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Abstract: We deal with the rigorous homogenization and dimension reduction of flow and transport
problems posed in thin e-periodic perforated layers wit a thickness of order &* with @ € (0, 1).
Therefore the thickness of the layer is large compared with its porosity. The aim is the derivation
of effective models for € — 0, when the thickness of the layer tends to zero. For the flow problem,
we consider incompressible Stokes equations with a pressure boundary condition on the top/bottom
of the layer. The transport problem is given by reaction—diffusion—advection problem with advective
flow governed by the fluid velocity from the Stokes model. Furthermore, we treat different scalings
for the diffusion coefficient modelling low and fast diffusion in the horizontal direction. In the limit, a
Darcy-type law is obtained for the Stokes flow with the Darcy velocity depending only on the derivative
of the Darcy pressure in the vertical direction. The effective equation for the transport problem is again
one of the diffusion advection-type including homogenized coeflicients, and with advective flow given
by the Darcy velocity and only taking place in the vertical direction. In the case of slow diffusion in
the vertical direction, effective diffusion only takes place in the vertical direction, where, in the case of
high diffusion in the horizontal direction, we obtain effective diffusion in all space directions. To pass
to the limit, we use the method of two-scale convergence adapted to our microscopic geometry, which
is based on uniform a priori estimates. Critical parts in the derivation of the macro-models are the
control of the fluid pressure, for which we construct a Bogovskii operator for thin perforated domains
with arbitrary boundary conditions on the top/bottom, and the strong two-scale convergence for the
microscopic solution of the transport equation, which is necessary to pass to the limit in the advective
term. This strong convergence is established by using a Kolmogorov—Simon compactness argument.
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1. Introduction

The study of fluid flow and the transport of chemical substances or heat through thin, heterogeneous
layers is crucial for numerous applications, ranging from medicine to geosciences and materials
science. The different scalings in the microscopic geometry, such as the thickness and the porosity
of the layer, lead to high computational challenges. To overcome this problem, effective models for
& — 0 are derived, carrying information about the processes on the microscopic scale in homogenized
coefficients. The present work deals with the rigorous homogenization and dimension reduction of
transport and flow problems posed in thin e-periodic perforated layers with a thickness of order £* with
a € (0,1). Here, 0 < € < 1 is a small parameter which describes the ratio between the macroscopic
size (the diameter) of the thin layer and its heterogeneity. Since @ < 1, we are dealing with layers
whose thickness is much greater than their internal heterogeneity, and therefore, we have a periodic
structure in all space directions. However, for € — 0, the thickness of the layer tends to zero, and
therefore, we are dealing with a simultaneous homogenization and dimension reduction problem. The
fluid flow is described by the (quasi-) stationary incompressible Stokes equations. The transport is
given by a reaction—diffusion advection equation, with advection given by the velocity field of the
Stokes problem, and different scalings of the diffusion coefficient with respect to € and @. Using
two-scale compactness methods, we derive, for € — 0, limit problems on the macroscopic scale. For
the transport equation, again, a reaction—diffusion—advection is obtained; for the Stokes problem, we
obtain a Darcy-type equation.

To pass to the limit £ — 0, we make use of the two-scale convergence adapted to thin layers with
thickness of order £”. This method captures both, the homogenization in the horizontal direction, and
the dimension reduction in the vertical direction. This type of two-scale convergence was introduced
in [1]; and is an extension of the two-scale convergence from the seminal works [2, 3] in domains; see
also [4] for a first definition of two-scale convergence in thin homogeneous domains and [5] for thin
heterogeneous layers. On the basis of uniform a priori estimates for the microscopic solutions with
respect to £ and @, we obtain two-scale compactness results for these solutions. More precisely, for
the fluid velocity (and pressure) and the solution of the transport equation, we get different scalings of
the gradient with respect to € and @, leading to a different structure of the limit functions. Hence, in a
first step, we show general two-scale compactness results for different types of scalings of the gradient,
which generalizes the results from [2] to the thin layer. Although the thickness of the layer goes to
zero for € — 0, and therefore the thin layer reduces to a lower dimensional manifold, the macroscopic
variable of the two-scale limit depends on n variables. In other words, the limit function is defined on
a thick layer of order 1. This is a crucial difference compared with the case @ = 1, when the thin layer
only consists of one micro-cell in the vertical direction (with no periodicity in the vertical direction).

The fluid flow is described by the incompressible Stokes equations. On the top/bottom of the thin
layer, we impose a pressure boundary condition, and on the lateral part of the layer and the perforations
inside the layer, a no-slip condition is assumed. In a first step, we derive uniform a priori estimates for
the fluid velocity and the fluid pressure. Here, the crucial part is the bound for the pressure. For this, we
construct a Bogovskii operator (for vector fields having arbitrary boundary values on the top/bottom
of the thin layer) with suitable scalings of its operator norm with respect to € and «a adapted to the
microscopic geometry. We solve the divergence equation in a thin homogeneous layer with thickness
of order £”. Now, by applying the restriction operator from [6] for e-periodic domains, we obtain the
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Bogovskii operator for the perforated thin layer. On the basis of these a priori estimates and the general
two-scale convergence results, we get the compactness of the microscopic Stokes solutions. As usual,
the two-scale limit of the velocity is depending on the macroscopic and the microscopic variables, while
the limit pressure, the so-called Darcy pressure, only depends on the macroscopic variable. However,
in contrast to the classical case in perforated domains (see [6, 7]), we only obtain H'-regularity in
the x,, component of the Darcy pressure. Hence, the resulting Darcy equation does not depend on the
whole gradient of the pressure; but only on the derivative with respect to the x,, component. This is also
a significant difference to the case where @ = 1; see, for example, [8, 9]. In that case, the macroscopic
variable for the Darcy pressure (and also the fluid limit) is given on a lower-dimensional manifold, and
the full gradient (with respect to the horizontal direction) also contributes to the Darcy velocity.

There is extensive literature on the homogenization of Stokes flow in perforated domains. Here,
we have to mention the seminal work of Tartar in [6, 7], where a restriction operator for connected
perforations is constructed. We also refer to the pioneering works [10-12] in which Stokes
flows through perforated domains with inclusions of different sizes were considered. In particular,
reference [11] dealt with flow across a perforated layer including tiny holes of critical size, leading to
a Brinkman law in the limit across the effective interface. In this paper, we consider perforations of
order &, usually leading to a Darcy law. The critical scaling for the thin layer is an open question. The
homogenization and simultaneous dimension reduction of the Stokes equations on a thin, periodically
perforated layer has received less attention than perforated bulk domains, except for heterogeneities of
the thin layer with a specific structure. For example, with a rough surface given as a graph (see [13, 14])
or the perforations with a cylindrical shape (see [8], and also [15] for a formal treatment). In [9],
the case @ = 1 (only one layer of micro cells in the vertical direction) with Navier slip boundary
conditions on the perforations and the top/bottom of the thin layer is considered. Both the specific
choice of @ and the slip condition (particularly on the top/bottom) lead to qualitatively distinct effective
equations compared with our problem. More precisely, the effective model only takes place on
a (n — 1) dimensional manifold and contains an additional force term for the Darcy velocity, due to the
Navier slip boundary condition on the perforations. Furthermore, full H'-control of the macroscopic
pressure is obtained. Anguiano et al. [8] dealt with the homogenization and dimension reduction
of the Navier—Stokes equations with no-slip boundary conditions in a periodically perforated thin
domain, where the periodicity scale differs from the thickness scale. Compared with the present
work, for homogenization and dimension reduction the unfolding method is used, which gives an
equivalent characterization of the two-scale convergence. Furthermore, their analysis is limited to the
case of cylindrical solids, without oscillations in the vertical direction. We emphasize, that this has
a significant influence on the limit model. Further, in our case of a pressure boundary condition on
the top/bottom of the thin layer, the a priori estimate for the pressure is of order &7 instead of order
€2 in the no-slip case. As a special case of our results for arbitrary perforations, we also consider the
case of cylindrical inclusions. This leads to a Darcy flow depending only on the vertical direction of
the Darcy pressure (and the vertical forces), where the horizontal flow depends only on the horizontal
forces multiplied by the permeability tensor. In our paper, we use the two-scale convergence defined
in [1], where this method was used for the homogenization and dimension reduction of a linearized
fluid structure interaction problem coupling instationary Stokes flow with linear elasticity for different
scalings. As in our case, the thickness of the layer tends to zero for € — 0, but the periodic oscillations
within the layer are much smaller than the thickness. In the limit, a Biot law is obtained, where

Networks and Heterogeneous Media Volume 21, Issue 3, 801-847.



804

the generalized Darcy velocity also only depends on the n-th derivative of the Darcy pressure. The
crucial difference is in the proof of the a priori estimates for the microscopic pressure. As usual in the
derivation of the Biot law, the continuity condition between the fluid flow and the time-derivative of
the displacement at the fluid structure interface allows the control of the pressure. In our case, we have
to construct a restriction operator adapted to the microscopic geometry. We also refer to [16] for the
derivation of a Biot plate equation in the case where o = 1.

The last part of our paper deals with the homogenization and dimension reduction of a transport
problem, modeling, for instance, the evolution of a chemical species’ concentration (as well as heat
transfer), given by a reaction—diffusion—advection equation with advection governed by the Stokes
velocity. Additionally, we consider different scalings for the diffusion coefficient depending on both
e and a. We cover the cases of fast and slow diffusion in the horizontal direction. On the top and
bottom of the layer, we consider Dirichlet boundary conditions, and on the lateral part of the layer
and on the perforations, we consider homogeneous Neumann boundary conditions. As for the fluid
flow, the first step involves deriving e-uniform a priori estimates for the concentration. Naturally, these
depend on the scaling of the diffusion coefficient. In order to deal with the advection term, strong
two-scale convergence of the microscopic concentration is required, for which we need control of the
time-derivative. For this, additional L*-estimates are needed. In the case of slow diffusion, standard
energy bounds for the time-derivative and Sobolev norms (depending on the scaling for the diffusion)
are insufficient to guarantee the strong two-scale convergence of the concentration. Therefore, further
control of the spatial variable is needed. This is achieved by estimating the differences in the shifts
of the microscopic concentration, which finally allows an application of Kolmogorov—Simon type
compactness results. The different diffusion coefficients lead to two distinct limit models; as € — 0. In
the case of fast diffusion, the homogenized model exhibits effective diffusion in both the horizontal and
vertical direction, while advection only takes place in the vertical x, direction. It is worth emphasizing
that; even though the layer reduces to a lower dimensional manifold, we still get an effect in the
vertical direction. Conversely, in the case of slow diffusion, the weaker estimates only ensure diffusive
and convective flow in the vertical direction.

The homogenization of reaction—diffusion—advection equations for slow and fast diffusion is
nowadays well understood. We refer to the seminal works [17, 18]. The latter deals particularly
with the case of slow diffusion with a specific nonlinear reaction term for the scalar case. More general
nonlinearities and systems are considered in [19, 20]. As well as in [21], where a general two-scale
compactness result of thhe Kolmogorov—Simon type is shown for problems with low diffusion.
Rigorous results for the derivation of effective models via simultaneous dimension reduction and
homogenization via two-scale compactness for reaction—diffusion problems including nonlinearities
for the case where @ = 1 can be found in [5, 22—-24] for different scalings of the diffusion coefficient (for
dimension reduction problems including nonlinearities, see, for example, references [25, 26] for
different scalings of the diffusion coeflicient). In these contributions the thin layer is coupled to bulk
regions, but the mathematical methods used for the homogenization process are similar to the methods
used in this paper. Linear parabolic problems for perforated thin layers, again for @ = 1, are treated
in [27] via asymptotic expansions and error estimates for different boundary conditions. We also refer
to [28] for a poroelastic layer, coupling the linearized fluid—structure interaction, leading to a Biot
system in the limit. A reaction—diffusion—advection equation modeling heat flow with the advective
term given by the solution of a Stokes equation, was recently treated in [29] for a thin layer with a
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rough surface, given as a graph. For a € (0, 1) rigorous results seem to be missing. Our paper is
a first essential step, and we treat two critical scalings. The principal ideas to establish the strong
two-scale convergence of the concentration in our transport problem are similar to those used in the
aforementioned papers, particularly for regarding two-scale compactness results (for thin domains) of
the Kolmogorov—Simon type, which we generalized to our geometrical setting.

The paper is structured as follows. In Section 2, we introduce the microscopic formulations of
both the Stokes and transport problems, formulate the macroscopic models, outline the key steps in
their derivation, and present the main results of our analysis. We also provide a detailed description
of the underlying microscopic geometry. Section 3 gives an introduction to the two-scale convergence
adapted to thin, heterogeneous layers with a thickness of order £*. We further establish compactness
results for H'-functions, depending on different scalings of the gradient. The macroscopic models for
the fluid and transport problem are derived in Sections 4 and 5, respectively. For both, we proceed
in the following way: First, we establish e-uniform a priori estimates, then, we show the two-scale
compactness results, and, finally, we derive the macroscopic models.

1.1. Notations

Let n € N. For Q c R", a bounded Lipschitz domain, we use L”(Q) and W'*(Q) to denote the
standard Lebesgue and Sobolev spaces with p € [1, co]. In particular, for p = 2, we write H Q! =
W2(Q)?. With S being a subset of Q, we let H'(Q, S') denote the H'!(Q) functions vanishing on S in
the sense of traces. For norms defined on vector—valued function spaces X? with d € N, we omit the
upper index and write || - ||y instead of || - ||x. For a Banach space X and p € [1, co], we denote the usual
Bochner spaces by L?(€, X) and, in particular, L”((0, T'), X) when time is involved. For the dual space
of X, we use the notation X’. The duality pairing between X" and X is denoted by (-, -)x.

