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Abstract: This paper presents a class of novel, high-order, A-stable defect correction schemes. These
schemes are grounded in a newly developed, more versatile class of BDF approaches, which utilize
Taylor expansions at time #,,3 with 8 > 1 being an adjustable parameter. The ranges for the stability
parameters of these newly proposed defect correction schemes are specified to ensure A-stability.
Additionally, numerical experiments are given to illustrate the precision and robustness of the schemes
when addressing stiff problems.
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1. Introduction

In this paper, we consider the deferred correction (DC) methods based on a new class of the backward
differentiation formula (BDF) approaches for stiff problems [1] in the form
{¢, = F(t,¢), 0<t<T,

$(0) = ¢o, (b

where F (¢, ¢) is a function of the variables ¢ and ¢, and T denotes the final time. A stiff problem refers
to differential systems of equations that exhibit high instability and significant differences in time scales.
These problems are widely applied in physical fields such as materials science, fluid mechanics, and
mechanical systems in [2,3]. A-stability is a crucial property when solving stiff problems in [4]. The
conventional implicit methods have A-stability features, such as such as the backward Euler method
and implicit Runge-Kutta (RK) methods in [5, 6]. These methods can maintain stability with relatively
large time steps and effectively handle the rapidly decaying components in stiff problems.
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However, although implicit RK schemes have excellent stability and can theoretically be constructed
to arbitrary order, the derivation and selection of their Butcher coefficients remain challenging, which
significantly raises the threshold for constructing high-order schemes. Linear multistep methods, such
as the widely used backward differentiation formulas (BDF) approaches, are also very effective for
simulating stiff problems; nevertheless, high-order schemes have poor stability in [7-9]. In addition,
Dahlquist’s well-known theorem [10] reveals that linear multistep methods with an order higher than 2
cannot be A-stable. Therefore, the attractiveness of the high-order multistep methods decreases. In [11],
Yao and his colleagues introduced three types of implicit DC methods based on the classical BDF
methods, aiming to devise high-order, A-stable multistep schemes, and provided some
stability conditions.

The DC or spectral deferred correction (SDC) methods are also among the main methods for the
above stiff problems. The classical implicit DC or SDC methods were originally proposed and refined
in [12,13]. In [14], Minion originally developed a linear implicit SDC method to approximate the stiff
system. In [15], Layton delved into the study of semi-implicit Picard DC methods, emphasizing their
effectiveness. In [16], Guo and her colleagues developed a novel class of semi-implicit SDC schemes
tailored for nonlinear stiff problems. In [17], Yao and his colleagues introduce two types of L-stable
implicit SDC methods for solving stiff problems, which are based on the second-order Crank-Nicolson
method. Due to stability reasons, DC methods, which are based on first- or second-order methods, are
used to achieve fourth-order or higher [18]. Compared to general implicit RK methods, implicit DC
methods require solving linear or nonlinear systems of equations with much smaller dimensions at
each step.

Traditionally, when computing solutions at time #,, classical BDF methods generally rely on Taylor
expansion formulae at time #,,5,8 € {0, 1}. Huang and Shen [19] developed a novel class of BDF
methods, which also employ Taylor expansion formulas at #,.5,5 > 1, with the aim of improving the
stability of the classical BDF methods. At = 1, the new BDF methods are equal to the classical
BDF methods. Inspired by the key idea, we develop several innovative classes of multistep, high-order,
implicit schemes. Specifically, we propose three schemes: the novel BDF-DC3/DC? approach, the
BDF-DC;/DC; method, and the BDF-DC; technique. Leveraging Schur theory [20], we determine
the appropriate ranges for the stability parameters in these schemes, aiming to achieve larger stability
regions than the classical BDF-DC schemes. Furthermore, we provide an example for the stiff system to
validate the effectiveness and robustness of the novel schemes.

The remaining sections of this article are structured as follows. We provide an overview of the
proposed A-stable implicit schemes in Section 2. The A-stability analysis of the introduced new
approaches is described in Section 3. Section 4 presents some numerical experiments. Some conclusions
are outlined in Section 5.

