex, and it is very difficult to construct analytical traveling wave solutions after
substituting a partial differential. The differential operation of Atangana-Baleanu fractional derivative
has no elementary explicit simplification, and the transformed equation is highly complex, so it is
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difficult to find the exact solution by using the algebraic expansion method, such as the
(G

′

/G)-expansion method. The conformable fractional derivative only contains a single parameter α,
which cannot independently control the two kinds of physical quantities of medium damping or
dispersion, and the degree of freedom of the physical description is insufficient. The He fractional
derivative [28] and the local fractional derivative [29] are mostly used in fractal continuous media.
The operator depends on the fractal dimension and is suitable for narrow scenes. Compared with
these fractional derivatives, the truncated M-fractional derivative has the following advantages: first,
the two free parameters α, β are more flexible in the physical description, in which parameter α is
used to describe the strength of the medium memory effect, and parameter β is used to characterize
the equivalent dispersion and damping. Second, the truncated Mittag-Leffler (TML) function in the
truncated M-fractional derivative is an infinite series. The truncated M-fractional derivative is defined
by finite term TML truncation to avoid infinite series operation. Through traveling wave
transformation, fractional partial differential equations can be transformed into integer ordinary
differential equations. Third, the truncated M-fractional derivative can quickly eliminate the coupling
term and reduce the order of the equation based on the differential definition, so as to obtain the
univariate ordinary differential equation. Fourth, when α = β = 1, the classical integer-order
derivative is strictly regressed, which is convenient for the horizontal comparison and degradation
verification of the solution with the results of the existing integer-order literature.

The transformation is applied as:

g(x, t) = P(ξ) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν), h(x, t) = Q(ξ), ξ =

Γ(β + 1)
α

(xα − δtα), (2.2)

where P(ξ) is the amplitude of the pulse g(x, t), η is the frequency and ω denotes the wave number. ν
indicates the initial phase component, and δ is the velocity of the soliton.

By substituting the above transformation into Eq (1.2), the equation can be transformed into

δP
′′

+ ω(1 − η)P + ηPQ + i(δ − ηδ − ω)P
′

+ iQP
′

+ iQ
′

P = 0,

Q
′

+ 4µλδPP
′

= 0.
(2.3)

By integrating the second equation of Eq (2.3), we can get Q = −2µλδP2. Then we substitute the
expressions of Q and Q

′

into the first equation of Eq (2.3), and obtain

δP
′′

+ ω(1 − η)P − 2µλδηP3 + i(δ − ηδ − ω)P
′

− 6iµλδP2P
′

= 0. (2.4)

The real part of Eq (2.4) is

δP
′′

+ ω(1 − η)P − 2µλδηP3 = 0, (2.5)

and from the imaginary part of Eq (2.4), we can obtain

ω = δ(1 − η). (2.6)

Next, in order to obtain the exact traveling wave solutions of TMF-SIIAE, different methods
are considered.
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3. New wave solutions

3.1. (G
′

/G)-expansion method applied to TMF-SIIAE

Assume that the solutions of Eq (2.5) can be indicated by a polynomial in (G′
G ) as P(ξ) = am(G′

G )m +

· · · + a0, am , 0, where G = G(ξ) satisfies the second-order LODE in the form G
′′

+ d1G
′

+ d2G = 0,
and then

P3(ξ) = a3
m(

G′

G
)3m + · · · + a3

0,

P
′

= −mam(
G′

G
)m+1 − · · · − a1d2,

P
′′

= m(m + 1)am(
G′

G
)m+2 + · · · + a1d1d2.

(3.1)

Considering the homogeneous balance and balancing the highest-order derivative term P
′′

and the
highest-order nonlinear term P3, that is, m + 2 = 3m, we get m = 1. So we can get

P(ξ) = a1(
G′

G
) + a0, a1 , 0,

P3(ξ) = a3
1(

G′

G
)3 + 3a0a2

1(
G′

G
)2 + 3a2

0a1(
G′

G
) + a3

0,

P
′

= −a1(
G′

G
)2 − a1d1(

G′

G
) − a1d2,

P
′′

= 2a1(
G′

G
)3 + 3a1d1(

G′

G
)2 + (2a1d2 + a1d2

1)(
G′

G
) + a1d1d2.

