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Abstract: In this paper, the (4+1)-dimensional Fokas equation is first reduced to a (2+1)-dimensional
bilinear form, and then analyzed by an architecture-guided bilinear neural network method (BNNM)
within the Hirota framework. Three representative network topologies, namely the “3-2-1”, “3-
3-1”, and “3-2-3-1” configurations, are used to organize trial functions and derive exact solutions
through symbolic coefficient matching. As a result, several families of exact wave patterns are
obtained, including lump solutions, lump–stripe-type solutions, lump–soliton-type solutions, and
selected degenerate/high-amplitude structures. The comparison among different architectures shows
that the hidden-layer depth and the activation composition affect the admissible ansatz forms and
the morphology of the resulting interaction profiles for the reduced Fokas equation. The derived
solutions are interpreted as prototype wave patterns and analytical benchmarks for localization,
interaction, and modulation in multidimensional dispersive media, rather than as experimentally
calibrated predictions. In addition, an auxiliary Duffing-based modulation diagnostic is used to
visualize the irregular modulation of one selected high-amplitude profile; this comparison is qualitative
and does not constitute a rigorous proof that the reduced Fokas equation itself is chaotic. These results
show that the BNNM framework provides a structured symbolic route to construct and compare the
exact interaction solutions of the reduced Fokas equation.

Keywords: Fokas equation; neural network; analytical solutions; Hirota bilinear method

1. Introduction

Nonlinear Evolution Equations (NLEEs) serve as fundamental mathematical tools to describe
complex nonlinear phenomena in nature. They exert a crucial influence in many fields, including fluid
dynamics, plasma physics, nonlinear optics, and geophysics [1–3]. These equations can accurately
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characterize dynamic processes such as wave propagation, energy transfer, and interfacial
interactions. Their exact solutions are essential to reveal the intrinsic mechanisms of nonlinear
systems. Additionally, they provide important theoretical support to predict practical physical
phenomena, such as oceanic rogue waves, optical pulse transmission, and shallow-water wave
dynamics [4–6]. Owing to their ability to reflect the multidimensional features of realistic physical
scenarios, high-dimensional NLEEs, in particular, have attracted increasing attention in nonlinear
science [7, 8].

Since the 20th century, researchers have developed a variety of effective analytical methods to
construct exact solutions, including the Darboux transformation [9, 10], a Lie symmetry
analysis [11, 12], the Hirota bilinear method [13, 14], the Bell polynomial approach [15, 16], and the
extended direct algebraic method [17, 18]. Among these approaches, the Hirota bilinear method is
adopted in the present study because of its inherent simplicity, strong applicability, and efficiency in
transforming nonlinear evolution equations into bilinear forms. Wang et al. employ the Hirota bilinear
method to uncover new multi-rogue waves, breathers, bell-shaped, and singular waveforms for the
(3+1)-dimensional Yu–Toda–Sasa–Fukuyama equation [19]. Moreover, Wang and collaborators
investigated diverse exact wave structures—including N-solitons, lumps, and soliton molecules—for
the Kairat-II-X equation in plasma physics, while Wang separately formulated a fractal
physics-informed neural network scheme to accurately model exothermic reactions in porous
media [20,21]. The integration of deep learning and traditional analytical methods has opened up new
research directions [22, 23], which can be attributed to the rapid progress of artificial intelligence.
Physics-Informed Neural Networks (PINNs) were among the earliest frameworks to embed physical
laws into neural network training. However, they often face difficulties in achieving high-precision
exact solutions and typically incur high computational costs [24]. In contrast, the bilinear neural
network method (BNNM), proposed by combining the Hirota bilinear method with neural network
architectures, has emerged as a powerful technique to obtain exact analytical solutions [25–27].
Recent investigations presented a novel Bernoulli sub-equation neural network scheme, wherein the
solutions derived from the Bernoulli sub-equation were utilized as the activation mechanism within
the first hidden layer to formulate trial functions, thereby enabling the extraction of previously
unidentified exact traveling wave patterns for the Cahn–Allen equation [28]. This method
encompasses the most traditional bilinear-based construction strategies. By optimizing the activation
functions and network topologies, it can effectively reduce the high computational cost of symbolic
methods when treating complex interaction solutions [29]. Unlike traditional methods, BNNM not
only generates exact expressions but also reveals the coupling mechanisms between different wave
patterns, such as lumps, stripes, and solitons. By analyzing these interaction solutions, we gain more
insights into how energy localization and dispersion processes co-evolve in the Fokas system.
Moreover, as the number of variables continues to grow, dimensionality reduction for
high-dimensional nonlinear partial differential equations (NPDEs) becomes increasingly crucial. Its
core lies in leveraging structural properties of the problem and eliminating redundant dimensions
through approaches such as variable separation and symmetry reduction to achieve
dimensionality reduction.

It is important to distinguish the present BNNM from physics-informed neural networks (PINNs).
PINNs are training-based frameworks to obtain numerical approximate solutions or inverse
reconstructions of differential equations through physics-based residual minimization. By contrast,

Networks and Heterogeneous Media Volume 21, Issue 3, 865–893.



867

the present BNNM is a neuro-symbolic exact-solution construction framework: the network topology
is only used to organize trial functions and activation compositions within the Hirota bilinear setting,
while the coefficients are determined by symbolic matching rather than training. From this viewpoint,
the present work is complementary to PINN-type studies rather than a competing numerical solver.
Therefore, we cited both standard PINN references and the recent PINN study [21] to make this
distinction explicit.

The (4+1)-dimensional Fokas equation is a representative fully integrable high-dimensional
model. It can capture complex wave dynamics in multiple spatial–temporal dimensions. Its solution
space is of great significance in several areas, including quantum mechanics and marine
engineering [30]. Recent works have investigated its solutions using various analytical techniques.
Examples include the construction of vectorial Darboux transformation solutions for coupled
Fokas–Lenells equations [31, 32], and the derivation of perturbed quiescent optical solitons for
Fokas–Lenells equations with generalized nonlinearities [11]. These studies underscore the lasting
research value of this equation [30]. For the (4+1)-dimensional Fokas equation and its variants,
existing research has yielded a wide range of solutions: Cao et al. [33] obtained localized solitary
waves, breather waves, and multisoliton solutions; Zhang et al. [30] discovered novel hybrid solitary
waves and shrunken-periodic solutions; and Yildirim et al. [11] retrieved perturbed quiescent optical
solitons for Fokas-Lenells equations.

In recent years, research on the exact wave solutions of high-dimensional integrable systems and
their derived models has continued to deepen, with remarkable achievements, particularly in seeking
complex solutions with localized properties or inelastic collision behavior. For example, Cao et
al. [34] studied the Airy function ripple solutions of the generalized (3+1)-dimensional KP equation,
thus revealing the dissipative evolution characteristics of solitons over time. For the Maccari system,
which is regarded as a two-dimensional generalization of the nonlinear Schrödinger equation,
researchers have obtained mixed collision solutions of elastic and inelastic interactions between lump
waves and dark solitons [35]. Furthermore, by using the KP reduction method, two-dimensional fully
localized rogue waves on a dark soliton background were derived, and the generation conditions for
their resonant collisions were clarified [36]. In addition, research on the nonlocal KP equation has
proposed partially rogue wave–ripple solutions with semi-local temporal characteristics. These
solutions tend to a constant background as the time approaches infinity, which more closely resembles
the decay process of actual water waves [37]. In the direct construction of higher-order rogue waves,
the literature demonstrates, using the Hirota method for the generalized (3+1)-dimensional model, the
regulatory effect of central control parameters on the amplitude and shape of rogue waves [38].