2. The novel high-order DC methods

This section begins by constructing a new class of BDF schemes specifically designed for Eq (1.1).
Given an integer k > 2, and with 7, = nAt (where At is time step), we can derive the following general
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formula by applying the Taylor expansion at #,,5 where g > 1:

¢ ( n+,8)

B(tnr1_i) = Z[u —i—B)A" +OA) for k>i>0. 2.1)

m=0

Based on Eq (2.1), we can deduce the following implicit difference formulae to approximate d,¢(,.5)
and ¢(1,.p):

k

1
= D g BIBus1kig) = Oultsg) + O(AL),
q=0

k=1 2.2)
D bigBPtnsaisg) = Bltnsg) + OAL),

q=0

where the coeflicients a;,(8) and by ,(8) can be uniquely identified by solving a linear system that
incorporates a Vandermonde matrix. Then, a new class of BDF scheme for Eq (1.1) is given by

1

k -1
= D aBbrr-tsg = Fltus Z Dg(Bpniairg)s =2 (2.3)
q=0 q=0

Here, we will derive three novel implicit BDF-DC schemes. For the prediction stages: We employ the
above new BDF scheme (2.3) with k = 2 and k = 3, respectively. We then obtain the initial approximate
solutions ¢®(¢) and ¢‘®(¢), respectively. For a more detailed derivation process, please refer to [19]. For
the deferred correction stages, given initial values ¢,_,, ¢,-1, ¢,, we first integrate Eq (1.1) from O to ¢
given by

¢(1) = o + f F(z, p(1))d. (2.4)
0

Given the initial approximation ¢®(¢), we define the error equation as 6(¢) = ¢(¢) — ¢‘®(¢). We then
define the residual equation as follows:

o(t.0%) = do+ [ Fr.g¥ondr - 670, @.5)
0
Substituting ¢(¢) = ¢® () + 6(¢) into Eq (2.4), we have

5(1) = ¢o + f F(t,0P(1) + 6(1))dt — @ (2). (2.6)
0

By combining the residual equation (2.5) with the error equation (2.6), we have
!
6(r) = f F(r,¢? (1) + 6(7)) — F(r, ¢P(0))d7 + &(t, ¢P). (2.7)
0
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For the given interval [t,_;, #,,1], we substitute t = #,_; and ¢ = ¢, into Eq (2.7) as follows:

8(t-1) = f F(1,¢?(1) + 6(1)) — F(1,¢@(0))dt + &(t-1, $2),
0 (2.8)

S(tus1) = f F(1,¢?(1) + 6(1)) — F(1,¢P (1))t + &lty1, $2).
0

Let the second equation in Eq (2.8) substrate into the first equation in Eq (2.8) as follows:

O(tne1) = 0(tp-1) + f " F (7,¢2(1) + 6(7)) = F(7,6?(0))dr 2.9)

2 2
+ 8(tn+1’ ¢( )) - g(tn—b ¢( ))a

where we use 6( ) , to approximate 6(f,41), ¢n ., to approximate ¢(%,,), and define ¢f+)1 = ¢22+)1 + 6;231.
For the correctlon term in Eq (2.9), we numerically approximate the exact integral using the following

stabilization term with the tunable parameter 7:

In+1
f F(r,¢2(@) +8(1) ~ F(@, P ()dt = nA(F (tyr1, §,)) = Fllrs $,20)- - (2.10)
In-1
For the approximation of the residual term in Eq (2.9), we first define the numerical integral as:
Tn+1
L(F; ¢yt 0 ) = f F(t, ¢ (1))dr, (2.11)
-1
and then obtain the following residual approximation:
Envt = &0 = I(F3 $u1, 00 87 = 02, + 87, (2.12)
We then substitute Eqs (2.10) and (2.12) into Eq (2.9), obtaining the following third-order scheme:
B = Bt + NAF (11,8, ) = Fltir, 8,)0) + [ (F3 01,60, 8,)), (2.13)
When we update Eq (2.13) again, we obtain the fourth-order scheme:

¢S:?1 = ¢n—1 + nAt(F(tn+1a ¢S:?1) - F(tn+la ¢513+)1)) + 13(F ¢n—1, ¢n’ ¢£,221 . (214)