We consider the following periodic function spaces. Let Y := (0, 1)". Then Cy(Y) is the space of
smooth functions on R”", which are Y-periodic, and H;er(Y ) 1s the closure of C(Y) with respect to the
norm on H'(Y). Further, for a subset Y* C Y with Y C dY*, we use H;,er(Y*) to denote the space of
functions from ngr(Y) restricted to Y*. For y € Y, we use the notation y := (y,..., V1)

For a function f € H'( X (a,b)) with a < b and T <Cc R*!, we write
Vif(x) := (01 f(x),...,0,.1f(x)) (with X := (xq,...,x,_) for x € Q) and also identify this vector
in a natural way with a vector in R” by V:f(x) := (Vzf(x),0). If X is a rectangular domain with an
integer side length, we use H;(E X (a, b)) to denote the space of Z-periodic functions in x-direction,
and similar; we use C;° (Q) to denote the space of smooth and X-periodic functions. Finally, we define
the Frobenius product B: C := t(BTC) = 37, B;;C;; for B,C € R™".

2. The microscopic models and main results

In this section, we briefly introduce the microscopic problems for the fluid flow and the transport
problem, explain the essential steps used for the derivation of the macroscopic models, and formulate
the main results of this paper. The aim of this paper is twofold: First, we study a Stokes problem
subject to no-slip boundary conditions on the oscillating boundary and pressure boundary conditions
on the upper and lower surfaces of the thin layer. We then perform rigorous homogenization and
dimension reduction for this setting. Here, we only deal with the stationary problem. In the next step,
we treat a reaction—diffusion—advection problem, where the advective velocity is given as the solution
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of the Stokes problem considered before (here, we assume that the Stokes problem is quasi—stationary,
which does not influence the previous results). For this, we assume different scalings for the diffusion
coeflicient, leading to a different macroscopic behavior. To pass to the limit £ — 0, we use the method
of two-scale convergence adapted to thin layers of order &*. The different scalings lead to different
bounds for (the gradient of) the concentration, and we prove general two-scale compactness results for
Sobolev functions to deal with these different cases.

2.1. The microscopic domain

Let n € N with n > 2 (for the treatment of the transport problem in Section 5, we will restrict
this assumption to n < 4) and X = (a,b) C R"! with a,b € Z"' and a; < b; fori = 1,..,n — 1.
Additionally, we assume that & > 0 with &' € N, @ € (0,1) and £*~! € N. This is necessary to
construct the perforated layer via suitable reference cells, such that no micro-cells are intersected by
the outer boundary.

We emphasize that all our results and proofs can be easily transferred to the case of a curved domain
%, as long as we consider a kind of safety zone around 0% X (—&%, &%) with a width of order €. More
precisely, micro—cells intersecting the lateral boundary do not include perforations. This choice is, of

course, quite common in the homogenization theory.

Example 2.1. We want to show that it is possible to construct such € and a. Choose a
subsequence (&,),eny With g, = n" 9 and a = 1 — p/q, where p,q € N with g > p and gcd(q,p) = 1. It
obviously holds that 8;1 € Nand a € (0, 1). Furthermore, it holds €2~ = n91~® = p? € N,

We define the whole layer by
Q. =2XX(%8&),
together with its top/bottom S := X X {+&”}. Within the layer, we have a fluid part Qg’a and a solid

part Q¢ . which are both non—empty and have a periodical microscopic structure. More precisely, we

£,

define the reference cell
Y =(0,1)".

The cell consists again of a fluid part ¥, and a solid part Y; with a common interface I" := int(Yf N
Y,) (here, we use the relative topology on the intersection). Hence, we have

Y=Y,uY,UT.

We assume that Y, and Y, are non—empty, open and connected with a Lipschitz boundary and fulfill
Y, N Y, =0. Now, we introduce the set

K, ={keZ" : &Y +k)CQ,}.

In particular, we have

szm{tﬁ&+m

kekK,

We define the fluid part of the layer via

%@:m{Lbﬁﬂ%ﬂ

keK,
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The fluid—structure interface between the fluid and the solid part is denoted by
T, = int(U s + k)) .
keK,

We assume that an is a connected Lipschitz domain. Furthermore, we denote the upper and lower
part of the boundary of Qﬁa as
St =0Qf, N0 x {x&),

and the lateral part of Qg,a is defined by
OpQL, = 00!, N (O x (-&°, &M).

A diagram illustrating the reference cell alongside the microscopic layer can be found in Figure 1.
Finally, we introduce the macroscopic domain (the thick layer)

Q:=2Xx(-1,1),
which can also be obtained by rescaling the domain €2, ,. We denote the top/bottom of € as
ST =X x {1},
and the lateral boundary as
OpQ:=90Q\ (S]TUS)).

Here, the notation D is related to the no-slip (Dirichlet) boundary condition for the fluid problem.
However, we consider Neumann boundary or periodic boundary conditions on this part of the boundary
in the transport problem.

/|

é

€I

- I P @O0

Ly L YA A WA YA A A A )
: . 1| QA DS

& (
— Y, .‘ .‘ .‘ .‘ .‘ .‘ “ ..

Figure 1. Left: The reference cell Y. Right: The layer Qﬁa with § j ; (blue part) and
6DQ£Q (the rest of the boundary).

2.2. The flow problem

We begin by formulating the microscopic problem for the fluid flow. To this end, we consider the
stationary, linear Stokes system describing an incompressible, Newtonian, and isothermal fluid. The
equations are written in dimensionless form; for simplicity, all physical constants are set equal to 1.
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More precisely, we are looking for a fluid velocity u, , : Qf;a — R" and a fluid pressure p., : QJ;Q —-R
such that
-V (e(us,a)) + Vps,a = fs,a in Qg,m
Vi = in QQQ,
Upog = on dpQL, UT,,,
(_e(us,a) + ps,ald)v = p[s’,av on Sj,f'

2.1)

Here, e(u.,) = %(Vuw + Vu;r,a) denotes the symmetric gradient of u, ,, f., 1s a volume force, and
pZ’a is a pressure boundary condition; see Section 4 for the precise assumptions on the data. In a first
step, we show the e-uniform a priori estimates (depending additionally on the parameter «) for the
fluid velocity u,, and the fluid pressure p,,, where, as usual, the critical point is the derivation of the
estimate for the pressure. For this, we first show a Bogovskii result for the whole layer €, , (without
perforation), and then apply the restriction operator to obtain a Bogovskii result in the perforated layer
Qﬁa, which allows us to control the pressure. More precisely, we get

8_2

—1 _ 5
te ”V”w |L2(Q£ﬂ) te& Q”Pe,aHLz(an) < Ce"?,

Us.a |L2(Q£_ )

On the basis of this estimate and general two-scale compactness results, we obtain limit functions
uy € L(Q, Hy (Y))" withug = 0in Y\ Yy and V,-up = 0in QxY; and py € L*(Q) (with Q = Zx(-1,1)
being the thick layer), such that up to a subsequence (we refer to Section 3 for the definition of the
two-scale convergence), we have

2, 2, 2,
-2 ’ -1 » —a 4
&€ Ma,a — Uy, £ Vus,a - Vyl'tO, € Pea — Do-

Here and in the following, if not stated otherwise, we extend the functions by zero to the whole
layer. We emphasize that the limit fluid velocity u, depends on both; the macroscopic variable x € Q
and the microscopic variable y € Y. In the next step, we derive a two-scale homogenized Stokes
problem (see Eq (4.2)), which includes all the necessary information of the limit problem. From this,
we find that u, can be expressed as

n—1
uo(x,y) = Y fawi + (£} = 0, po)W, (2.2)
i=1
where (w;,q;) for i = 1,...,n are the solutions of the cell problem (4.3). Compared with

homogenization results for Stokes flow in porous media, here, only the n-th derivative of the (Darcy)
pressure p, contributes to the macroscopic fluid velocity. We define the average of uy as the
Darcy velocity

i(x) = f uop(x,y) dy.
Yy

It follows from the divergence-free condition of u, , that the n-th component of the Darcy velocity
is constant in the x,-direction; that is, d,,#" = 0. Hence, with the permeability tensor K defined in
Eq (4.4), we obtain

<
Il

K(fO - enaanO) iIl Q’

0,,u=0 in Q.

<
Il
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As usual for the homogenization of Stokes problems, we will see that the pressure boundary
condition on S, leads to the Dirichlet boundary condition p, = pg for the limit pressure. In total,
we get the Darcy equation

0, [K(fo = €205,p0)], =0 inQ,

. (2.3)
Po = pg onS7.

In summary, we obtain the following result:

Theorem 2.2. Let (u. 4, peo) be the weak solution of the microscopic problem (2.1). In this case, under
Assumptions (S1) and (S2), uy € L*(Q, H) (Y))" with ug = 0in Y \ Yy and Vy - ug = 0 in Q X Y, and

2, 2, .. .
po € L*(Q) exists such that £ 2u, , — uy and £ °p,, — po. In addition, the Darcy pressure py is the
unique weak solution of the Darcy equation in Eq (2.3) and uy is given by Eq (2.2).

We emphasize that in the limit € — 0, the macroscopic quantities are given in the thick layer
Q =X X (-1, 1), although the thin layer reduces to a lower dimensional manifold X. Here, we have an
essential different behavior compared with the case when the layer is of thickness &, where the limit
functions only depend on the macroscopic variable x € X.

2.3. The transport problem

In the next step, we consider the transport problem for a concentration given by a
reaction—diffusion—advection equation with the advection u,,; given as the solution of Eq (2.1) (now
depending smoothly on time). More precisely, we are looking for a c., : (0,7) X Qf;(, — R which is
the solution of

1 e 1 .
_atcs,a -V. (ngcs,a - u_’zcs,a) = —8sa 1N 0,T) x an,
o & g ’
Uga
_(ngca,a - ?Ca,a) v=0 on (O, T) X Fs,aa (243)
Cou = C> on (0,T) X (S}, US; ),
Ceq(0) =0 in Q/

£,

with a source term g, and a boundary concentration c’. The system is closed with suitable boundary
conditions on QDQZ,Q, which depend on the choice of the diffusion coefficient. More precisely, for the
diffusion coefficient D, we consider two different scalings with respect to & and « as follows:

(D1) D? = £°DI € R™,
(D2) D? = Ddiag(™®, ..., &%) € R,

with a fixed constant D > 0 and the unit matrix / in R™" (since in the first case the diffusion matrix D¢
acts as a scalar, we will often just write D¢ = &D). On the lateral boundary, we consider the following
boundary condition:
[e4 Us,a _ f : a _
—(DeVeg oy — ?cw) -v=0 on(0,T)x0dpQ,,, if D] =&"D,

(2.4b)
Ceo 18 X-periodic, if DY = Ddiag(e™,...,& %, &").
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Hence, in Case (D1), we consider homogeneous Neumann boundary conditions, and in Case (D2),
periodic boundary conditions. Although, we are particularly interested in the macroscopic behavior
inside the domain, the effects at the lateral boundary are also important for applications. We emphasize
that the different choices are elemental for the derivation of the limit problem. While for D¢ = D, it
would be no problem to consider periodic boundary conditions, our proof fails for Neumann boundary
conditions in Case (D2); see also Remark 5.9.

From a physical point of view, the first case (D1) treats slow diffusion in the X-direction, where the
second case (D2) deals with fast diffusion in the horizontal direction. We will see that in the first case,
the diffusion in the macroscopic limit is only in the vertical direction; in the case of fast diffusion, we
get diffusion in all space directions.

We proceed in the same way as for the Stokes equation and first establish uniform a priori estimates
with respect to . More precisely, we get

1
8_%||C‘9’(Y||L2((O,T)XQ£(,) + ” VDgVCE»‘IHLz((O,T)xQQU) S C’ (25)

which immediately implies the existence of a limit function ¢, € L*((0,T) x Q), specifically
independent of the microscopic variable y, such that, up to a subsequence, we have

Cea — Cp.

Further, we obtain a bound for the time-derivative on the dual space of the Sobolev space carrying
the norm induced by the left-hand side of the previous inequality. For this, we need, in particular, an
L>-bound for the concentration c, ,; to control the advective term. Using an Kolmogorov—Simon type
compactness argument; based on additional estimates for the differences of the shifts of the microscopic
solutions, we can then establish also the strong two-scale convergence of the sequence c.,. These are
necessary to pass to the limit &€ — 0 in the advective term (since we only get the weak two-scale
convergence of the fluid velocity u, ).

From inequality (2.5), we see that the difference between the two cases lies in the scaling for the
gradient V;c, , with respect to the first n — 1 components, leading to different regularity results (weak
differentiability) of the limit function with respect to the spatial variable.

The case D¢ = Ddiag(e™,...,& %, &%): This leads to

”V,\?cs,a”LZ((O’T)XQJ;Q) + ga||6xnCs,a||L2((0’T)XQ£0) < Cez.