Nevertheless, there is a scarcity of interaction solutions [39], for which BNNM possesses clear
advantages in its construction. The contribution of the BNNM construction lies not merely in
generating exact expressions, but in providing a structured framework to organize hybrid wave
ansatze and to analyze how the activation composition and network depth shape the localization,
stripe coupling, and soliton-interaction morphology in the Fokas system. The core value of such
studies lies in clarifying the coupling mechanisms between different solitons, waves, or physical
modes. This understanding supports the analysis of complex dynamics and practical applications of
nonlinear systems (e.g., NPDEs). Therefore, it is necessary to address these gaps. In the present
study, attention was focused on a (4+1)-dimensional nonlinear Fokas equation [40], which is

Networks and Heterogeneous Media Volume 21, Issue 3, 865–893.



868

expressed as follows:
4ux1t − ux1 x1 x1 x2 + ux1 x2 x2 x2 + 6(u2)x1 x2 − 6uy1y2 = 0, (1.1)

where u = u(x1, x2, y1, y2, t).
Although the parameter sets used in this paper are illustrative rather than experimentally fitted, the

obtained exact solutions can still be interpreted as canonical wave patterns for multidimensional
dispersive media. In this sense, lump-like profiles represent the localized energy concentration, while
stripe-type and soliton-type components describe quasi-one-dimensional carrier structures and
interaction channels. Therefore, the present results are better understood as prototype mechanisms
and analytical benchmarks for wave localization, interaction, and modulation, rather than as directly
calibrated predictions for a specific experiment.

The novelty of the present study does not lie in replacing the Hirota bilinear method itself, which
remains a powerful and well-established exact-solution technique. Rather, the contribution lies in
employing an architecture-guided BNNM viewpoint to organize richer trial functions within the
bilinear framework for the reduced (4+1)-dimensional Fokas equation, and in comparing how
single-hidden-layer and double-hidden-layer constructions influence the resulting exact lump-type
interaction families in this specific equation setting.

The structure of the paper is organized as follows: in Section 2, the BNNM adopted in the
experiments is described in detail, including the network architecture design, the bilinear
transformation, and the overall solution procedure; in Section 3, three types of exact solutions
obtained from the single hidden layer neural network model are presented, and their dynamic
characteristics are analyzed; in Section 4, two types of composite solutions constructed by the double
hidden layer neural network model are discussed; in Section 5, the neural network framework is
combined with a chaotic system to more effectively detect irregular nonlinear phenomena, and the
chaotic behaviors exhibited by the exact solutions are investigated via the Duffing chaotic system; and
finally, the study is summarized and potential directions for future work are outlined.

2. Method

Equation (1.1) was solved using the Hirota bilinear method. The introduction of the d-operator can
be expressed as follows:

Dn1
p,x1
· · ·DnM

p,xM
a · b(x1, · · · , xM) =

M∏
i=1

(
∂

∂xi
+ α
∂

∂x′i

)ni

a(x1, · · · , xM)b(x′1, · · · , x
′
M)

∣∣∣∣
x′1=x1,...,x′=xM

, (2.1)

where n1, · · ·, nM represents any non-negative integer. For a given integer M, the m-th exponent of α is
determined as follows:

(αp)m = (−1)r(m),m ≡ r(m) mod p, 0 ≤ r(m) < p. (2.2)

Through a dependent variable transformation [39],

x = k1x1 + k2x2, (2.3)

y = k3y1 + k4y2, (2.4)
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the original four spatial coordinates are reduced to two combined coordinates, while the derivative
structure required for the subsequent bilinearization is preserved. The dependent-variable
transformation is taken as follows:

u(x, y, t) = (k2
2 − k2

1)
∂

∂x∂x
ln f (x, y, t). (2.5)

Equation (1.1) can be converted into the following bilinear form:

(4DxDt + k2(k2
2 − k2

1)D4
x −

6k3k4

k1
D2

y) f · f = 0. (2.6)

This choice of reduction is consistent with the standard treatment of the (4+1)-dimensional Fokas
equation in the literature [39], and the Eq (2.6) is equivalent to the following:

8 f fxt − 8 fx ft + 2k2(k2
2 − k2

1)( f fxxxx − 4 fx fxxx + 3 f 2
xx) −

12k3k4

k1
f fyy +

12k3k4

k1
f 2
y = 0. (2.7)

The Hirota bilinear transformation was employed in the aforementioned equations to effectively
strengthen the nonlinear terms of the system. A higher-order rational function relating f and its
derivatives was introduced to enhance the nonlinear features of the equation, thereby enabling a more
accurate description of complex dynamical phenomena. Owing to its intrinsic binary structure, the
transformed equation is particularly well suited to the BNNM framework adopted in the present study.
In order to obtain the exact analytical solutions of Eq (2.6), the tensor formula employed in the neural
network of the present study is expressed as follows:

f = ωln, f Fln(ξln), (2.8)

whereωln, f signifies the weight coefficient linking neuron ln to f . The function F signifies a generalized
activation function utilized to modulate the network’s nonlinear characteristics, which can be defined
in multiple ways. The set ln = {mn−1 + 1,mn−1 + 2, . . . , n} denotes the neuron space that corresponds
to the n-th layer of the neural network, which guarantees a unambiguous hierarchical structure and
well-specified recursive computations. The parameter ξl is formulated as follows:

ξli = ωli−1,li Fli−1

(
ξln−1

)
+ bli , i = 1, 2, . . . , n, (2.9)

where l0 = {x, y, t}, l1 = {1, 2, . . . ,m1}, and li = {mi−1 + 1,mi−1 + 2, . . . ,mi}. l0 represents the input
layer, l1 defines the neurons of the first layer, li specifies the neurons in the i-th layer, and bli represents
a bias term that is treated as a constant in the computation process. The neural network architecture
employed in the present study is shown in Figure 1.
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Figure 1. Neural network model of Eq (2.8).

Through the BNNM, several hidden layers can be incorporated, which aids in strengthening their
expressive ability and improving the expressive capacity. In the present research, three distinct
architectures of neural networks are investigated. By means of this systematic approach, the aim is to
obtain precise analytical solutions for the generalized (4+1)-dimensional Fokas equation.

It is worth emphasizing that the bilinear neural network approach described here is not intended as
a substitute for the Hirota bilinear method itself. The Hirota framework remains the essential
analytical foundation to generate exact solutions. Rather, the difficulty, is that when the interaction
patterns become more complicated, constructing effective trial functions by hand becomes
increasingly impractical. Therefore, our use of the term “neural network” is structural rather than
algorithmic: we only borrow the organizing logic of network topology and activation composition to
build richer ansätze, while all coefficients are determined by symbolic consistency conditions rather
than by training. In this sense, the present BNNM should be regarded as a neuro-symbolic extension
of ansatz construction within the Hirota bilinear setting.