Therefore, we rigorously derive the novel third/fourth-order BDF-DC /DC4 scheme. To facilitate
readers‘ understanding, we rewrite the third/fourth-order scheme in the form of Eq (2.16). We then
apply the process similar to that in Eqgs (2.4)~(2.12) to derive the novel BDF-DC3/DC{ and BDF-DC;
schemes, which are given in Eqs (2.15) and (2.17), respectively.

e The novel BDF-DC3/DC? scheme:

4,81 -1 12,81 +3 3At
(2) (2)
= n F n ’2 1 - 2 n)s
ot T T3g T a1 T g 1 0 T gp wal G 0, + (122600
2B, -1 485, 2At
2
== n— =~ 0n thig, s - 1D,),
¢}’l+1 Zﬁz + 1¢ 1 + 2ﬁ2 + 1¢ + 2ﬂ + 1 ( +ﬂ2 ﬁ2¢n+] (ﬁz )¢ )

2.15
(bil?l = ¢n + alAt(F(trHl’ ¢f13_21) - F(tn+l’ ¢,(12_:1)) + IS(F, (bn’ ¢f12_:%a ¢,(12_21)’ ( )

Ol = bu+ AF (1, 8] ) = Flty, 3,80 )) + 1(F3 608,15 60,

¢f;f31 G+ I AHF (11, §0)) = Fltyir, ;331>)+12(F G & <3>,,¢5331.
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e The novel BDF-DC;/DC; scheme:
2B, -1 485, 2A

o L T L7 CFlaigs P20~ (B2 = Do)
00, = Gu + NAF i1, 8 = Fltnr, $200) + B(F ot 6 62), 2.16)
O = Guot + NAHF (141,80 = Fltir, 000 + 3 (F3 bty s 85)).
e The novel BDF-DC; scheme:
¢(3+)1 _ 3,8% -1 brr 9,6’% + 66, — 6¢n_] N 9,6’% + 126, -3
" 3B+ 6B, +2 3B+ 6B, +2 3B+ 6B, +2
6A1 R 40 B /32 (2.17)

+ g Fltup,, - D¢n n—
3,8%+6ﬁ2+2 ( th2 2 n+l (:82 Y + o) 1)

¢fi.)1 ¢n 1t )’AI(F(lnH,‘PE,H) F(tn+l’¢,(1321)) + IS(F, ¢n—]’¢m ¢£,3+)1),

where ay, @z, 1, v, B1 = 2, and B, > 1 are the stability parameters, and ¢;’lp denotes the /th-order

approximation of the solution ¢(z,:,), where [ = 2,3 or 4. I}, Ig, and 13 are defined as the integral
approximations on [#,,1, +%], [t.,t,41], and [#,-1, t,11], respectively, as introduced in [11]. In the next
section, we analyze the stability for the proposed novel schemes, estimating the ranges of the parameters
ay, @y, 1, and y, which control the stability of the novel schemes.

3. Stability of the novel high-order DC methods

We analyze the stability of the new methods with Schur theory [20]. For establishing stability criteria
of the schemes (2.15)—(2.17), we can use the similar analytical tool that is specified in the literature [11].
Next, we utilize the theoretical tool to establish the conditions.

Let A = rcos@ + irsin6, where r > 0 and 6 € (7, 3”) For the BDF- DC3 scheme in Eq (2.15)

(Gns1 = ¢n +1) we can obtain its characteristic polynomial as follows:

f(2) = a7 + a1z + ap, 3.1)
where the derivation process of the detailed expressions of the coeflicients a,, a;, and a3 is carried out
using Proposition 3.1 in [11], given by

ay = 6(=2—4B, — 4B, — 8B182) + 62y + 3B + 4a 1B + 4B, + 4a 1y + 146,58,
+8a18182)A + 6(=3a1B1 — 4B — 6152 — 141 1B2)A° + 362181847,

a; = 12+ 248, + 248, + 48838, + (8 + 108, — 4818, — 1288, — 96a,8,8,)1
+ (10 - 24(!] - 7ﬁ1 - 48&’1,81 - 8,82 + 24Q]ﬁ2 - 70ﬁ1ﬁ2 + 120(1’1,81,82)/124-

(681 + 36a:1B1 — 128 + 36182 — 362,151 52)2°,
ap = (4 - 12(}’1 - 4ﬁ1 — 24(}’1ﬁ1 + 24a1ﬁ2 - 24ﬁ1ﬁ2 + 48a/1,81,82)/l + (—3ﬁ1

