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Abstract: Recently, by combining type 2 Bernoulli and Euler polynomials with the central Bell
polynomials, the central Bell-based type 2 Bernoulli and Euler polynomials of order @ were considered,
and many of their properties, formulas, and applications were investigated. The main aim of this work is
to consider higher-order central Bell-based type 2 Bernoulli and Euler polynomials of complex variable,
by which, both sine and cosine central Bell-based type 2 Bernoulli and Euler polynomials of order A
are introduced by treating the imaginary and real components separately. Then, diverse summation
formulas, differential formulas, addition formulas, and correlation formulas with new and existing old
polynomials and numbers are derived in a systematic way. Also, several intriguing connections of sine
and cosine central Bell-based type 2 Bernoulli and Euler polynomials of order A with the bivariate and
one-variable central Bell polynomials, and the classical Stirling and central factorial numbers of the
second kinds are investigated in detail. Moreover, the first few members of the new polynomials are
provided by the lists, and the distributions of zeros of the new polynomials are illustrated by graphical
representations, enhancing the understanding of the numerical data and facilitating a more intuitive
grasp of the concepts discussed.

Keywords: type 2 Euler polynomials; type 2 Bernoulli polynomials; central Bell polynomials; partial
differential equations; differential equations; process innovation; sine and cosine polynomials



https://https://www.aimspress.com/journal/nhm
https://dx.doi.org/10.3934/nhm.2026030

694

1. Introduction

Special numbers and polynomial sequences constitute one of the central research directions in
contemporary mathematical analysis. Their structural properties, generating functions, and operator-
based representations have found applications in combinatorics, number theory, matrix theory, and
approximation theory. In particular, generating function techniques provides a powerful analytical
framework for constructing and studying new polynomial families [1-4]. The construction of several
variations of the special polynomials was achieved by combining the concepts of two or more special
polynomials, numbers, or functions. For example, truncated-exponential-based Laguerre-Frobenius
Euler and Hermite-type polynomials, Hermite-based Bernoulli, Genocchi, and Euler polynomials, the
Gould-Hopper-based Apostol type Genocchi, Euler, and Bernoulli polynomials, Laguerre-based Euler,
and Bernoulli polynomials, the degenerate Apostol-type Hermite polynomials, the Bell-based Euler, and
Bernoulli polynomials, and Lagrange-based Apostol-Genocchi, Apostol-Bernoulli, and Apostol-Euler
polynomials, were constructed by mixing the definitions of Bell, Genocchi, Frobenius-Euler, Hermite,
Gould-Hopper, Euler, Lagrange, truncated-exponential, Bernoulli, and Laguerre polynomials and many
of their properties and applications were investigated deeply; references [5—8] and see the references
cited therein. In very recent times, the central Bell-based type 2 Bernoulli ¢5b." (x,y) polynomials of
order A € C [9] and central Bell-based type 2 Euler CBEE,/D (x,y) polynomials of order A € C [10] were
considered by:

) P
tn l. N ei_e,l
D enb ey — = (—) &) (1 < 2m), (1.1)
n=0 n: ez —e 2
and
S " 2\ anebet
D Bl (ny) = (—) &) <, (1.2)
oy n. ez +e 2

which are abbreviated with CBBT2BPOA and CBBT2EPOA, respectively. Then, for the polynomials
given in Egs (1.1) and (1.2), several relations, identities, and formulas, including partial differentiation
rules, addition formulas, summation formulae, symmetric identities, recurrence relations, and
correlations with the central Bell polynomials and the central factorial numbers of the second kind,
were derived deeply [9-11]. Also, various curious formulas of CBBT2EPOA stemming from umbral
algebra to possess different manners of obtaining old and new formulas were acquired.

Inspired and motivated by the polynomials given in Eqgs (1.1) and (1.2), in this work, we aim to
define cosine and sine central Bell-based type 2 Bernoulli, and Euler polynomials of order A by
considering higher-order central Bell-based type 2 Euler, and Bernoulli polynomials of complex
variable. Besides, we explore various analytical characteristics, such as summation formulae, addition
formulae, differential formulae, and correlations with the new and existing old polynomials and
numbers in a systematic manner. In addition, we derive exciting connections of our parametric central
Bell-based type 2 Euler, and Bernoulli polynomials with the classical central factorial, and Stirling
numbers of the second kind. Additionally, the first few members of the new polynomials are given by
four lists, and the distributions of zeros of the new polynomials are shown by graphical representations.

The Stirling numbers of the second kind (abbreviated with SNSK) are defined as follows [12—14]:
(o) l'n
D KISy k) = (e = 1), (1.3)
s n!

Networks and Heterogeneous Media Volume 21, Issue 2, 693-724.



695

which yields, for n € Ny = N U {0},
=" S50 ) (X,
k=0
where (x)o =1,and (x), = (x—-(n—-1)x—-(n—-2))---(x— Dxforn e N, [15,16].
For k € N, the central factorial polynomials of the second kind (abbreviated with CFPSK) and

central factorial numbers of the second kind (abbreviated with CFNSK) are, respectively, introduced as
follows [17-20]:

ZT(rz,k : x)k!;—n! = (e% - e—g)k o and gT(n,k)k!;—r; _ (e% _e_%)k. 4

For n € Ny, T (n, k), fulfill the following equality [21]:

X" = Z T (n, k) x™,
k=0

k-1
where the notation x'*!, termed as the central factorial of x, equals to ] (x - '%1 + j) with 219 = 1 [22-25].
=0