3. Solutions under the architecture of a single hidden layer neural network

As discussed in this section, a neural network structure with a single hidden layer was employed.
Unless otherwise stated, the parameter sets used in the figures are illustrative values selected to satisfy
the algebraic constraints and to display representative solution morphologies; they are not fitted to a
specific experiment. Through comprehensive computations, the exact analytical solutions of Eq (2.6)
were generated as follows.

3.1. Lump solutions

The neural network structure was employed as follows:

f = ω1, f ξ
2
1 + ω2, f ξ

2
2 + b3,

ξ1 = ωx,1x + ωy,1y + ωt,1t + b1,

ξ2 = ωx,2x + ωy,2y + ωt,2t + b2,

(3.1)
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where bk (k = 1, 2, 3) and ωi, j ( i = x, y, t, 1, 2 and j = 1, 2, f ) are real constants. The “3-2-1” neural
network architecture is depicted in Figure 2.

Figure 2. “3-2-1” neural network model.

By substituting Eq (3.1) into Eq (2.6), a complex equation could be obtained. By equating the
coefficients to zero and ensuring ω1, f , ω2, f , 0, a system that consists of 10 coefficient equations
was derived. With the use of Maple, which is a classic computational tool, two sets of solutions
were obtained.
Case 1:

ω1, f = −
ω2, fω

2
x,2

ω2
x,1

, ω2, f = ω2, f , ωt,1 =
3k3k4ω

2
y,2ωx,1

2k1ω
2
x,2

, ωt,2 =
3k3k4ω

2
y,2

2k1ωx,2
,

ωy,1 =
ωx,1ωy,2

ωx,2
, ωy,2 = ωy,2.

(3.2)

Case 2:

k4 = 0, b3 = 0, ω1, f = −
ω2, fω

2
x,2

ω2
x,1

, ωt,1 = −
ωt,2ωx,1

ωx,2
. (3.3)

By substituting Case1 into Eq (3.1) and applying the bilinear transformation of Eq (2.5), the lump
solution of Eq (2.6) could be obtained as follows:

f = −
ω2, fω

2
x,2

ω2
x,1

ϕ1 + ω2, fϕ2 + b3,

u = −
(k2

2 − k2
1)(ϕ3 + ϕ4)2

f 2 ,

(3.4)
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where

ϕ1 = (
3tk3k4ω

2
y,2ωx,1

2k1ω
2
x,2

+ ωx,1x +
ωx,1ωy,2y
ωx,2

+ b1)2,

ϕ2 = (
3k3k4ω

2
y,2t

2k1ωx,2
+ ωx,2x + ωy,2y + b2)2,

ϕ3 = −

2(
3tk3k4ω

2
y,2ωx,1

2k1ω
2
x,2
+ ωx,1x + ωx,1ωy,2y

ωx,2
+ b1)ω2, fω

2
x,2

ωx,1
,

ϕ4 = 2(
3k3k4ω

2
y,2t

2k1ωx,2
+ ωx,2x + ωy,2y + b2)ω2, fωx,2.

For the purpose of comprehensively analyzing the lump solution, systematic numerical studies
were performed to explore both its dynamic properties and its evolutionary characteristics.
Subsequently, the following parameter was selected and substituted into Eq (3.4):

b1 = 2, b2 = 2, b3 = 3, k1 = 1, k2 = 2, k3 = 1,
k4 = 1, ω2, f = 1, ωx,1 = 2, ωx,2 = 1, ωy,2 = 3.

(3.5)

Figure 3 demonstrates the 3D plot with t = 0, the density plot with t = 0, and the line plot with
y = 0, t = −1 (red), t = 0 (blue), and t = 1 (green). The substituted parameter is Eq (3.5). The 3D plot
clearly illustrates the localized spatial distribution of the solutions. The density plot intuitively reveals
concentrated energy regions with pronounced gradient variations. The line plot provides detailed
information on waveform oscillations along different cross-sections. These plots show a localized
wave packet with a concentrated amplitude near the interaction center. This morphology may be
viewed as a prototype of localized energy concentration in multidimensional dispersive-wave media.

(a) 3D plot (b) density plot (c) line plot

Figure 3. The 3D plot, density plot, and line plot of lump-type solution.

By substituting Case2 into Eq (3.1) and applying the bilinear transformation of Eq (2.5), the lump
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solution of Eq (2.6) could be obtained as follows:

f = −
ω2, fω

2
x,2

ω2
x,1

ϕ1 + ω2, fϕ2,

u = −
(k2

2 − k2
1)(ϕ3 + ϕ4)2

f 2 ,

(3.6)

where

ϕ1 = (−
tωt,2ωx,1

ωx,2
+ ωx,1x + ωy,1y + b1)2,

ϕ2 = (ωt,2t + ωx,2x + ωy,2y + b2)2,

ϕ3 = −
2(− tωt,2ωx,1

ωx,2
+ ωx,1x + ωy,1y + b1)ω2, fω

2
x,2

ωx,1
,

ϕ4 = 2(ωt,2t + ωx,2x + ωy,2y + b2)ω2, fωx,2.

For the purpose of comprehensively analyzing the lump solution, systematic numerical studies were
performed to explore both its dynamic properties and its evolutionary characteristics. Subsequently,
the following parameter was selected and substituted into Eq (3.6):

b1 = 3, b2 = 2, k1 = 2, k2 = 1, k3 = 3, ω2, f = 1,
ωt,2 = 1, ωx,1 = 3, ωx,2 = 2, ωy,1 = 1, ωy,2 = 3.

(3.7)

Figure 4 illustrates the 3D plot with t = 0, the density plot with t = 0, and the line plot with y = 0
and t = 1. By substituting Eq (3.7), a 3D plot with a distinctive multi-peak clustered morphology
was generated, along with a density plot that displays discrete high-energy patches and line graphs
that reveal alternating peak-valley structures. The clustered multi-peak pattern may be interpreted as a
representative interaction of several localized components on a structured background, rather than as a
directly calibrated model of a specific experiment.

(a) 3D plot (b) density plot (c) line plot

Figure 4. The 3D plot, density plot, and line plot of lump-type solution.
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Figure 5. “3-3-1” Neural network model.

3.2. Lump-stripe solutions

To generate the lump–stripe solution, a single hidden layer neural network with a “3-3-1”
architecture was employed. This structure consisted of an input layer with three neurons, one hidden
layer with three neurons, and one output layer. An additional Gaussian function node is incorporated
to enhance the neural network in three main aspects: First, a more diversified activation function set
was introduced, thus enabling the network to capture features across different scales and distributions;
second, the increase in hidden nodes from two to three enhanced the model complexity and ansatz
flexibility, thus improving its solution-construction range; and third, the expansion of the hidden layer
effectively enlarged the solution-construction range, thus allowing the network to achieve a structural
richness of the trial functions. As a result, the model became more adaptable to complex tasks and
more capable of identifying fine-grained patterns in the data. The “3-3-1” neural network structure
was employed as follows:

f = ω1, f F1(ξ1, ξ2, ξ3) + ω2, f F2(ξ1, ξ2, ξ3) + ω3, f F3(ξ1, ξ2, ξ3) + b4,

ξ1 = ωx,1x + ωy,1y + ωt,1t + b1,

ξ2 = ωx,2x + ωy,2y + ωt,2t + b2,

ξ3 = ωx,3x + ωy,3y + ωt,3t + b3,

(3.8)

where bk (k = 1, 2, 3, 4) and ωi, j (i = x, y, t, 1, 2, 3 and j = 1, 2, 3, f ) are real constants. The activation
functions that remain to be identified are the functions Fi(ξ1, ξ2, ξ3) (i = 1, 2, 3). The “3-3-1” neural
network architecture is depicted in Figure 5.