We obtain ¢, € H'(Q) and also the existence of the corrector functions ¢; € L*((0,T) X Q x Yy)
with V;¢; € L*((0,T) X Q X Y,)"! and being (0, 1)"'-periodic with respect to ¥, and ¢, €
L*((0,T)x Q, H; (0, 1)) (only depending on the y, variable), such that (up to a subsequence) we have

cr
o 2, _
(V)'ccs,aa & axnca,a/) - VCO + (V)')cl’ ayncl)~
With these compactness results, we are able to pass to the limit in the weak variational equation
associated with Eq (2.4). Here, we modify the standard homogenization approach based on the

two-scale convergence to our thin structure. By choosing suitable test functions, we first derive cell
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problems for ¢; and cy; (see Eqgs (5.10) and (5.13)), which allow us to express ¢; and c; in terms of V¢,
and suitable cell solutions independent of the macroscopic quantities. More precisely, we have

n-1
it x,y) = Z Axcolt, (), 1t X, yn) = O, Colt, X)xn(Yn),

i=1

where y; fori = 1,...,n — 1, and y,, are the solutions of the cell problems in Eqgs (5.12) and (5.15).
In the next step, we choose macroscopic test functions, also capturing the dimension reduction to find
through the expression of ¢; and c; that ¢, is a unique solution of the macroscopic problem

0,co—V - (D*Vey — cpite,) =gy in(0,T) X Q,
co=ch on(0,T)x ST,
co(0) =0,
co is Z-periodic.

(2.6)

Here, D" is an effective diffusion coeflicient; (see Eq (5.18)), and i is the Darcy velocity obtained
in Theorem 2.2. Here, gy is the average of the (two-scale) limit of g.,. First of all, we notice that,
macroscopically, there is also an effect in the x,-direction, although the layer reduces for £ — 0 to
a lower—dimensional manifold. The effective diffusion takes place in the horizontal and the vertical
direction, where the advective flux only takes place in the vertical direction. Finally, let us summarize
our results in the following main theorem.

Theorem 2.3. Let c., be the microscopic solution of Eq (2.4) and D! = Ddiag(e™,...,&%, &%). Under

2.« . .
Assumptions (T1), (T2), and (T3), ¢y € L*((0, T), H'(Q)) exists such that c,, — co and cy is the unique
weak solution of the macroscopic problem (2.6). Furthermore, the advection term u., behaves as in
Theroem 2.2

The proof of the compactness result, together with some additional convergence of the gradient
Vceq, can be found in Section 5.2, and the derivation of the macroscopic model is presented in
Section 5.3, where we also give the definition of a weak solution of the problem (2.6).

The case D¢ = &*DI: In the case of low diffusion in the horizontal direction, we obtain, for the
gradient Vic,,, a scaling of the form

@
e? ||V)_CC8,01||L2(Q£Q) < C-

In this case, we obtain no spatial regularity (differentiability) of ¢, with respect to X. Though we
again obtain the weak two-scale convergence of c., to a limit function ¢y € L*((0,T) x Q), we only
obtain d,,¢) € L*((0, T) x Q). Further, for the gradient, we obtain the convergence

2«
g'Veg o = 0Oy,c0e + Vyci.

Now, compared with the previous case, the scaled gradient V¢, , does not convergence to the sum
of the full gradient of cj, but only the n-th component, and the rest is included in the gradient (with
respect to y) of the corrector ¢;. However, we can proceed in the same way as in the previous case, but
this time, we get the expression

ci(t, x,y) = 0y,cot, X)xn(y),
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again, using the cell solution y,, of Eq (5.12). Finally, the macroscopic model reads as follows:

6tco - 6xn(D;';naxnco — Coﬁn) = go in (0, T) X Q,
co=ch on(0,T)xS%, (2.7)
C()(O) =0
In this case, we only have diffusive and convective flow in the vertical direction. To pass to the

limit in the advective term, again we need the strong (two-scale) convergence of the concentration. We
summarize the main result in the following theorem.

Theorem 2.4. Let c., be the microscopic solution of Eq (2.4) and D! = &°D. Under
Assumptions (T1), (T2), and (T3), ¢y € L*((0,T) x Q) with 0, Co € L*((0,T) x Q) exists such that
2,a

Cea — Co and cy is the unique weak solution of the macroscopic problem (2.7). Furthermore, the
advection term u. , behaves as in Theorem 2.2

For the proof of this result, we again refer to Sections 5.2 and 5.3.
3. The two-scale convergence for thin heterogeneous layers

In this section, we introduce the two-scale convergence adapted to thin layers with a thickness
of order &%, with @ € (0,1). Compared with the classical two-scale convergence (see [2, 3]), we
introduce an additional variable capturing the dimension reduction. Such a two-scale convergence was
introduced in [1]. Here, we use a slightly different notation. More precisely, in [1], they work with the
rescaled thin layer (in the fixed domain Q), whereas we work in the physical domain Q. , (and later
in Qéa). Our aim is the derivation of several compactness results for functions with weak derivatives
with different bounds with respect to the scaling parameter € (and «).

Definition 1. We say a sequence v,, € L*(Q,,) converges (weakly) in the two-scale sense to a limit
function vy € L>(Q X Y), if. for all ¢ € L*(Q, C°_(Y)), it holds that

per

hmif a0 (5, 2,2 ) dx—ffw)(x ¥ - 6(x,y) dydx.
Qo

-0 g% e’ g ¢

. 2,
We write v, — vy.
We say that a two-scale convergent sequence v, converges strongly in the two-scale sense, if
additionally it holds that

o _a
lim &7 2{|veollr2@..) = lVollz2xy)-
e—0

2,
We write v, — vy.

Remark 3.1.

. 2« .
(i) For wgo — wy, it holds that

. . _a
[Iwollz2@axyy < liminf &7 2 |lw, oll12q
e—0

s,ar) *
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(ii) As in the usual two-scale convergence (see [2, 3], it is straightforward to show, that a product

between a strongly and weakly two-scale convergent sequences converges in the distributional
. . 2. 2, .
sense. More precisely, for w,, € LZ(QM) and ve, € LZ(QM) With We o — Wo and ve, — Vo, it

holds for every ¢ € C*(Q) that

1 n
lim — f WeoVead ()_c, x_) dx = f fwovogb dydux.
=08 Jo,, e oJy

In our case, we need this result for the case where wy € L*(Q) depends only on the
macroscopic variable, which simplifies the proof (no density argument for the approximation
of wy is necessary).

In the following, we provide several compactness results for sequences in u,, in H'(Q,,) for
different scalings of the gradient. First of all, we quote the standard compactness result for suitable
bounded sequences in L*(2,,), which can be obtained by similar arguments as in the proofs of [2].

Lemma 3.2. For every sequence vy, € L*(Qy4) such that

a
Veellz@,,) < Ce?,

. 2,
vo € L2 (Q X Y) exists such that (up to a subsequence) vy, — V.

Now, our first compactness result for the Sobolev functions treats the case when the gradient is of
one g-order lower then the function itself, leading to the case that the limit function depends on the
macroscopic and the microscopic variable.

Proposition 3.3. Let v, € H'(Q,,) with

||V5"’ +é ||Vvs,(z ) < CSQ/Z.

LX(Q0) L Qe

Then vy € L*(Q, Héer(Y )) exists such that

2,a 2,a
Vea — V0, EVVge — Vyv.

This result was shown in [1, Lemma B.4] for the two-scale convergence on the rescaled domain Q
and, in our notation, it follows directly by the transformation rule.

Proposition 3.4. Let v,, € H'(Q,,) be a sequence such that
Veall2@..) + € NVVeallr@,.) < Ce?.

Then vy € L*(Q) with dy,vy € L*(Q) and v\ € L*(Q, H,.(Y)/R) exists such that up to a subsequence

1

2 2.
Vea — V0, "Vvyo = 0y, voe, + Vyvi.
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Proof. By the compactness result in Lemma 3.2, vy € L>(Q X Y) and &, € L*(Q x Y)" exists such that
up to a subsequence

2,a 2,a
E e ,
Vs,a — Vo, & Vvs,a - ‘fO'

Since a € (0, 1), we obtain
ellVveallz@,,) < Ce2

and Proposition 3.3 immediately implies V,v, = 0, and therefore vo(x,y) = vo(x) is independent of
y. Next, we show 8, vy € L*(Q). Choose ¢ € C;(Q) and use the two-scale compactness of v, and
&*Vv, , to obtain

1 n
f fg—‘(')’(p dydx = lim — f "0y, Vead ()‘c, x_) dx
oJy e=0 &% Jo,, e
o1 _ Xy
= —lim —f vs,aaanﬁ(x, —) dx = - f fvoaxngﬁ dydx.
e—0 g% Qo foud ody

This implies d,,vo = fy &y dy (remember that vy is independent of y). It remains to identify the limit
&o. For this, we choose ¢ € CP(€, C(Y))" such that V, - ¢ = 0 and obtain, by similar arguments as
given above,

1 :
ff§0-¢dydx:nm—f gavvg(,-¢(x,x—,f) dx
oJy e20 8% Jo,, ’ &% £

1 n
=—lim — f Vea [8av)‘c . ¢ + axn¢n] (X’ x_la E) dx
Q

e—0 g% ¥ €

:—ffvoaanﬁndydx:ff@xnvoen-gbdydx.
oJy oJy

By the Helmholtz decomposition, we obtain the existence of v; € L*(Q, Hrl,er(Y )/R) such that &, =
0y, woe, + Vyvi, which gives the desired result.

It is well known (and can be easily shown by adapting the proof of the trace inequality from [30]),
that the functions w € L*(Q) with a weak derivative d,,w € L*(Q) have traces on L*(S¥). Hence, under
the conditions of Proposition 3.4, we find that v, has traces on the top/bottom S7 of Q. The following
result shows that the trace of v, on S is preserved under the two-scale convergence.

Proposition 3.5. Under the assumptions of Proposition 3.4, it holds that

Veallzzse < C.

2
Further, up to a subsequence, it holds that v, ,|s= — V0|sf weakly in L*(%) (in the standard two-scale
sense, see [2]).

Proof. Define ¥,, € H'(Q) by ¥,.,(x) := v,(%, £%x,). Then, a simple rescaling argument gives
Weallizess) = Fsallizss) < C (Psallg) + 105, Feallz@)

Networks and Heterogeneous Media Volume 21, Issue 3, 801-847.



815

1
—C( T lvVealli2..) + €2 ||axnvaa||L2(Qm)) <C.

In particular, r](i) € L*(Z x (0,1)"") exists such that up to a subsequence, v, ,s= 2 n:. Choosing
¢ € Cy(QUST,Co.((0,1) 1) (constantly extended in the y,-direction), we obtain (with v, = +1
onS})

ff "3¢(3’il’?)dﬁf=limfvg,als;taﬁ(x,il,f)dfc
z J(,1)"! £m0 : .

= lim vwgb( 8)d0‘

—00
€ S*

per

1 _
= limif 0, vmqb(x — f) vwaanﬁ( — f) dx
£—00 Qi @’ e &’ e
= f f(a Vo + 0y, 1)@ + vy, ¢dydx = f f Vo do,
(0,1)n-1

where, at the end, we used integration by parts, fy d,,vi dy = 0, and the fact that v is independent of y.
This gives the desired result.

Next, we give a two-scale compactness result when the components of the gradient are scaled
differently. Here, we directly show the result for the perforated domain Qg «» for which we have to use
a special Helmholtz decomposition. Let us compare the situation with the scaling in Proposition 3.4.
A function v, , € H 1(Q£ ») fulfilling the estimate in this proposition (with Q. , replaced by an), can
be extended with the extension operator E, from Lemma 5.7 to a function E,v,, € H'(Q,,) fulfilling
the same a priori estimate. Hence, we immediately obtain, from Proposition 3.4, the following (here,
we use the characteristic function to denote the zero extension of a function):

2, 2,a
Xof Vea — X1 V0 %o Wea = xv, (0 v0e, + V1), 3.1
Qa,a ’ / Qs,tt ’ f n y

In other words, the extension operator allows us to treat the perforated layer as a homogeneous
layer (this is a common approach in the homogenization theory for porous media). However, for
different scalings for the gradient V; with respect to the horizontal variable and the n-th derivative 9, ,
as given in the following proposition (related to the case of high diffusion in th horizontal direction),
such an argument is not possible, since the extension operator from Lemma 5.7 only allows us to
control the partial derivatives of the extended function by the full gradient of the function itself. This
gives another estimate for the extended function; see also Section 5 for more details. We introduce
the space

Hp v (Yy) = {p € L*(Yy) : Vsp € LX(Y))"™', pis (0,1)"'-periodic},
together with the norm

||p|| (Yf) ||p||L2(Y) + ”VypHLz(Y)
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Proposition 3.6. Letv., € H I(an) be a sequence such that
”Va,a”Lz(an) + ”V)'cvs,a”Lz(an) + 8a||ax,1v8,a”L2(Q£’a> < Ce2.

Then vy € H(Q), v € L*(Q, H
up to a subsequence

(Y)/R) with Vyvy = 0, and v, € L*(Q, H;er,vy(yf)) exists such that

per

2«
Xof Vea = Xv;Vo, Xaf, (Vivea, & axnv‘?“) XY/ (VVO + (s vl’aylvl))

The result is also valid for Q. , instead of Qw
Proof. From the assumed a priori estimates on v, ,, we get the existence of vy € L>(Q X Y) and & €
L*(Q x Y)" (both vanishing in Y;), such that up to a subsequence

2,
)(anvsﬂ — Vo, XQf (vasa,g 8 vsa) 50

Since we also have

8al|vva,a” < Cs%,

12©L,)
we can apply Proposition 3.4 (see also Eq (3.1)), to obtain vo(x, y) = xy,(y)vo(x) with vy € L*(Q) such

that ,,vo € L*(Q), and & = xy,(0x,vo + &y,v1) for some v, € LX(Q, H)(Y)/R). Since £*Vzvso ¢ 0,
we also have Vyv; = 0 in Y, and therefore v, is independent of y. Now, for all ¢ € C (L2, Cre:Y )t

with V; - ¢ = 0, we have (with & := (£}, ..., &)

_ 1 n
f fo-qﬁdydx:lim—f Vivea ¢(xx— —) dx
o Jy; e—0 g% Qlé,a e g

1 :
:—lim—f VeuVs ¢(x n —) dx——ffvoV)—c'gbdydx.
&0 &% Jaf, &’ e QJYy

If we first choose a ¢ constant with respect to y and use that v, is independent of y, we get vy €
H'(Q). Then, with ¢ being arbitrary (still V; - ¢ = 0), we get

f (o — Vievo) - ¢dydx = 0,
Q J¥y

which again implies, by the Helmholtz decomposition below, the existence of ¥, € L*(Q X Y;) and
Viv € L*(Q X Yy)"! (unique up to an L*-function only depending on y,), such that & = Vzvg + Vyv;.
We define the space

Lo per = {u e LAYy f u-Vypdy =0 forall ¢ € Cper(Yf)}.