(3.2)

We substitute Eq (3.2) into Eq (2.5), and combine similar terms of (G′
G ). Next by making the

coefficients of the obtained polynomial zero, the algebraic equations can be obtained:
(G′

G )3: 2δa1 − 2µλδηa3
1 = 0,

(G′
G )2: 3a1d1δ − 6a0a2

1µλδη = 0,
(G′

G )1: 2a1d2δ + a1d2
1δ + a1ω(1 − η) − 6a2

0a1µλδη = 0,
(G′

G )0: a1d1d2δ + ω(1 − η)a0 − 2a3
0µλδη = 0.

By solving the above algebraic equation system, we can obtain δ = ω(η−1)
2d2−

1
2 d2

1
, a1 =

1
√
µλη

, a0 =
d1

2
√
µλη

.

Suppose that ∆ = d2
1 − 4d2, and then the travelling wave solutions of the truncated M-fractional

S-IIA equation can be expressed in the following three cases.
Case 1 ∆ > 0.
The travelling wave solution of Eq (1.2) is

g(x, t) =

√
∆

2
√
µλη
·

C1 sinh
√
∆

2 ξ +C2 cosh
√
∆

2 ξ

C1 cosh
√
∆

2 ξ +C2 sinh
√
∆

2 ξ
· ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h(x, t) = −
δ∆

2η
· (

C1 sinh
√
∆

2 ξ +C2 cosh
√
∆

2 ξ

C1 cosh
√
∆

2 ξ +C2 sinh
√
∆

2 ξ
)2,

(3.3)

where ξ = Γ(β+1)
α

(xα − δtα).
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Case 2 ∆ < 0.
The travelling wave solution of Eq (1.2) is

g(x, t) =

√
−∆

2
√
µλη
·
−C1 sin

√
−∆
2 ξ +C2 cos

√
−∆
2 ξ

C1 cos
√
−∆
2 ξ +C2 sin

√
−∆
2 ξ

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h(x, t) =
δ∆

2η
· (
−C1 sin

√
−∆
2 ξ +C2 cos

√
−∆
2 ξ

C1 cos
√
−∆
2 ξ +C2 sin

√
−∆
2 ξ

)2,

(3.4)

where ξ = Γ(β+1)
α

(xα − δtα).
Case 3 ∆ = 0.
The travelling wave solution of Eq (1.2) is

g(x, t) =
C2

√
µλη(C1 +C2ξ)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h(x, t) = −
2δ
η
· (

C2

C1 +C2ξ
)2,

(3.5)

where ξ = Γ(β+1)
α

(xα − δtα).

3.2. Generalized (G
′

/G)-expansion method applied to the TMF-SIIAE

Due to the different auxiliary equations, Eq (1.2) may obtain more types of solutions. Below, we
consider another form of solution as follows:

P(ξ) =
m∑

i=0

ai(l +
G′

G
)i +

m∑
i=1

bi(l +
G′

G
)−i, (3.6)

where ai, bi (i = 1 . . .m) are constant coefficients, am, bm are not zero simultaneously, and m is a positive
integer. In Eq (3.6), G(ξ) satisfies the auxiliary equation

K1GG
′′

− K2GG
′

− K3(G
′

)2 − K4G2 = 0, (3.7)

where K1,K2,K3,K4 are real constants.
Substitute the solution Eq (3.6) into Eq (2.5). Then consider the homogeneous balance and

balancing the highest-order derivative term P
′′

and the highest-order nonlinear term P3, that is,
m + 2 = 3m, and we get m = 1.

Thus we can get

P(ξ) = a0 + a1(l +
G
′

G
) + b1(l +

G
′

G
)−1,

P
′

(ξ) = a1(
G
′

G
)
′

− b1(l +
G
′

G
)−2(

G
′

G
)
′

,

P
′′

(ξ) = a1(
G
′

G
)
′′

+ 2b1(l +
G
′

G
)−3((

G
′

G
)
′

)2.