F1(ξ1, ξ2, ξ3) = ξ2
1, F2(ξ1, ξ2, ξ3) = ξ2

2, and F3(ξ1, ξ2, ξ3) = e−ξ
2
3 are chosen to act as activation

functions. By substituting Eq (3.8) to Eq (2.6), a complex equation was obtained. By equating the
coefficients to zero and ensuring ω1, f , ω2, f , ω3, f , 0, a system that consists of 20 coefficient equations
was derived. With the use of Maple, which is a classic computational tool, three sets of solutions
were obtained.
Case 1:

k2 = 0, k3 = 0, ωt,1 = 0, ωt,2 = 0, ωt,3 = 0, ωx,1 = 0. (3.9)
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Case 2:
k2 = 0, k4 = 0, ωt,1 = 0, ωt,2 = 0, ωt,3 = 0, ωx,1 = 0. (3.10)

Case 3:

k2 = 0, ωt,1 =
3k3k4ω

2
y,1

2k1ωx,1
, ωt,2 =

3k3k4ω
2
y,1ωx,2

2ω2
x,1k1

, ωt,3 = 0, ωx,3 = 0, ωy,2 =
ωx,2ωy,1

ωx,1
, ωy,3 = 0. (3.11)

By substituting Case 1 into Eq (3.8) and applying the bilinear transformation of Eq (2.5), the lump-
stripe solution of Eq (2.6) could be obtained as follows:

f = ω1, fϕ1 + ω2, fϕ2 + ω3, fϕ3 + b4,

u = (k2
2 − k2

1)(
ϕ4

f
−
ϕ5

f 2 ),
(3.12)

where
ϕ1 = (ωy,1y + b1)2,

ϕ2 = (ωx,2x + ωy,2y + b2)2,

ϕ3 = e−ωx,3 x−ωy,3y−b3 ,

ϕ4 = 2ω2, fω
2
x,2 + ω3, fω

2
x,3ϕ3,

ϕ5 = (2ω2, f (ωx,2x + ωy,2y + b2)ωx,2 − ω3, fωx,3ϕ3)2.

For the purpose of comprehensively analyzing the lump-stripe solution, systematic numerical
studies were performed to explore both its dynamic properties and its evolutionary characteristics.
Subsequently, the following parameter was selected and substituted into Eq (3.12):

b1 = 1, b2 = 2, b3 = 3, b4 = 2, k1 = 1, k4 = 3,
ω1, f = 1, ω2, f = 2, ω3, f = 2, ωx,2 = 1, ωx,3 = 1, ωy,1 = 3,
ωy,2 = 3, ωy,3 = 1.

(3.13)

Figure 6 demonstrates the 3D plot with t = 0, the density plot with t = 0, and the line plot with
y = 0 and t = 0. The substituted parameter is shown in Eq (3.13). The coexistence of a localized core
and an elongated stripe component provides a qualitative prototype for interactions between localized
disturbances and quasi-one-dimensional carrier waves.

(a) 3D plot (b) density plot (c) line plot

Figure 6. The 3D plot, density plot, and line plot of lump-stripe solution.
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By substituting Case 2 into Eq (3.8) and applying the bilinear transformation of Eq (2.5), the lump-
stripe solution of Eq (2.6) could be obtained as follows:

f = ω1, fϕ1 + ω2, fϕ2 + ω3, fϕ3 + b4,

u = (k2
2 − k2

1)(
ϕ4

f
−
ϕ5

f 2 ),
(3.14)

where
ϕ1 = (ωy,1 + b1)2,

ϕ2 = (ωx,2x + ωy,2y + b2)2,

ϕ3 = e−ωx,3 x−ωy,3y−b3 ,

ϕ4 = 2ω2, fω
2
x,2 + ω3, fω

2
x,3ϕ3,

ϕ5 = (2ω2, f (ωx,2x + ωy,2y + b2)ωx,2 − ω3, fωx,3ϕ3)2.

For the purpose of comprehensively analyzing the lump-stripe solution, systematic numerical
studies were performed to explore both its dynamic properties and its evolutionary characteristics.
Subsequently, the following parameter was selected and substituted into Eq (3.14):

b1 = 3, b2 = 1, b3 = 2, b4 = 1, k1 = 1, k3 = 3,
ω1, f = 1, ω2, f = 1, ω3, f = 2, ωx,2 = 2, ωx,3 = 3,
ωy,1 = 2, ωy,2 = 3, ωy,3 = 3.

(3.15)

Figure 7 demonstrates the 3D plot with t = 0, the density plot with t = 0, and the line plot with y = 0
and t = 0. The substituted parameter is Eq (3.15). The 3D plot illustrates a complex structure with
amplitude variations. The density plot presents the interaction between the lump and stripe features.
The line graph shows the distinct peaks and decay patterns. The stripe-dominated background, together
with the localized disturbance, illustrates how modulation and localization can coexist within an exact
interaction solution.

(a) 3D plot (b) density plot (c) line plot

Figure 7. The 3D plot, density plot, and line plot of lump-stripe solution.

By substituting Case 3 into Eq (3.8) and applying the bilinear transformation of Eq (2.5), the lump-
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stripe solution of Eq (2.6) could be obtained as follows:

f = ω1, fϕ
2
1 + ω2, fϕ

2
2 + ω3, fϕ3 + b4,

u = (k2
2 − k2

1)(
ϕ4

f
−
ϕ5

f 2 ),
(3.16)

where

ϕ1 =
3k3k4ω

2
y,1t

2k1ωx,1
+ ωx,1x + ωy,1y + b1,

ϕ2 =
3k3k4ω

2
y,1ωx,2t

2k1ω
2
x,1

+ ωx,1x +
ωx,2ωy,1y
ωx,1

+ b2,

ϕ3 = e−b3 ,

ϕ4 = 2ω1, fω
2
x,1 + 2ω2, fω

2
x,2,

ϕ5 = (2ω1, fϕ1 + 2ω2, fϕ2ωx,2)2.

For the purpose of comprehensively analyzing the lump-stripe solution, systematic numerical
studies were performed to explore both its dynamic properties and its evolutionary characteristics.
Subsequently, the following parameter was selected and substituted into Eq (3.16):

b1 = 2, b2 = 3, b3 = 3, b4 = 1, k1 = 3, k3 = 3, k4 = 3,
ω1, f = 3, ω2, f = 1, ω3, f = 3, ωx,1 = 1, ωx,2 = 3, ωy,1 = 3.