Yy
Since Ly per is closed, we get L*(Y/)"™ = Lyper L Ly, Obviously, we have V;H perw; (Y1) © L*
since C= (Y +) 1s dense in ngr’vp(Y +). Next, we define the quotient space H := H ! er.V; (Yy)/ ker(Vy).

per
Now, for a given v € L, per € L2(Y;)""", we consider the problem

o,per?®

a([pl, [ :=nyp~Vy¢dy=fv-Vy¢dy =: l([¢])

Yy Yy
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for every [p], [¢] € ﬁ, and p € [pl, ¢ € [¢]. This problem is well-defined, since the kernel of Vy
consists of L2-functions only depending on y,. By the Lax—Milgram lemma, we obtain the existence
of a unique solution [p] € A, and therefore the existence of p € H ;er,V;(Yf) (unique up to a function
depending on only on y,), such that

(Vsp—v)-Vipdy =0,

Yy

forallp € H lerV (Yy) (in particular, ¢ € C32
obtain Vsp — v € Ly per N Lirper = {0}, which implies

(Yf)). Hence, Vyp —v € L, and since Vyp,v € L ., we

per o ,per?

Lz(Yf)n_l = LO',PST 1 V,VH;er,Vv(Yf)'
This finishes the proof.
In the following, we also identify the space {¢ € per(Y 1) V¢ = 0} with the space per(O 1).

Finally, we consider the asymptotic expansion of v, which is justified by the previous compactness
results. We make the ansatz

_ Xn X — Xn x X X
Vea(X) = vo (X, =, = |+ &' [x, =, = | + &P x—— +
PR ¥ & &¥ &

Hence, we obtain the following expansions for our three compactness results:

— Proposition 3.3: Oscillations already occur in the lowest order term and we get
Xy, X
Vea(X) = Vo ()‘c = —).
& g

— Proposition 3.4: No oscillations in the zeroth order term. Oscillations occur in the term of

order g~
X Xy, X
Vea(X) = Vo ()‘c, —") + &', ()‘c = —)
ol e’ g
— Proposition 3.6: In this case, the gradient in the horizontal direction is of the same order as
the function itself, leading to a situation when the corrector of order £'~® is independent of the
horizontal microscopic variable y, and an additional corrector of order & is necessary as follows
X X, X X, X
Ve.o(X) = Vo ()'c, —") +e™ (x = —") + vy ()'c = —)
o e’ g e ¢
Remark 3.7. All the results can be generalized in an obvious way to the time-dependent case. More

precisely, a sequence v, € L((0,T), [*(Q,,)) with p € [1,00) converges weakly in the two-scale
sense to a limit function vy € LP((0, T), L*(QxY)), if. for all ¢ € LP((0, T), L*(Q, C°_(Y))), it holds that

per

- T
lim — f f Vga(x) ¢ > X, _’ ) dxdr = f f fVO(x,y) : ¢(t’ X,y) ddedt'
-0 g% Qo 0 QJY

Our compactness results are valid for p € (1,00). The strong two-scale convergence can be
generalized in a straightforward way. We use the same notation as in the time-independent case.
It should be clear from the context for which regularity with respect to time can be obtained for
the convergence.
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4. The flow problem

In this section, we deal with the homogenization and dimension reduction of the microscopic Stokes
problem (2.1). We show uniform a priori estimates for the fluid velocity and the fluid pressure with
respect to the parameters € and @. Using the general compactness results from Section 3, we get the
two-scale convergence of u, , and p,, to suitable limit functions, which allow us to pass to the limit in
the microscopic problem by choosing test-functions adapted to the structure of the limit function.

We start with the weak formulation for the microscopic problem and state the assumptions on the
data We say that (itsq, psa) € H'(QL,,0pQL, U Tse) X LX(QL,) is a weak solution of Eq (2.1), if
V - ligo = 0 and for all ¢, € H'(QL,,9pQL, UT,,)", it holds that

f e(us,a): e(¢£,a) dx - f pa,av : (bs,a/ dx = f fa,a : (bg,a dx — f Pﬁav ' ¢£,a do
Qg,(y Qéf.a Q‘{;a’ S:—, f ’
or, equivalently
f e(ua,a): V¢sa dx - f Ps,aV : ¢.9,a d-x = f fs,a : ¢8,a d-x - f PZQV : ¢8,a dO'
of, ol ol St

Under the assumption that pga €eH 1(Q‘éa) (see below for the assumptions on the data), we can use
the divergence theorem in the last term on the right-hand side to obtain

f e(us,a): e(¢s,a) dx — f (ps,a - Plg,a)v ' ¢s,af dx = f (fs,a' - Vpl;,a) : ¢a,a dx. (41)
of of of

£, £, £,0

Assumptions on the data:

(S1) For the volume force f,, € L2(QL,)", we assume

f &,

) /2
|L2(Q£’(y) S Cg .

(S2) For the boundary pressure, we assume p?, € H I(Qf;a) such that
1L allar,) + €MV PLall iy, < Ce ¥
Peallal,) Peallp@l,y = %%

2«
Furthermore, p) € L*(Q) with d,,p5 € L*Q) exists such that e°p2, = ph and p} €

L*(Q,H,(Y)/R) such that Vp, = dx,Phen + Vp) (see Section 3 for the definition of the
two-scale convergence).

A simple example of a non-zero boundary pressure pls”a fulfilling the previous assumptions is p’;,a =
&”. Although the pressure is pointwise small, it gives a contribution to the macroscopic behavior of the
problem, since p§ = 1.

Corollary 4.1. The problem (2.1) admits a unique weak solution.

For a fixed &, this result is classical, and we skip the proof.
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4.1. A priori estimates for the microscopic solutions v, , and p,

We begin by deriving the estimates for the fluid velocity u.,. In order to do so, we introduce the
following Poincaré and Korn inequalities on the layer Qﬁ;a The proof is standard and can be obtained
by decomposing Q{;a into reference cells and then applying the Poincaré and Korn inequality with zero
boundary conditions on I'.

Lemma4.2. Letv., € H 1(Qw, I'co). Then a constant C > 0 not depending on ¢ exists such that

Cg”va

HVWHLZ(Q S = |L2(Q T

Furthermore, it holds that

Vea

+ s”vaH Cs”e(vw)”

|L2(Q£,(,) 2@l = 2L,

We are now ready to derive the estimate for the fluid velocity.

Proposition 4.3. Let u., € H 1(95(,, GDQQQ U T .0)" be the weak solution of the Stokes problem (2.1).

Then it holds that

2+1
||e(”8ﬂ)||L2(Q£(,) <&

and, in particular,
Ce®/?.

-2 -1
€ | tE ||Vu&0‘||L2(Qf)_

Uea |L2(9£,n>

Proof. We test the weak formulation (4.1) with the solution u,, to obtain the following (the (p.,— p’;ﬂ)
term vanishes since V - u., = 0):

|Vp g,a |L2<Q£ 2

||e(u‘9")||L2(Qw) = ||u8"’||L2(Q£(,) |f‘9"||L2(Q it ”“‘WHLZ(QQ”)
< Ce?t! ||Vuw

|L2(Q [

Hence, with the Korn inequality from Lemma 4.2, we achieve

Ca(l/2+2

|L2(Q£H) te ”V”w |L2(Qf y =

Ug o

The estimate of the fluid pressure p,, is less elementary. The goal is to construct and estimate a
Bogovskii operator on the thin perforated layer Qa «» 10 order to obtain test functions ¢, such that
V. o = Peo In Qw. We begin by establishing the Bogovskii operator on the whole layer Q. ,. We
use the same techniques as in [31, Lemma 5 Step 4], now adapted to the layer of thickness &°.

Proposition 4.4. For all f,, € L*(Qs4), Yeo € H (Quq, 0pQeo)" exists such that

V. ws,a = fs,a in Qs,a

and
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Proof. We set
Koo ={keZ™ x{0} : (Y +h) C Q).

Since €%/e € N, we have

Q0 = int[ | ) emr+ k)] .

keKeq

For k € K, and f € L*(Q,,), we define
Ay Yo R, ff= foule(x+ k).

With the use of the Bogovskii operator (see [32, Theorem 5.4]), we obtain w’;a e H'(Y,0Y \ §*)"
with S* := (0, 1)"' x {1} and S~ := (0, 1)"! x {0}, such that

<Clf

k _ rk k k
V- wa,a' — Jea | wé‘,a s,a”LZ(y) :

|H'(Y)

Now, we define
Vea: Qoo 2 R, Weo(x) = sagb];a (_x - k) for x € *(Y + k).
Vo

For ¢, ., we have
V. '708,(1/ = fs,a in Qs,a’

and

zdy

19ealfioa, = 3 [
ke Kw e¥(Y+k)
cey e
Y

keKeq

2
wga(% —k)‘ dr= Y & f vy,
& kek, Y

&,

£l dy = | few

|L2 Qo)

Hence, with the Poincaré inequality, we obtain

“'ps,alle(nga) < C&” ”sz,a”Lz(QEu)’

which can be obtained in the same way as the inequality in Lemma 4.2 by replacing & with &% (we use
the zero boundary conditions of ¥, , on the lateral boundary of £*(Y + k))

”‘/’EﬂHLZ(Qw) +é ”V‘/’WHLZ(QM) <& ”fEﬂHLZ(QE,L,) :

We now want to establish the Bogovskii operator on the perforated layer Qf,a. This is done
via the restiction operator introduced by Allaire in [6, Theorem 2.3]. There is an operator
Rs: HI(QS,(Z’ aDgzg,oz)n - HI(QQ(Y’ aDan U Fs,a)n with

Relteg = U, Torall u.q € H' Qe o, 0pQe0)" With o = 01in QF ,,
V- Rty =V -ty forall u,, € H (Qpq,0pQeq)" With V-1, = 0in QF

&,
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and

+¢e ”VRauw

Ra Ug o

| vt = C el iy, + 2 el

for all u,, € H'(Qy 4, 0p.)". Using this operator, we can restrict the Bogovskii operator, constructed
in Proposition 4.4, to the perforated layer an.

Corollary 4.5. For f,, € LX(QL,), ¢so € H(QL,,0pQL, UT,0)" exists such that

V. ¢8,a/ = f;:,a in Q;);a

QL)

and

¢
Proof. For f,, € LA(Q,) (extended to Q,,, by zero), we have ¥, € H'(Qp.0, pQe.0)" With

|L2(Q£(,) te ”V‘pw |L2(Q£a) < Ce’ ||f€v“||L2(Q£a) :

V. l/’s,a = fs,a in Qs,a-
By setting ¢., := R:{.., we immediately obtain
V. lr//s,a = fs,a in Qf

X

Further, we obtain

||V¢5v0/ |L2(Q£H) = ||VR€I//£,EZ

< C(e‘1|

|L2<9£,(,>
Ve |L2(Q€,a) + ”V‘pw
Jea

In total, the Poincaré inequality from Lemma 4.2, we obtain

[

|L2<Qg,a>)
< Ce*!

|L2(Qg,(,> :

|L2(Q£0) te ”ngm ) < Ce¥ || fea

|L2(Q£(, |L2(Q£a) :

Remark 4.6. We emphasize that the result from Corollary 4.5 is also valid for & = 1. Further, we
obtain the existence of a Bogovskii operator B, : H' (Q{;a,aDan Ul — LZ(QQQ) with V -
Bs,a(f s,a) = fa,(x and

gllvgs,a(fs,a)”LZ(an) < Cgallfs,allLZ(Q£G)~

There is a crucial difference between considering a pressure boundary condition and a no-slip
boundary condition on S ; - In the latter (see, for example [8, 9]), the Bogovskii operator, here denoted

B .. has to be defined on H, (QL,)" and only fulfills

&,
0
VB, o(felllzor ) < Cllfeallzr -

Hence, as can be seen in the following proposition, the pressure estimate can be improved to order
3a . (1
&2 (instead of order €2 ).
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Now, we can prove the a priori estimate for the fluid pressure.

Proposition 4.7. Let (it, 4, Pea) € H'(QL,, 0pQL, UT )" X LA(QL,) be the weak solution of the Stokes
problem. Then the following holds:

||p8’a||L2(Q£_a) < C83a/2‘

Proof. We test the weak formulation with ¢, € H' (Qj;a, OpUTl,,)" suchthat V- ¢., = p.., obtained
via Corollary 4.5, and get

Voo 2

O+ Pea

”p&“”il(gga) < ||€(”w)||L2<ggﬂ> |L2(Q£ |L2(Q£Q) |L2(Q£ﬂ)
+ ”fw LZ(QQ,) + ”Vp[«;a |L2(Q£a) ||¢8ﬂ
<C (8(1/2+18(1—1 + 83(1//2 + 805/28& + 8&/280) | Pea

SC83(1//2 |

2@, [0 L2(@f0)

| 12Qf,)

Pea |L2(Q£,g) '

As mentioned in Remark 4.6 above, in the case of no-slip boundary conditions on S FUS, . the

pressure would be of order £7. However, we will see later that our order is somehow optimal and allows
us to pass to the limit £ — 0, while the bound of order £7 causes trouble; see also [1, Section 3.6.2].