+ 180181 — 4B2 + 22818, — 360, 818)A°.
We say that the above third-order scheme is A-stable if it requires

bo + by cos @ + by cos® 0 + by cos® 0 + by cos* 0 + bs cos® 0 + bg cos® 6 > 0. (3.2)
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Here, by, by, - - - , bs depend on a1, 51,5, and r. We rely on sufficient conditions: by, b, by, bg > 0
and by, b3, bs < 0 for arbitrary r > 0 in the left plane, and solve the above inequality (3.2). As a result,
we obtain the ranges: 8 > %, B2 > 1 and a; > (@)min, Where

—B1 = 2> + 6815, =7 +71B1 + 682 + 54515,
—68, + 128,18, =24 — 48B3, + 726, + 14435,

).

(a’l)min = max(

Similarly, for the novel BDF-DC‘SL scheme in Eq (2.15), it is A-stable if @y > (@)m, and @, >
(@2)min, Where

a1fr —4a By + 12,1815,
B1 = 12a,B) + 360281 + 2B, — 24,18, — 68152 + 1218182

((12)min =

The scheme is also L-stable if the roots z; and z, additionally satisfy the following conditions:

lim |z;|=0,
Re(A)——o0
1
lim =|———— (1B — 2B + 12128, — 360> @281 —4a1 B> — 2 (3.3)
pedim_[2o] |72a%a2ﬁ1ﬁ2< 1B1— a1 + 1201 @, ~ 3670 41 B~ 20

+24a a2, + 12018182 +6a281 8, — T2 123182 +36“?“2,31,32)| =0.

The first condition is satisfied automatically, while the second condition introduces a new constraint
on the stability parameters @, a, and 31, 3,. Consequently, we derive the following equality relationship:

@2 =(22)1im»
a1 —4a B+ 12a1 8182 |
B1— 120,81 +360781+2, =240 B, — 6182+ 7201 818, = 36013182 — 360731 32

(22)tim=l

For the novel BDF-DC; scheme in Eq (2.16), we can say that it is A-stable as long as it requires

B2 > 1 and = (7)) min, Where (7)) min = :;:z’gz. And, for the novel BDF—DC‘31 scheme in Eq (2.16), it is
— A /_ 2

stiff-stable as long as it requires 8, > 1, 7 > (172)min, Where (172)min = 1+4ﬁ2_+3 +6ﬁ§'g2+8ﬁ2 , and it also satisfies

D=D;,D;= \/-% when A=0 or D=D,, D, = | =2-2=4C ',fAz“‘AC when A # 0, where

A = B(—1+ 108, — 2488%) + B5(12 — 1208, + 288B5)n + B5(—54 + 4688, — 972830
+ 83108 — 6488, + 648B5)n° + B5(—81 + 1628,)n* > 0,
B=—1+16B,— 875, + 246533 — 3964, + (12 — 1208, + 3243, — 10853 + 2164,)n
+ (=36 + 16283, — 12655 — 16255 + 9728)1° + (1088, + 10843 + 64883)° > 0,
C = —98,(1 +28,)(2 — 118, + 3082) — 98,(1 + 2B2)(—12 + 123, + 72855 < 0.
For the novel BDF—DC‘Zl scheme in Eq (2.17), its characteristic polynomial f(z) is a cubic polynomial.
It can be reduced to the quadratic polynomial (3.1) by using Definition 3.1 in [11]. Likewise, the

scheme achieves A(a)-stability exclusively when the coefficients in Eq (3.1) adhere to Proposition 3.1
in [11], resulting in
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Co+ C17 + Cor? + 3 + cqrt + s + cgr® + e’ + g + cor’ + 107’ > 0, (3.4)

where the coeflicients ¢y, ¢y, - - - , c19 are complex expressions depending on vy, 5,, and cos 6. By solving
Eq (3.4) based on the sufficient condition: ¢y, ¢;, ¢4, Cs, cs,c10 = 0 and cy, c3, ¢5,¢7,c9 > 0 for any