The bivariate central Bell polynomials (abbreviated with BCBP and denoted by ¢’ (x, y)), one-variable
central Bell polynomials (abbreviated with CBP and denoted by ¢§lc) (x)), and classical central Bell

numbers (abbreviated with CBN and denoted by ¢,(1C)), are defined, respectively, as follows (see [26-28]):
©0 " eL_e_L
D =60 (ny) = olet=") (1.5)
o n:
- r X el —e_L
3 L g0 (o = ), (1.6
=0 n:

and

I3 L

= 1" ¢ 3
- (C) _ e e
Z n! O = e( )
n=0
We note that ¢f,c) O,y) =: E,C) (v) and ¢£IC) 0,1) = ¢ff) (1) = ;C). We observe from Eqs (1.4)—(1.6) that
6 (x,y) = D VT (k%)
k=0

and

600 = ) VT (k).
k=0

Type 2 Bernoulli, and Euler polynomials of order A € C (abbreviated with 72BPOA and T2EPOA
and denoted by bff) (x) and E,(f) (x), respectively) are defined by (see [29-31]):

o0 pl
tn
PRIGEE ex’( - _,) (] < 27), (1.7)
o n. e —e 2
and

0o l’n A

DB () — :e”( ; ) (I <m). (1.8)
=0 n. ez +e 2
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The corresponding numbers, named type 2 Bernoulli and Euler numbers of order A (abbreviated
with T2BNOA and T2ENQOAJ), are determined as bff) 0) =: bﬁf) and ]Eﬁf) 0) =: Eﬁf), respectively. The
usual forms of the polynomials and numbers above, named the classical type 2 Bernoulli and Euler
polynomials and numbers (abbreviated with 72BP and T2EP with T2BN and T2EN), are determined as
bff) (x) =: b, (x) and E,(ql) (x) =: E, (x) with bf,l) =:b, and E,(f) =: E,, respectively.

The cosine and sine polynomials are defined as follows (see [32-35]):

(o] tn
Z C,(x,y)— = cos yte", (1.9)
o n!
and .
tVl
Z Sp(x,y)— = sin yte", (1.10)
o n!
where
(7] n
Cn , — 2k -1 k ,.n—2k , 1.11
(x,) ;y( S I (1.11)
and
(=4 n
Sn , — 2k+1 -1 kxn—Zk—l . 1.12
(x.) ; D) - (1.12)

The contents of this paper are as follows.

e The next section introduces sine and cosine CBBT2BPOA and acquires various formulae and
relations of the new polynomials. It also derives exciting connections of our polynomials
CBBT2BPOA with CFNSK and SNSK.

e Section 3 introduces sine and cosine CBBT2EPOA and examines miscellaneous formulae and
relations of the new polynomials. Moreover, it investigates exciting connections of our polynomials
CBBT2EPOA with CFNSK and SNSK.

e Section 4 provides the first few members of sine and cosine CBBT2BPOA, and gives the graphical
representations, forming 2D and 3D structures, of the zeros of certain members of sine and cosine
CBBT2BPOA.

e Section 5 gives the first few members of sine and cosine CBBT2EPOA, and presents the graphical
representations, forming 2D and 3D structures, of the zeros of certain members of sine and cosine
CBBT2EPOA.

e The last section analyzes the consequences of this study.

2. Central Bell-based type 2 Bernoulli polynomials of complex variable

In this section, we define the CBBT2BPOA of complex variable and achieve to obtain numerous
identities, relations, and formulae. Our starting point is the definition that follows:

) A
" Lop t

E csbP(x + iy, z7)— = 47 2>e<x+ly>f(—,) (7 =-1: 1 < 2n). 2.1
n! e e 2

n=0 -

NI~

When A = 1, we have ¢gb,(x + iy,27) = CBb,(f)(x + iy, 7), termed as the central Bell-based type 2
Bernoulli polynomials of complex variable (abbreviated with CBBT2BPCYV).
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We observe from Eqs (2.1) and (2.4) that

) A
" , t b4
Z b (x + iy, 2)— = (cos yt + isinyt) [ ———] "¢ ?), (2.2)
n=0 " n! er —ez
and
= " o\ 4
Z bV (x — iy, 2)— = (cos yt — i sin yf) | ———| e+~ ), (2.3)
" l’l! e% — e‘%
n=0
where (see [12,36-38]):
e™ = cos yt + isinyt. (2.4)

It can be deduced from the Eqgs (2.2) and (2.3) that

A o
1 Lt 7
2(—, ) e cosyte?? ¢ ) = E:(Cgbfﬁ(x +iy,2) + csb(x — iy, 2)) = (2.5)
ez —e 2 o I’L!
and
A )
t Lt tn
2i (—, - ) e sinyte®* ¢ ) = E (CBbﬁf)(x +iy,7) — cgbﬁf)(x — iy, z)) —. (2.6)
el — e n

n=0
Now, we state one of the main definitions as follows.
Definition 1. The cosine central Bell-based type 2 Bernoulli polynomials of order A € C and sine

central Bell-based type 2 Bernoulli polynomials of order A € C (abbreviated with CCBBT2BPOA and
SCBBT2BPOA and denoted by CBb,(fg(x, v,2) and CBbgf;(x, v, 2), respectively) are defined by

A )
1t o _t Py
( - _t) ext cOS yl‘ez(e2fe 2) _ Z CBbEL/}g(X, y, Z);’ (27)
€:—ez n=0 :
and
; pl L . p
——— | eMsinyte? ) = Z csbi(x,y,2)—. (2.8)
e1 —e 2 e n!

