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Abstract:  Starting from pointwise gradient estimates for the heat semigroup, we study three
characterizations of weak lower curvature bounds on metric graphs. More precisely, we prove the
equivalence between a weak notion of the Bakry—Emery curvature condition, a weak Evolutionary
Variational Inequality, and a weak form of geodesic convexity. The proof is based on a careful
regularization of absolutely continuous curves together with an explicit representation of the Cheeger
energy. We conclude with a brief discussion on possible applications to the Schrddinger bridge problem
on metric graphs.
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1. Introduction

Over the past years, the study of synthetic curvature bounds on metric measure spaces and their
relation has received considerable interest. In their seminal work, Lott and Villani [1] and Sturm [2, 3]
introduced a new notion of curvature bound on these spaces using the displacement convexity of the
logarithmic entropy. Let (X,d, m) be a metric measure space, that is, a complete separable metric
space (X, d) endowed with a probability measure that has finite second moment, we write m € $,(X).
The logarithmic entropy on that space is given as

d
Ent, () = fflogfdm for =, (1.1)
X dm
where 3—1’1’1 is the Radon-Nikodym density of u with respect to m. Let
W) = _jnf [ deyance (12)
mell(uo,u1) XxX

denote the 2-Wasserstein distance for the set of transport plans

(o, 1) = i € PX X X) 1 7(A X X) = po(A), m(X x B) = u1(B), A, B X Borel} (1.3)
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between uy € P>(X) and u; € P,(X). Indeed, W, defines a metric on P,(X), and (P, (X), W>) is called
Wasserstein space on X. The underlying space (X, d, m) is said to satisfy a CD(K, c0)-condition and
to have curvature bounded from below by K € R if the logarithmic entropy is geodesically K-convex,
that is,

Enty,(15) < (1 = $)Entn (o) + sEnty (1) — §S(1 ~ W3 (o, 1) (1.4)

for all s € [0, 1], and a Wasserstein geodesic s — g connecting to, 41 € $»(X). Note that CD(K, o) is
a special case of the Curvature-Dimension condition CD(K, N) introduced by [1, 3]. There, N € (0, o]
is an upper bound on the dimension in addition to the lower curvature bound K € R. In the present
paper, we restrict our analysis to the dimensionless case N = co.

If the underlying space is a Riemannian manifold (M, g) and m = vol,, then the curvature bound
given by CD(K, o) coincides with the geometric lower bound on the Ricci curvature of M. Since
Eq (1.4) is well-defined on metric measure spaces and does not depend on any Riemannian structure,
CD(K, o) can be understood as an extension of this bound. However, it is possible for Finsler
geometries to satisfy the CD(K, oo)-condition as well. This observation led to a refinement in [4],
namely the introduction of spaces with Riemannian curvature bounded below that satisfy a Riemannian
Curvature-Dimension condition RCD(K, o). In the same work, several equivalent characterizations of
such spaces were given, one of them by introducing the additional assumption of linearity of the heat
flow, which is defined as the L?(X, m)-gradient flow of the Cheeger energy

1
Ch(f) = 7 inf{liminfj‘anl2 dm : f, is Lipschitz, j‘lf,1 — fPdm — O},
n—oo X X

and we write Dom(Ch) = {f € L*(X) : Ch(f) € R} for its domain. The linearity of this flow is
equivalent to the Cheeger energy being a Dirichlet form, thus quadratic, and the additional assumption
rules out Finsler geometries [5]. Let (P;);»o denote the corresponding semigroup. By duality, it can be
extended to the space of probability measures inducing the semigroup (H,);»o. Among the powerful
calculus tools developed in [6], it has been shown that (H,),»¢ coincides with the W,-gradient flow of
the logarithmic entropy on CD(K, oo)-spaces. This observation is a key ingredient in the proof of the
following equivalent characterization. A metric measure space is an RCD(K, co)-space if the heat flow
satisfies an Evolutionary Variational Inequality, meaning that for all ug, 1, € $»(X) with Ent,, (1) < oo,
the W,-gradient flow of the logarithmic entropy exists and it holds that

O S WACH 11, 0) + 5 WCH s o) + EnteFlgn) < Entoio) (EVI)
for a.e. t+ > 0. Again, this notion is consistent with the classical Riemannian case and we refer to [4]
for more details.

Another approach to generalizing curvature bounds was developed in [7] and originates from
the theory of Dirichlet forms. Let (X,$,m) be a measure space, for example, a metric measure
space (X, d, m) with Borel o-algebra induced by the metric. Furthermore, let & be a Dirichlet form
on X with Markov semigroup (§,),»o and generator A. We define

1
I'(f,g) = E(A(fg) - Afg— fAg),
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which is related to the Dirichlet form by

&(f.5) = f I(f, g) dm.
X

To shorten the notation, we write I'(f) = I'(f, f). In the particular case of the measure space
being a Riemannian manifold (M,g) with volume measure m, we can choose A = Ay as the
Laplace-Beltrami operator and obtain I'(f, g) = (Vf, Vg)q. Omitting the dependence on the dimension
by choosing N = oo, an important consequence of Ricci-curvature bounded from below is the
point-wise gradient estimate

LS f) < e, 0(f) (BE)

m-a.e. in M for all t > 0, and f € Dom(&). We say that the condition BE(K, o) is satisfied if Eq (BE)
holds. This estimate does not depend on second order operators and can be formulated on metric
measure spaces instead of Riemannian manifolds as well. For this reason, the optimal constant K € R
in Eq (BE) can be thought of as a lower bound on the curvature. On a Riemannian manifold, this notion
coincides with K € R being a lower bound on the Ricci curvature, as was shown in [8].

If the Cheeger energy is a Dirichlet form, or equivalently, if P; is linear for all + > 0, then

condition (BE) can be stated for & = Ch with §; = P,. Then, owing to the work of [9], the bound (BE)
is equivalent to the contraction estimate

Wa(Hp, Hy) < e X' Wa(u, v) (1.5)

for all t+ > 0, and u,v € P»(X). Therefore, it is crucial to identify the Cheeger energy and study
its properties when establishing weak notions of curvature bounds. Under the additional linearity
assumption, [10, 11] have shown that Eq (BE) is equivalent to the RCD(K, co)-condition, thus providing
the relation

BE(K, ) & EVIx & RCD(K, ), (1.6)

and therefore connecting both approaches. In view of Eq (1.6), we call a metric measure space an
RCD(K, o0)-space if, for K € R, any of BE(K, o), EVIg, or RCD(K, c0) holds true.

These conditions allow one to conclude several important properties, such as functional and
geometric inequalities [12, 13] or I'-convergence results [14]. Besides RCD(K, oo)-spaces which cover
a broad class of examples, many widely studied spaces do not satisfy any of the equivalent conditions
from Eq (1.6). Metric graphs and sub-Riemannian manifolds provide prototypical examples where
curvature bounds fail to hold true; for example, see [15, 16] or [17]. For this reason, the question
of extending curvature conditions to a weak notion received interest in recent years. The following
observation serves as a starting point for possible extensions. Several spaces that fail to satisfy an
RCD(K, oo)-condition still admit a linear heat-flow and point-wise gradient bounds of the form

[(P,f) < C**)'PI(f) forallt>0and f € Dom(Ch), (1.7)

with constants C > 1 and K € R; for example, see [16] for metric graphs and [18] for Heisenberg
groups. If C = 1, then Eq (1.7) coincides with Eq (BE), and we can think of ¢(f) = ¢ X" as a curvature
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function, where K € R is the lower curvature bound. In the more general case C > 1, we call c(¢) =
Ce X the curvature function as well. Following this analogy, we define the optimal constant K € R to
be a weak lower bound on the curvature of (X, d, m). We write BE(c, o) for condition (1.7). In the
spirit of [9], it is equivalent to

WZ(Ht,ul, Ht[.l()) < CeiKtWQ(/ll,,Llo) for all £ > 0 and M1, Ho € PZ(X) (18)

with the dual heat semigroup (H,);>9. Following the ideas of [10], an equivalence result similar to
Eq (1.6) has been shown in [19] for metric measure groups. Due to the equivalence in Eq (1.6),
these spaces do not admit a geodesically convex entropy and the weak condition extending RCD(K, co)
under Eq (1.7) originates in the idea of quantifying this non-convexity. However, if the underlying
space exhibits branching geodesics, the entropy along them might be infinite, which corresponds to
Ent,,(u;) = oo for the left-hand side of Eq (1.4). For this reason, the heat semigroup is employed
to regularize possible singularities. We write RCDy,(c, o) for the resulting condition, meaning that
Eq (1.8) holds together with