. . .. .. -1 382
r in the left plane, we derive the stability conditions: 8 > 1,y > (%)min» (W)min = _;ﬁf;ﬁf 2,
2

and

@ = arccos —%, where

G = (=1 43y (1 + Bo)* (=1 + B2+ 3B)(—1 + 3B, + 385)(1 — 3B, + 68 + 953)°
+(=6(1 + B52)*(2 — 145, + 2865 + 1235 — 813, + 13585 — 13585 — 59453]
+ 13585 + 64855 +243B°))y + (9(6 — 1683, — 4865 + 13843 + 3105,
— 10285 — 54685 — 3608, + 20755 + 86445 + 9998,° + 4864;" + 818,%))y”
+ (54(=2 + 23, + 2455 — 1085 — 10753, — 355 + 246485 + 2348] + 6385))y°
+ B1(1 +2B,)° (=1 + B2 + 3B)(=1 + 3B, + 3",

H = 3By(1 + B2)(1282(1 + B2)(=1 + 3B2)(=1 + 363)(=1 + B2 + 3B3)(—1 + 3B, + 353)
+ (=2(=4 + 1208, — 2913 — 12548; + 20978, + 516685 — 297085 — 66963, + 1377455
+ 35645 + 7298,°))y + (3(=44 + 5538, + 51385 — 687085 — 679285 + 210064,
+ 2626235 — 353785 — 164155 + 259288, + 1782B3%))y* + (—18(—48 + 2508, + 140235
— 203483 — 1056683 — 11525 + 1696545 + 116108] + 89155 + 324B1%))y* + (27(-104
+ 468, + 27465 + 289885 — 1209683, — 1791945 + 168345 + 101798, + 380785 + 40543,
+ 81830)y* + (162(28 + 908, — 37385 — 142255 — 12345 + 249345 + 200745 + 5408]
+548%)y” + (729(=1 + 2B,)(4 + 338, + 9153 + 9083 + 2453))7°).

Table 1. The stability ranges of ay, @, 7, and y for the novel BDF-DC schemes.

Schemes A(a)-stability L-stability Stiff-stability

BDF-DC; @2 (@))min, =1 - -
BDF'DC; nz (r/l)mina a= % - -
BDF-DC; - - 12 (172)min» D=D)

BDF-DC§ Y 2 (Y)min, @ =arccOS /— - -

BDE.DC? a1 2 (@1 )mins @2 > (@2)min, a1 2 (@1)min> @2 =(22)lim»
-DC? _

(NS
(NS
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Table 1 presents the ranges of a, @», i, and y for newly introduced BDF-DC schemes in different
stability regions. Figures 1 and 2 illustrate the stability regions of the BDF-DC; and BDF-DC‘St schemes,
respectively, for specific stability parameter values a1, @, and 1,3, as outlined in Table 1. Notably, all
these schemes exhibit A-stability. As shown in Figures 1 and 2, the stability regions fully encompass
the entire outer area bounded by contour 1. Figures 3—5 convey the same information in the BDF-DC;}
(A-stable), BDF-DC;‘ (stiff-stable), and BDF-DC‘Z1 (A(a)-stable) schemes, utilizing different stability
parameter values 1,y and 31, 8, as specified in Table 1. From these figures, we can conclude that the
proposed novel BDF-DC methods have larger stability regions than the classical BDF-DC schemes.
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Figure 1. A-stability regions with different stability parameters ay, 3, and 3,. (a) and (d):
The classical BDF—DC§ scheme; (b), (¢), (e), and (f): The novel BDF—DC% scheme.

Remark 1. It is worth noting that for the newly introduced BDF-DC schemes, we can obtain better
stability results and bigger stability regions from Figures 1-5 compared to the classical BDF-DC
schemes (B, = %,Bz = 1). From Figures 1-5, we can observe that Figures (a) and (d) show the stability
region contour plots for the classical BDF-DC schemes, while the other plots depict the stability regions

for the novel BDF-DC schemes.
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Figure 2. L-stability regions with different stability parameters a,, a,, 31, and ;. (a) and (d):
The classical BDF—DC‘S‘ scheme; (b), (¢), (e), and (f): The novel BDF—DCQ-‘ scheme.
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4. Numerical experiments

This section presents the numerical accuracy and examines the stability of the novel BDF-DC
schemes for solving stiff systems.