(3.8)
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Combining Eq (3.7) and the fact that (G
′

G )
′

=
G
′′

G−(G
′
)2

G2 , we can obtain

(
G
′

G
)
′

= (
K3

K1
− 1)(

G
′

G
)2 +

K2

K1

G
′

G
+

K4

K1
. (3.9)

Next, Combining Eqs (2.5), (3.8) and (3.9), the coefficients of each power of (G
′

G ) are obtained and
set to zero, resulting in a system of algebraic equations as follows:

(G′
G + l)3: 2a1δ(K3−K1)2

K2
1

− 2µλδηa3
1 = 0,

(G′
G + l)2: 3a1δ(K3−K1)(K2−2lK3+2lK1)

K2
1

− 6µλδηa0a2
1 = 0,

(G′
G + l)1: δ 2a1(K3−K1)(K4−l2K1−lK2+l2K3)+a1(K2−2lK3+2lK1)2

K2
1

+ ω(1 − η)a1 − 6µλδη(a2
0a1 + a2

1b1) = 0,

(G′
G + l)0: δa1(K2−2lK3+2lK1)(K4−l2K1−lK2+l2K3)+b1(K2−2lK3+2lK1)(K3−K1)

K2
1

+ω(1−η)a0−2µλδη(a3
0+6a0a1b1) = 0,

(G′
G + l)−1: δ b1(K2−2lK3+2lK1)2+2b1(K4−l2K1−lK2+l2K3)(K3−K1)

K2
1

+ ω(1 − η)b1 − 6µλδη(a2
0b1 + a1b2

1) = 0,

(G′
G + l)−2: 3b1δ(K4−l2K1−lK2+l2K3)(K2−2lK3+2lK1)

K2
1

− 6µλδηa0b2
1 = 0,

(G′
G + l)−3: 2b1δ(K4−l2K1−lK2+l2K3)2

K2
1

− 2µλδηb3
1 = 0.

There are several possible solutions to algebraic systems of above equations.
Group 1: a0 = ±

K2−2lK3+2lK1
2K1
√
µλη

, a1 = ±
K3−K1

K1
√
µλη

, b1 = 0, δ = 2ω(η−1)K2
1

4(K3−K1)(K4−l2K1−lK2+l2K3)−(K2−2lK3+2lK1)2 ,
l = l, K3 , K1.

Group 2: a0 = ±
K2−2lK3+2lK1

2K1
√
µλη

, a1 = 0, b1 = ±
K4−l2K1−lK2+l2K3

K1
√
µλη

, 0, δ = 2ω(η−1)K2
1

4(K4−l2K1−lK2+l2K3)−(K2−2lK3+2lK1)2 ,
l = l.

Group 3: a0 = 0, a1 = ±
K3−K1

K1
√
µλη

, b1 = 0, δ = ω(η−1)K2
1

2(K3−K1)(K4−l2K1−lK2+l2K3) , l = K2
2(K3−K1) , K3 , K1.

Group 4: a0 = a0, a1 = 0, b1 = ±
K4−l2K1−lK2+l2K3

K1
√
µλη

, 0,

δ =
ω(η−1)K2

1
(K2−2lK3+2lK1)2+2(K3−K1)(K4−l2K1−lK2+l2K3)−6µληa2

0K2
1
, l = ±2a0K1

√
µλη−K2

2(K1−K3) , K3 , K1.

Group 5: a0 = a0, a1 = ±
K3−K1

K1
√
µλη

, b1 = 0, δ = ω(η−1)K2
1

(K2−2lK3+2lK1)2+2(K3−K1)(K4−l2K1−lK2+l2K3)−6µληa2
0K2

1
,

l = ±2a0K1
√
µλη−K2

2(K1−K3) , K3 , K1.

Group 6: a0 = ±
K2−2lK3+2lK1

2K1
√
µλη

, a1 = ±
K3−K1

K1
√
µλη

, b1 = ±
K4−l2K1−lK2+l2K3

K1
√
µλη

,

while K3 = K1, δ = −2ω(η−1)K2
1

K2
2

, l = l,

while K3 , K1, δ = − 2ω(η−1)K2
1

(K2−2lK3+2lK1)2 , l =
K2±
√

K2
2−4K4(K3−K1)

2(K3−K1) .
Moreover, the solutions G′

G of Eq (3.9) can be divided into the following cases:
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.