Ent(Hiunpts) < (1 = $)Entm(Hypto) + SEntu(Hypt))

N s(l—s)( 1

2 — W2(H,uo, H 1.
o R(t,t+h)W2(ﬂO"u1) W5 (H o, Hypty) (1.9)

forallt >0, h > 0, and s — u, is a W-geodesic joining uo, u; € P»(X) with

1
R(to, 1)) = f c2((1 = $)to + st;) ds.
0

For ¢ = 0, this inequality reduces to a heated version of Eq (1.4), namely

s(1 - s)( 1

Entm(Hh,us) < (1 - S)Entm(ﬂO) + SEntm(:ul) + W R(O, h)

- 1)W§<uo,u1). (1.10)

If the space satisfies an RCD(K, co)-condition, then we have c(f) = e X, and one can show

that %(m - 1) — —K as h — 0, therefore recovering Eq (EVIg). The weak condition EVI,(c)

admits another reformulation that characterizes the defect to geodesic convexity in more detail. Let
I : P(X) — [0, 00] with Z(f) = 4Ch( \/]—” ) be the Fisher Information. If the chain rule

h
Enty, (Hpits) — Enty (i) = — f I(H ;) dr (1.11)
0
holds, then we can rewrite Eq (1.10) as the distorted convexity condition

Ent,, (u,) < (1 — s)Enty,(up) + sEnty, (uy) + w(s),
where we define

s(1—1)

1 h
w(s) = T (R(O’h)—l)sz(#o,meoI(Hrﬂs)df
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for fixed 2 > O that quantifies the non-convexity. The weak version of Eq (EVIk) that turns out
to be equivalent to Eq (BE,,) and Eq (1.9) can be understood as an almost integrated version of the
Evolutionary Variational Inequality. We write EVI(c) to denote that

1
EWZZ(HHM, H, o) - W3 (1, po) < (11 — to)(Enty(Hyito) — Enty(H, 1))

1
2R(to,11)
holds for g, 11 € Pr(X) and 0 < ¢y < t; < 1. For a detailed overview on the related literature with a
particular focus on curvature conditions in sub-Riemannian manifolds, we refer the reader to [19] and
the references therein. With these weak notions, their result reads

BE,(c, ©) < EVI,, (c) &< RCD,,(c, o), (1.12)

which gives rise to the definition of metric measure spaces that satisfy a weak lower curvature bound
by one of the three aforementioned equivalent conditions.

To the author’s best knowledge, the equivalence is only known for special metric measure groups,
even though the idea of studying possible extensions to spaces such as metric graphs or the Grushin
plane was already formulated in [19]. The proof relies on the construction of a regularization of
Wasserstein geodesics compatible with metric derivatives. In RCD(K, oo)-spaces, this regularization is
obtained using the heat semigroup and compatibility is inferred from the contraction estimate Eq (1.5).
For the metric derivatives, it implies

-2Kt

|Ht,us| S € |,Lt‘| S |,le|

Instead, if the weak condition (1.8) holds, we only obtain
|Ht,us| S Ce_ZKtllasl S C|,US|,

up to the constant C > 1. Taking the limit as # — 0 does not recover the speed of the original curve as
long as C > 1 and we are not in the RCD(K, co)-setting. For this reason, it is necessary to introduce a
new approximation given by a family of curves of measures (1), compatible with metric derivatives
in the sense that

lim )| < || (1.13)
and such that u — u;. In the case of metric measure groups, this is achieved by means of the operation
of group convolution. As soon as we leave the group setting, this approximation is no longer applicable.
Additionally the characterization of the gradient flow of Ent,, as the heat equation has to be known a
priori. However, on metric graphs, both issues were resolved in [15]. There, the authors introduced
a regularization that satisfies Eq (1.13) and showed that the heat equation can be understood as the
W,-gradient flow of Ent,,. Since metric graphs admit weak gradient bounds [16], this observation
provides the starting point of our analysis, with the aim of extending Eq (1.12).

Contributions. The main contribution of the present article is the proof of the equivalences from
Eq (1.12) on metric graphs. We rely on the regularization introduced in [15] and adapt the arguments
presented in the metric measure group setting, therefore extending [19][Theorem 5.16]. As a first step,
we show that the Cheeger energy coincides with the Dirichlet energy, which allows us to connect the
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abstract setting of metric measure spaces to the gradient bound from [16]. This identification relies
on the identity W' = Lip on metric graphs for which we give a proof, since we could not find it in
the literature. Here, Lip denotes the space of Lipschitz functions. Moreover, we introduce the notion
of strongly regular curves on metric graphs. Then, for arbitrary absolutely continuous curves, we
construct an approximating sequence of strongly regular curves. In particular, the action and entropy
are well-behaved along weak limits. By employing this procedure together with a regularization of
the entropy, we derive an estimate similar to EVI,,(c). Starting from this estimate, we conclude the
equivalences by showing that the inequality is preserved under taking the limit in the regularization.

Structure of the Paper. The paper is structured as follows. In Section 2, we define metric graphs
as well as introduce the heat equation on such spaces. In Section 3, we study this equation and its
two interpretations as a gradient flow of Ch and Ent,. To this end, we provide an identification of
the Cheeger energy in Theorem 3.5. Moreover, we introduce the regularization of measures on graphs
applied throughout the article in Definition 3.2. In Section 4, we state and prove the equivalences in
Theorem 4.4. As a first step, we show that Eq (1.7) is equivalent to Eq (1.8) in Theorem 4.3. The proof
relies on known results in metric measure spaces and the identification of the Cheeger energy from the
previous section. We introduce strongly regular curves and show the existence of such in Theorem 4.11
by employing the regularization from Definition 3.2. Lastly, we establish action and entropy estimates
along such curves, thus allowing us to conclude the proof.

2. Preliminaries

Let G = (E, V) be a connected combinatorial graph with a finite set of vertices V and edges E C
V x V. We endow the graph with amap ¢ : E — (0, 00), £(e) =: £, and define an orientation on each
edge using the outer normal

-1 :e=(v,w)
n°(v) :=<+1 :e=(w,V),

0 :Vée
which allows us to identify edges with intervals —%, %e]. We call the triple G = (V, E, {) a metric
graph. For each v € V, we further denote the set of incident edges by E(v) := {e € E : v € e} and
define the spaces

= U[—fﬁ,f—e] and G:=L/~, (2.1)

where the first set is a collection of the one-dimensional intervals associated to the edges. In the second
set G, we uniquely identify vertices using the equivalence relation ~, where two points are related if
they correspond to the same vertex. Together with the graph distance d : G X G — [0, o), which is
the length of the shortest path between two points on G, the tuple (G, d) defines a metric space. We
denote the space of probability measures on the metric graph by £(G), the space of Radon measures
by M(G), and the space of non-negative Radon measures by M, (G). Additionally, let ,.(G) be the
set of probability measures that are absolutely continuous with respect to the Lebesgue measure .Z.
Here, .Z € M, (Q) is the measure on G induced by the Lebesgue measure on L under the equivalence
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relation ~. The corresponding Lebesgue spaces are denoted by L?(G) for p € [1, co] with norm ||-]|.»(q)-
In particular, (G, d) is a geodesic space, thus rendering the Wasserstein space (P(G), W,) a geodesic
space as well.