(3.17)

Figure 8 illustrates the 3D plot of this solution at different times, including t = −1, t = 0 and t = 1.
The substituted parameter is shown in Eq (3.17). As time progressed from t = −1 to t = 1, the peaks
exhibited changes in position. The three temporal snapshots emphasize the positional shift and the
morphology variation of the interaction structure, which may be qualitatively relevant to observable
propagation and pattern-evolution processes in dispersive media.

(a) t = -1 (b) t = 0 (c) t = 1

Figure 8. The 3D plots of lump-stripe-type solution.
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Figure 9. “3-3-1” Neural network model.

3.3. Lump-soliton solutions

The neural network structure was employed as follows:

f = ω1, f F1(ξ1, ξ2, ξ3) + ω2, f F2(ξ1, ξ2, ξ3) + ω3, f F3(ξ1, ξ2, ξ3) + b4,

ξ1 = ωx,1x + ωy,1y + ωt,1t + b1,

ξ2 = ωx,2x + ωy,2y + ωt,2t + b2,

ξ3 = ωx,3x + ωy,3y + ωt,3t + b3,

(3.18)

where bk (k = 1, 2, 3, 4) and ωi, j (i = x, y, t, 1, 2, 3 and j = 1, 2, 3, f ) are real constants. The activation
functions that remain to be identified are the functions Fi(ξ1, ξ2, ξ3) (i = 1, 2, 3). The “3-3-1” neural
network architecture is depicted in Figure 9.

F1(ξ1, ξ2, ξ3) = ξ2
1, F2(ξ1, ξ2, ξ3) = ξ2

2, and F3(ξ1, ξ2, ξ3) = sinh(ξ3) were chosen to act as activation
functions. By substituting Eq (3.18) to Eq (2.6), a complex equation was obtained. By equating the
coefficients to zero and ensuring ω1, f , ω2, f , ω3, f , 0, a system that consists of 24 coefficient equations
was derived. With the use of Maple, two sets of solutions were obtained.
Case 1:

k3 = 0, ω1, f = −
ω2, fω

2
x,2

ω2
x,1

, ωt,1 = 0, ωt,2 = 0, ωt,3 = 0, ωx,3 = 0. (3.19)

Case 2:

k2 = 0, ωt,1 =
3k3k4ω

2
y,1

2k1ωx,1
, ωt,2 =

3k3k4ω
2
y,1ωx,2

2k1ω
2
x,1

, ωt,3 = 0, ωx,3 = 0, ωy,2 =
ωx,2ωy,1

ωx,1
, ωy,3 = 0. (3.20)

By substituting Case 2 into Eq (3.18) and applying the bilinear transformation of Eq (2.5), the
lump-soliton solution of Eq (2.6) could be obtained as follows:

f = ω1, fϕ
2
1 + ω2, fϕ

2
2 + ω3, fϕ3 + b4,

u = (k2
2 − k2

1)(
ϕ3

f
−
ϕ2

4

f 2 ),
(3.21)

Networks and Heterogeneous Media Volume 21, Issue 3, 865–893.



879

where

ϕ1 =
3tk3k4ω

2
y,1

2k1ωx,1
+ ωx,1x + ωy,1y + b1,

ϕ2 =
3tk3k4ω

2
y,1ωx,2

2k1ω
2
x,1

+ ωx,2x +
ωx,2ωy,1y
ωx,1

+ b2,

ϕ3 = sinh(b3),
ϕ4 = 2ω1, fϕ1ωx,1 + 2ω2, fϕ2ωx,2.

For the purpose of comprehensively analyzing the lump-soliton solution, systematic numerical
studies were performed to explore both its dynamic properties and its evolutionary characteristics.
Subsequently, the following parameter was selected and substituted into Eq (3.21):

b1 = 1, b2 = 2, b3 = 2, b4 = 2, k1 = 1, k3 = 1, k4 = 2,
ω1, f = 3, ω2, f = 1, ω3, f = 2, ωx,1 = 3, ωx,2 = 1, ωy,1 = 3.

(3.22)

Figure 10 shows the 3D plot with t = 1, the density plot with t = 1, and the line plot with y = 0,
t = −1 (red), t = 0 (blue), and t = 1 (green). The substituted parameter is shown in Eq (3.22). The
bimodal interference structure can be regarded as analogous to the evolutionary process following the
collision of optical solitons and localized pulses in optical fibers. The bimodal interference pattern may
be interpreted as a prototype interaction between a localized packet and a soliton-like carrier structure.

(a) 3D plot (b) density plot (c) line plot

Figure 10. The 3D plot, density plot, and line plot of lump-soliton-type solution.

4. Solutions under the architecture of a double hidden layers neural network

As discussed in this section, a neural network structure with a dual hidden layer was employed.
Adding a hidden layer enriched the neural network and enhanced the network’s ability to capture fine-
grained and multi-scale patterns in the data. Through comprehensive computations, the exact analytical
solutions of Eq (2.6) were generated as follows. Then, the solutions were visualized by means of three-
dimensional plots, density plots, line plots, and evolution diagrams, through which further insights into
the propagation and interaction properties of nonlinear waves were obtained.
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4.1. General lump-stripe solutions

To generate the general lump-stripe solution, a dual hidden layer with a “3-2-3-1” architecture was
implemented. This architecture included one input layer containing three neurons, two hidden layer
consisting of two and three neurons, respectively, and one output layer. The “3-2-3-1” neural network
structure was employed as follows:

f = ω1, f F3(ξ3, ξ4, ξ5) + ω2, f F4(ξ3, ξ4, ξ5) + ω3, f F5(ξ3, ξ4, ξ5) + b6, (4.1)

where

ξ1 = ωx,1x + ωy,1y + ωt,1t + b1,

ξ2 = ωx,2x + ωy,2y + ωt,2t + b2,

ξ3 = ω1,3F1(ξ1, ξ2) + ω2,3F2(ξ1, ξ2) + b3,

ξ4 = ω1,4F1(ξ1, ξ2) + ω2,4F2(ξ1, ξ2) + b4,

ξ5 = ω1,5F1(ξ1, ξ2) + ω2,5F2(ξ1, ξ2) + b5.

F1(ξ1, ξ2) = ξ1, F2(ξ1, ξ2) = ξ2, F3(ξ3, ξ4, ξ5) = ξ2
3, F4(ξ3, ξ4, ξ5) = ξ2

4, and F5(ξ3, ξ4, ξ5) = cos(ξ5)
were chosen to act as activation functions. The “3-2-3-1” neural network architecture is depicted in
Figure 11. By substituting Eq (4.1) into Eq (2.6), a complex equation was obtained. By equating the
coefficients to zero and ensuring ω1, f , ω2, f , ω3, f , 0, a system that consists of 24 coefficient equations
was derived. With the use of Maple, three sets of solutions were obtained.

Figure 11. “3-2-3-1” Neural network model.

Networks and Heterogeneous Media Volume 21, Issue 3, 865–893.