G′

G
=

K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
·

C1 sinh
√
∆

2(K1−K3)ξ +C2 cosh
√
∆

2(K1−K3)ξ

C1 cosh
√
∆

2(K1−K3)ξ +C2 sinh
√
∆

2(K1−K3)ξ
, (3.10)

where ∆ = K2
2 + 4K4(K1 − K3).

Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.

G′

G
=

K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
·
−C1 sin

√
−∆

2(K1−K3)ξ +C2 cos
√
−∆

2(K1−K3)ξ

C1 cos
√
−∆

2(K1−K3)ξ +C2 sin
√
−∆

2(K1−K3)ξ
. (3.11)
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Case 3 K2 , 0 and K2
2 + 4K4(K1 − K3) = 0.

G′

G
=

K2

2(K1 − K3)
+

C2

C1 +C2ξ
. (3.12)

Case 4 K2 = 0 and K4(K1 − K3) > 0.

G′

G
=

√
K4(K1 − K3)
K1 − K3

·
C1 sinh

√
K4(K1−K3)
K1−K3

ξ +C2 cosh
√

K4(K1−K3)
K1−K3

ξ

C1 cosh
√

K4(K1−K3)
K1−K3

ξ +C2 sinh
√

K4(K1−K3)
K1−K3

ξ
. (3.13)

Case 5 K2 = 0 and K4(K1 − K3) < 0.

G′

G
=

√
−K4(K1 − K3)

K1 − K3
·
−C1 sin

√
−K4(K1−K3)

K1−K3
ξ +C2 cos

√
−K4(K1−K3)

K1−K3
ξ

C1 cos
√
−K4(K1−K3)

K1−K3
ξ +C2 sin

√
−K4(K1−K3)

K1−K3
ξ
. (3.14)

By combining the classification of parameter variables and the classification of solutions to auxiliary
Eq (3.7), we can obtain the new travelling wave solutions of the original Eq (1.2) as:

For Group 1
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g1(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h1(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ)))2,

(3.15)

where l is arbitrary constant, and ∆ = K2
2 + 4K4(K1 − K3).

When C1 , 0 and C2 = 0, the solution is

g2(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h2(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ)))2.

(3.16)

Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.
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When C1 = 0 and C2 , 0, the solution is

g3(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h3(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ)))2.

(3.17)

When C1 , 0 and C2 = 0, the solution is

g4(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h4(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ)))2.

(3.18)

Case 3 K2 = 0 and K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g5(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)))

ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h5(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)))2.

(3.19)

When C1 , 0 and C2 = 0, the solution is

g6(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)))

ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h6(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)))2.

(3.20)

Case 4 K2 = 0 and K4(K1 − K3) < 0.
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When C1 = 0 and C2 , 0, the solution is

g7(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)))

ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h7(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)))2.

(3.21)

When C1 , 0 and C2 = 0, the solution is

g8(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)))

ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h8(x, t) = −
4ω(η − 1)µλK2

1

4(K3 − K1)(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)))2.

(3.22)

For Group 2
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g9(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)

coth(

√
∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h9(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))−1)2,

(3.23)

where l is arbitrary constant, and ∆ = K2
2 + 4K4(K1 − K3).

When C1 , 0 and C2 = 0, the solution is

g10(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)

tanh(

√
∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h10(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))−1)2.

(3.24)
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Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.

When C1 = 0 and C2 , 0, the solution is

g11(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)

cot(

√
−∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h11(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ))−1)2,

(3.25)

where l is arbitrary constant, and ∆ = K2
2 + 4K4(K1 − K3).

When C1 , 0 and C2 = 0, the solution is

g12(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)

tan(

√
−∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h12(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ))−1)2.

(3.26)

Case 3 K2 , 0 and K2
2 + 4K4(K1 − K3) = 0.

When C1 = C2 = 1, the solution is

g13(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

1
1 + ξ

)−1)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h13(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
K2

2(K1 − K3)
+

1
1 + ξ

))−1)2.