Let (X, d) be an arbitrary metric space. For any closed interval / € R and p € [1,c0], we call
v : I — X absolutely continuous, and write y € AC?(I; X), if there exists g € LP(I) such that for all
to, 11 € I with tg < t; it holds that

dmwOSJQﬂﬂ&. (2.2)

o
By [20][Theorem 1.1.2], every absolutely continuous curve y € ACP(I;X) admits a metric
derivative |y,| € LP(I) given as the smallest function g € LP([) that satisfies Eq (2.2). On a metric
graph, we define the local and global Lipschitz constant of a function f : G — R U {oo} as

hpf(x) = lim sup M and Llpf ‘= sup M’

yoox d(x,y) vex  d(x,y)
respectively, for x € Dom(f) = {x € G : f(x) € R}. Since (G, d) is a geodesic space, we have Lipf =
sup,cg lip;(x). The space of Lipschitz functions is denoted by Lip(G), while C(G) is the space of
continuous functions equipped with the supremum norm ||-|¢(g). The space C '(G) contains all functions
from C(G) that are continuously differentiable on each edge of the graph, and we denote the space
of non-negative Lipschitz functions by Lip,(G). In the same way, for p € [1, 0], we define the
Sobolev space W'P(G) as the space of functions in L”(G) that are continuous in the vertices and
such that their weak derivative exists as a function in L”(e) on each edge e € E. As was shown
in [21][Lemma 3.27], every element f € W!'»(G) admits a continuous representative in C(G) uniquely
determined in the vertices. Note that G is compact by definition, which is why all probability measures
have finite second moment and why duality holds between M(G) and C(G). We say that a sequence of
measures (u"),en € M(G) converges weakly to another measure u € M(G), and write u" — w, if for

all ¢ € C(G) it holds that
fgod,u”—>fgod,u as n — oo,
G G

Curvature bounds are closely related to the heat equation and the resulting semigroup on the

underlying space. On metric graphs, this equation is understood in the following sense. For each
edge e € E, we consider the one-dimensional heat equation on [—%e, %e], coupling them in the vertices.
Depending on the choice of coupling conditions, we obtain different systems. Throughout this article,

we impose the so-called standard coupling conditions. For f¢ = f|e, they lead to

0,f°(t, x) = 0. fE(t, x) t>0,xce,eckE
ZeeE(v) axfe(ta V) : ne(V) =0 t>0,veV (23)
fe@v) = (V) 1>0,e¢e €EV)

with the initial condition f(0,-) = fy(-). The existence of solutions to Eq (2.3) was studied in [22]
employing semigroup techniques and in [15] using minimizing movements. As was first shown in [23]
and later extended to more general coupling conditions in [24], solutions to the heat equation can be
characterized by a heat kernel p,(x,y). We collect some useful properties of the semigroup and its
kernel below.
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Lemma 2.1. Let G = (V,E,{) be a metric graph and let g,(z) = (27rt)_%e‘% be the usual
one-dimensional heat kernel. Then, there exists a heat kernel p; : G X G — R fort > 0 such that
the following properties hold true.

i) For T > 0, there exists a constant Cy,(T) > 0 such that 0 < p(x,y) < Cy(1)gi(d(x,y)) for all
0<t<Tand L-ae. x,y€G.

ii) The kernel is continuous. Moreover, 0,p,(x,y) € C(G) forallt > 0, x,y € G and d,p,(x,y) € C(L),
0 pi(x,y) € C(L) forallt >0, x,y € L.

iit) For allt > 0 and x € G, it holds that ||p,(x, )ll.1 ) = 1.

Proof. A proof of the first part can be found in [16][Lemma 5.3], and the last two statements were
shown in [23].

3. The heat equation as a gradient flow

In this section, we study the heat equation on metric graphs and its two interpretations, namely the
one as an L>-gradient flow of the Cheeger energy and as a W,-gradient flow of the logarithmic entropy.
The latter has already been studied and made rigorous in [15], while the first one has been treated in
general metric measure spaces in [6]. Our main goal is to show that both coincide on metric graphs,
thus giving rise to the notion of heat flow. To this end, we show that the Cheeger energy is equivalent
to the Dirichlet energy and that the abstract L?-gradient flow induces the heat equation with standard
coupling conditions from Eq (2.3).

We begin by studying the Cheeger energy and its gradient flow. Let Ch : L*(G) — [0, oo],

Ch(f) = inf{lim inf f lip, (x)*d.Z : f, € Lip(G), f, = fin LZ(G)} (3.1)
n—o00 G
denote the Cheeger energy, and let the Dirichlet energy & : W'3(G) — [0, o) be given by

&(f) = fG VR dx.

As was shown in [6][Theorems 6.2, 6.3] and [6][Remark 4.7], the Cheeger energy admits the
integral representation

1
chif) = 5 fG DR d. (32)

for any f € Dom(Ch), where |Df|,, is the so-called minimal relaxed gradient. 1t is defined as the unique
minimal element g € L2(G) such that there exists a family (f,),en C Lip(G) with f, — f and lip 8
in L?(G). It has been shown (see [25][Theorem 3.1] and [20] for the theory of Hilbertian gradient
flows) that Ch gives rise to an L?-gradient flow. Let (P,),so denote the corresponding semigroup with
dual (H,),», extending the semigroup from L*(G) to P,.(G) by

du

Hu=(PNHL if @ /-

As a first step towards the characterization of (H,);»o, we show that Lipschitz functions are weakly
differentiable .#-a.e. with bounded derivatives. More precisely, we prove that Lip(G) = W'(G).
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Theorem 3.1. It holds that f € W"*(G) if and only if f € Lip(G).

Proof. First, let f € W'*(G). Given [21][Lemma 3.27], there exists a continuous representative, which
we again denote by f € C(G), and it remains to show its Lipschitz-continuity. Let x, y € G be arbitrary
points on the graph and suppose that there exists an edge € € E such that x,y € e. As in the proof
of [26][Chapter 5.8, Theorem 4], it holds that

fO) = fO S NIV llpse)ly = .
which implies
1O = FOI NIV Sl y). (3.3)

Now, suppose that x € e and y € €’ for e # €. Since (G, d) is a geodesic metric space, we can
find a shortest path connecting x to y. We denote the ordered sequence of vertices lying on that path

.....

N N
FO) = FOI < D 10D = FOr) < 1V fllgoey D d0ivin) = IV fll@d ),
i=1 i=1

using Eq (3.3) in the second inequality. This shows f € Lip(G) with Lip; < IVl ~q)-

For the other implication, let f € Lip(G) be given. By definition, f € C(G), so that it remains
to show weak differentiability on each edge. Fix e € E and let f° : e — R be the restriction to
this edge. Again, as in the proof of [26][Chapter 5.8, Theorem 4], we obtain f© € W!'*(e) with
IV f®ll ey < Lip e, where the supremum in the definition of the global Lipschitz constant can be taken
over the whole metric graph G. Since the choice e € E was arbitrary, this proves f € W'*(G).

Recalling the definition of the Cheeger energy from Eq (3.1), it is necessary to construct
approximations by Lipschitz functions when characterizing elements in its domain. The main difficulty
on metric graphs is to define functions that are continuous in the vertices. To this end, we make use
of the ideas presented in [15]. We begin by extending the metric graph, introducing one auxiliary
edge for each vertex. Let e = (v,w) € E be an arbitrary edge of G, parametrized in such a way
that e = [—%e, %e] The new edges are identified with e2* = [—% - 2e, —%] and ¥ = [%, %e + 23];
see Figure 1 for an illustration. From this extension, we obtain a new vertex of degree one denoted
by v? for each v € V. Note that we only add one new edge for each vertex; however, depending
on the incident edge e € E(v), we parametrize it differently. The extended metric graph is denoted
by G* = (V*, E?, ¢?*), with domains defined in analogy to Eq (2.1). We introduce the following

regularization; see [15][Definitions 3.8, 3.11].

e\2/e // e \h\ e\%ve

Figure 1. Example of an extension of a metric graph for £ > 0.
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Definition 3.2. Let € > 0, and ¢ € L'(G?®) be given. We define the function ¢° : G — R by

1 Sx+e
@°(x) = % fﬂ ¢(y)dy
E &

agx—e

for x € e, and af = % For u € M(G), we define its regularization by duality as the measure

uf € M(G?®) such that for all ¢ € C(G*)

f sodu€=fsogdu-
G2 G

In general, we will deal with functions that are defined on G instead of the extended graph G
for some & > 0. We use the following conventions: if ¢ € L'(G), we extend it by ¢l = 0 for
all v € V, thus leading to a function in L'(G*) with the same L'-norm; and on the other hand, if
¢ € C(G) and we want to preserve continuity, we continuously extend it by ¢|,2- = ¢(v) for v € V. This
regularization satisfies several useful properties, among which is the absolute continuity with respect
to the Lebesgue measure.

Proposition 3.3. Let & > 0, ¢ € C(G*), and u € M(G) be given. The following hold true.
i) For ¢* : G — R, we have that ¢°* € C'(G), with the derivative given by

& ag E E
V() = SE(plabr - ) - plagr + 6)
for all x € e, and ¢° — ¢ uniformly in G as € — 0.
ii) The regularization is mass preserving in the sense that u*(G*) = u(G).

iii) If u € P(Q), then its regularization u® € P(G*®) is absolutely continuous with respect to the
Lebesgue measure and has the density f¢ € L'(G*) given by
s-p(e N I5(x)) :xeE
ffx) =

i(]l{d(x,wszs}ﬂ({v}) + > upen Ig(x))) . xee¥,veV
ecE(v)

x—& £ C(x+e b
IZ(x) = [max , —— ¢, min ,— ¢
ag 2 ag 2

Moreover, it holds that ¢ < ng on G%.
iv) As & — 0, it holds that u® — u in P(G*) for u € P(G).
v) If s >, € ACK([0, 11:P(G)), then s > 5 € AC([0, 11 P(G*)) and

2e
<({1+ 15
_( 7 )Iul

for

1 .

min

for a.e. s € [0, 1], with €, := min{l, : e € E}. As a consequence,

lim sup|i?] < ||
>0

fora.e. s €[0,1].