It can be implied from Eqs (2.7) and (2.8) that

CBb;(/l/}L)-(-x’ O’ Z) =CB bg,ﬂ)(x, Z)7
csb0(x,0,0) = b\ (x),
cab(x,0,z) = 0 for n € Ny,

)

From Egs (2.5)—(2.8), it can be deduced that

cb(x + iy, 2) + bV (x — iy, 2) = 2c5b2(x, Y, 2), (2.9)
and
CBb;/l)(x +1y,2) — CBbﬁf)(x —1iy,7) = 2iCBb£,/2(xa »,2). (2.10)

We provide some special analysis of the new polynomials (2.7) and (2.8) as follows.
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Remark 1. The one-variable cosine and sine central Bell-based type 2 Bernoulli polynomials can be
acquired by taking x = 7 = 0 in Egs (2.7) and (2.8), respectively, as follows:

A
t
Z <“><y> = cosyt(ﬁ) , @11)
n=0 ez—e?
and N
o) ~ !
Z (y) = sinyt|——| . (2.12)
n=0 ex—e?2

It is clear, for n > 0, that B+ := *9(0) and B*9(0) =

Remark 2. The bivariate cosine and sine central Bell-based type 2 Bernoulli polynomials can be
considered by choosing z = 0 in Egs (2.7) and (2.8), respectively, as follows:

) A
& t
Z by, y)— = (ﬁ) e™ cos yt, (2.13)
— n! ez —e 2
and

w0 g ;o\

S b = (_) e sin . (2.14)
- n! el —e 2

Remark 3. The two-variable cosine and sine central Bell-based type 2 Bernoulli polynomials can be
obtained by taking x = 0 in Eqs (2.7) and (2.8), respectively, as follows:

00 A
t to_t
n=0 ei e
and
00 t A L _t
> e, z)— - (—) €T Dsinyt. (2.16)
n=0 er—e¢2

Remark 4. The trivariate cosine and sine central Bell polynomials can be considered by setting A = 0
in Egs (2.7) and (2.8), respectively, as follows:

Z P (X, 3, z) = " D cosyr, (2.17)
n=0

and
Z¢<C>(x v, z) = e =D Gin yr. (2.18)
n=0

Remark 5. The bivariate cosine and sine central Bell polynomials can be considered by choosing
A=x=0inEgs (2.7) and (2.8), respectively, as follows:

$ 69009 = oy

n=0

and

Z ¢>(C)(y z)— = eZ(e ~¢ Y gin yt.
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We commence our examination of these polynomials by examining their basic properties. We first
give two summation formulas for CCBBT2BPOA and SCBBT2BPOA.

Theorem 1. The following equalities hold for 4 € C and n € N:

(5]

csbi2(x, 3, 2) = Z(—l)k( )y csby 0y (%,2), (2.19)

k=0

and
[5 1]

) k. 2k+1 (D) n
cBbB(x,y,2) = Z( Dy eably, 1(x,z)(ZkH). (2.20)

Proof. It can be implied from Eqgs (1.1) and (2.7) that

(o)

A
L1 t
Z sb0(x, y, z)— = cos yte e’ ”( ) (2.21)
n=0

and also, it can be deduced from Eqs (1.1) and (2.8) that

oo A A
Z cbi(x, y, z)— = sin yte" (—) efere?) (2.22)
e

L L
=0 2 —e 2

o (%541 " "
— o] vk, 2k+1 L
= )| 2. el =Dy (2k+1) !’

k=0
Therefore, by Eqs (2.21) and (2.22), we get Egs (2.19) and (2.20). So, we complete the proofs.
Here are two addition formulas for CBbﬁ,b (x,2).

Theorem 2. The following equalities are valid forn € N and 4 € C:

n

csb0 0+ iy, 2) = ) epb(x, z)(Z)(iy)k = csbl! )k(z)( )(x +iy),

k=0 k=0
and . .
csbM(x =iy, 2) = ) eabl(x, z)( )( i) = > bl )k<z)( )(x —iy)"
k=0 k=0
Proof. By using Eqs (2.2) and (2.3), we can readily obtain the assertions. So, we omit the details.
We note that when x = 0 in (1.1), we obtain the one-variable central Bell-based type 2 Bernoulli
polynomials [39-42] as follows:

(9]

. A
D cs n)(y)— = “”‘e'”( ! ) . (2.23)

=0 ez —e

I~

Now, we state two correlations for CBbﬁfz.(x, y,2) and CBb,(ﬁz(x, v, 2)-
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Theorem 3. The following equalities hold for 4 € C and n € Ny:

caby(x,y,2) = Z Comi(, ) cgbu)(z)( ) (2.24)

and

cabi(x,,2) = Z Snr(x,Y) CBbw(Z)( ) (2.25)

/l t t
) ez(ef—e’f)
N "
= (Z Calx, ”a) [Z e ) t—,]
"
= Z (Z ok () caby! ’(z)( )] =

n=0 \ k=0

Proof. It can be implied from Eqs (1.9), (2.7), and (2.23) that

= t
Z csbi(x,y, z) = cos yte" (,—
oy er —e”

[TEN

which proves Eq (2.24). The other Eq (2.25) can be shown in the same way.
We provide four summation formulas for CCBBT2BPOA and SCBBT2BPOA.