(3.27)

Case 4 K2 = 0 and K4(K1 − K3) > 0.
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When C1 = 0 and C2 , 0, the solution is

g14(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h14(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.28)

When C1 , 0 and C2 = 0, the solution is

g15(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h15(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.29)

Case 5 K2 = 0 and K4(K1 − K3) < 0.
When C1 = 0 and C2 , 0, the solution is

g16(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h16(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.30)

When C1 , 0 and C2 = 0, the solution is

g17(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h17(x, t) = −
4ω(η − 1)µλK2

1

4(K4 − l2K1 − lK2 + l2K3) − (K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.31)
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For Group 3
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g18(x, t) = ±
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h18(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +

K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))2,

(3.32)

where l = K2
2(K3−K1) , and ∆ = K2

2 + 4K4(K1 − K3).
When C1 , 0 and C2 = 0, the solution is

g19(x, t) = ±
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h19(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +

K2

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))2.

(3.33)

Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.

When C1 = 0 and C2 , 0, the solution is

g20(x, t) = ±
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h20(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +

K2

2(K1 − K3)
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ))2.

(3.34)

When C1 , 0 and C2 = 0, the solution is

g21(x, t) = ±
K3 − K1

K1
√
µλη

(l +
K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h21(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +

K2

2(K1 − K3)
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ))2.

(3.35)

Case 3 K2 = 0 and K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g22(x, t) = ±
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h22(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +
√

K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))2.

(3.36)
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When C1 , 0 and C2 = 0, the solution is

g23(x, t) = ±
K3 − K1

K1
√
µλη

(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h23(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +
√

K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))2.

(3.37)

Case 4 K2 = 0 and K4(K1 − K3) < 0.

When C1 = 0 and C2 , 0, the solution is

g24(x, t) = ±
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h24(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +
√

K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))2.

(3.38)

When C1 , 0 and C2 = 0, the solution is

g25(x, t) = ±
K3 − K1

K1
√
µλη

(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h25(x, t) = −
ω(η − 1)(K3 − K1)

2η(K4 − l2K1 − lK2 + l2K3)
(l +
√

K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))2.

(3.39)

For Group 4
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.

When C1 = 0 and C2 , 0, the solution is

g26(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)

coth(

√
∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h26(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))−1)2,

(3.40)

where l = ±2a0K1
√
µλη−K2

2(K1−K3) , a0 is an arbitrary constant, and ∆ = K2
2 + 4K4(K1 − K3).

Networks and Heterogeneous Media Volume 21, Issue 4, 1197–1226.



1211

When C1 , 0 and C2 = 0, the solution is

g27(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)

tanh(

√
∆

2(K1 − K3)
ξ))−1) · ei( Γ(β+1)

α (−ηxα+ωtα)+ν),

h27(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))−1)2.

(3.41)

Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.

When C1 = 0 and C2 , 0, the solution is

g28(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ))−1)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h28(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ))−1)2.

(3.42)

When C1 , 0 and C2 = 0, the solution is

g29(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ))−1)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h29(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ))−1)2.

(3.43)

Case 3 K2 = 0 and K4(K1 − K3) > 0.
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When C1 = 0 and C2 , 0, the solution is

g30(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h30(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.44)

When C1 , 0 and C2 = 0, the solution is

g31(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h31(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.45)

Case 4 K2 = 0 and K4(K1 − K3) < 0.
When C1 = 0 and C2 , 0, the solution is

g32(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h32(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.46)
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When C1 , 0 and C2 = 0, the solution is

g33(x, t) = (a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h33(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.47)

For Group 5
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g34(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h34(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ)))2,

(3.48)

where l = ±a0K1
√
µλη−K2

2(K1−K3) , a0 is an arbitrary constant, and ∆ = K2
2 + 4K4(K1 − K3).

When C1 , 0 and C2 = 0, the solution is

g35(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h35(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ)))2.

(3.49)

Case 2 K2 , 0 and K2
2 + 4K4(K1 − K3) < 0.
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When C1 = 0 and C2 , 0, the solution is

g36(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h36(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
+

√
−∆

2(K1 − K3)
cot(

√
−∆

2(K1 − K3)
ξ)))2.

(3.50)

When C1 , 0 and C2 = 0, the solution is

g37(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h37(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±a0K1

√
µλη

K1 − K3
−

√
−∆

2(K1 − K3)
tan(

√
−∆

2(K1 − K3)
ξ)))2.