Networks and Heterogeneous Media Volume 21, Issue 3, 725-754.



735

Proof. The first result 1) is the content of [15][Proposition 3.9]. The statements ii)—iv) are shown
in [15][Proposition 3.12], where the convergence in iv) has to be understood in the sense that

f sodug—fsodu|= fsﬂg—sodﬂ‘—m
G2 G G

as € — 0 for all ¢ € C(G*). For ii), note that the regularization of the constant function equal to one
on the graph G?® is again the constant function equal to one on the initial graph G. The last statement
follows from the same proposition together with [15][Theorem 3.7], which characterizes absolutely
continuous curves as weak solutions to the continuity equation on metric graphs.

As a consequence of the last property, the regularization introduced in Definition 3.2 is compatible
with metric derivatives in the sense that it preserves absolute continuity and its metric derivative is
asymptotically bounded by the original speed. Moreover, it provides sufficient regularity to explicitly
construct Lipschitz approximations.

Theorem 3.4. For every function f € W'*(Q), there exists a sequence of functions f, € Lip(G), n € N,
such that f, — f uniformly on G as n — co with lim,,_,, fG lip?n dx < ||Vf||i2(G).

Proof. Let f € W'2(G) be given. In particular, f € C(G) by [21][Lemma 3.27], and, for each & > 0, we
find a function f? € C'(G) using Definition 3.2 such that ¢ — f uniformly as £ — 0 and f* € Lip(G)
by Theorem 3.1. For x € G\ V and any sequence (y,),o; € G such that d(x,y,) — 0, we have y, € e
for sufficiently large n € N. Then, by the fundamental theorem of calculus and Proposition 3.3 1), it
holds that

£ _ f€ 'n & Vn
f ()C) f (yn) — 1 f Vfg(Z) dZ' < a/_e 1 f |f(a’ZZ - 8) - f(CZ:Z + 8)| dz.
d(X,)’n) |x_yn| x 2e |X—)’n| X
This gives

flagx — &) — f(agx + &)
2¢e

&

lip,.(x) < ag

2

since f is continuous and every point is a Lebesgue point. Taking the squared L?(e)-norm of this

estimate, we infer that
f lip .(x)* dx < (a5)’ f
e e

By weak differentiability, we can apply [27][Proposition 9.3] and obtain the limit

im [ tip, (o7 dr < [ 1970 dx.
-0 Jo e

flagx —¢€) — flatx + &) 2

dx.
2¢e o

Summing over all edges and defining f, := + concludes the proof.

Having established the approximation result, we can identify the Cheeger and Dirichlet energy.

Theorem 3.5. On a metric graph, it holds that Dom(Ch) = W'2(G), |Vf| = IDf,, -Z-a.e. and

&(f) = 2Ch(f).
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Proof. We split the proof into two parts, showing the inclusions separately.

First, we prove that for f € W!2(G), we have f € Dom(Ch) with 2Ch(f) < ||V flliz(G). Let f €
W'2(G) be given. As shown in Theorem 3.4, there exists a sequence f, € Lip(G) such that f, — f in
C(G) with

lim [ lip, (x)>dx < [[Vfll},q)-
G

n—oo

This directly implies
2Ch(f) < liminf f lip,, (x)* dx < [V fl[}2q, < oo,
n—oo G

so that f € Dom(Ch) and the bound holds true.

Next, we show that f € Dom(Ch) implies f € W'(G) with ||[Vf ||22(G) < 2Ch(f). Using the
equivalent characterization of the Cheeger energy given in Eq (3.2), we know that for any £ > 0, there
exists a family of functions (), € Lip(G) such that f, — f and lip . — [Dfl, in L*(G) with

. . 2
lim[tip || 6,

< 2Ch(f) + .
In particular, for large enough n € N,

ip|[72 6, < 2Ch(A) + 2.

Moreover, reference [26][Chapter 5.8, Theorem 6] separately applied to each edge gives lip, =

IVf,| Z-a.e, and by f, — fin L*(G), we also have that IIﬁ,IIiZ(G) < ||f||iz(G + 2¢& for large enough n € N.
Together, this implies the uniform bound

il 2@y < 2Ch(f) + 1f1Ps(, + 46

for sufficiently large n € N. Therefore, and because the weak limit is unique, there exists a
weakly converging subsequence f,, — f in W!?(G) which implies that f € W"*(G). We obtain
IVf ||i2(G) < 2Ch(f) + 2¢, and since € > 0 was arbitrary, we have shown that

[ ax<2enn = [ DR
G G

Additionally, due to uniqueness of the minimal relaxed gradient, we obtain |[Vf| = |Df], -Z-a.e.
in G.

By employing Theorem 3.5, we are now in a position to characterize the L*-gradient flow of Ch as
the heat Eq (2.3).

Lemma 3.6. On a metric graph, the L*(G)-gradient flow of the Cheeger energy exists and is given by
the heat Eq (2.3). The corresponding semigroup can be represented by the heat kernel from Lemma 2.1.

Proof. The existence follows from [25][Theorem 3.1], whereas the representation follows from
Theorem 3.5.
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As another consequence of Theorem 3.5, the I'-operator that corresponds to the Cheeger energy
admits the form

I'(f,g)=Vf-Vg

for f,g € W'2(G), and we set I'(f) = [Df2 = |Vf]* for f € Dom(Ch) = W"*(G). As was shown
in [16][Theorems 5.4, 5.5], this operator satisfies a generalized Bakry—Emery estimate in the following

sense. Let deg,,, = max{deg(v) : v € V}. There exist constants C > deg,,. —1 and K > 0 such that
for all f € W'2(G), it holds that

VI(P.f) < Ce™ M P T(f),

which has to be understood as

wVLmuwﬂw®

for Z-a.e. x € G and r > 0. Furthermore, it follows from the proof of this result that K = A,
where A; > 0 is the smallest non-zero eigenvalue of the Laplacian with standard boundary conditions.
Squaring the above equation and using Jensen’s inequality together with Lemma 2.1 gives

2
g@%anw|wwmy

L(P.f) =

2
mewmwys@ﬂﬁﬁmﬁme®=@ﬁme.

This proves the following.

Theorem 3.7. Let G = (V,E, () be a metric graph. There exist constants C > deg, . —1 and K > 0
such that for all f € W'*(G) and t > 0, we have

[(P.f) < A(OPI(f), 3.4

where c(t) = Ce X!, We can choose K = A, for A, > 0 the smallest non-zero eigenvalue of the Laplacian
with standard boundary conditions.

Having identified the Cheeger energy and its L2-gradient flow, we now aim to connect it to the
W,-flow of the entropy. Let Ent : P(G) — R U {oo}, defined as

dx :f=X
entHdx f =35 n(r) = rlogr,
0

s else

Ent(u) = {

be the logarithmic entropy. Note that, compared to Eq (1.1), we omit the explicit dependence on
the reference measure and implicitly choose m = .Z to shorten the notation. We denote the Fisher
Information by I : P(G) — [0, oo], given as the functional

k(£ VHdx 2 35 = feWHG)NCG) G353)

: else

I () ::{
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where the integrand is defined as

M 0#0

w(uav): 0 u=0,v=0.
oo :u=0,v£0

As was shown in [15][Theorem 5.5], the heat Eq (2.3) can be understood as the W,-gradient flow of
Ent in the following sense.

Definition 3.8. Let T > 0. We say that t — i, € AC*([0, T]; P(G)) is a W,-gradient flow curve of the
logarithmic entropy if Ent(ug) < oo and

T
D) = Entur) ~ Ent(ug) + 3 f il + T dr = 0.
0

Since gradient flow curves of Ch are weak solutions of Eq (2.3), we conclude that both flows
coincide when choosing L?(G) initial data.

Lemma 3.9. Let f € L*(G) and T > 0 be given. Then, u; = (P,f).Z defines a W,-gradient flow curve
of the logarithmic entropy. On the other hand, if u, = f,.Z fort € [0,T] is a W,-gradient flow curve of
the entropy starting from f € L*(G), then f, = P.f, and it defines an L*(G)-gradient flow curve of the
Cheeger energy.