4.2. Two-scale compactness for the microscopic solutions v, and p.,

We use the uniform a priori estimates obtained in the previous section to show the compactness
results for the weak microscopic solution (u.,,p:o) Oof Eq (2.1). Further, we establish suitable
properties obtained from the divergence-free condition of u, , and the zero boundary conditions on I’ ,.

Proposition 4.8. The weak solution (U, p..) of the Stokesm problem satisfies

2, 2,a 2,
) » -1 K —a X
& us,a — Uy, & Vus,a - Vyan & pa,a — Do

with uy € L*(Q, H,,(Y))" and py € L*(Q). Additionally, we have uy = 0 in Q X (Y \ Yy). Further, we
have V,, - ug = 0 and for the Darcy velocity

u(x) ::f uy dy,
Yy

we have 0, " = 0, and therefore i" is constant in the x,-direction.

Proof. Due to the a priori estimates of the weak solution from Propositions 4.3 and 4.7, as well as the
two-scale compactness result from Proposition 3.3, we obtain the existence of uy € L*(€, H;er(Y))” and
Po € L*(Q x Y) such that

2, 2 2,
) X 1 X —a X
& ua,a — Uy, € Vua,(x - Vyuo’ & ps,a — Do.
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Here, we extend u,, and p,, by zero to the whole reference cell Y. Now, let ¢ € CP(Q X (Y'\ Y;))"
extended by zero to Y. We then have

0=— & U o (X) - ¢(x I f,ﬁ) dxsioff up(x,y) - ¢(x,y)dydx.
o JIny;

o4 (1
&8 Ja, .\, & e ¢

Hence up = 0in Q x (Y \ Yy). We now want to show V, - uy, = 0. For this, we choose ¢ €

Cy(Q, CR.(Yy)). We then compute
1 o Xn
0=— v. uw(x)¢(x Xn —) dx
& Jol, &
1 n n
=— & g o (x) - V;¢(X,x—,f)+en 0, ¢(x In E) dx

ol of, FoR &
1

+ — g uw(x) Vy¢( xn )dx
& Jal,

g f f Uo(x, ) - V,(x, y) dy d.
Yy

In particular, it holds that V, - ug = 0. Now, let ¢ € C°(€2). We then compute

0= —f £2V . um(x)(ﬁ(x —) dx
n—1 x 1 X
= Zf g fw(x)a,-qﬁ ()'c, —") dx + —f 6_2uza(x)(9xn¢()'c, —") dx
of, > & & Q'gf,n K &

8_)0 ff up(x,y)dy 0y, ¢(x) dx.
Yy

This proves 0,,i" = 0, and therefore, i#" is constant in x,-direction. Lastly, we want to show that p,
is, in fact, independent of the microscopic variable, i.e., py € L*(Q). For that, we choose

X

Poa(x) = diag(e, ..., %, )¢ (x X g)

with ¢ € C5(Q, C;;(Yy))" and we compute

per

f e(lgy) : e(Peo)dx = f e(Usy): Voo dx
of, of,

_nzllfwe(um)ﬂ &0, ¢’( —n )+gﬁla ¢j( ﬁE))dx

i,j=1
f e(usa)m & ax,¢ ( )+ 87 15}’1(17" (_’ ﬁ, f)) dx
PO >

5[, vl (5 o (s 2 Do
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X, X X, X
y-a nl= *n >~ y—-1 n|l-= -n -~
+ fg R (8 05, ¢ (x, s“’s)+8 dy,9 (x, sa’g)) dx,

£,

f (ps,a - Pg,a)v ’ ¢s,a dx
of

S (X, X _ i Xn X
=3 [, (e st (.01 (5 55+ 000 (5.2 o

+ ff (pS,(l - pf‘,(l) (Sy_aaxrl¢n (X" X_Z’ f) + Ey_layn(pn (x ﬁ f)) dx’
aof, E” &£

>

1
1

n—1
b _ i _q.b ifz Xn X
fQ , Ura = VP0) Gradr = Zl fQ , el i’ (1) (x, = 8) dx

X, X

&g

+ f ) = 0l TS (x, ) dx.
Q

£,

By choosing 8 = y = 1 — 2« and taking the limit € — 0, we obtain
0= [ [@otxy) = phea, - sy forallg e Cr@x 1.
QJy

This immediately implies that p, is independent of the microscopic variable, i.e., py € L3(Q),
since p} € L*(Q).

4.3. Derivation of the macroscopic model

For the derivation of the macroscopic model, we proceed as in the proof of Proposition 4.8, with
the exception of choosing 8 =y = —a@ and ¢ € C7(Q\ 9pQ, Ci; (Yy))" such that V, - ¢ = 0. By doing
so, we obtain the following in the limit € — O:

f f ey(uo(x,y)): Vyp(x,y)dydx — f (Po(x) — po(x)d, | ¢"(x,y)dydx
o Jy; Q Ys 4.2)

_ fg (fo(x) = €8s, P) = ¥, (3 - B(x,y) dy dx
Yf

forall ¢ € CS"(ﬁ\@DQ, C(Yy))" with Vy-¢ = 0. It is easy to see that the term including V,p% vanishes

per
via integration by parts. We now show, that 8, py exists and is an L*(Q2) function. In order to do this,

we find (w;, q;) € HL..(Y)" X L*(Y;)/R, solving, in the weak sense, the equation

per

=V-(e(w)) - Vg =e in Yy,
V. wi = 0 in Yf,
w; =0 onT, (4.3)

w;, q; are Y-periodic,
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for i = 1,..,n. The existence and uniqueness of a solution is standard. @~ We define the
permeability tensor

Kij:fy e(Wi)ie(wj)dy:fe(wi):ijdy:f e; - w;dy. 4.4)
f .

Yy Yy
Further, we define the test function ¢ € C’ (5 \ 0pQ, Hrl,er(Y )" via

¢(x,) = K n(x)wa(y),
with 7 € C2(Q \ dpQ). We see that V, - ¢ = 0 and

f ¢"dy =n.
Yy

Via a density argument, we can test Eq (4.2) with ¢ and obtain

\&m@—%@%M@MSawm%wwmmy

so, in particular, 9, po € L*(Q) and p, = pg on S7. Hence, we can rewrite Eq (4.2) as

[ [ et o nasay
G (4.5)

+ f Ox,po(0)¢(x,y) dy dx — f fo(x) - ¢(x,y)dydx = 0,
QJYy o Jy;

forall ¢ € C7(Q, Cpi (Yy))" with V- ¢ = 0. Here, the terms containing pg cancel each other other out
via integration by parts and due to the zero boundary condition of ¢. Through the application of the
Bogovskii operator, p; € L*(Q, L3(Y)) exists such that

f f ey(up(x,y)): Vyp(x,y)dydy

+ f f 0y, Po(X)P(x,y) = p1Vy - ¢(x,y)dydx = f f Jo(x) - ¢(x,y)dy dx
aJy; aJy,

for all ¢ € C3'(Q2, Cro (Yy))". In other words, (uo, po, p1) solves, in the weak sense, the equation

per

=V, - (ey(u0)) = Vyp1 + €0y, po = fy  in QX Yy,
We rewrite this equation in the form

n—1

V- (ey(0)) = Vyp1 = > eify + ealfy = Oy,po) in QX Y.

i=1
Together with V,, - uy = 0 in Q X Y, the boundary condition uy = 0 on Q X I' and the Y-periodicity

of uy. Since the equation is linear and the solution (ug, p1) is unique (for a given right-hand side),
we obtain

n—1
uo(x,y) = D fowi + (£ = 0, Po)W,
i=1
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n—1
Py =Y fogi+ (f = 0s, 0}
i=1

where (wi,q;) € H)(Y;)" X L*(Y;)/R is again the unique solution of Eq (4.3). We now define the
Darcy velocity

u(x) = f up(x,y)dy.
Y,

For j = 1, ...,n, we obtain the following with the permeability tensor K, defined in Eq (4.4):

n-1 n—1
uj= Z fo | wicejdy+(fy —,p0) | wa-e;dy= Z Kiifydy + K, j(f; — 85, Po)
i=1 Yy Yy i=1

and therefore

i = K(fy— e,0,,po) 1inQ. (4.6)
Hence, the tuple (i1, py) satisfies
u= K(fO - enaxnpO) in Qa
0,u" =0 in Q.

In other words, the Darcy pressure p, solves the equation

Ox, [K(fo — €0, p0)], =0  inQ,
po =p, onSt.

It is obvious that this problem admits a unique weak solution, as well as the problem (4.2). In
particular, this implies that all convergence results are valid for the whole sequence, which completes
the proof of Theorem 2.2.

4.4. The case of cylindrical inclusions Y

We comment on the case where the solid inclusions Y; are given as cylinders; more precisely, we
have Y, = Y/x(0, 1) with ¥’ c (0, 1)""! being strictly included. In the past, problems in this microscopic
geometry have received considerable attention in the literature; see, for example, references [8] and
also [15] for formal results. However, in both papers, a no-slip boundary condition on the top/bottom
A 7 on the thin layer was considered, which has a significant influence on the macroscopic model. In
this case, it is easy to check that V; - # = 0 and also that, the microscopic pressure p,, is of order e?.
In particular, this implies (as can be seen from the calculations in the proof of Proposition 4.8, where
we can now choose the test functions with d,,¢ = 0z¢ = 0 and V; - ¢ = 0, and therefore y and g are
independent of each other) that the limit pressure only depends on X and fulfills Vip, € L*(Z)""!. In
the case of a pressure boundary condition on S o these results seem to be impossible. However, we
can simplify the representation for the Darcy velocity in Eq (4.6) by considering the structure of K in
more detail.

It is easy to check (solve a similar equation on Y}) that the cell solutions (w;,¢g;) fori=1,...,n—1
are constant with respect to y, and, we have w!' = 0. In particular, we find fori = 1,...,n — 1 that
Kin = Ky = f ey(w;) : Vyw, dy = f widy =0,
Yy Yy
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and K has the block structure
K 0

where K is the submatrix of K consisting of the first (n — 1) columns and rows. This leads

(o = (e 7))
it = (K fo,0)" + (0, K,u(fg = ,p0))"

In particular, the horizontal part of the Darcy velocity is just given by K fy, and only the vertical
velocity depends on the Darcy pressure.

5. The transport problem

We now deal with simultaneous homogenization and dimension reduction for a
reaction—diffusion—advection equation in Eq (2.4), where the advective velocity is obtained via
the Stokes problem (2.1), which we assume now to be quasi-stationary. More precisely, we assume
that f., € L*((0, T),LZ(QQ,))" and pgﬂ e L>{0,T),H 1(Qia)) fulfill the same estimates as in
Assumptions (S1) and (S2), with additional L*-regularity with respect to time. This leads to the
same a priori estimates for u., and p., as in Section 4.1, with additional L*-regularity in time.
Furthermore, the compactness results from Section 4.2 remain valid, where the limit function are L
with respect to time. We also assume that n < 4, guaranteeing the existence of a weak microscopic
solution. For the diffusion coefficient D, we consider the following cases with D > 0 being fixed
(already given in Section 2):

(D1) D? = £°DI € R™,
(D2) D® = Ddiag(¢™®,...,& &%) € R,

Let us give the definition of a weak solution in Case (D1): We say that c., is a weak solution of
the problem (2.4) (for the diffusion coefficient given in Case (D1)) if ¢, € L2((0, T), H'(QL,)) with
OiCoq € LX((0,T), H'(QLa, S}, US;,)) such that c;o = chon S7 US . and for all ¢, € H'(QL,)
with ., =0on S ; Y N o it holds almost everywhere in (0, T") that

1 u 1
7<atcs,m lpa,a)Hl(Qf ) + f ngce,a : V'ﬁs,af - %ca,aVlﬁg,a dx = v ) gg,a/lps,a d-X, (51)
€ ol, € & Jal,
ogether wi e initial condition c,,(0) = 0. Introducing the quanti
togeth. th the initial condit «(0) = 0. Introducing the quantity
Wea ‘= Ceaq — Cz’
we obtain w,, =0on S U S f, and this function fulfills
1 o Ug o
;(atws,a’ l//.s,a>Hl(Q/;(y) + ; ngwa,(t . sz,a - ?WS,(ZV,J/E,(Z dx
’ Qs,a
1 " (5.2)
_ b _a b ag, b _ Hea p) .
== o, (gw Otcs) Veodx + fg; ; (Dch‘9 2 cg) Vi o dx.
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In the case of high diffusion in the horizontal direction (D2), we have to consider, in the definition
above, ¢, € L*((0,T), H#(Qéa)) and d,c., € L*((0,T), H;(QQ oS, US_,)) and the test functions
Yoo € H) (Q!,) (recall that # indicates the Z-periodicity).

Assumptions on the data

(T1) The source term g., € L*((0,7T) X Q{;a) fulfills

||g8,a||Loo((O’T)XQ£a) S C

2.«
Further, gy € L*((0, T) X Q X Y;) exists such that y, g.o — &o-

(T2) The boundary value c? fulfills

¢t € L*((0.T), H'(Q[ ) n H'((0, T), LX),

X

with c2(0) = 0, such that

b )
lleell o o.xat,) + € ”azcs”Lz«o,T)xfzi,a) <C

In Case (D2), we additionally assume cf;f,a e L*((0,7), H;(Qgﬂ)). For the bound of the gradient
we consider two different cases.
e For DY = &"D, we assume

(1
2

b
YIVellzo.mxa.,) < Ce?.