(3.51)

Case 3 K2 = 0 and K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g38(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h38(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)))2.

(3.52)

When C1 , 0 and C2 = 0, the solution is

g39(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h39(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)))2.

(3.53)

Case 4 K2 = 0 and K4(K1 − K3) < 0.
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When C1 = 0 and C2 , 0, the solution is

g40(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h40(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)))2.

(3.54)

When C1 , 0 and C2 = 0, the solution is

g41(x, t) = (a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)))

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h41(x, t) = −
ωµλ(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 + 2(K4 − l2K1 − lK2 + l2K3)(K3 − K1) − 6µληa2
0K2

1

(a0 ±
K3 − K1

K1
√
µλη

(
±2a0K1

√
µλη − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)))2.

(3.55)

For Group 6
Case 1 K2 , 0 and K2

2 + 4K4(K1 − K3) > 0.
When C1 = 0 and C2 , 0, the solution is

g42(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)
coth(

√
∆

2(K1 − K3)
ξ))−1)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h42(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)

coth(

√
∆

2(K1 − K3)
ξ) +

K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)

coth(

√
∆

2(K1 − K3)
ξ))−1)2,

(3.56)

where l = ±
√
∆−K2

2(K1−K3) , a0 = ±
K2−2lK3+2lK1

2K1
√
µλη

, and ∆ = K2
2 + 4K4(K1 − K3).
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When C1 , 0 and C2 = 0, the solution is

g43(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))

+
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)
tanh(

√
∆

2(K1 − K3)
ξ))−1)

· ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h43(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)

tanh(

√
∆

2(K1 − K3)
ξ)) +

K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(±

√
∆

2(K1 − K3)
+

√
∆

2(K1 − K3)

tanh(

√
∆

2(K1 − K3)
ξ))−1)2.

(3.57)

Case 2 K2 = 0 and K4(K1 − K3) > 0.

When C1 = 0 and C2 , 0, the solution is

g44(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h44(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

coth(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.58)
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When C1 , 0 and C2 = 0, the solution is

g45(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h45(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K1 − K3)
K1 − K3

tanh(
√

K4(K1 − K3)
K1 − K3

ξ))−1)2.

(3.59)

Case 3 K2 = 0 and K4(K1 − K3) < 0.

When C1 = 0 and C2 , 0, the solution is

g46(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h46(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

cot(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.60)
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When C1 , 0 and C2 = 0, the solution is

g47(x, t) = ±(
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1) · ei( Γ(β+1)
α (−ηxα+ωtα)+ν),

h47(x, t) =
4µλω(η − 1)K2

1

(K2 − 2lK3 + 2lK1)2 (
K2 − 2lK3 + 2lK1

2K1
√
µλη

+
K3 − K1

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ)) +
K4 − l2K1 − lK2 + l2K3

K1
√
µλη

(
±
√
∆ − K2

2(K1 − K3)
+

√
K4(K3 − K1)
K1 − K3

tan(
√

K4(K3 − K1)
K1 − K3

ξ))−1)2.

(3.61)

4. Numerical calculation and visualization

4.1. Graphical representation of solutions based on specific parameter values

In order to better understand the dynamic behavior and characteristics of the solution of Eq (1.2), the
parameters are assigned and dynamically changed through Python software programming to observe
the shape of the solution. In particular, due to the physical significance of the truncated M-fractional
derivative, the ranges of both the parameters x and t should satisfy x > 0, t > 0.

When the parameter values are set to the following: K1 = 2,K2 = 1,K3 = 0,K4 = 1, λ = 1, µ =
1, η = 1 + 3

4

√
2, ω = 1, δ = −2

3

√
2, l = 1, α = 0.5, β = 0.5, the representation of the solution g1(x, t)

can be obtained as shown in Figure 1. From 3D and Cartesian/polar graphs, it can be seen that the
solution g1(x, t) has the localization, stability, and particle-like behavior of a soliton, and g1(x, t) is a
bright soliton with an isolated peak appearing in a field with a zero background value.