Example 1. We take into account the following stiff system without source terms:

¢, =998¢; +1998¢,, ¢1(0)=1, t€]0,T], @1
#5 = —999¢; — 1999¢,, ¢,(0) =0, '
with the exact solution as follows:
¢1([) — ze—t _ e—lOOOt,
¢2(t) — _e—t + e—lOOOl' (42)

In Table 2, we present the L™ errors and convergence orders of the novel BDF-DC schemes at point
t = 10 for Eq (4.1) in ¢;. In Table 3, we report the L™ errors and convergence rates of the novel BDF-DC
schemes at T = 1. The L™ errors are defined as the maximum absolute error over all time points z.
Figures 6 and 7 illustrate the L™ error and convergence comparison for different schemes, where the
parameters are chosen to be the same as those in Tables 2 and 3, respectively. It is evident that most of
the schemes achieve their optimal orders. Notably, the BDF-DCj scheme is an exception, as it exhibits
theoretical instability for relatively small time steps. We can observe from Tables 2 and 3 that although
larger time-step sizes may lead to increase numerical errors, our proposed novel schemes still maintain
high-order accuracy even for relatively larger time steps. Therefore, we adopt larger time-step sizes in
the BDF-DC schemes, since the resulting increase in numerical errors is insignificant. These numerical
results indicate that the fourth-order BDF-DC schemes achieve smaller numerical errors with larger
time step sizes than the third-order BDF-DC schemes when the stability parameters specified in Table 1
are used for all schemes.

To validate the stability thresholds outlined in Table 1, we evaluate the proposed schemes with
At = 2—10 and perform simulations up to 7 = 80. Table 4 presents the corresponding stability thresholds
for ¢,. Figure 8 depicts the analytical and numerical solutions comparison for different novel BDF-DC
schemes. We can observe from Figure 8 that the numerical solutions for most schemes can better
approximate the exact solution, and can also approximate well at the tip. However, for the BDF-DC;
scheme, its solution at the tip cannot approximate well, the primary reason may be A(a)-stability
influence. We can conclude from Table 4 that the proposed BDF-DC schemes become unstable when
the values drop below the thresholds specified in Table 1. We can also observe that the stability of the
novel BDF-DC schemes can be enhanced by increasing 3, and 3, values compared with the classical
BDF-DC schemes. For the numerical solution ¢,, we can obtain similar results.

Example 2. We consider the following stiff problems with source terms:
2 2
(]5’1 = 32¢1 + 66¢2 + §l + g,

1 1
| = —66¢) — 1336, — =1 — =
o, o1 (053 3173

1
$1(0) = 3’ t€[0,T],
4.3)

1
$2(0) = 3.
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and the exact solution is provided by

2 2 1
¢1(l) = gl’ + e - —B_IOOI,

3 3
1 1 ~t 2 —-100¢
da(2) = _§t ~ 3¢ + 3¢ -
Figures 9 and 10 depict the L™ errors and convergence rates of the proposed BDF-DC schemes for
Example 2. The schemes achieve the expected numerical accuracy. It is also demonstrated that stiff
systems with source terms can be well approximated by the proposed schemes. Figure 11 shows a
comparison between the exact and numerical solutions obtained by the proposed schemes for Eq (4.3).
It can be observed that the numerical solution agrees very well with the exact solution. Figure 12
illustrates the evolution of the L™ errors over time t. We observe that the errors near the tip remain small,
indicating that the proposed schemes are capable of accurately simulating problems with source terms.
In addition, for nonlinear stiff systems, in order to avoid loss of accuracy, the implicit BDF-DC scheme
may need to be reformulated as a semi-implicit scheme, or an appropriate iterative solver should be

incorporated. This will be investigated in future work.

4.4)

Table 2. L™ errors and the convergence rates of the novel BDF-DC schemes with 8; = 3, =
3,7 = 10 in Example 1 for ¢;.