881

Case 1:

b6 = −
1
ω1,3

(b2
1ω

4
1,3ω1, f + b2

1ω
2
1,3ω

2
1,4ω2, f + 2b1b2ω

3
1,3ω1, fω2,3+

2b1b2ω1,3ω
2
1,4ω2,3ω2, f + b2

2ω
2
1,3ω1, fω

2
2,3 + b2

2ω
2
1,4ω

2
2,3ω2, f+

2b1b3ω
3
1,3ω1, f + 2b1b4ω

2
1,3ω1,4ω2, f + 2b2b3ω

2
1,3ω1, fω2,3+

2b2b4ω1,3ω1,4ω2,3ω2, f + b2
3ω

2
1,3ω1, f + b2

4ω
2
1,3ω2, f ),

k4 = 0, ω2,4 =
ω1,4ω2,3

ω1,3
,

ωt,1 =
ω2,3k2ω

3
x,2

ω3
1,3

(k2
1ω

2
1,3ω

2
2,5 − 2k2

1ω1,3ω1,5ω2,3ω2,5 + k2
1ω

2
1,5ω

2
2,3−

k2
2ω

2
1,3ω

2
2,5 + 2k2

2ω1,3ω1,5ω2,3ω2,5 − k2
2ω

2
1,5ω

2
2,3),

ωt,2 =
k2ω

3
x,2

ω3
1,3

(k2
1ω

2
1,3ω

2
2,5 − 2k2

1ω1,3ω1,5ω2,3ω2,5 + k2
1ω

2
1,5ω

2
2,3−

k2
2ω

2
1,3ω

2
2,5 + 2k2

2ω1,3ω1,5ω2,3ω2,5 − k2
2ω

2
1,5ω

2
2,3),

ωx,1 = −
ω2,3ωx,2

ω1,3
, ωy,1 = −

ω2,3ωy,2

ω1,3
.

(4.2)

Case 2:

k2 = 0, k4 = 0, ω2,3 = −
ω2

1,3ω1, fωx,1 + ω
2
1,4ω2, fωx,1 + ω1,4ω2,4ω2, fωx,2

ω1,3ω1, fωx,2
, ωt,1 = 0, ωt,2 = 0. (4.3)

Case 3:

k2 = 0, k4 = 0, ω1,3 = 0, ω1,4 = 0, ωt,1 = 0, ωt,2 = 0. (4.4)

By substituting Case 1 into Eq (4.1) and applying the bilinear transformation of Eq (2.5), the special
degenerate limit solution of Eq (2.6) could be obtained. Meanwhile, Equation (4.5) was selected and
substituted into the resulting expression, thus yielding Eq. (4.6). The special degenerate limit solution
is illustrated in Figure 12 as a 3D plot at t = −1, t = 0, and t = 1. As t transitioned from −1 to
1, distinct evolutions could be observed. As t shifted from −1 to 1, the 3D plots exhibited distinct
and dynamic changes in the amplitude distribution. At t = −1, the amplitude was fairly localized,
thereby concentrating its strong values in a particular area of the x − y plane. The peak heights were
notable, while their spatial coverage was limited, thus implying a highly focused dynamic condition.
At t = 0, the amplitude spread much more widely across the x − y plane, thus forming a far more
complex structure with numerous peaks of different heights. This phase presented a rich, multimode
pattern, thus suggesting that the underlying wave field underwent diversification and expansion in
its spatial dynamics. At t = 1, the amplitude distribution became more scattered again, with the
intensity of the peaks and their overall spatial range showing noticeable differences compared to both
t = −1 and t = 0. Under certain admissible parameter choices, this degenerate limit can generate
strongly amplified profiles. Since the variables in the present study are not experimentally calibrated,
these large values are only interpreted as normalized exact-solution amplitudes, not as direct physical
measurements. Therefore, the significance of this case lies in demonstrating the admissible analytical
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richness of the reduced model, rather than in asserting a specific real-world amplitude prediction.

b1 = 3, b2 = 3, b3 = 2, b4 = 1, b5 = 2, k1 = 1, k2 = 2, k3 = 3,
ω1,3 = 3, ω1,4 = 3, ω1,5 = 2, ω1, f = 1, ω2,3 = 1, ω2,5 = 3, ω2, f = 3,
ω3, f = 2, ωx,2 = 3, ωy,2 = 1.

(4.5)

f = 2cos(2058t + 7x +
7y
3
+ 17),

u = −147 −
147sin2(2058t + 7x + 7y

3 + 17)

cos2(2058t + 7x + 7y
3 + 17)

.
(4.6)

(a) t = -1 (b) t = 0 (c) t = 1

Figure 12. The 3D plots of a special degenerate limit solution.

By substituting Case 2 into Eq (4.1) and applying the bilinear transformation of Eq (2.5), the general
lump-stripe solution of Eq (2.6) could be obtained as follows:

f = ω1, f (ϕ1ω1,3 −
ϕ2ϕ3

ϕ4
+ b3)2 + ω2, f (ϕ1ω1,4 + ϕ2ω2,4 + b4)2+

ω3, f cos(ϕ1ω1,5 + ϕ2ω2,5 + b5) + b6,

u = (k2
2 − k2

1)((2ω1, f (ωx,1ω1,3 −
ϕ3

ω1,3ω1, f
)2+

2ω2, fϕ
2
5 − ω3, fϕ

2
6cos(ϕ1ω1,5 + ϕ2ω2,5 + b5))/ f

− (2ω1, f (ϕ1ω1,3 −
ϕ2ϕ3

ϕ4
+ b3)(ωx,1ω1,3 −

ϕ3

ω1,3ω1, f
)

+ 2ω2, f (ϕ1ω1,4 + ϕ2ω2,4 + b4)ϕ5 − ω3, fϕ6sin(ϕ1ω1,5 + ϕ2ω2,5 + b5))2/ f 2),

(4.7)
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where
ϕ1 = ωx,1x + ωy,1y + b1,

ϕ2 = ωx,2x + ωy,2y + b2,

ϕ3 = ω
2
1,3ω1, fωx,1 + ω

2
1,4ω2, fωx,1 + ω1,4ω2,4ω2, fωx,2,

ϕ4 = ω1,3ω1, fωx,2,

ϕ5 = ωx,1ω1,4 + ωx,2ω2,4,

ϕ6 = ωx,1ω1,5 + ωx,2ω2,5.

For the purpose of comprehensively analyzing the general lump-stripe solution, systematic
numerical studies were performed to explore both its dynamic properties and its evolutionary
characteristics. Subsequently, the following parameter was selected and substituted into Eq (4.7):

b1 = 2, b2 = 2, b3 = 1, b4 = 2, b5 = 3, b6 = 3, k1 = 1, k3 = 2,
ω1,3 = 2, ω1,4 = 1, ω1,5 = 2, ω1, f = 2, ω2,4 = 1, ω2,5 = 1, ω2, f = 1,
ω3, f = 1, ωx,1 = 2, ωx,2 = 3, ωy,1 = 2, ωy,2 = 2.

(4.8)

Figure 13 shows the 3D plot with t = 0, the density plot with t = 0, and the line plot with y = 0 and
t = 0. The substituted parameter is shown in Eq (4.8). The density plot highlights a localized
concentration zone embedded in a periodic stripe background, thus illustrating a representative
localization-modulation interaction pattern.

(a) 3D plot (b) density plot (c) line plot

Figure 13. The 3D plot, density plot, and line plot of general lump-stripe solution.