When the parameter values are set to the following: K1 = 2,K2 = −1,K3 = 1,K4 = −1, λ = 1, µ =
1, η = 1 −

√
10
4 , ω =

√
10, δ = 4, l = 1, α = 0.5, β = 0.5, the representation of the solution h11(x, t) can

be obtained as shown in Figure 2. From 3D and Cartesian/polar graphs, it can be seen that the solution
h11(x, t) has periodicity. It is a soliton that oscillates and fluctuates over time, and is a breather.

When the parameter values are set to the following: K1 = 1,K2 = 2,K3 = 0,K4 = −1, λ = 1, µ =
1, η = 5, ω = −4, δ = 1, l = 1, α = 0.5, β = 0.5, the representation of the solution can be obtained as
g13(x, t) shown in Figure 3. Solution g13(x, t) is a rational function wave. From 3D and Cartesian/polar
graphs, it can be seen that it is a bright soliton, and its energy density exhibits symmetry.

When the parameter values are set to the following: K1 = 1,K2 = 0,K3 = 3,K4 = 1, λ = 1, µ =
1, η = 2, ω = −1, δ = 1, l =

√
3

2 , α = 0.5, β = 0.5, the representation of the solution h17(x, t) can be
obtained as shown in Figure 4. Solution h17(x, t) is a breather. It can be seen from the polar graph that
it has periodicity.

When the parameter values are set to the following: K1 = 2,K2 = 1,K3 = 0,K4 = 1, λ = 1, µ =
1, η = 1 + 3

4

√
2, ω =

√
2, δ = −4

3 , l = −
1
4 , α = 0.5, β = 0.5, the representation of the solution g19(x, t)

can be obtained as shown in Figure 5. From 3D and Cartesian/polar graphs, it can be concluded that
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g19(x, t) exhibits a local depression on a uniform field with non-zero background values. Its intensity
is minimal at the center and gradually increases to a constant value on both sides. It is a dark soliton.

(a) 3D graph (b) 2D Cartesian and polar graph

(c) Contour graph (d) Density graph

Figure 1. The solution g1(x, t) of Eq (1.1) when K1 = 2,K2 = 1,K3 = 0,K4 = 1, λ = 1, µ =
1, η = 1 + 3

4

√
2, ω = 1, δ = −2

3

√
2, l = 1, α = 0.5, β = 0.5.

(a) 3D graph (b) 2D Cartesian and polar graph
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(c) Contour graph (d) Density graph

Figure 2. The solution h11(x, t) of Eq (1.1) when K1 = 2,K2 = −1,K3 = 1,K4 = −1, λ =
1, µ = 1, η = 1 −

√
10
4 , ω =

√
10, δ = 4, l = 1, α = 0.5, β = 0.5.

(a) 3D graph (b) 2D Cartesian and polar graph

(c) Contour graph (d) Density graph

Figure 3. The solution g13(x, t) of Eq (1.1) when K1 = 1,K2 = 2,K3 = 0,K4 = −1, λ =
1, µ = 1, η = 5, ω = −4, δ = 1, l = 1, α = 0.5, β = 0.5.
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(a) 3D graph (b) 2D Cartesian and polar graph

(c) Contour graph (d) Density graph

Figure 4. The solution h17(x, t) of Eq (1.1) when K1 = 1,K2 = 0,K3 = 3,K4 = 1, λ = 1, µ =
1, η = 2, ω = −1, δ = 1, l =

√
3

2 , α = 0.5, β = 0.5.

(a) 3D graph (b) 2D Cartesian and polar graph
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(c) Contour graph (d) Density graph

Figure 5. The solution g19(x, t) of Eq (1.1) when K1 = 2,K2 = 1,K3 = 0,K4 = 1, λ = 1, µ =
1, η = 1 + 3

4

√
2, ω =

√
2, δ = −4

3 , l = −
1
4 , α = 0.5, β = 0.5.

4.2. The influence pattern of fractional-order numbers α and β on the solutions

The parameters α and β in the truncated M-fractional derivative Dα,βM,x f (x) are the core control
parameters for waveform evolution, parameter α regulates spatial scale changes through the power
function term x1−α, while β alters the equivalent derivative coefficient through the gamma function
Γ(β + 1). Together, they modify the construction form of the transformation variable
ξ = Γ(β+1)

α
(xα − δtα), ultimately altering the independent variable structure of all analytical solutions.