Theorem 4. The following summation equalities hold for 4 € C and n € Ny:

cby(x,,2) = Zqﬁ(“ @by (x, y)( ) (2.26)
n ; n
csb(x,y,2) = gtﬁff)k(z)b,ﬂ”")(x,y)(k), (2.27)
csb0(x,y,2) = ; By, )x" (k) (2.28)
and )
by, 2) = ) cab (v, X" "( ) (2.29)
k=0

Proof. It can be indicated from Egs (1.6), (2.7), and (2.13) that

o) A . i
ZCBb( )(x,y, z)— = ’( t ! t) cos yte?©> ¢ ) (2.30)
n=0 ez —e?
[Z $OQ ] (Z e y)%]
- n\| "
3| )TNt

which proves Eq (2.26). The other can be similarly shown using Eqgs (1.5), (1.6), (2.7), (2.8), and
(2.13)—(2.16).
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Here, we provide two addition formulas for cgbﬁfg(x, y,z) and CBbﬁfz(x, v, 2)-

Theorem 5. The following summation equalities hold for 4 € C and n € Ny:

cBO (X1 + X2,,21 +22) = Z B (X2,22)( )CBb/(;lZ(xl,y,Zl), (2.31)
and
cBbN(x + X2, y,21 + 22) = Z ¢(C) (Xz,ZQ)( )cgb,(jz(m,y,m). (2.32)

Proof. It can be deduced from Eqgs (1.5) and (2.7) that,

(o8]

2

" t Lot

E CBbgfg(Xl +X2,y,21 + Zz); = (—x _ ) "' cos yre* gt e )
: ez

n=0

DI~

—e

(Z P (2, 20)— ) (Z cb(x1,y, Zl)r%]

n=0

& n

-y (Z (1) et zﬁ] L

P .

which proves Eq (2.31). In a similar manner, the assertion Eq (2.32) can be yielded utilizing Eqgs (1.5)
and (2.8).

We give two particular cases of Eqs (2.31) and (2.32) given below.
Corollary 1. The following summation equalities hold for A € C and n € Ny:
4 n
cb(x1 + x2,y,2) = Z CBble(xl,y, Z)Xg_k(k),
k=0

and
n

. [n
CBbgl/,l.z'(xl + X2, , Z) = CBbE(/}z(X] Y Z)xg k(k)
k=0

Now, we analyze four derivative properties for CCBBT2BPOA and SCBBT2BPOA.

Theorem 6. The following derivative properties hold for A € C and n € N:

0
—CBbu)(X ¥, 2)

9 = HCan lc(x,y,z), (2.33)
X

9

—cpb(x,y.2) = —nepbl (x.y.2),

dy

0
aczabw(x »2) = HCan IY(X,)’, 2),

and

0
6_C3b )(x,y,2) = ncgb” 1C(x, Y, 2).
y
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Proof. It can be shown from Eq (2.7) that

o0

9 (1 z(e%—e_%) ! ! xt
Z a_Canc(x Y Z)— = Ccos yte — | te
e

n+1

- ¢
2
= et 0
n
n=0

proving Eq (2.33). The other assertions can be similarly derived.

Two more derivative properties for CBb,(fC)(x, y,7) and cgbgfg(x, y, z) are examined below.

Theorem 7. The following derivative properties hold for 4 € C and n € N:

0 _
a_ZCBb(/l)(x ¥:2) = CBbf,ﬂ_l%z.(X,y,Z),

and

(@)
a_ZCan s

Proof. It can be indicated from Eq (2.7) that

ﬁ i cgb )(x y z)— —(—— Aex’ costheZ(e%_(%)
0z £ ’ : : 0

(x y’Z) - Can ls('x y’Z)

ex —e 2 4

bl
L _r
= (—t ) e cos yi(e? — e 7)™’ )
e
t \7 bt
=|— - e cos yte?* ¢ My,
e —e 2
which provides the first property. The second can be done in a similar way.

Here, we give two correlations for CCBBT2BPOA and SCBBT2BPOA, including ¢(C)(x v,2) and
Bhs (X,7,2).

Theorem 8. The following correlations hold for n € Ny:

1 1
Can+1,C(-x + 2’y7 Z) - (n + 1)¢(C)(x Yy, Z) + Can+l C(-x 2’)’, Z)7 (234)
and ! 1
Can+l,S(~x + =, y, Z) = (l’l + 1) ¢(C)(-x Yy, Z) + Can+1 S(x =Y, Z)'

2 2
Proof. It can be indicated from Egs (2.7) and (2.17) that

(59

£ -£ t 1 tn_
Zcb(c)(x v, z)— = e"cosyre® ) = (et —e77) Y by D) (2.35)
n!
n=0 n=0
1 -1 o 1 tn—l
- bnc + = a ) bnc — S )
nZCB (x yZ) nZ:;CB o(x 5 ¥,2) n'
- 1 1
Z BOnt1,c(X + ,y, 2) — cBbns1c(x — 50 2) D

which proves the first assertion. The second can be done in a similar way, utilizing Eqs (2.8)
and (2.18).
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Remark 6. Two special cases for Theorem 8 are given as follows:

1
Can+1,c(§,y, 7)=(n+ 1)¢(C)(Y )+ cBbpsir (= ,y, 2),

and
Can+l S( »Ys Z) - (n + 1)¢(C)(y Z) + Can+1 s( ’y’ Z)

We now give two correlation formulas for Can,C(x, v,z) and cgbﬁ,,g(x, v,2), including T'(k, A),

Pl (X, ¥, 2), and @i, (x, Y, 2).

Theorem 9. The following summation equalities are valid for n, 4 € Ny:

1 n+A n+ A
Gixy.0 = oo Z T(k, A)( )CBb,(i)A_M(X, )
and
(©) Al K ntd) W
Biixy.0 = oo Z T D\, " Jesb (5., 2).

Proof. It can be indicated from Egs (1.4), (2.7), and (2.17) that

e — 2
Z¢<C>(x y,z) —ew - ”cosyr—r*ﬂ'—( ; )Z cab(x, y,z)—

n=0

n=0

n=0
[Z cabi(x, m)—)[Z AT (n, )— )
n—-A1

= Z (/u Z b, (x,y, z)(Z)T(k, /l)) %

n=

which yields the first alleged outcome. Similarly, we can easily obtain the second utilizing Eqs (1.4),

(2.8), and (2.18).