Morover, (see also Proposition 3.4) ¢4 € L*(0,T) x Q) with d,,c; € L*((0,T) x Q) and
c? € L*(Q, H,.(Y)/R) exsist such that

2,a 2,
b2 b ag b > b b
Xof,Co = Xv,C00 Xo! € Ve, = xy, ((9xnc0en + Vycl).

e For D¢ = Ddiag(e™,...,&7%, &%) € R™", we assume

b b g
IVscallzqorx.. + €105, clli.mxa.) < C&?.

Moreover (see also Proposition 3.6) ¢f € L*((0,T), H'(Q)) and ¢} € L*(Q, H,(Y)/R) exist
such that
b 2 b Vocb g9 b 2. Vb 4+ V.o cb
XQQGC{; /\/ch07 XQ-LH( xcg? & chg) ij ( CO + ycl) .
(T3) It holds that

: b \ .
||5fs’a||L2((0’T)XQ£,n,h) + ||V5pg,a||L2((0,T)ng’a’h) + ||6g8,oz||L2((07T)XQ£,GJI)

b b Z
+ ||at6€8”L2((O,T)><Q£Qh) + ||6CS||L2((O,T)XQ£MI) + gal|V5g8,a/||L2((0’T)XQ£(M) < K(ll‘9|)82 s

where 0¢ for a function ¢ denotes the difference in the shifts d¢(x) = ¢(x + le) — ¢(x) for given
[ € Z'=! x {0}; see also Eq (5.4) for more details.

Networks and Heterogeneous Media Volume 21, Issue 3, 801-847.



829

Remark 5.1. (i) Our focus is the treatment of the advective term and the different scalings for the
diffusion coefficient. Therefore, we have chosen a homogeneous initial condition and a linear
reaction term. However, it is straightforward to extend our results to more general data.

(ii) Of course, due to our assumptions, we can expect more regularity for the time-derivative.
However, we show homogenization and dimension reduction (in particular the strong two-scale
compacmess results) for the time-derivative being a functional in the dual space of H I(Q(8 ST iy

N f) (respectively, with X-periodic boundary conditions), to provide methods for more
general data.

Corollary 5.2. A unique weak solution of the microscopic problem (2.4) exists.

This result is standard for fixed a £ and can be obtained by the Galerkin method; see,
for example, [33].

5.1. A priori estimates for the microscopic solution c.,

We derive uniform a priori estimates with respect to € and a. Of course, we will obtain different
estimates for the gradient depending on the choice of D¢ for Cases (D1) and (D2). However, the
ideas are the same for both cases and we can follow a standard procedure for energy estimates to
obtain L2-bounds for c,,, and its gradient. A more critical part is to obtain a uniform bound for the
time-derivative. First of all, we need L™-bounds for the concentration ¢, , to control the advective term
uniformly in €. Next, to establish later strong (two-scale) convergence for ¢, , via a Kolmogorov-Simon
type compactness argument, we need bounds for the time-derivative in the dual spaces of Sobolev
functions with weighted (with respect to € and @) norms adapted to the a priori bounds for c,, and
V¢, in L?. Finally, for the strong convergence of c,,, an additional control with respect to the spatial
variable is necessary; therefore, we give an additional estimate for the differences in shifts of the
microscopic solutions ¢, , and u, .

The case of D¢ = &°D
We test Eq (5.2) with ., = w,, and obtain

1 d o 1 Uso o o
D dlll Sa”Lz(Qf(,) +& Dllvwsa”Lz(Q o 5 of 82 VWS,(l dx
1
==, (gm—a,cg)wg,a dx+ff (so‘DVcls’— ;a b) Vwe o dx.
Qs.a Qs,(y

For the convective term, we can use integration by parts together with the zero boundary conditions
of u., and w, 4, and also the divergence-free condition of u, ,, to obtain

1 e,
—f et yy2 , di = 0.
2 Q£ 82

It remains to estimate the terms on the right-hand side. For the first term, we obtain the following
with the assumptions on g, and 6,c§:

: (e — O )Wsa dx <

1
w <Cll+—=]w
80 Qéa 8%” sa”LZ(Q/ ) ( || sa”Lz(Qj ))
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For the second term on the right-hand side in the above equation, we consider the diffusive and
advective term separately. For the first one, we have

(5.3)

f "DVC - Vwg o dx < C82||VWNIIL2(Qf y < Cco) + 98"||wa||L2(Q,
Q

e,

for an arbitrary @ > 0. For the advective term, we use the essential boundedness of ¢? and the a priori
bound for u,, from Proposition 4.3 to obtain

@
”szallLZ(Qf ) < C(Q) + O¢ ”szalle(Qf

u
f S Vg, dx < C |12
of &

2
€ LZ(QL,)

£,

Altogether, choosing 6 to be small enough, we can use an absorption argument, then we integrate
with respect to time and use the Gronwall inequality to obtain

o7 Weallmor el + & IVWelloral,) < C

Due to the assumptions on cZ,

in the following Proposition.

we obtain the same estimate also for ¢, ,. We summarize our results

Proposition 5.3. For D¢ = &“D, it holds that
”Wsa”Loo((O ), LZ(Q/ ) t+e “szallLZ((O T)nga) < Ce2,

The same estimate is valid for c., instead of we.,.

The case where D! = Ddiag(¢™,...,&7%, &%) e R™"
We proceed in the same way as in the previous case, testing Eq (2.4) with w, , to obtain

| d 1 1 Ug o
d _D V—W 2 +8(1/D a w _ = . VW2 dx
2 " dt” ‘9“”L2(Qf ) P ” X a,a”Lz(an ” Xn aa”Lz(Qm) 2 an 82 &,
1 u
=— (gga _atcg)wsad.x_ f g’acg 'szadx
o |, \8e ’ ;g2 ’
Qa,a Q&a

1
+ f —Dch V;wg’a+s"D6xnc§0xnwg,a dx.
of, &

Now, the main difference from the proof of Proposition 5.3 lies in the estimate of the last term on
the right-hand side. Here, we can argue in the same way as for Eq (5.3) separately for V; and d,,. In
summary, we get the following proposition

Proposition 5.4. For D¢ = Ddiag(e™, ..., &%) € R™, it holds that
[We ol 0.1 2Q.0)) T IV sweoll2 o, T)xQuq) T € NOx, We.allr2 o, T)xQpa) = Cez.

The same estimate is valid for c., instead of we.,.
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Estimates for the time-derivative 0,w.,: To control the time-derivative, we need control for the
convective term. As usual when dealing with flow in porous medium, the embedding H' into L* (at
least for n < 4) is not applicable, since the gradient of u, , scales badly with respect to €. To overcome
this problem, it is a standard approach to show L*-bounds for the concentration c,,. The proof follows
the same lines as in the case of full (perforated domains), so we only give a brief sketch.

Lemma 5.5. For both Cases (D1) and (D2) for the diffusion coefficient D, it holds that

”Ca,a“LDO(((),T)XQ ) <C

Proof. We emphasize that now we work directly with the weak formulation of ¢, , instead of w,,. We
define W := c,, and put Wy := W — k for k € N and W," := (W - k)" with ()" := max{0, -}, and use
W, as a test function in Eq (5.1). This is an admissible test function for k > lIcAl Lo((0.T)xQ
Wi=0onS; - We obtain the following after integration in time from O to 7 € [0, T']:

since then

s,a)’

_” k()”Lz(QfH) ff DAVW/ - VW, dxds

ff ”W VWkdxds+—ff gea W, dxds.

For the convective term, we use integration by parts to get

1 &,a &,
fo W VW dx—ifg;f ”85 v<w;)2dx+kfgf ”8’2 YW/ dx =0,

where in the last equality, we used the zero boundary condition of u,, and W;. The force term can be
estimated in the following way by using the L™ bound for g, ,:

f f ggC,W+dxds<—(f f dxds + [W} |, )
Foud Wik} L2((0, t)xQ

Now, the Gronwall inequality and [34, II Theorem 6.1 and Remark 6.2] imply the desired result.

We are now able to estimate the time-derivative d,c.,. Here, it is necessary to estimate the norm in
the dual space of the functions spaces suitably scaled with respect to € and @, and therefore depending
on the choice of D¢ in particular. For this, we introduce the space Hpe consisting of functions in
H! (an, ;US_ ) inCase (D1) and H I(Qw, ;U S, ) in Case (D2), together with the norm

1
2 2 a 2
Wl = Wl + INDEVUalll o
We emphasize that from our a priori estimates on c,, above, we have

||Ca,a||L2((o,T),WDg) <C

Proposition 5.6. It holds that
;Hatcs,(z”Lz((O,T),ﬂl’)g) <C.
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Proof. We test Eq (5.1) with ., € Hpe such that ||, 4ll#,,, < 1. In particular, we have

”lea,a”LZ(Qéa) < 618_7 .

We get the following almost everywhere in (0, T):

g <(9[Cg,a/, ¢850>H1(Q£0)

Usa 1
= ‘— ff DZVC&,Q : V‘/’s,a - ?Cs,avws,a/ dx + g_a ff g“:’aws’“ dx
Q Qé,n

X

<ClIVDEVesallaar, INDEVWsall iy,

Usa -
e 2! )||C£,a/||L°0((0,T)><Q£,a)||Vw8,a||L2(Q£,q) te ||g8’“||L2(Q£a)”w‘s’a”LZ(Qé")
_a [[Uga
<ClIVDgVesallppqr ) + Ce2 e ! ) *e

where we used the L™ bound for g., and c., as obtained in Lemma 5.5. Taking the supremum over
Ve.a» SQuaring, integrating with respect to time, and using the a priori estimates for ¢, , and u, ,, we get
the desired result.

Estimates for the shifts: To obtain strong convergence (in the two-scale sense), more control on the
spatial variable is necessary. For this, we introduce the following notation for the differences in the
shifted functions. Let ¢/, : R*™! X (—&%,&%) — Rand [ € Z"! x {0}. We define

6ws,a = lr//s,a(' + lS) - ws,ou (54)

where, in this notation, we neglect the dependence on / and &, which should be clear from the context.
In the following, we extend the function u, , by zero to R""! x (—&?, £¥) and the function c,,, first with
the extension operator from Lemma 5.7 below to Q. ,. Then we proceed in an arbitrary smooth way to
R x (—&%, &), such that the a priori estimates, particularly the L*—estimate, remain valid (this can
be done by mirroring). We use the same notation for both extensions as before.

Lemma 5.7 (Extension operator). There is an extension operator Es - H(QL,) — H'(Qs.) such that
forall v, € H(QL,), it holds that

”Esvs,ar”Lz(Q&a) < Cllvs,a”LZ(Q‘/;a)a ||VEsvs,a”L2(Qg,(,) < C”VV:-:,QHLZ(Q.;Q)-
If we also have v, € L°°(Q£a), it holds that

IEsVeallio@..) < CllVeallpsr -

This result can be shown as in [35]. The fact that we deal with a thin layer with a thickness
of order &* has no influence. For the inequality for the L*-bound, we refer to [36, Lemma A.3],
where the L*-bound was shown for the case of perforations being strictly included. However, since
the construction was also based on a standard local extension operator obtained, for example, via a
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mirroring argument, it is straightforward to extend the results from [36] via the global construction
from [35] to the case of connected perforations.

Next, we construct a domain Qﬁ ;a’h for small values of 4, which is obtained by cutting of micro-cells
from Q‘Qa near to the lateral boundary (a distance smaller than /). More precisely, we introduce the
following notation. For 0 < h < 1 let Y, := {x € ¥ : dist{x, 0¥} > h} and we set

Ken:={keZ™ : a(k+(0,1)"") c T4},

and define

Ten=intd | ] 810,11 + kg

keK ),

In other words, X, consists of all points in x with a distance greater than /4 and included in a
microscopic cell e(k + [0, 1]""!) strictly contained in £,. We now define

Qs,ar,h = Ee,h X (_807 Sa)a Qf h = Q&a,h N an‘

&,

Proposition 5.8. We obtain, for every 0 < h < 1, a constant C;, > 0 depending on h (but independent
of €), such that for every | € 7' x {0} and |le| < h, it holds that

& 2 10¢call ooy r20f,) < C Vi + Che? + k(lle),

with k(s) — 0 for s — 0. In Case (D2) with periodic boundary conditions (after extending c.,
periodically in Z-direction), the inequality is valid for h = 0 and arbitrary | and &, and the constant on
the right-hand side is independent of h.

Proof. We first consider Case (D1) with DY = &*D. We use similar ideas as in the proof of [24,
Lemma 4.3], where we also have to estimate the convective term. We define the space

Hp={p e H(QL,,) : ¢=00n0Q] ,\T..}.