By substituting Case 3 into Eq (4.1) and applying the bilinear transformation of Eq (2.5), the general
lump-stripe solution of Eq (2.6) could be obtained as follows:

f = ω1, f (ϕ1ω2,3 + b3)2 + ω2, f (ϕ1ω2,4 + b4)2+

ω3, f cos(ϕ2ω1,5 + ϕ1ω2,5 + b5) + b6,

u = (k2
2 − k2

1)(
(ϕ3 + ϕ4 − ω3, fϕ

2
5cos(ϕ2ω1,5 + ϕ1ω2,5 + b5))

f
− (2ω1, f (ϕ1ω2,3 + b3)ωx,2ω2,3 + 2ω2, f (ϕ1ω2,4 + b4)ωx,2

ω2,4 − ω3, fϕ5sin(ϕ2ω1,5 + ϕ1ω2,5 + b5))2/ f 2),

(4.9)
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where
ϕ1 = xωx,2 + ωy,2y + b2,

ϕ2 = xωx,1 + ωy,1y + b1,

ϕ3 = 2ω1, fω
2
x,2ω

2
2,3,

ϕ4 = 2ω2, fω
2
x,2ω

2
2,4,

ϕ5 = ωx,1ω1,5 + ωx,2ω2,5.

For the purpose of comprehensively analyzing the general lump-stripe solution, systematic
numerical studies were performed to explore both its dynamic properties and its evolutionary
characteristics. Subsequently, the following parameter was selected and substituted into Eq (4.9):

b1 = 2, b2 = 2, b3 = 2, b4 = 3, b5 = 1, b6 = 3, k1 = 3,
k3 = 3, ω1,5 = 1, ω1, f = 3, ω2,3 = 1, ω2,4 = 2, ω2,5 = 1,
ω2, f = 2, ω3, f = 3, ωx,1 = 1, ωx,2 = 3, ωy,1 = 2, ωy,2 = 1.

(4.10)

Figure 14 illustrates the 3D plot with t = 1, the density plot with t = 1, and the line plot with
y = 0 and t = 0. The substituted parameter is shown in Eq (4.10). The superposition of localized
and stripe-type components provide another exact prototype for the interaction between a concentrated
packet and a periodic carrier mode.

(a) 3D plot (b) density plot (c) line plot

Figure 14. The 3D plot, density plot, and line plot of general lump-stripe-type solution.

4.2. General lump-soliton solutions

The “3-2-3-1” neural network structure was employed as follows:

f = ω1, f F3(ξ3, ξ4, ξ5) + ω2, f F4(ξ3, ξ4, ξ5) + ω3, f F5(ξ3, ξ4, ξ5) + b6, (4.11)

where
ξ1 = ωx,1x + ωy,1y + ωt,1t + b1,

ξ2 = ωx,2x + ωy,2y + ωt,2t + b2,

ξ3 = ω1,3F1(ξ1, ξ2) + ω2,3F2(ξ1, ξ2) + b3,

ξ4 = ω1,4F1(ξ1, ξ2) + ω2,4F2(ξ1, ξ2) + b4,

ξ5 = ω1,5F1(ξ1, ξ2) + ω2,5F2(ξ1, ξ2) + b5.
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F1(ξ1, ξ2) = ξ1, F2(ξ1, ξ2) = ξ2, F3(ξ3, ξ4, ξ5) = ξ2
3, F4(ξ3, ξ4, ξ5) = ξ2

4, and F5(ξ3, ξ4, ξ5) = sinh(ξ5)
were chosen to act as the activation functions. The “3-2-3-1” neural network architecture is depicted
in Figure 15. By substituting Eq (4.11) to Eq (2.6), a complex equation was obtained. By equating the
coefficients to zero and ensuring ω1, f , ω2, f , ω3, f , 0, a system of 24 coefficient equations is derived.
With the use of Maple, two sets of solutions were obtained.

Figure 15. “3-2-3-1” Neural network model.

Case 1:

b3 = −b1ω1,3 − ω2,3b2, b4 = −b1ω1,4 − b2ω2,4, b6 = 0, k4 = 0, ω1, f = −
ω2, fω

2
1,4

ω2
1,3

,

ωt,1 = k2ω
2
1,5ω

3
x,1(k2

1 − k2
2), ωt,2 = 0, ωx,1 = ωx,1, ωx,2 = 0, ωy,2 = 0.

(4.12)

Case 2:

k2 = 0, k4 = 0, ω2,3 = −
ω2

1,3ω1, fωx,1 + ω
2
1,4ω2, fωx,1 + ω1,4ω2,4ω2, fωx,2

ω1,3ω1, fωx,2
, ωt,1 = 0, ωt,2 = 0. (4.13)

By substituting Case 1 into Eq (4.11) and applying the bilinear transformation of Eq (2.5), the
general lump-soliton solution of Eq (2.6) could be obtained as follows:

f = −
ω2, fω

2
1,4ϕ

2
1

ω2
1,3

+ ω2, fϕ
2
2 + ω3, f sinh(ϕ3),

u = (k2
2 − k2

1)(
ω3, fω

2
x,1ω

2
1,5sinh(ϕ3)

f
− (−

2ω2, fω
2
1,4ϕ1ωx,1

ω1,3
+

2ω2, fϕ2ωx,1ω1,4 + ω3, fωx,1ω1,5cosh(ϕ3))2/ f 2),

(4.14)

where
ϕ1 = (tk2ω

2
1,5ω

3
x,1(k2

1 − k2
2) + ωx,1x + ωy,1y + b1)ω1,3 − b1ω1,3,

ϕ2 = (tk2ω
2
1,5ω

3
x,1(k2

1 − k2
2) + ωx,1x + ωy,1y + b1)ω1,4 − b1ω1,4,

ϕ3 = (tk2ω
2
1,5ω

3
x,1(k2

1 − k2
2) + ωx,1x + ωy,1y + b1)ω1,5 + b2ω2,5 + b5.
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For the purpose of comprehensively analyzing the general lump-soliton solution, systematic
numerical studies were performed to explore both its dynamic properties and its evolutionary
characteristics. Subsequently, the following parameter was selected and substituted into Eq (4.14):

b1 = 2, b2 = 3, b5 = 1, k1 = 1, k2 = 3, k3 = 1, ω1,3 = 1,
ω1,4 = 2, ω1,5 = 1, ω2,3 = 1, ω2,4 = 3, ω2,5 = 2, ω2, f = 3,
ω3, f = 3, ωx,1 = 2, ωy,1 = 3.

(4.15)

Figure 16 demonstrates the 3D plot with t = 0, the density plot with t = 0, and the line plot
with y = 0 and t = 0. The substituted parameter is shown in Eq (4.15). The 3D plot displays a
structured spatial morphology with orderly distributed vertical features, while the density plot presents
a distinct linear energy concentration zone. The line graph further reveals sharp waveform variations
near the origin. The ordered vertical structures and narrow concentration band indicate a structured
lump-soliton-type interaction pattern under the double-hidden-layer architecture.

(a) 3D plot (b) density plot (c) line plot

Figure 16. The 3D plot, density plot, and line plot of general lump-soliton-type solution.