Here, we give two correlation formulas for CCBBT2BPOA and SCBBT2BPOA, including S »(/, k).

Theorem 10. The following correlations hold for n € Ny and 4 € C:

csb)(x,y,2) = ZZ( )Can 0% DS 2L K),

=0 k=0

and
cBb (6, 2) = Z Z ( )cgbﬁ, 005 DS (L ).
1=0 k=0
Proof. It can be observed from Eqs (1.3), (2.7), and (2.15) that

e — e_%

— ¥
)Z(ek Lo

k=0

> Lot t
D ety 9 = et ”cosyt( :
n=0

1
z(e2—e 2)

=e cosyt(

NI~

t
ez —e

A
)(e’—1+1)x

(2.36)
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— Hei-eT) ¢ S k_
e cosy( — £) Z(x)knz (1, K)

= [Z(x)kszm k)) [i csb 0, z)n—!]

n=0 =0 n=0

n

1 n
20 el 0. 2831 k)( )’

=0 k=0 !

:Mg

which yields the first asserted consequence. In a similar way, we can readily acquire the second utilizing
Eqgs (1.3), (2.8), and (2.16).

We provide two summation formulas for CBbi,’}g(x, v, z) and CBb,(fs)(x, v, 2)-

Theorem 11. The following correlations hold for n € Ny and A € C:

k
CBb( )(.X y, Z) = Z Z ( )(ZX)kT (fl - l, k: E — x) b( )(y, Z)

=0 k=0

and

k
csb(x,y,2) = Z Z( )(2x)kT (n ~lLk: 5~ x) e (r.2)

1=0 k=0
Proof. It can be indicated from Egs (1.4), (2.7), and (2.15) that

= 1
t Lo _t
chb(ﬂ)(x y,Z)— = (ez —e 3 +e 2) ( t ’) cosyteZ(”‘e 2)
n=0 ez —e 2
t \k
= (Z cBbye 0. )— )Z(Zx)k%e—(h—k)z
n=0 k=0
SIS k—2x\) " | [
- (Z( 2x)T (n,k P )] —,) [Z BB (v, 2)— )
n=0 \ k=0 n-J\i=

L (n k "
Z( )(2x>kT( ~Lk: ——X)CBb 02,
[ n!

which gives the first assertion. In a similar manner, we can achieve the second using Eqs (1.4), (2.8),
and (2.16).

3. Central Bell-based Type 2 Euler polynomials of complex variable

In this part, we define CBBT2EPOA of complex variable and achieve to obtain several of their
identities, relations, and formulae. Our starting point is the definition that follows:

i !

Lo - 2 !
ez(eZ—e Z)e(x+t))t (T) Z CBE( )(X + ly, Z)_ (31)

n=0

Using Eqgs (2.4) and (3.1), we have

- 1 i 2\
Z cBBP (x + iy, z)—‘ = (cos yt + i sin yr)e*e¥ > ¢ ?) ( n _,) , (3.2)
=0 n: e: +e 2
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and

oo tn ‘ f 2 A
Z CBEff)(x — iy, z)—‘ = (cos yt — i sin yr)e*e? > ¢ *) (ﬁ) . 3.3)
‘=0 n! ez +e 2

From Egs (3.2) and (3.3), we get

A ) . .
2 ) evcosyreei-eh 2 D 8B (x + iy, 2) + csBy (k= iy, ) 1" 3.4
e% + e‘% oy 2 n! ’ '
and
A ) . . n
2} ersinyreeth 2 ) csB (x4 iy,2) — cpB (x — iy, D)\ (3.5)
el + e oy 2i n!’ '

Definition 2. The cosine central Bell-based type 2 Euler polynomials of order A € C and sine central
Bell-based type 2 Euler polynomials of order A € C (abbreviated with CCBBT2EPOA and SCBBT2EPOA
and denoted by CBE,({,?(X, y,z) and CBE;:?(X, v, 2), respectively) are defined by

A 0
2 t ot 1"
(ﬁ) e cos yte!’ ¢ ?) = Z BB (x, y,2)—, (3.6)
er+e? ’ n!
n=0
and
2 ! b N 4
—— | eMsinyte?’ ¢ ) = Z BB (x,y,2)—. (3.7
e:+en e ’ n!

From Egs (3.4)—(3.7), it can be deduced that

csBV(x + iy, 2) + B (x — iy, 2) = 2c5E{2(x, ¥, 2), (3.8)
and
CBE;/I)(X +1iy,2) — CBEEI/D(X —iy,z) = 2iCBE§£(X, ¥»2)- (3.9)

It can be observed from Eqs (3.6) and (3.7) that

CBngg(X, 0,2) = CB]Effg(x, 2),
3B (x,0,0) = EP(x),

,C

CBE,(ﬁz(x, 0,72) = 0 for n € N,.

Remark 7. For x = 0 in Egs (3.6) and (3.7), we get two-variable cosine and sine central Bell-based
type 2 Euler polynomials:

N v b2 Y
3 BN 5 = et (=) cosyr, (3.10)
= ? n! ez +e 2

and
N v b2 Y
3 B = e H () siny, G.11)
= n! el + ez

respectively.
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Remark 8. Letting z = 0 in Egs (3.6) and (3.7), we obtain bivariate cosine and sine central Bell-based
type 2 Euler polynomials:

ZEEA’C)(X,)’)— = €xr(ﬁ) cos yt, (3.12)
g n! er+e
and
oo o o) A
ZEElA,s)(x,y)_ _ e’“(ﬁ) sin yt, (3.13)
g n! er +e 2
respectively.