Proof. The curve u, = (P,f)Z solves the continuity equation weakly, see [15][Remark 2], and
by [15][Theorem 5.5] it defines a gradient flow curve as in Definition 3.8. Now, let y, = f,..Z be a
W,-gradient flow curve of the logarithmic entropy starting from f € L*(G). From the first part of the
proof, we know that (P,f).Z for t € [0, T] defines a gradient flow curve as well, which implies that
D) = 0 = D((P,f).L). Suppose that f, # P,f and define i, = f,.Z with f, = Af, + (1 — )P, f for
A € (0,1). The functional D from Definition 3.8 is strictly convex due to the strict convexity of the
logarithmic entropy; for example, see [28][Lemma 3.11]. Therefore, we obtain

D) < AD(uy) + (1 = HD(P.f)ZL) =0,
which contradicts the non-negativity of the functional O shown in [15][Theorem 5.5]. This gives
fi = Pif.

Remark 3.10. Following the same arguments as in the previous proof and employing strict convexity
of the functional D, gradient flow curves from Definition 3.8 are unique for fixed initial data y, € P(G)
with Ent(uy) < oo.

Having established Lemma 3.9, we can unambiguously use the notation (P,),;s¢o and (H,),»( for the
heat semigroup and its dual associated to Eq (2.3) representing weak solutions.

4. Curvature bounds

In this section, we introduce the three equivalent notions of weak curvature bounds on metric graphs
in the spirit of [19][Theorem 5.16]. Some of our arguments rely on technical tools from the general
theory of metric measure spaces. As a result of the identification from the previous section, we can
verify the assumptions necessary for this abstract theory to apply; see [19][Section 2].
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Lemma 4.1. The following hold true.

(A1) The space (G, d) is a complete and separable metric space.

(A2) The Lebesgue measure & € M, (Q) is finite on bounded sets and supported on the whole space G.
(A3) Forall x € G, and r > 0 it holds that £(B,(x)) < deg,._ ¢".

(A4) We have that Ch(f + g) + Ch(f — g) = 2Ch(f) + 2Ch(g) for all f,g € Dom(Ch).

(AS) If f € Dom(Ch) with |Df|,, < L L-a.e. for some constant L > O, then f = g L-a.e. with
g € Lip(G) and Lip, < L.

In addition, the graph distance coincides with
den(x,y) = sup{|f(x) = fO)I : f € Dom(Ch) N C(G), I'(f) <1 L-a.e}.

Proof. The first property was discussed in [21][Lemma 3.17], and the second one is a direct
consequence of the properties of the one-dimensional Lebesgue measure. The third statement follows
from the bounds .Z(B,(x)) < deg, ., r and ¢” > rfor r > 0. Using the representation provided in
Theorem 3.5, we have that f + g € Dom(Ch) for f, g € Dom(Ch) and

1 1
Ch(f +8)+Ch(f - ) = 5 fG VO + o 4L+ 5 fG V(- 9P dZ

1 1 1 1
= f SIVAP + SVl + VAVl + SV AP + 5Vl ~ IVIIVgld.2
) 2 2 2
= 2Ch(f) + 2Ch(g).

From Theorem 3.5, we know that Dom(Ch) = W!?(G), and if f € Dom(Ch) such that [Df], =
IVf|l < L L-ae., then f € W'*(G) by definition. Theorem 3.1 and its proof imply f = g #-a.e. with
g € Lip(G) and Lip, < L, which verifies the last property. The identification of the distances follows
from [16] and Theorem 3.5.

Another important property of the heat flow is the heat-smoothing effect. In view of Theorem 3.5,
we obtain the following result.

Lemma 4.2. The heat semigroup on a metric graph is heat-smoothing, meaning that for all f €
WY(G) and t > 0, it holds that IDP,fl,, = lithf ZL-a.e. forallt> 0.

Proof. As was shown in [22][Theorem 3.6], P,f® € Cm([—%, %]) for each edge e € E and P,f € C(G)
for all + > 0. In particular, P,f € W'*(G), and by Theorem 3.1, we have that P,f € Lip(G) with
IDP,fl,, < lipptf Z-ae. in G. Now, let x € (—%, %‘5) be given with a sequence (y,),eny C € such that
v, — x on some edge e € E. For any y, € e, there exists z, € [x,y,] with

|P.fe(x) = P fe(yu)l
|X - yn'

= |VP.fo(z)

by the mean value theorem. In particular, z, — x as y, — x, and by the smoothness of P, f, we obtain

I [P f°(x) = P f* ()l
im

n—soo |x = Yl

= VP fo(0)|.
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Since y, — x was arbitrary and V C G is of Lebesgue measure zero, this implies
lipp ((x) < [VP, f(x)| = IDP fl,(x) ZL-ae.,
where the last equality follows from Theorem 3.5.

In order to formulate and prove our main result, we first establish an equivalence between the weak
gradient bound from Theorem 3.7 and a W,-contraction estimate. It is also called Kuwada duality and
has been shown initially in [9] and stated for our setting in [10] with a detailed proof given in [19].
Thanks to Lemma 4.1, the result applies to metric graphs as well.

Theorem 4.3. On a metric graph G = (V,E, ), let c(t) = Ce™X" be as in Theorem 3.7. Then, Eq (3.4)
is equivalent to the existence of a dense subset S C P,.(G) such that for all f£, 8% € Sandt >0, it
holds that

Wo((P )L, (Pi8)L) < c(thWo(f L, 82).

Moreover, for all t > 0, the dual heat semigroup H, uniquely extends to a map H, : P(G) — P(G)
such that for all u,v € P(G), we have

Wo(Hip, Hyv) < c()Wa(u, v). (Kw)

Proof. The result follows as a special case of [19][Theorem 3.16], which is applicable because of
Lemma 4.1 and Theorem 3.7.

Now, we are in a position to state our main result.

Theorem 4.4. Let G = (V,E, {) be a metric graph and let

1
R(to, 1) = f c2((1 - $)to + st;) ds
0

for c(t) = Ce™ " be as in Theorem 3.7. Then, the following are equivalent.

i) The weak Bakry—Emery estimate holds, that is, for all f € W"2(G) and t > 0, we have that
L(P.f) < @)PI(f). (BEy)

ii) The weak Evolutionary Variational Inequality, EVI(c) for short, is satisfied, that is, if uy €
Dom(Ent) and u; € P(G), then for all 0 < ty < t, with u; € Dom(Ent) if to = 0 = ¢y, it holds that

1
5W§(Hnu1,Hmuo) - W3 (11, o) < (11 — to)(Bnt(H, 1) — Ent(H,, i1y)). (EVI,)

1
ZR(IO, h )

iii) The metric graph satisfies the weak Riemannian Curvature-Dimension Condition, denoted by
RCDy,(c, ), meaning that Eq (K,) is satisfied, and that for an arbitrary Wasserstein geodesic
s > Uy that connects uy, u; € Dom(Ent), we have

Ent(H,ppt5) <(1 = s)Ent(Hipto) + sEnt(Hyp, ) (RCDy,)

s(1—1) 1
2h  \R(t,t+ h)

W (to» 1) — Wi (Hyuo, Hypty)
forall s € [0,1],t>0and h > 0.
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Remark 4.5. Using the identity

1 2Kt _ 2K\ .
R(to, 1) = { 2K (e ¢ ) ol ,
C 2Kt ify=t=1

Eq (EVI,,) coincides with Eq (Ky,) when choosing ty =t = t,.

The remainder of this section is devoted to the proof of Theorem 4.4, which closely follows the
arguments presented in [19][Section 5] and the proof of the equivalence result therein, adapted to the
new regularization on metric graphs.

4.1. Strongly regular curves

The main difficulty in the proof of Theorem 4.4 is showing that Eq (BE,,) implies Eq (EVIy). In
general, the curves we consider will lack the regularity necessary to directly show the estimate. For
this reason, we establish an inequality close to Eq (EVIy,) for a regularized version of the curve s —
first using the notion of strongly regular curves introduced in [19][Definition 5.1].

Definition 4.6. A curve s — u, € AC([0, 1]; P(G)) is said to be strongly regular if (% = f for all
s €0, 1] with
s f € C'(10,11; LX(@)).

As a consequence of Holder’s and Jensen’s inequalities, the entropy along strongly regular curves on
metric graphs is finite and bounded. Moreover, we can characterize the change in the action functional
for such curves.

Lemma 4.7. Let s — p, € AC*([0,1];P(G)) be a strongly regular curve with f, = g@ and fix h €
C'([0,11; [0, 1]), @ € C*([0, 1]; [0, 00)) such that h(0) = 0, k(1) = 1 and & > 0, ¥(s) > 0 for all s > 0.