Let [ € Z"' x {0}, such that |lg| < h. It is easy to check, that for all Vea € Hey it holds almost
everywhere in (0, T') that

1
_<atécs,aa l/’s,w)’Hp;, + ff 80DV6C5,(1 : Vl//a,(t dx
Foud - o) ’

sk (5.5

0 UgaCea 1
— f ¥ . ng’a dx e 5gs,a/¢a,a dX.
of & e¥ Jof
e,a,h e,a,h

First, we assume that ¢2 = 0. We choose a cut-off functionn € C3(Z,) with0 <p < landn=1in
%,,. We emphasize that 7 depends on /4 and, in particular, the gradient is of order % In the following,
we use Cj, to denote constants which depend on 4 (and might grow to co for 4 — 0). We now choose
Weq = 170Coq € H,, and we have

Voo = IV00Coa) + 10Ce0 V1] = 2010Ce.a V) + 1P V8C4 g
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We get the following for all ¢ € [0, T]:

t
+8&D||UV5C8“||L2((01)><Q B 2<9an ff Véceq - Vmoce, dxds
F(Yh (5.6)

5 e,ave,a
fff (u Cea) V(nzécm)dxds— —ff 6gw7] 0Ceq dxds.
of

a,h

SO,

sarh

For the third term on the left-hand side, we get

t

@ . < — 3a

& L‘ Lf Vaca,a Vnnéca,a dxds ||776C£a||L2((0 % Qf h +Ch8 ||V6C£oz”L2((0 )XQ“”I)
e,a,h

2
< _l|ndcea|lL2((0 t)XQf ) + Chg oz,

where, in the last inequality, we used the a priori estimate for Vc,, from Proposition 5.3. For the

f BV (16Cea) dx = 0
of €

s,a,h
CeaOUgy + Ug (- + le)dc,, and the a priori estimates from

convective term, we use

to obtain the following with 6(u.4Ceq) =
Propositions 4.3,5.3 and 5.4:

6(”8 (YCS (l)
Vg o dxds
of

a,h

O ) Ug o + L)
< — [277(56’5 VYN +n°Véc, (,] — 5 0Cca [MV(nScea) + n6ceo V] dxds
0 Qf E 8

lics.allps 7 lmoceally /
ol ) sallp=o.r)xaf HWOCalli2nxal )

NoUg.q
82

rc| lezalliqorer. T8¢l 0 pe

L2(0.0xQ! )
u€ (04

+ G
g 82

| |6C8,Q’ | |Lw((0’T)XQ£,a,h) | |n6cs,a I |L2((OJ)XQ£a,h)

L2(00xQf )

7751/‘8 a
[7Voce ol L2((0,)xQ)

s,a,h)

<t Im0Ceall o )+ c”
ar) L2(0.0xQ! )

+ th‘gE | |n6cs,a' | |L2((O’I)XQ£0JI)

nNoUg 2
&2

C
+ JE—
Lz((o [)Xgé‘ah 8(2

L2<<0,1)X9'§,a,h) 2 L2<<0 nxQf, )"

1
<Cue" 4———Hn5csaH

The term on the right-hand side of Eq (5.6) can be estimated in a similar way. In total, we get the
following with an absorption argument and the Gronwall inequality:

1 a
8—%||7]5C5,a|| Lw((o,T),LZ(Q£ ) te ||nV6C&a|le((O’T)XQé”’h)
) (5.7)
HO%ea + —(l“(sgs,(t”y((O,T)xﬂﬁa nl

o=, ) &2

&2

E2
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It remains to estimate the term including ou.,. For this, we consider the equation for éu.,. More
precisely, for all ¢, € H'(Q/ )", such that ¢,, = 00on dQ/ , \ (S}, US; ). it holds that

e, e,

fQ/‘ Vdum : V(ﬁg’a dx - L_, (6ps,a - 5P§,Q)V : ¢8,(Y dx = ff (6]‘:9,(1/ - V(sz,a) : ¢8,(x dx.

e,a,h e,ah Qé,(t,h

Now, we choose ¢, = 7°0u,, to obtain the following with V¢, , = 7*°Vou,, + 2nVn ® éu, , and
V- ¢s,a = 277V77 ’ 6”8,(1/:

InVouzol?, , = (0Pea — OP2 )20V - S o dx + (0 foa — VOPL,) - Sttgan dx
5 Lz(Qg,a,h) Qf . ) E,x 9 Qf 3 &, >

-2 ff nVou., : (Vn ® ou,,)dx
Q

ea,h

b
Schlldps,a - 5pg,a”L2(Qf ])lléus,a”LZ(Qf )

e,a,h

b
+ Clléfs,(l - V6P8,Q||L2(Qf h)”néus,a”LZ(Qf )
+ Ch”nV6us,w”L2(Qf I)“(Sus,aHLz(Qf )
SCh82+2a + C82+0K(|l<9|) + Ch82+% ||nV5u8,lI||L2(Qf h),

where, at the end, we used the a priori estimates for u., and p., from Propositions 4.3 and 4.7, and
Assumption (T3). For the last term, we can use the Young inequality to obtain the following with an
absorption argument:

2 2+2 2
IV6usall, o < Cre™™" + Ce k(e
e.ah

Using the Poincaré inequality from Lemma 4.2, we get

m0ttcallny ) < Co(I0teaVlagr , + 7V00ealler )

< Ce?tt + ™™ + C¥ 2 k(lgl).
In summary, we obtain
-2 -1 a
€ "|Indus.oll 2 qf ote InVéueoll 2 qr )< Cre” + Ce2k(|lel). (5.8)

Using this estimate in the inequality (5.7), we get the following with Assumption (T3):

g_%||r]§cs’a||Lw((O’T)’L2(Q£,a,h)) + 85||77V6C£,a||L2((0’T)XQ£%}1) S Chsi + K(ll‘9|)

Using the L*-estimate for ¢, , from Lemma 5.5 (and the fact that here, we consider here a smooth
extension of ¢, to the whole layer R*! x (—&%, £%)), we obtain

& 2 l0caallmorz@ly = € M0Csallioor 200! L + € \z

£,a,2,
< CVh+ Cuef + k(lel).
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This is the desired result for ¢ = 0. For the general case, we consider w,, in the previous
calculations instead of c¢.,. In Eq (5.6), we then have to consider the function g., — a,cﬁ instead
of g.., and we obtain the following on the right-hand side the additional term:

f . (Dchg - u;a c};) V(ce) dx.
Qzo

This term can be estimated in the same way as the respective terms in the calculation above with ¢?
instead of ¢, and using Assumption (T3). This finishes the proof in Case (D1).

Now, we consider Case (D2). Here, we can choose ¢, = dc., directly in Eq (5.5) and, we can
work with the full domain Qgﬂ instead of Qg o, formally, we can choose i = 0), since we can extend
all the functions periodically in the horizontal direction. In particular, in Eq (5.6), we can putp = 0
and all terms including V7 vanish. The remaining terms can be estimated as in Case (D2).

Remark 5.9.

(i) We also showed that
8§||V568,G||L2((0’T)ng Zh) S Chgé + K(llgl)

and an estimate for 6u., and Vou,,. However, for the proof of the strong convergence of c, this
estimate is not necessary and, therefore, we only formulated the result for 6c;.,.

(ii) The proof of Proposition 5.8 simplifies for the case of periodic boundary conditions. However, this
assumption seems to be necessary in Case (D2). Otherwise (assuming also a Neumann boundary
condition), we get in Eq (5.6) the critical term

!
26D f f - VidcCeq - Vimoc,, dxds.
0 Jof

e,a,h

Using the same estimate as in the proof above, we only get

1 2
< lmoceallly g ey + Ci

!
26D f f - Vi0ceq - Vmoce dxds
0 Qé,a,h

As we will see later in the proof of Proposition 5.11, this is not enough to guarantee the strong
two-scale convergence of ..

5.2. Two-scale compactness for the microscopic solutions c,

We formulate the (two-scale) compactness results for the microscopic solution ¢, , for the different
choices of D?. The weak convergence results are direct consequences of the general two-scale
compactness results obtained in Section 3 and the a priori estimates in Section 5.1. However, to deal
with the nonlinear advective term, we also need strong two-scale compactness results. For this, we use
the additional bound for the differences in the shifts with respect to the spatial variable.
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In the following, we extend the functions ¢, , with the extension operator E, from Lemma 5.7 to the
whole thin layer €, , and use the same notation c,, for the extension. We emphasize that the a priori
estimates in Case (D2) for the extended function do not remain, since we only have

@

||VXEscs,a||L2((O,T)><Q€’n) < Cllvcs,allLZ((O,T)XQéa) < Cg 2,

Hence, due to the (arbitrary) shape of the perforations Y;, we can only control the horizontal
gradient ViE.c., by the full gradient Vc,,, including, in particular, the n-th component of c,,,
scaling badly with respect to . We start with the formulation of the weak compactness results for
the microscopic solution.

Proposition 5.10.

(i) For DY = gD, we have the following.

The maps ¢ € L*((0,T) x Q) with 8,,co € L*((0,T) X Q) and ¢, € L*((0,T) X Q, H,
such that, up to a subsequence,

(Y)/R) exist

cr

2.« a 2.«
Xqf Coa = X¥;Cos Xof € Veeo = Xy, (8xncoen + Vycl).

Further, we have ¢y = cg on ST in the (generalized) trace sense.

(ii) For D¢ = Ddiag(e™,...,&°%,&") € R™" we have the following.
The maps cy € L*((0,T), H'(Q)) and ¢, € L*((0,T) x Q, H, (0, 1)/R) (the microscopic variable
is the y,-component), and ¢, € L*((0,T) x Q, H;er,V;(Y +)) exist such that, up to a subsequence,

2, 2,
: o ; _
Xof Cea — Xv,€0s Xof (ViCea,&0x,Cen) = xv, (Veo + (Vs5C1,0,,c1)).
of, ¥ of, 1

Further, we have ¢y = cg on ST in the trace sense.

Proof. The convergence results are a direct consequence of the a priori estimates from Propositions 5.3
and 5.4, and the compactness results from Propositions 3.4 and 3.6. It remains to establish the trace
condition ¢y = cg on ST. We use again the notation w,, := E.(Csq — cg) (here, we explicitly use the
extension operator E, to better distinguish between the extended functions and the function itself). We
emphasize that, in general, we do not have w,, = 0 on the whole boundary S ;. However, denoting Qgﬁ
as the subset of Q. , consisting of micro—cells touching the outer boundary S;, we obtain the following
using the standard trace inequality for e-periodic domains as well as the Poincaré inequlity (we use

Weo =00nS2):

'€,

1
||Ws,a||L2((O,T)><S§) < C(%”W&‘YHLZ((O,T)XQZ::‘;) + \/EllVW&‘Y”LZ((O,T)th::—;))
1_a
< CVellVweallizorxa.,) < Ce272.

Since @ < 1, we get the strong two-scale convergence of w., to 0 on S. Obviously, we have

2, ... . . .
E.ct = ¢, and therefore, Proposition 3.5 implies the desired result.
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It remains to establish the strong two-scale convergence of c.,. First, we consider the case Df =
Ddiag(e™,...,e7%, &%), which can be seen as the more simple case, since no additional assumptions
on the data (see Assumption (T3)) are necessary. Furthermore, the argument is less technical, because
we can apply directly the Simon compactness result from [37].

Proposition 5.11. It holds up to a subsequence

2.«
Cea — Co.

Proof. We define, for almost every (7, x) € (0,7T) X €, the rescaled function ¢, ,(, x) := Cc o (1, X, €%X,).
With the properties of the extension operator from Lemma 5.7 (again, to illustrate the use of this
lemma, we explicitly write E.c., for the extended function), we find for 0 < & < 1 that (see [16,
Proposition 5] for similar arguments)

1
~ ~ 2 2
”Cs,a/('l‘ + h’ 'x) - Cg"I”LZ((O,T—h),LZ(Q)) = 8_a||E€C8,a('l + h7 'x) - ESC&"||L2((0,T—h),L2(Qg,(,))

2

C
< ;”cg,a('t + h, 'x) - cg’al|L2((O,T—h),L2(Q£a))

cVh

< ?||atcs,a||L2((O,T),(1~(;)(,)||Cs,a||L2((0,T),'HDa)
£ &

<Cc+h,

where, at the end, we use the a priori estimates from Propositions 5.3, 5.4, and 5.6. Next, we control
differences in the shifts in the spatial variable. We extend ¢, to a function in (0, 7)) X R" preserving, in
particular, the L™ -estimates. Hence, due to the essential bound from Lemma 5.5, it is enough to show
the estimate above for Q, := {x € Q : dist(0Q, x) > h} for 0 < h < 1. Let £ € R” such that |£| < h.
In the following, we use similar arguments as in the proof of [16, Proposition 6] and therefore we skip
some details. Let &, := & [f] We now have

&

ICeaCtsx + &) = Conllizqo.rxay) SlCealis s + (é?’ 0)) = Ceolots x + ONl20.1)x00)
+ 1Ceq (1 ox + (£,0)) = Coolry x + (&, 0))||L2((0,T)xgh)
- - = Ll 2,13
+ ”Cs,a - Cs,a('t, x (fs, 0))||L2((O,T)><Qh) = Ig + Ig + Is'

For the first term, we use the mean value theorem, to obtain

1 -~
Ig < Clé:n”laxncs,a”Lz((O,T)XQ) < C|‘fn|

For the second term, we proceed in a similar way, to get
2 S ~ 1-¢ 1-
I; < Clé = EIVCeellzorxa) < Ce ™2 “Vcs,alle((o,T)Xan) <Ce ™.

For the last term /2, we get the following with Proposition 5.8:

C _ a =
3 ,
2% —lenaCrnes + o O) = Coall oy, < €V + Cis® + k(ED.
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We can now apply the Fréchet—Kolmogorov—Riesz compactness theorem to obtain the strong
convergence of ¢,, to some limit function & in L*((0,T) x Q). It is easy to check that ¢, = c.
Hence, we get (since ¢y is independent of y)

. ~ _a
||CO||L2(Q><Y) = ||CO||L2(Q) = !al_l)%llcs,a”Lz(Q) =& 2||Cs,a||L2(Q&(,),
and, therefore, the strong two-scale convergence of ¢, ,.