Remark 9. Setting x = z = 0 in Egs (3.6) and (3.7), we obtain one-variable cosine and sine central
Bell-based type 2 Euler polynomials:

ey 1 2\
D EM()— = cos yt(,—t) , (3.14)
oy n! e +e 2
and N
- " 2
ZEQA"Y)@)— = Siﬂﬂ(ﬁ) ; (3.15)
=0 n! ez +e 2
respectively.

We now analyze some properties of CCBBT2EPOA and SCBBT2EPOA. We first give the following
theorem, covering two summation formulas for CBE,SQ()C, y,7) and CBE%;(x, v, 2)-

Theorem 12. The following formulae are valid forn € N and A € C:

(3]
n
cpB(x,y,2) = Z(—l)k(Zk)yszBE;‘JZk(x, 2,
k=0

and
[%]

B0y, 2) = ) (=1)F )y2k+ICBE;*32k_1<x, 2).
k=0

n
2k + 1
Proof. 1t can be shown from Eqs (1.2) and (3.6) that
N W " 2 ! X+l —eT)
D crER .y, )y =cosyl{————] e

=0 e +e?2

(o8]

- £ "
_ E _1\ky,2k § ) -

n=0 n=0

o (18 o
— k. 2k (@))
= Z[ (Zk)<—1) y CBE,,_Zku,z)]E,

and

[ee)

1
) " . Z(e% o} ) 2 o
E BB, (X, y,2)— = sin yte —= e
n=0 " el + ez
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o (15 0
t

— ( l)k 2k+1 Eu)zk X (x Z)
55 .

n=0 =

Therefore, by the computations above, we get the first claimed outcome. The second can be indicated
using Eqgs (1.2) and (3.7).

Here, we give two addition formulas for CB]E,(f)(x, 2).

Theorem 13. The following formulae hold for A € C and n € Nj:

B+ iy, = Y s (x, z)( )(iy)k = > B @) + iy) ( ) (3.16)

k=0 k=0

and i )
BB (x — iy, 7) = Z cBE( )k(x 2)(— ly)k( k) Z CB}E( )k(z)(x ly)k(Z) . (3.17)

k=0 k=0

Proof. By using Eqgs (3.2) and (3.3), we can easily get Eqs (3.16) and (3.17). Hence, we omit the details.

Now, we state two correlations for CCBBT2EPOA and SCBBT2EPOA.

Theorem 14. The following formulas are valid for A € C and n € Ny:

-

- n
csBx,Y,0) = ) erB T, (x, y)( A
k=0

and

n n
CBE(/U(‘X y’ Z) = Z CBE]((/U(Z)Sn—k(x’ )’)(k

k=0
Proof. We have

) A
2
D BNy, z) ( , ) e cos yi
s ! ez +e 2

sl k © n
= (; Ci(x, y)%] (Z; csE (2) %)

= (Z csB,(D)Ci(x, y)( )) t
n=0 \ k=0

which implies the first assertion. The other can be investigated in the same way.

n

Here, we provide four summation and correlation formulas for CBEE, «(x,y,z) and CBEEfS)(x, ¥, 2)-

Theorem 15. The following correlations hold for A € C and n € Ny

cBED(x,Y,2) = Y # @B, y)(”),

k=0

ten

BB (x,y,2) = Z ¢ DB (x, y)(Z),
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o) _ zn ‘ —k () n
CBEn,c(x’ ¥,2) = - x" CBEk,c ¥ Z)(k),
and

- _ n
BNy = 3 v BN, Z>( k).
k=0

Proof. Using Egs (3.6) and (3.7), we obtain the assertions above. Hence, we omit the details of

the proofs.

We now give two addition formulas for CCBBT2EPOA and SCBBT2EPOA.
Theorem 16. The following addition formulas hold for 4 € C and n € Nj:

n

n Pl c
cBB(xX) + X2, ¥, 21 + 20) = Z (k)CBE,(C’E(Xl,y,Z1)¢;_)k(X2, 22),
%=0

and

k

n
n
1 1 c
BBy + X0, 3,21 + 22) = Z( )CBEI(C,AZ(xl,y,Zl)¢f1_)1<(x2,ZZ)-
k=0

Proof. By Eq (3.6), we have

(o0

A
t" 2 £ L Lo
ZCBEE,/?‘(-X[ +X2,¥,21 + ZZ)_ = ( 1 t) eZI(ez ¢ Z)eXItCOSytezz(ez ¢ Z)eXZt
s ’ n! ez +e 2

= [ § CBE,(fg(xhy,Zl)—,)[ ¢,SC)(X2,Z2)—,]
n! J| & n!

0

n=
[oe]

n n tn
= Z [Z (k)CBEI(jL)*(xlay, Zl)¢£l€)/<(x2’ ZZ)) n_!’

n=0 \ k=0
which proves Eq (3.18). The result of Eq (3.19) can be derived similarly to that of Eq (3.18).
We provide four derivative properties for ¢ BEE,/Q()C, v,z) and ¢ BEE,’}z(x, v, 2).

Theorem 17. The following derivative properties hold for 4 € C and n € N:

6 A A
— BB (x,,2) = nesEY 163, 2),

ox
9 D (@)
_CBEn,c(x’ Vs Z) = _nCBEn—l s(x’ ) Z)’
ay ;

and 5
aCBEE,A,z(X, y,2) = HCBEL{)LS(X, ¥, 2),

0
_CBE,(;};(X, y,2) = ncgEff_)1 (x,y,2).
oy .