Keeping all other coefficients of the fixed model K1,K2,K3,K4, λ, µ, η, ω, δ, l unchanged, we employ
the control variable method to conduct grouped simulation experiments to analyze the impact of
parameters α and β on the system.

Comparing Figures 6(a) and (b) in the diagram, when β = 0.5 and α changes from 0.5 to 0.2, the
oscillation period of the breather becomes longer. This change carries different implications in different
physical contexts. For instance, in fluid mechanics, early disturbances continue to accumulate, solitary
waves continuously expand, and dissipation slows down. In optical fiber communication, the memory
effect is pronounced, historical optical fields continue to couple and overlap, solitons are broadened,
peak values decrease, and pulse dispersion intensifies. In the dynamics of ferromagnetic materials,
excessive memory leads to the dispersion of domain wall solitons and the broadening of waveforms.

Comparing Figure 6(a) and (d) in the diagram, when α = 0.5 and β changes from 0.5 to 0.9, the
amplitude of the breather increases. In fluid mechanics, an increase in beta leads to an increase in
fluid viscous damping, which in turn accelerates the periodic loss and replenishment of water energy,
resulting in violent oscillations of fluid breathing waves. In optical fiber communication, the
dispersion effect of the optical fiber is enhanced, leading to an increased imbalance between
dispersion and nonlinearity. This results in stronger periodic stretching and contraction of the optical
field, as well as a larger amplitude and shorter period of breathing mode oscillation. In the dynamics
of ferromagnetic materials, the increase of β enhances the domain wall damping, leading to the
periodic accumulation of magnetic energy, which in turn results in a more intense release and a
stronger oscillation of the magnetic breathing sub-oscillation.
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(a) α = 0.5, β = 0.5 (b) α = 0.2, β = 0.5

(c) α = 0.2, β = 0.9 (d) α = 0.5, β = 0.9

Figure 6. 2D Cartesian graph of the solution h17(x, t) when K1 = 1,K2 = 0,K3 = 3,K4 =

1, λ = 1, µ = 1, η = 2, ω = −1, δ = 1, l =
√

3
2 .

5. Comparison and novelty analysis of solutions

This study is the first to employ the generalized (G
′

/G)-expansion method within the truncated
M-fractional derivative to solve the coupled TMF-SIIAE, introducing a novel solution structure due to
the coupling terms. Compared to previous research on integer-order or other fractional-order
Shynaray-IIA equations in literature [21–24], which mainly utilized the ϕ6-model expansion method,
the improved modified Sardar sub-equation and the improved tan(Φ/2)-expansion method, yielding
only hyperbolic function and trigonometric function solitons, this paper adopts the generalized
(G

′

/G)-expansion method to obtain over forty seven sets of six major categories of novel analytical
solutions, encompassing rational-type solitons, composite oscillatory breathing solitons, and
mixed-form bright-dark solitons.

6. Conclusions

In this research work, we focus on a class of NFPEDs (named the TMF-SIIAE) that has important
applications in fields such as fiber optic communication, magnetodynamics of ferromagnetic materials,
and fluid dynamics. By using the mathematical tool (the truncated M-fractional derivative and the
special traveling wave transformation), the TMF-SIIAE is transformed from a nonlinear fractional-
order equation to a nonlinear integer-order equation, and then the form and properties of the solutions to
the equation are discussed. By transitioning from classical (G

′

/G)-expansion method to the generalized
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(G
′

/G)-expansion method, we have obtained the method based on auxiliary equations, which has a
wide range of application scenarios. By establishing algebraic equation systems for the coefficients in
the auxiliary equations and the coefficients in the original equations, and solving them, we obtained
six groups of coefficient solution systems. Based on the classification of the coefficient conditions
in the auxiliary equations, we obtain the novel wave solutions of the original equations of different
classifications under the six groups of coefficient solution systems, including bright solitons, dark
solitons, and breathers. Finally, the behavior of five types of solutions are depicted through numerical
calculations and Python software visualization. A 3D graph, Cartesian/polar graph, contour graph, and
density graph better reflect the characteristics of the novel wave solutions.
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