We define

N\l ﬁs = Hﬂ(s),uh(s) € C([O, 1], P(G))

with density f, = g@. Let ¢ € Lip,(G) be given and set

. 1
o5 = Osp(x) = inf o(y) + —d(x,y)
yeG 2s
for s € [0,1] and Qo = ¢. Then, for a.e. s € (0, 1), it holds that
s f ¢, dit, € Lip([0, 1])
G
and for the derivative, we have that
d . 1 Do s , . )
e Ps d,us = - hp<p d:us - ﬁ(s) Vf : Vg dg + h(S) ﬁt(s)Pﬁ(s)‘ps dg
ds Jg 20 ” G G
Proof. This is the content of [19][Lemma 5.3], which is applicable because of Lemma 4.1.
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Remark 4.8. The definition ¢, = Q¢ for s > 0 induces a semigroup, namely the Hopf—Lax semigroup.
It is closely related to the dual formulation of optimal transport and has already been studied in the
context of gradient flows on metric graphs in [15][Section 3.4].

Similar to the action estimate from the previous lemma, we want to characterize the change of
the entropy next. However, the entropy may not be differentiable if the curve vanishes on a set of
positive Lebesgue measure. For this reason, we also regularize the integrand. For 6 > 0 and u € P(G),
we define

Joms(Hdu = f=3%

1n5(r) = log(r +6) and Ents(u) = {
: else

which implies Ents(u) > Ent(u) for all § > 0. Moreover, if u € P,.(G) with density f € L*(G), then it
holds that

Ents(u) = f ns(f) dp = f ns(f) — log(6) du + log(6)
G G
0 1
= flog(fL) du +1log(d) < — ffz d.Z +1log(d) < oo.
G 0 0 Ja
In addition to this inequality, if u € P,.(G) with density f € L*(G), then we have
Ent(u) = lim Ents(u). 4.1

Indeed, for such u € P,.(G) and 6 € (0, 1], we can estimate
llog(f + &)1 < [log@)]" fG llog(f + )1 du < fG llog(/)]" du < oo,

since an application of Holder’s inequality together with —rlog(r) < +/r for r € [0, 1] gives

1 “du < d¥ <C 2
fG log(F)]" du < fG V72 < ¢ fiflloe

for a constant C > 0, which only depends on .Z(G). To see that —rlog(r) < +/r for r € [0, 1], note that
we can equivalently write \/?(1 + \/?log(r)) > 0, and the left-hand side is a product of non-negative
terms for r € [0, 1]. For the positive part of the integrand, it holds that

[og(f + )" < [log(f + D]" < f and f[log(f+ N du < ffz d.Z < .
G G

This implies the existence of an integrable majorant, which allows us to apply the dominated
convergence theorem and conclude Eq (4.1). To shorten the notation, we introduce the functions

As(r) = ns(r) —1og(6),  ps(r) = fis(r) + rijs(r)

for r > 0. With this notation, we have the following characterization of the time derivative of the

regularized entropy along curves as in Lemma 4.7.
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Lemma 4.9. Let s — [i, € C([0,1];P(G)) be as in Lemma 4.7, and let 6 > 0. It holds that s
Ents(fi,) € C'((0, 1]) with

d ) . )
g, Ente(fLy) < —9(s) f ['(g9) dits + h(s) f SuoPowgs 4L
G G

for s € (0,1] and g% = ps(f;).

Proof. The statement has been shown in [19][Lemma 5.5] in an abstract setting. We can apply the
result because of Lemma 4.1.

Now, combining Lemmas 4.7 and 4.9 results in an inequality that relates action and entropy along
strongly regular curves.

Theorem 4.10. Let s — fi; € C([0, 1]; P(G)) be as in Lemma 4.7. For all 6 > 0, it holds that

1 ! .. . . 1 1
W) = [ BBt ds + OB < OB + 5 [l ds
2 : 20, Jy
where
* ) Iﬁ(s)
Iy(s) = f c () dr and h(s) = , s€]0,1],
0 Ty(1)

with c(f) = Ce™X" for t > 0 from Theorem 3.7.

Proof. This is the content of [19][Lemma 5.6]. Note that the result is applicable because of Lemmas 4.1
and 4.2.

The choice ¥(s) = (1 — $)ty + st; in Theorem 4.10 recovers Eq (EVIy); thus, Eq (BE,,) already
implies Eq (EVI,,) for strongly regular curves.

4.2. Regularization of absolutely continuous curves

In view of Theorem 4.10, a crucial step in the proof of the equivalences is to show the existence
of a sequence of strongly regular curves that approximate any AC*([0, 1];P(G)) curve. Our strategy
is to regularize in two ways. First, we ensure the existence of densities with respect to the Lebesgue
measure. To this end, we make use of the regularization procedure introduced in Definition 3.2. Next,
we smooth in the time variable by mollification as in [19][Theorem 5.15], which allows us to obtain
continuous differentiability.

Theorem 4.11. For any s — u; € AC*([0, 11;P(Q)), there exists a family of strongly regular curves
s pl e ACZ([O, 1];5D(G2/"))f0r n € N such that

i)y = psinGforall s €[0,1] asn — oo,

ii) the action can be estimated by lim sup,_, fol 1 ds < fol |its| ds, and
iii) for all s € [0,1], t > 0, we have convergence of the entropies lim Ent””(Ht,u;’) = Ent(H,u;),

where Ent'/" : G2/" — [0, o] is the logarithmic entropy on the extended metric graph G*".
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Proof. The proof is divided into four steps: first, we extend the curve in time; next, we smooth
with respect to the space-dependence using the regularization from Definition 3.2; then, we
regularize in time by standard mollification; and lastly, we restrict the time-dependence to the initial
domain [0, 1] again.

Step 1: Time-extension. By slight abuse of notation, we define the curve u; : R — P(G) as the
constant extension

o <0
s =y :0<s<1,
M1 1<s

keeping the absolute continuity, and we can write s — u; € AC*(R; P(G)).

Step 2: Regularization in space. For s € R and £ € (0, 1] we define u¢ € P(G*) by duality
as in Definition 3.2. From Proposition 3.3, we know that y% — u, for all s € Ras e — 0 and
s e ACZ(R; ?(st)) with lim sup,_,,|it5| < || for a.e. s € R. Additionally, the same proposition
gives u¢ < & with density denoted by f¢ € L'(G*). We extend all measures and their respective
densities by zero to measures (densities) on the extended graph G2, noting that G ¢ G** ¢ G? for all
£ € (0, 1]. Let us denote the entropy defined on G** by Ent® : P(G?¢) — [0, co], which also depends on
g € (0,1]. Since n(0) = 0 - log 0 = 0, by continuous extension, we obtain

Ent(u,) = Ent'(u;) and Ent®(u) = Ent' (u®).
Together with the weak lower semicontinuity of the logarithmic entropy, we infer that
Ent(u,) = Ent'(u,) < lim inf Ent' (1) = lim inf Ent”(1}) (4.2)

for all s € R. Moreover, the equality Ent(u,) = lim._,o Ent®(u) holds true. If Ent(u,) = oo, then
Ent(u,) > lim sup,_,, Ent®(u%), thus proving the claim. On the other hand, if Ent(u;,) < oo, then u, < £
with g% = f, for s € R and, using Proposition 3.3, we can write

Ent(4") = f (/)AL + f n(F)d.L
G G2e\G
1 1
= — “(y)dy|d — “(y)dy|d 4.3
[ 77(28 | ) y) - n[zg z [ ) y] @3

for all € € (0, 1] and arbitrary s € R. In the above equation and in the following, we choose v € V in
such a way that x € e2 for x € G* \ G. By construction, this choice is unique. We separately treat
both terms in Eq (4.3). First, recall that  : R — [0, 00) is convex. In particular, the inequality

n(Ar) < An(r) + (I = Hn(0) = An(r) (4.4)

holds true for all A € [0, 1] and r € R. Since £ (e N [5(x)) < 2¢ for all x € G and e € E such that
x € e, we can choose 1 = ﬂ%f(x» in this estimate. Applying Jensen’s inequality in the second line

and Eq (4.4) in the third, we conclude for the first term in Eq (4.3) that
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f (if f(y)d)dx—f (—1 —‘g(emg(x))f()d)dx
G'7 28 Jorizn” V)T <377 LN (%) Jenew 2e i

3 f 1 (.z(emg(x))f( ))d o
~ Ja ZL(e NIEX) Jeniz 1 2e R A

1
< f % f n(fs(y)) dy dx
G <€ JenIi(x)
= f (0 f)° dx.
G
In a similar way, by applying Jensen’s inequality twice, the second summand can be bounded by

2
= f s(y ) dy dx
LZE\G [23 GEZE(;,) enlz(x)

! 1 L(e N IEx))
B —F—IE s dy|d
fem 77[IE(V)I eGZE(:V) LN IE®) Jeniew e IEWIAG) y] X

1 1 ZLenl
<[ Y e U(MIE(V)Iﬂ@))dydx

axa [EWI &, N I5(X)) Jeniz (o) 2e

1 1
Sf@ Y= [ wE@ILo)dvax

26 |E(V)| ceEV) 2e Jeniz

Additionally, for arbitrary C > 0 and r € R, it holds that
n(Cr) = Crlog(Cr) = rClogC + Crlogr = Cn(r) + rn(C).