BDF-DC; BDF-DC3 BDF-DC; BDF-DC; BDF-DC;
A/ ar =1 ar =t a=1 n=3 n=3 y=2
Error Error Error Error Error
1/1280 1.89x 1074 - 3.83x 10718 - 9.61x 10714 - 1.05x 1074 - 8.50x 1077 -

1/2560 2.36x 107 299 239x 107" 400 1.20x 107" 2.99 3.58x107'® 4.83 5.32x 1078 3.99
1/5120  2.95x 1071 299 1.49x 1072 400 1.50x 1075 299 124x 1077 4.87 3.32x 107" 3.99
1/10240 3.69x 10717 299 9.34x 1072  4.00 1.88x107'° 299 447x 107" 479 2.08x 1072 3.99
1/20480 4.61 x 1078 299 584x 1072  4.00 2.35x107"7 299 1.75x 1072 4.67 1.30x 102" 3.99
1/40960 5.77 x 107" 3.00 3.65x 107  4.00 2.94x107'® 3.00 Inf - 8.11 x 1072 4.00

Table 3. L™ errors and the convergence rates of the novel BDF-DC schemes with 8; = 3, =
3,T = 1in Example 1 for ¢;.

BDF-DC} BDF-DC? BDF-DC; BDF-DCj BDF-DC,
Ar a’1=% C¥1=%,C¥2=% 77=% n=73 y=2
Error Error Error Error Error
1/1280 1.23x 1073 - 9.02 x 107 - 1.96 x 1072 - 1.81 x 1072 - 1.08 x 1072 -

1/2560 3.80x 107™* 1.69 7.52x 107> 3.59 3.15x 1073 2.63 2.53x1073 284 121x1073 3.16
1/5120  7.55x107° 233 547x10°° 378 474x10™* 273 290x10™* 3.13 9.20x 107> 3.72
1/10240 1.18 x107° 2.67 3.62x 1077 392 6.69x 1075 2.83 2.75x 107 340 6.90x10° 3.74
1/20480 1.66x 107 2.83 2.32x10°®  3.97 890x107° 291 2.19x10° 3.65 4.76x 1077 3.86
1/40960 220x 1077 292 1.46x10° 398 1.15x107° 295 Inf - 3.13x 1078 3.93
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Table 4. Stability thresholds for the proposed novel methods with 8, = 1,8, = 3, At = zlo in
Example 1 for ¢;.

a; = 0.34 a; = 0.37 a; =040 a; = 0.50
BDF-DC% Error Error Error Error
6.41 x 100 7.19 x 1073 1.12x 10738 2.46 x 10738
a; =0.34,a, = 0.20 a; =037, a, =0.32 a; = 0.40,a, = 0.33 a; =0.50,a, =0.34
BDF-DC‘S‘ Error Error Error Error
1.29 x 10! 1.24 x 10740 7.70 x 10~ 1.85 x 10740
n=0.72 n=0.74 n=1 n=2
BDF-DC% Error Error Error Error
5.01 x 10'° 3.66 x 10719 5.16 x 10734 1.08 x 10737
n = 1.60 n=3.00 n =4.00 n =6.00
BDF-DC‘S‘ Error Error Error Error
2.40 x 10° 8.43 x 10712 1.10x 10723 6.58 x 10738
y =0.56 v =0.58 vy =1.00 y =2.00
BDF-DC‘Z‘ Error Error Error Error
1.80 x 10%° 227 x 10722 1.71 x 107 4.41 %1073
3rd BDF-DC schemes, T=10 4th BDF-DC schemes, T=10
1012k BDF-ch BDF-Dc;
—©-BDF-DC} 107 —©-BDF-DC}
- -~ 3rd Ref 16 | |~©—BDF-DC}
10714+ ~. 10 - - - 4th Ref
g §10-18 -~
T 108} - 20
10
108 L 10722¢ >
104 102 10 10 102
At At

Figure 6. (Example 1) Comparison of L™ errors and convergence rates for different novel
BDF-DC schemes with 7' = 10 for ¢;.