Strong two-scale compactness results in thin layers were also obtained, for example, in [23, 24] (see
also [38] for similar ideas in the case of perforated domains). Compared with our situation, a crucial
difference lies in the different scaling of the diffusion in different (horizontal and vertical) directions. In
the aforementioned contributions, in the case of fast diffusion, an additional bound for the differences
in shifts was not necessary. Let us explain, why we cannot avoid this bound in our situation, as long as
we consider arbitrary domains. The rescaled (extended) function ¢, fulfills

2
L2((0,7)%XQs,0)

2
L2((0,7)XQs,0)"

2

L2((0,1)%XQs,0)

1
~ 2
”C&‘Y“LZ((O,T),HI(Q)) = + ;”V)_CESCS,(Z”

1
; | |E8C.9,a”
+ %105, EcCell

On the right-hand side, we have the norms in the full layer ., and have to consider the extended
function E.c.,. Now, as already mentioned at the beginning of this section, we can only control the
horizontal gradient V:E.c., by the full gradient Vc,,, and only get

ICe.all2c0.rm @) < Ce™.

This is a consequence of the fact, that the estimate for the gradient for the extension operator is
depending on the full norm. We can only avoid this problem in the case of a specific geometry for
example, by considering cylindrical inclusions as in Section 4.4. In this case, we have

||VanCs,a||L2((0,T)x9m) < C||V)_CCE,(Z||L2((O’T)XQ£(Y) <Ce?,

which implies that ¢, , is bounded in L*((0,T), H'(Q)). Now, with the estimate for the differences in
the shifts with respect to time in the proof of Proposition 5.11, we can directly apply [37, Theorem 1],
without an additional estimate for the differences in the shifts in the spatial variable. However, in
conclusion, we see that for an arbitrary shape of the perforations and different orders of diffusion
in different directions, the usual a priori bounds in H I and for the time-derivative, as obtained in
Propositions 5.4 and 5.6, are not enough to guarantee strong two-scale convergence. We emphasize,
that this problem also occurs in the case of perforated domains which are not thin.

5.3. Derivation of the macroscopic model

On the basis of the compactness results obtained in the previous section, we are now able to proceed
with the derivation of the macroscopic model with its effective coefficients. Here, we proceed in the
usual way for homogenization problems, where we first derive the cell problems for the corrector
functions ¢; and then derive the macroscopic equation. This has to be adapted to our situation
including the dimension reduction, which is included in our definition of the two-scale convergence.
We first deal with Case (D2) of high diffusion in the horizontal direction. The other case follows by
similar arguments.
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5.3.1. The case Df = Ddiag(e™,...,& %, &%)
First of all, in Eq (5.1), we choose test functions of the form v, ,(t,x) := w(t X, z—z, 1‘) with

Yy e C([0, 1), C“(Q Cg‘e’r(Y))) and compact support in (—1, 1) with respect to the x, variable (third

component), and get the following after integration with respect to time and integration by parts in time:

1 (T a
——f f cwatlp( x—,f) dxdt
! e* ¢
f f Csa ' xlr//+8 aaxnlf//en +& lv l,//] (l X, ) dxdr
611/ 8 8

+ f f [e“DViceq + £"D0,, Con€n] - [wa +&790, Ye, + s_lVyw] (t, X, ﬁ, f) dxdt
0o Jo! e¥ ¢

T
Xy X
:g—df f gwlp(t,)‘c,—z,—) dxdr.
0o Jal, e €

First, we derive the cell problem for the limit function ¢,. For this, we multiply the equation above
by € and use the estimates from Proposition 5.10, to obtain (all terms except the diffusive term including
V5 vanish for £ — 0, see Proposition 5.4)

T
f f f D(Vico + Vsz1) - Vyty dy dxdr = 0,
0 QJYy

By density, this is valid for all € L*((0,T) x Q, H lerV (Y¢)). In other words, ¢, is the unique (up
to a constant depending on y,) weak solution of the cell problem

(5.9)

~V; - (D(Vsco + V5¢1)) =0 in(0,T) x Q x Yy,
—~D(Vzco+V581))-v=0 on(0,T)xQxT, (5.10)
¢y is Y-periodic.

From this, we obtain the decomposition

n—1
&t x,y) = ) dycolt, D) (5.11)
i=1
for almost every (t, x,y) € (0,T) X QX Y;, where y; € per v (Yy) is the unique (up to L? functions only
depending on y,) weak solution of the cell problem (fori=1,...,n—1)
=V, - (D(e; + Vyxi)) =0 in Yy,
-D(e; + Viyi))-v=0 onT, (5.12)

Xi 18 Y-periodic.

Next, we derive a cell problem for c¢;. For this, in Eq (5.9), we choose test functions that are
independent of ¥, i.e., ¢(t, x,y) = ¢(t, x, y,) and multiply the equation by &!~?. Now, the term including
V;¢ vanishes, and we get

f (0x,c0 + 0y,€1)0y,¢(y,) dy = 0,
o Jy;
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and by density this equation is valid for all ¢ € L*((0, T) x Q, H!_(0, 1)). We define

per
A =H" (e : Gy € Yy)).

Since Yy and Q 'a are Lipschitz and connected, we have A € L*(0,1) and A > ay > 0. Identifying
c; with a function in L2((0, T) x Q, H! (0, 1)), we find that ¢, is a weak solution of the problem

per

=0y, (A(dy,co +0y,c1)) =0 in(0,T)xQx(0,1),

. . (5.13)
¢ is 1-periodic.

Since this problem has a unique weak solution, we get

c1(t, x,yn) = 0x,colt, X)xn(¥), (5.14)

where y, € H!_(0,1)/R is the unique weak solution of the cell problem

per

~0, (A(1 + 8, x)) =0 in (0, 1),

5.15
Xn 1s 1-periodic. ( )

We are now able to derive the macroscopic model. In Eq (5.9), we choose test functions of the form
w(t, x) = z//( X, ) (independent of the microscopic variable y) and obtain

T T u .
—c¢ f f Ce aazl,[’ (t X ) dxdr - f f €2<1 Cea* [V)'clﬁ + g—aaxnlpen] (t’ X’ _n) dx dt
;. N N
f f &7 DV 5o+ " DO cone,] - [Vt + 570, e ] (1.5, 22 ) da (5.16)
&

=& ff gwwtx )dxdt

Using the compactness results from Propositions 4.8, 5.10, and 5.11 (in particular, we need the
strong two-scale convergence of c,, to pass to the limit in the convective term; see also Remark 3.1),
we get

T T
- f f f co0r dydxdr — f f f upco - Oy, Ye, dy dx dt
0 JaJy, 0 JaJy,
T T
+ f f f D(Vcy + (V5¢1,0,,c1)) - Vipdy dxdr = f f f go¥ dydxdt.
0 JaoJyy 0 JaJy,

With the decompositions of ¢; and ¢; from Eqs (5.11) and (5.14), we get

(5.17)

D(Vcy + (V)-,E'l, aynC])) . Vlﬂ dy = D*VC() . Vl//
Yy

almost everywhere in (0, 7) x Q with the homogenized diffusion coefficient D* € R™" given by
fyf D(e; + Vi) - (ej + Vi) dy fori,j=1,...,n—1,
D;; =10 fori =nor j=n, (5.18)
Jy, DO +8,06)(1+ 8, x,)dy  fori=j=n
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D -
Remark 5.12. This formula is also valid in the case D = ( 0 DO ) with D € R"=D%0=1 peing positive
and D,,, > 0.

Altogether, we end up with

T T
—IYflf fcoa,z//dxdt—f fcoﬁen-Vlﬂdxdt
0 Ja 0 Ja
T T
+f fD*Vco-dexdt:f fgowdxdt
0 Ja 0 Ja

with gy := fY,- gody. By density, this is valid for all ¢ € L?((0, T),Hy(Q)) with ¢ = 0 on S¥ and

A € LA((0,T) x Q). In particular, this implies that d,co € L*((0,T), H)(Q, ST U S7)) and we have
almost everywhere in (0, )

(azco,ﬁﬁ)Hl(g,sfusl)—fﬁcoen‘V$dx+fD*VC0‘V¢dX=fgol//dx
o o o

for all ¥ € H;(Q, ST US) and ¢o(0) = 0. In other words, ¢y is a weak solution of the macroscopic
problem (2.6). Obviously, a weak solution of this problem is unique and, in particular, we get the
convergence of the whole sequence. This finishes the proof of Theorem 2.3.

5.3.2. The case D{ = &*D

In this case, we proceed in a similar way as before. The only difference occurs in the diffusive term,
where this term in Eq (5.9) has to be replaced by

T 1 X, X
f f g'DVcgq - [V;l// +&790, ye, + —Vyl//] (t, X, —, —) dxdr.
0o Jol £ e ¢

&,

Multiplication by !~ and £ — 0 gives the following with the same arguments as given above:

T
f f f D (0,,coeq + Vyc1) - Vo dydxde = 0,
0 JaJy;

and, by density, this is valid for all ¢ € L*((0,T) x Q, H,
constant) weak solution of the cell problem

«(Y)). In other words, c; is the unique (up to

=V, - (D(dy,coe, + Vyc1)) =0 in(0,7)x QX Yy,
—D(0,,coe, +Vyc1)-v=0 on (0,T)xQxT,
¢y is Y-periodic.

Hence, we obtain the following for almost every (¢, x,y) € (0,T) X Q X Y:

C1 (t’ X, y) = 6xnC()(l, x))(n(y)’
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where y, is the cell solution of Eq (5.12) for i = n. In Eq (5.1) again choosing test functions of the
form (¢, x) := w( X "") with ¢ € C([0, T) X (QU dpQ)), we obtain Eq (5.16) with the diffusive term

replaced by
T
f f E'DVcey - [V + €790, Ye,] ( ) dxdt

E_)Of ff D(0,,coe, + Vyci) - €,0,, dy dx dt
Yy
= f f D, 0, cody, ¥ dxdr.
0 Ja

Arguing, as in the previous case, we obtain d,cy € L*((0,T) X Z, Hé(—l, 1)), and almost everywhere
in (0, T), we have

<(9t6‘0, lf//>L2(z,Hé(—1,1)) - f ﬁcoaxnl// dx + fD:jmaxnCO * axnl// d.x = fg()l// d.x
Q Q Q

for all y € L*(Z, Hy(—1, 1)). In other words, ¢, is a weak solution of the problem (2.7). It is easy to
check that a weak solution of this problem is unique. In particular, all the convergence results are valid
for the whole sequence. This finishes the proof of Theorem 2.4.

6. Conclusions

In summary, we rigorously derived effective models on the macroscopic scale, which describe
Stokes flow and transport in thin perforated layers. We considered different scalings for the diffusion in
the transport equation, leading to different bounds with respect to & for the H'-norms of the microscopic
solutions. On the basis of these uniform a priori estimates, we established several compactness results
for the microscopic solutions in the sense of two-scale convergence adapted to thin heterogeneous
layers. Compared with previous homogenization results for the Stokes equation in perforated domains
and thin structures of order € (no oscillations in the vertical direction), we obtain, in the limit, a Darcy
equation which only includes the n-th derivative of the Darcy pressure. This is also a consequence
of the pressure boundary condition on the top/bottom of the layer. This boundary condition is, of
course, important for applications. However, we emphasize that imposing the (also natural) no-slip
condition on this part of the boundary causes serious difficulties. In this case, we are unable to derive
a limit problem and even doubt whether such a derivation is possible at all. This is a consequence
of the arbitrary shape of the perforations within the thin layer and does not occur for cylindrical
inclusions (with no change in the geometry in the vertical direction). Another interesting choice
would be a Navier slip boundary condition on the top/bottom, for which we expect similar estimates
for the microscopic pressure as for the no-slip boundary condition. Here, we are not sure about the
homogenization process, and a more detailed analysis is necessary. We emphasize that in this case, we
can also consider a Neumann boundary condition for the transport equation, which causes difficulties
for the pressure boundary condition in our situation, since we are not able to control the advective
term in the reaction—diffusion—advection equation. Another important question, related to the works
in [10, 11], is the treatment of Stokes flow through a thin perforated layer with tiny perforations having
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a size of order a(e) with a(e) < &. For the critical scaling a, = &* for bulk problems and a, = &* for
obstacles on a hyperplane see [11], this leads to a Brinkman law (smaller objects are invisible for the
fluid). Here, it would be interesting how this scaling is influenced by the parameter « and a rigorous
proof is missing.

For the transport problem, we again obtain, in the limit & — 0, a reaction—diffusion—advection
equation with homogenized diffusion coefficients and the advection given by the n-th component of
the Darcy velocity. Hence, the horizontal component of the Darcy velocity has no influence on the
macroscopic evolution of the concentration (or heat, in the case of heat flow). The effective diffusion
depends on the scaling in the microscopic equation for the diffusive term. For fast diffusion in the
horizontal direction, we obtain effective diffusion in all space dimensions, where, in the case of slow
diffusion, the macroscopic diffusion only occurs in the vertical direction. In the latter case, we end up in
a partial differential equation with spatial derivatives only in the vertical direction, and the horizontal
components occur as a parameter. Here, it would be interesting to consider other scalings for the
transport equation to obtain macroscopic models depending on the full Darcy velocity or an additional
micro—macro coupling with the cell problems (very slow diffusion). We are also interested in the case
of the coupling of the thin perforated layer with bulk regions, to obtain effective interface conditions
between the two bulk domains, which is part of our ongoing work.
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