Proof. Equation (3.6) yields

0 A
p " L2
Z a CBES}Z(-X’ v, Z)m = COSyteZ(ez_e 2) ( - _) text

n=1

tn+1

E : 2
= CBE,ﬂ}(x, ¥,2)
n=0

n!’

proving Eq (3.20). The others in Eqgs (3.21)—(3.23) can be obtained in the same manner.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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We provide two more derivative properties for CCBBT2EPOA and SCBBT2EPOA.

Theorem 18. The following derivative properties hold for 4 € C and n € Ny:

0 1
a—ZCBEw(X v,2) = CBEgu)( +X,y,2) — CBE,(fg(—E +X,¥,2),

and

0 1
B—ZCBEW(X v,2) = CBE(/D( +X,y,2) — CBE(/U(_E +X,Y,2).

Proof. By Eq (3.6), we have

0 < L,
o § CBE( )(x Yy, Z)— = cosyt ez(e2—e 2)
0z = 62 + e 3 0z
n=0
2 A
L t
= COSyl‘(eE — e‘z)(ﬁ) extez(ez —e 2)
2+

- 1 &
zﬂcgwx+ﬂ%@—wE&X—T%4
n=0

which completes the proof of Eq (3.24). That of Eq (3.25) is similar.

Now, we state two correlation formulas for CBEffg(x, v,z) and CBE,({R(X, v, 2)-

Theorem 19. The following correlation formulas hold for n € Nj:

1
¢(C)(x y’Z) - CBEnc( + X, y’ )+CBEnc(__ +X,y,Z),
and |
¢(C)(x ¥,2) = cBE,, s( + X,¥,2) + cBEy, v(_i +X,y,2).
Proof. By Eq (3.6), it is deduced that

i n

ZZ ¢ff3(x,y, z); = 2eZ(e2 —e 2) “cosyt = Z cBEnc(x,y, Z)E (e% g

n=0

- 1 " 1 "
= nzz(; CBEn,c(§ + X, Z)E + ; CBEn,c(_E + X, Z)E

& n

1 1 f
= (CBEn,C(E +%.3:2) + caBuc(=5 + Xy, z)) =
n=0 n

In view of Eq (3.28), we get Eq (3.26). Similarly, we can easily obtain Eq (3.27).

Remark 10. Two special cases for Theorem 19 are given as follows:

1
2&%%@—@&4,%@+QEA 532,

and

¢(C)(y’ Z) = CBEn S‘( ’y’ Z) + CBEn S‘( ,y, Z)

)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Now, we state two summation and correlation formulas for CCBBT2EPOA and SCBBT2EPOA.
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Theorem 20. The following correlation formulas hold for 4 € C and n € Njy:

csB(x v, 2) = Z Z csB) 0, DS, k)( )(x)k,

=0 k=0
and

csB(x, v, 2) = Z Z csB) (D82, k)( )(x»

1=0 k=0
Proof. Using Eqgs (1.3) and (3.6), we observe that

0 2 4 t o _t
ZCBEM)(X y, z)— =(l+eé—-1) ( ,) 7?7 ) cos yr
n=0
> —“DF( 2\ L
:Z (- D ( t ,) e““*7¢ %) cos yt
=0 2 4+e 2
00 I o) A
St o
k=0 I=k 2te2
[Z 2, Sl by ) [Z csBiN0, D)~ ]
=0 k=0
: n
( > 840, k)(x)k(l)cgla;@,c(y, z))
1=0

k=0

which provides the first claimed outcome. Similarly, we can smoothly obtain the second.

Here, we give two correlation and summation formulas for CCBBT2EPOA and SCBBT2EPOA.
Theorem 21. The following correlations hold for A € C and n € N:

csEN(x, y,@—ZZ (“ l_zzx) Ey)kc(y’@(l;)(zx)l’

k=0 [=0

and

n k
[—2x k
csED( .= ) ) T(k,z 5 ) csE, Y, 0. z)( l)<2x>z.

k=0 1=0
Proof. It can be derived from Egs (1.3) and (3.6) that

(o8]

Z CBE(/D(X Y, Z)

1
L -1 —i\2x 2 z(e%—efé)
(e2 —e"2 + e 2)"| —————| cosyte

por e1 + e
g % 3 e_%)l (G2
= ( , ,) cos yte?“* = )Z(2x)l—e’T
ez +e2 =0 :
ook oo
[—2x\1t
- (S eor(e )ﬁ)[Zw 2095
k=0 1=0 WA=

00 n k n
- S(E 5 ot
k=0 =0 n

which provides the first argued outcome. The second alleged consequence can be derived in a similar
proof method above.
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4. Computational values and zeros representations of CCBBT2BPOA and SCBBT2BPOA

This part provides the first few members of CCBBT2BPOA and SCBBT2BPOA by two lists, and
presents the distributions of zeros of CCBBT2BPOA and SCBBT2BPOA by graphs with 2D and 3D
structures. The numerical analyzes in this part are used to validate theoretical results and reveal
distinctive scattering patterns in the distributions of their zeros across the complex plane, offering
insights into their underlying analytic structure and providing a foundation for future analytical work on
their asymptotic distribution and potential applications. Also, these visualizations elegantly reveal the
layered and organized structure of the zero distributions, providing compelling geometric insight into
the algebraic richness and complexity of the underlying polynomials.