Then, applying the above inequality with the choice C = |E(v)| yields

1 1
fG S [ aE@IAG)dyds

2\ [E(V)] ocEW) 2e Jeniz

1 1
- f 2 2% n(fs() dy dx + f > log(IE())5— f £:() dydx
G*\G ecE) & Jenigm G**\G gcE(v) € JeniE(x)
< f (17 0 f)°(x) dx + log(deg ) f fEx)dx,
GZE\G GZS\G

where we use the notation

1
o fr@ =Y, o [ wrond.

ecE(v) € Jenlg(x)
for x € G** \ G. From these two estimates, we obtain

lim sup Ent®(1%) < lim sup (m o fy)%(x)dx + log(deg,,,,) lim sup ,u’S(Gza \ G). 4.5)

e—0 &—0 G2e &—0
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Since Ent(u;) < oo, by assumption, we have 17 o f; € L'(G), and we can define a measure ji, €

M(G?*) from this density by g@ = n o f;. Then, by constructing /i as in Definition 3.2, we obtain
djis

that (17 o f)® coincides with f% = =

from Proposition 3.3 iii). Now, the weak convergence gives

lim sup (7o f)°(x)dx = limsup f dit = f di, = f (n o fy)(x)dx = Ent(uy).
G2 G G

&—0 G2 -0

For the second term in Eq (4.5), we extend u¢ and u; by zero to measures on G2, and because of
Us < £, it holds that ué(V) = 0 = u,(G* \ G U V). Again, from the weak convergence established in
Proposition 3.3, we infer that

f @(x) du(x) = f ¢lgee(x) duy(x) — f ela(x) duy(x) = f @(x) dug(x),
GZ GZS G G2

holds for all ¢ € C(G?), which gives u® — u, on G%. Then, applying the generalized version of Fatou’s
lemma [10][Lemma 3.3] to the constant sequence 1l g2\g)uv yields

lim sup 1°(G* \ G) = lim sup,uf((G2 \G)uU V) < ,u((Gu2 \G)U V) =0.
e—0 -0

By combining these estimates, Eq (4.5) can be bounded from above by

lim sup Ent®(1) < Ent(u,) + 0 = Ent(u,);

e—0

thus, together with Eq (4.2), we obtain the desired convergence
lin& Ent®(u?) = Ent(uy)

for arbitrary s € R.

Step 3: Regularization in time. Fix £ € (0, 1] and let { : R — R be a standard mollifier, meaning
that £ € C°(R) with support contained in [-1,1],0 < < 1, and fR {(t)dt = 1. Recall that i = f*.&
with f¢ € L*(G) as in Proposition 3.3. For k € N, we define (1) = k{(k7), and for arbitrary s € R, let

[P =G o)) = f(k(s -nffdr= f(k(T)ff_T dr,
R R
which induces the measure p?’k € P(G*) by

oA (A) = f 40 d2(),

st
N

as well with density g@ = f,, which leads to the regularized measure u* instead. In particular, s —

uk e AC?(R; P(G)), which allows us to conclude from the previous step that

or equivalently £ = Note that this regularization procedure can be applied to the curve s —

lim Ent®(u®*) = Ent(u"). (4.6)
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It remains to characterize the limit as k — oo. First, we show weak convergence of the regularized
measure. Let s, s" € R be given, and let 7§ , € II(u5, 1f,) be an admissible transport plan as in Eq (1.3).
We define 7% € P(G* x G¥) by duality as the measure on G2 x G2 such that for all continuous
functions ¢ : G* x G** — R, it holds that

[ swnaton = [a6-0 [ s @
GZSXGZS R GZSXGZE
Note that the right-hand side indeed defines a continuous linear functional on C(G* x G*) since

f Gi(s —7) e(x,y) dng (x,y)dr

R G2exG?
< llelle@xa) fék(s — ) (G x G¥) dt = [lgllegrexc) ffk(s = 1) d7 = [|¢llcgzxa)-
R R

Moreover, it holds that

f () A (x, y) = f fi(s = 1) f @(x) dug(x) dr = f @(x) du(x)
G2ex@2e R G2 G2e

for all ¢ € C(G**) and

f o) dr* (x, y) = f Gis—1 [ o) ductdr = f o) (),
G2xG2 R G2 G2

so that 7% € II(ue, &%), By choosing an optimal mt . € (g, uf), thus minimizing Eq (1.2), we obtain
W2(usk, 1) < f d*(x,y) dn*(x,y) = f LG(s =) d*(x,y)dnt_(x,y)dt
G25><G2€ R GZSXG2€
= [ s = nWRt 9 dr = G WG O),
R
where we used that d?(-, -) € C(G* x G*). The limit as k — oo reads

0 < lim W (5", ) < Jim (G = W3, 1))(s) = 0,

which implies u&* — 1 as k — oo for all s € R. Again, the weak lower semicontinuity of the
logarithmic entropy gives

Ent(u°) < likm inf Ent®(u®"),

and we can show equality as well. For any s,s" € R, let 75, € II(uf, u5,) be optimal. We define
ﬁi:f, € P(G* x G**) for n € N by duality such that for all ¢ € C(G** x G**), we have

f o(x,y) A% (x, y) = f &i(1) e(x,y)drs_ o (x,y)dr.
GZSXGZS R GZSXGZS
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Following similar arguments as before, J'Tf:]s‘, e (LS, ,ui:k), and we obtain

Wity [ Penaho = [ G@wie ) dr
G2exG2 R

< [am [ wparar= [ (@er)o
R S—T K

Therefore, s — u°* € ACH(R; P(G¥) with
AP < (G x EP)(s),
for a.e. s € R. Additionally, Jensen’s inequality gives

Ent(u5*) = fG ot ) de < f

GZ&

| s = om0y drax = (G Bt a)o.
R
Then, taking the limit as k — oo yields

lim Ent®(u®*) < Ent(u%),

k—o0

for all s € R, thus equality.

Step 4: Conclusion. We restrict the curve to the time-interval [0, 1], on which it is absolutely
continuous by construction, and we keep the notation s usk e ACZ([O, 1];7)((32‘9)). From the
previous steps, it follows that

lim Ent®(u®*) = lim lim Ent®(u*) = lim lim Ent®(u*"),
&k k—o0 -0 -0 k—oo

for all s € [0,1]. Let R** : AC*([0, 1;(G)) — ACY([0, 1] P(G*)), defined by (s - ;) = (s -
u=%), which denotes the regularization map. This map is linear by construction and therefore commutes
with the dual heat flow

HR* = R**H,,
for all # > 0. This gives

lim Ent*(H,*) = lim Ent’ (H (R u,)) = lim Ent® (R**Hipu,) = Ent(Hu,).

The choice k = n, € = }l and a diagonalization argument conclude the proof.
With these preparations, we are now in a position to show the equivalences.

Proof of Theorem 4.4. First, we show the relation between the weak Bakry—Emery estimate (BE,,) and
the weak Evolutionary Variational Inequality (EVI). Next, we establish the equivalence between
Eq (BE, ) and the weak curvature condition (RCD,,).