3rd BDF-DC schemes, T=1

10-2 L

104 ¢

loglog

107¢

BDF-DC3
—e-BDF-DC]
- - - 3rd Ref

loglog

1071°

10°

10
At

107

™ £ |- - - 4th Ref

4th BDF-DC schemes, T=1

BDF-DC}
—©—-BDF-DC}
—6—-BDF-DC}

1073

Figure 7. (Example 1) Comparison of L™ errors and convergence rates for different novel
BDF-DC schemes with 7 = 1 for ¢;.
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Numerical Solution in ¢1

* Exact Solution

——BDF-DC}
§157 —BDF-DC?
5 3
= 4
K BDF-DC;
=
2]
=
D
£
s
V4

Numerical Solution

Numerical Solution in ¢ N

——BDF-DC}
—BDF-DC;

* Exact Solution

10

Figure 8. (Example 1) The analytical and numerical solutions comparison for different

BDF-DC schemes with 7 = 10 and At = —

4th BDF-DC schemes for ¢1

Left: the novel BDF-DC schemes for ¢;; Right:

BDF-DC}
—e—BDF-DC}

—6-BDF-DC}
- - - 4th Ref

1280°
the novel BDF-DC schemes for ¢,.
3rd BDF-DC schemes for ¢1
-2 L
102t BDF-DC3 10
—e-BDF-DC]
- - - 3rd Ref 1074 |
104 ¢ -
g g 10°}
[=2] [=2]
K=] K=]
10 ¢
108 ¢
108 ¢ Pt 10710 L
10 102 1072 10°
At

1072

Figure 9. (Example 2) Comparison of L™ errors and convergence rates for different novel

BDEF-DC schemes with 7' = 1 for ¢;.

3rd BDF-DC schemes for ¢2

4th BDF-DC schemes for 4)2

1072

-2 L 4
10
102t BDF-DC3 BDF-DC}
—e-BDF-DC] —©—-BDF-DC}
-—-- -4 | o
3rd Ref 10} | —o-BDF-DC? Z
104 e - - - 4th Ref s
e P
g 8 10t - 3
S S ’
TR -
108 ¢ k!
.
f” ’/
. 5
108 ¢ ol -10 [ s ]
7 10 .
104 1073 102 10 1073
At At

Figure 10. (Example 2) Comparison of L™ errors and convergence rates for different proposed

BDF-DC schemes with 7 = 1 for ¢,.
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Numerical Solution in ¢1 Numerical Solution in ¢2
1 i i 0.4 Jr i i
4 * Exact Solution
0.9 x ——BDF-DC?
= o 0.25 i
S S 5
-g 0.8 ‘—:‘; BDF: DC3
) = 1 pc?
RO g———— * Exact Solution |] % 0 BDF DCZ
Zoel ——BDF-DC} g
5004 3 5 .02
g | ——BDF-DC g
3 05% o 3
ol BDF-DC; 040
. 1 7
ot ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 11. (Example 2) The analytical and numerical solutions comparison for different
BDF-DC schemes with 7 = 1 and At = 1(3%' Left: the novel BDF-DC schemes for ¢;; Right:
the novel BDF-DC schemes for ¢,.

7 Error comparison in ¢1 6 Error comparison in ¢1 8 Error comparison in ¢l

x10°

—BDF-DC] ——BDF-DC; —BDF-DC}

x10°

n
o
I~
n

S
»

w
=
in

E E E
£ 1 £
2, = g
0.5
1 0.5
0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t t
4 4 4
(a) BDF-DC? for ¢, (b) BDE-DC}, for ¢, (¢) BDF-DC! for ¢,
X 107 Error comparison in ¢2 o2 107 Error comparison in ¢z o 10 Error comparison in ¢z
— nct _ nct — nc?
’ 3
06 z z3
£ £ £
B £2 E
204 = g,
0.2 ! 1
0 0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t t
(d) BDF-DC; for ¢, (e) BDF-DC} for ¢, (f) BDF-DC for ¢,

Figure 12. (Example 2) The temporal evolution of the L™ errors for the proposed BDF-DC
schemes with 7 = 1 and Ar = ﬁ. (a)-(c) The BDF-DC schemes in ¢1; (d)-(e) The BDF-DC
schemes in ¢,.

5. Conclusions

In this paper, we presented several novel A-stable, high-order schemes, which integrate the DC
framework with advanced BDF methods. The primary benefit of the these new BDF schemes was
that they not only improved the stability of classical BDF methods, but also elevated the stable
areas of the proposed novel methods. Additionally, we meticulously explored how to choose the
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stability values in the schemes, with the goal of further optimizing the stability characteristics of
the proposed schemes.
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