By substituting Case 2 into Eq (4.11) and applying the bilinear transformation of Eq (2.5), the
general lump-soliton solution of Eq (2.6) could be obtained as follows:

f = ω1, f (ϕ1ω1,3 −
ϕ2ϕ3

ω1,3ω1, fωx,2
+ b3)2 + ω2, f (ϕ1ω1,4 + ϕ2ω2,4 + b4)2

+ ω3, f sinh(ϕ1ω1,5 + ϕ2ω2,5 + b5) + b6,

u = (k2
2 − k2

1)

(
2ω1, f (ωx,1ω1,3 −

ϕ3
ω1,3ω1, f

)2 + 2ω2, fϕ
2
4 + ω3, fϕ

2
5sinh(ϕ1ω1,5 + ϕ2ω2,5 + b5)

f

− (2ω1, f (ϕ1ω1,3 −
ϕ2ϕ3

ω1,3ω1, fωx,2
+ b3)(ωx,1ω1,3 −

ϕ3

ω1,3ω1, f
)

+ 2ω2, f (ϕ1ω1,4 + ϕ2ω2,4 + b4)ϕ4

+ ω3, fϕ5cosh(ϕ1ω1,5 + ϕ2ω2,5 + b5))2/ f 2),

(4.16)
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where
ϕ1 = ωx,1x + ωy,1y + b1,

ϕ2 = xωx,2 + ωy,2y + b2,

ϕ3 = ω
2
1,3ω1, fωx,1 + ω

2
1,4ω2, fωx,1 + ω1,4ω2,4ω2, fωx,2,

ϕ4 = ωx,1ω1,4 + ωx,2ω2,4,

ϕ5 = ωx,1ω1,5 + ωx,2ω2,5.

For the purpose of comprehensively analyzing the general lump-soliton solution, systematic
numerical studies were performed to explore both its dynamic properties and its evolutionary
characteristics. Subsequently, the following parameter was selected and substituted into Eq (4.16):

b1 = 2, b2 = 3, b3 = 2, b4 = 3, b5 = 2, b6 = 3, k1 = 1, k3 = 3, ω1,3 = 2,
ω1,4 = 2, ω1,5 = 1, ω1, f = 2, ω2,4 = 2, ω2,5 = 3, ω2, f = 3, ω3, f = 1, ωx,1 = 3,
ωx,2 = 2, ωy,1 = 3, ωy,2 = 1.

(4.17)

Figure 17 demonstrates the 3D plot with t = 0, the density plot with t = 0, and the line plot with
y = 0 and t = 0. The substituted parameter is Eq (4.17). The 3D plot exhibits a prominent central
peak accompanied by secondary surrounding fluctuations. The density plot displays multiple diagonal
energy distributions, and the line plot presents a sharp central peak with symmetric side structures.
The central peak and diagonal side structures illustrate a more complex interaction morphology with
simultaneous localization and sideband-type modulation.

(a) 3D plot (b) density plot (c) line plot

Figure 17. The 3D plot, density plot, and line plot of general lump-soliton-type solution.

5. Auxiliary Duffing-based modulation diagnostic

One representative profile in Figure 12 exhibits a strongly amplified response under a particular
admissible parameter set, which motivates a supplementary qualitative examination of irregular
modulation. It should be emphasized that the Duffing oscillator used below is not derived from
Eq (2.6), and the present subsection is not a standard chaos proof for the reduced Fokas equation.
Unlike diagnostics directly constructed from trajectories of the governing system itself, the Duffing
model is only introduced here as an external nonlinear benchmark for post-processing one selected
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solution profile. Accordingly, the following discussion should be understood as an auxiliary
qualitative comparison of modulation irregularity, rather than as a rigorous claim that the reduced
Fokas equation itself is chaotic. In a damped elastic system, the potential energy function satisfies the
following governing equation:

d2X
dt2 + α

dX
dt
+ βX3 = 0. (5.1)

The Duffing oscillator is only used here as a classical auxiliary nonlinear benchmark. For certain
forcing, damping, and initial-condition regimes, it may exhibit irregular or chaotic responses. In the
present paper, its forced form is solely introduced for a qualitative comparison of the modulation
sensitivity and irregularity, and not as evidence that Eq (2.6) itself possesses a rigorously established
chaotic attractor. The governing equation will transform into the following:

d2X
dt2 + α

dX
dt
+ βX3 = ρcost. (5.2)

The parameters can be set to the following values:

α = 0.05, β = 1, ρ = 7.5, (5.3)

with the initial conditions

X′(0) = 1, X(0) = 1. (5.4)

(a) Chaotic solution surface plot (b) X-direction front view

Figure 18. Auxiliary Duffing-based modulation diagnostic: surface plot (a) and x-direction
section (b).
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(a) Y-direction front view (b) Contour plot

Figure 19. Auxiliary Duffing-based modulation diagnostic: y-direction section (a) and
contour plot (b).

Figure 18(a) presents irregular and dense oscillating structures in a three-dimensional space. The
amplitude of the solution randomly fluctuated within a large range, without obvious periodicity.

As shown in Figures 18(b) and 19(a), the curve of U with respect to x and y exhibited highly
irregular oscillations. The amplitude ranged from −10, 000 to 8000, and both the peak positions and
oscillation frequencies were random.

As shown in Figure 19(b), the contour lines are extremely complex and highly intertwined. Different
amplitude regions randomly overlap and its state randomly traverses most regions of the phase space,
rather than being confined to a fixed sub-region.

These observations are only used here to visualize irregular modulation associated with one
selected high-amplitude exact profile under an external nonlinear-oscillator comparison. They are not
interpreted as a rigorous phase-space proof, Poincaré-type diagnostic, or Lyapunov-based
demonstration of chaos for Eq (2.6).

6. Conclusions

In this work, the (4+1)-dimensional Fokas equation was studied through a reduction-plus-BNNM
framework. By reducing the original equation to a (2+1)-dimensional bilinear form and combining it
with symbolic coefficient matching under several architecture-guided trial-function constructions,
multiple exact solution families were obtained under the “3-2-1”, “3-3-1”, and “3-2-3-1”
configurations. These results include lump solutions, lump–stripe-type solutions, lump–soliton-type
solutions, and representative high-amplitude patterns. The comparative analysis suggests that changes
in the hidden-layer depth and the activation composition affect the admissible ansatz structure and the
morphology of the resulting interaction profiles within this reduced Fokas-equation setting. In this
sense, the present study not only provides additional exact solutions, but also provides an
equation-specific comparison of how different BNNM architectures organize localized
interaction patterns.
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An auxiliary Duffing-based diagnostic was only included as a qualitative post-processing
comparison for one selected high-amplitude profile, without claiming a rigorous chaos result for the
reduced Fokas equation.

Overall, the results indicate that the BNNM framework offers a structured symbolic route to
construct and compare the exact wave solutions of the reduced (4+1)-dimensional Fokas equation.
Future work will focus on a stricter classification of degenerate and interaction-type profiles, a more
systematic exploration of admissible parameter regimes, and extensions of the present framework to
other higher-dimensional nonlinear evolution equations relevant to fluid dynamics, nonlinear optics,
and related dispersive systems.
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