(BEy)=(EVI,,): By Theorem 4.3, the heat semigroup (P,);»o extends to a dual semigroup (H;).»0,
for which the contraction estimate (K,) holds. Let 0 <ty < #; < 1, o € Dom(Ent), and u; € P(G) be
given such that#; # 0, and let s — uy € AC?([0,1]; P(G)) be a curve joining o to u;. Since (P(G), W)
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is a geodesic space, such curves exist and can be chosen as geodesics. Using Theorem 4.11, we find a
family of strongly regular curves s - uf € AC([O, 1];73((32/”)) forn € N with uf — p;asn — . To
each of these curves, we apply Theorem 4.10 for ¢#(s) = (1 — s)ty + st;. This choice is admissible since
9 € C*([0,1]) withd = 1, — £, > 0 and & = 0. This gives

1 . oy o 1 L
5 Wa(H ), Higptg) + (0 = 10)Bnty”" (i) < (0 = 10)Bnt)" (Hiypi) + > f 5P ds,
2D Jo

for § > 0. Since Ent}"(H, ") > Ent'"(H, i) and lims_ Ent,”"(H,,u) = Ent'"(H, 1) by Eq (4.1), it
follows that

1 1 :
EWZZ(Htl,u’f, Hyup) + (1 — to)Ent'"(H, i) < (11 — to)Ent""(H, uf) + TR j; iPds. (4.7
Moreover, the contraction estimate implies that
W3 (Hypt!, Hopi) < Ce™  Wau, )

holds on the extended graph G* for i = 0,1, so that Hu! — H,u; as n — oo. Every function
¢ € C(G*™) admits a continuous extension to a function on G2, and we also have that

f e(x) dH, i — f Pla(x) dHp;
G2/ G
as n — oo. Arguing as in the proof of Theorem 4.11, we obtain
Ent(H, ;) < liminf Ent'"(H, i}) and Ent(H,u) = lim Ent'/"(H,u}).
Additionally, the triangle inequality gives

|W2(Ht|/llila Hto#g) - WZ(HHI'“ s Ht0ﬂ0)|
<|WaH o}, Hyoptly) = Wa(Hy 11}, Hopto)| + |Wa(Hy 11}, Hopto) = Wa(Hy 1, Hygpto)|
5W2(H10,U8’ Ht()lu()) + WZ(HH#?’ Hl]ﬂ])'

Therefore, Wy(H, i, Hip) — Wa(Hy p1, Hipo) as n — oo, again using the contraction estimate
and the weak convergence yf — u,. Then, taking the limit as n — oo in Eq (4.7) yields

1
WA, Hugo) + (1 = Bn(H ) < (6 = )Bn(Hpo) + 50 [l
which is precisely Eq (EVIy) because of s — u, being a geodesic. In the case where t; = #) = 0,
the same arguments can be applied under the additional assumption y, € Dom(Ent), thus ensuring
that (¢, — to)Ent(H,,u,) is well-defined and equal to zero.
(EVI,)=(BE,,): This implication follows from Remark 4.5 together with Theorem 4.3.
(BE,)=(RCDy,): Again, by Theorem 4.3, the contraction estimate is satisfied and we already
showed the equivalence of Eq (BE,) to Eq (EVI,). Let¢t > 0 and 4~ > 0 be given and let
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S b U € AC?([0,1]; P(G)) be a geodesic joining wy and ;. Since pg,u; € Dom(Ent), applying
Eq (EVI,) to the pair g € Dom(Ent), u, € P(G) with ) = ¢ and #; = ¢ + h for arbitrary s € [0, 1] gives

1
§W22(Hz+h,us, Hipo) — sz(/ls, Ho) < h(Ent(H,uo) — Ent(H,pu1s)). (4.8)

1
R(t,t+ h)

On the other hand, choosing y; € Dom(Ent), u, € P(G) with fy = t and ¢, = t + h yields

1
§W§<Hz + hytg, Hypty) — W3 (s, 1) < h(Ent(Hyuy) — Ent(H, ). (4.9)

1
R(t,t+h)
Multiplying Eq (4.8) by (1 — s), Eq (4.9) by s, and adding both inequalities results in

1-=s K
TWZZ(Ht+h/JS’Ht/J0) - m((l — $)W; (s, o) + Ssz(/Js,/Jl)) + Esz(HHhﬂs,Htﬂl)

<h((1 = s)Ent(H,uo) + sEnt(H;u1) — Ent(H ). (4.10)
Since s — u; is a geodesic, we have that
(1 = $)W5 (s, o) + SW3 (g, 1) = (1 = $)5* W5 (o, 1) + s(1 = s> Waluo, it1)
= s(1 — $)W; (o, t11). 4.11)

Furthermore, for all s € [0,1] and a,b € R, it holds that (1 — s)a®> + sb> > s(1 — s)(a + b)?,
and therefore,

(1 = YW (Hyphs, Hito) + sWy(Hypts, 1) = (1 = $)(Wa(H,ipts, Hipto) + Wo(Hynpts, 1))
> s(1 — s)W5(Hyto, Hypr )%, (4.12)

where we used the triangle inequality in the second line. Then, combining Eqs (4.10) with (4.11)
and (4.12) gives

s(1 =)
2

s(1 =)
2R(t,t + h)

W3 (Htuo, Hjty) — W3 (1o, 1) < h((1 = $)Ent(H,pao) + SEnt(Hypt,) — Ent(H, puts))-
Dividing by & > 0 and rearranging the inequality above recovers Eq (RCDy,).
(RCDy)=(BEy,): The contraction estimate (Ky,) holds true by assumption. This implies Eq (BEy,)
due to Theorem 4.3.

Let u < £ with i; = f € WH(G) be given and recall the definition of the Fisher Information (3.5).

As a consequence of the chain-rule established in [15][Proposition 5.6], we can reformulate iii)
as follows.

Corollary 4.12. Let s — u, € AC?([0,11; P(G)) be a W,-geodesic that connects uy, 1, € Dom(Ent)
with uy; € Dom(Ent) for some s € (0, 1). Then, for all t > 0 and h > 0, it holds that

Ent(u;) < (1 — $)Ent(Hypo) + sEnt(Hpy)
s(1—9) 1
2h  \R(t,t+ h)

1+h
W5 (uo, 1) — W3 (H, o, Htlul)) + f I (H:p,)dr.
0
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Proof. From [15][Proposition 5.6], we know that

t+h
Ent(Hpts) — Ent(uy) = - f L(P-py)dr,
0

and the right-hand side is finite by [19][Lemma 4.1]. Substituting this equality into iii) and rearranging
the terms proves the claim.

Let & > 0 and define

w(s) =

s(1 —s)[ 1

)
_ 2
2% R(O, h) 1]W2(/.lo,/.11) + L I(Hnuv) dr.

Choosing ¢ = 0 in the corollary above gives the estimate
Ent(u,) < (1 — s)Ent(uo) + sEnt(u;) + w(s),

which we can think of as a distorted version of geodesic convexity. The term w(s) quantifies how
far the entropy is from being K-convex along geodesics. It depends on the curvature function c(t) =
Ce X through R(0, ) as well as the entropy dissipation given by the Fisher Information, thus encoding
information about the geometric structure of the underlying graph.

5. Conclusions and outlook

We showed that metric graphs satisfy weak notions of lower curvature bounds with the focus on
their dimensionless formulations. At present, it is not known whether the more precise conditions,
including the dimensional parameter N € (0, o), admit a similar extension. The equivalence result
gives rise to a new notion of gradient flow on these spaces, namely by EVI(c). We hope that in the
future, this concept can be applied to extend known results from RCD(K, o) settings to the weaker
RCDy(c, o0)-spaces. One possible application is the generalization of the results from [14] to metric
graphs. Let (X, d) be an RCD(K, oo)-space for K > 0. The dynamic Schrodinger problem is given by

1 2 1
inf_ 1 f f (e, 00 dutr, 3y dr + 2 f f IV log(f (2, )| du(t, x) dr,
0 X 2 0 X

(1,v)eCE 2

d . . .. .
for f = 5 f}, where the infimum runs over weak solutions of the continuity equation

Oopu+V-(vu)=0
u(0,°) = po(),  p(1,-) = ()

denoted by CE. In [14], it was shown that the dynamic Schrodinger problem I'-converges to the
dynamic optimal transport problem

N )
(,,,lvl)lefcnai fo fX v, X)|” du(z, x) dt.

In particular, the construction of their recovery sequence is based on Eq (EVIk) and the contraction
estimate in Eq (1.5). On metric graphs, only the weak properties (EVI,) and (K,) hold true, and so far,
it is not known whether these conditions suffice to conclude I'-convergence.
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On the other hand, the present work exclusively deals with compact metric graphs having a finite
number of edges with finite length each. However, reference [16] proved the gradient bound

VI(P.f) < Ce™' P T(f)

with K > 0 on non-compact graphs, which would lead to negative curvature. Despite this result at
hand, showing the equivalences in this setting remains open, the reason being the identification of the
heat equation as a Wasserstein gradient flow. In [15], the result was only shown for compact graphs.
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