4.1. Computational values and zeros representations of CCBBT2BPOA

Using Eq (2.7), we give a few members of CCBBT2BPOA for A = 3 as:

3
CBbE)’Z-(-L Y Z) =1,
3
CBb(Lz.(X, ,2) =x+7z,
1
cBbS(x,7,2) = 7t X =y +2xz+ 2,

3
cBbS(x,y, 2) = S o % +3x%z =3y’ + 32’ + 2,

4
17 3x? 3y? 2
CBbfc),(x, v,2) = 30 % +xt 4 % - 6)(2)/2 + y4 —2xz+4x°z - 12xy2z - % +6x°7% — 6y2z2 +4x7 + 74,
17x  5x° 15xy?
cBbS(x,y,2) = 1—6x - % #7420 10 + 5yt % = 5%+ 5x'z+ 5y°2 = 300%y%z + 5y
5xz%

- +10x°2% = 30xy%2% + 10x%2° — 10y°2® + 5x2* + 2°.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CBb,({B(x, y,z) for 4 =3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation
cBbne(x,y,2) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.
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41

2+

4t

I I
-2 0 2

.
4

Zeros of oo (x, 1170.-1110)

@y= %andz

1

10

-10

5

Zeros of cpl) o(x,470.-1/10)

©y= 14—0andz

-1

10

Re(x)

Im(x)

Zeros of gl (x,10-1110)

(b)y:%andz:%

Im(

-2 .

4 .

—6le

0 5

Zeros of csl) J(x, 1170-4110)

(d)y=jandz= 7

Figure 1. Zeros with 2D structures of cgbﬁfz.(x, v, 2)-

We now perform to explore the fascinating distribution of zeros associated with CCBBT2BPOA.
Employing computational methods, we analyze the complex solutions of the equation CBbﬁ[}Z(x, v,2) =0,
which exhibit a striking and structured scattering in the complex plane, offering both aesthetic appeal

and deep analytical significance. Some interesting zeros of b,

)

(x,y,2) =0, for 4 = 3 and n = 50 are

shown in Figure 1, allowing for a detailed comparison of the function’s behavior at different values
of y and z. The figures show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
simulations. However, it remains uncertain whether the following conjecture holds for all values of x
(refer to Figures 1 and 2).

Conjecture 1. Fory,z € R, prove that the equation CBbﬁ,/}g(x, v,z) = 0 has n distinct solutions.

The stacking structures of approximation zeros of CBbﬁf) (x,y,2) =0,forA=3and 1 <n <50, give
3D structures, which are presented in Figure 2. These allows for a detailed comparison of the function’s

behavior at different values of y and z.
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(©y=q5andz =T

(dy=qandz= 75
Figure 2. Stacking structure zeros of CBb,({}g(x, y,z)forA=3and 1 <n <50.

4.2. Computational values and zeros representations of SCBBT2BPOA
In view of Eq (2.8), we list the first six members of CBbgf}z(x, y,z) for A = 3 as:
cgb(o?i(x, y,2) =0,
CBb(l:j’i(x’ Yy, Z) =)

cBb5(x,,2) = 2xy + 2yz,

3
B, ,2) = 3x%y + 6xyz —y° + 3y — Zy,

CBbfi(x, y,2) = 4y + 12x°yz — 4xy® + 12xy22 — 3xy — 4y’ z + 4yz° — 2yz,
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1522
cBbS(x,,2) = 5x'y + 20x°yz — 1027y + 30x%y2” — 2 20xy’z + 20xy2 — 10xyz +3° — 10y°2
5y . 7 17y
+ —+57 - —+—.
2 T T T T e

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CBbﬁfz(x, y,z) for 4 =3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation

CBbgl/}g(x, ) Z) = 0

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.

Now, we explore the distributions of zeros and present graphical illustrations of SCBBT2BPOA for
specific parameter values and indices.
Some interesting zeros of CBbﬁfg(x, v,2) =0, for A = 3 and n = 50 are shown in Figure 3.

Im(x
r L] ‘ ‘. ‘ : [ ] ‘ ‘.
e o ° b 4 o o . i
L L] + L[]
L ° L4 F ° °
Zf 0. ° 4 2j .. . B
r [ L] ] [
[ . ! .
of e eeeeesecces e o o o o 0 ceeooee o000 0008 o o o o o Re(x
F L] ) L] [ ]
L]
2k .. ° E oL . ° i
r ° ° t ° .
L, -
afe e . ] 9 e ° ]
L 3 o 4 : o ° ]
L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L
-6 -4 -2 0 2 4 6 8 -5 -4 -2 0 2 4 6 8
Zeros of cal) y(x, 170,-1/10) Zeros of cal) (x,310,-1110)
(a)y:iandz:_—1 (b)y:landz:_—'
10 10 10 10
Im(x) Im
° ‘ o ‘o Gjo q
4 B ) °
° ° ° L . ]
L] 4 .. L]
° L]
2r o Y ] 2F * ° ° —
° i °
L Y L i [ ]
0 —e oo oo oo oo oo oeeee o o o o o Re(x 0 Seepeosceelo oo o o o o o o Rex
° . 1 L .
[ . 7 . o
r ° ° N 2k ° i
_2j ° . _ : . ° L]
L] + L]
e o ° -4r . ° ]
4 i : . °
° ° _6l® i
L L L L L L L L L L L L
-5 -4 2 0 2 4 6 8 -5 0 5 10
Zeros of gl o(x,4/10-1/10) Zeros of galh) (x, 11 10,-4/10)
-4 — -l -1 -4
(©y=qpandz= 3 @y=qandz= 3

Figure 3. Zeros of CBbﬁﬁz(x, v,z2) =0.

The stacking structures of approximation zeros of CBbﬁ,’g(x, v,z) =0,for4=3and 1 <n <50, give
3D structures, which are presented in Figure 4.
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10
(©y=+andz= T (dy=q ;andz =73

Figure 4. Stacking structure zeros of CBbﬁfZ(x, v,z) =0fordA=3and 1 <n <50.

The figures above show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
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simulations. However, it remains uncertain whether the following conjecture holds for all values of x
(refer to Figures 3 and 4).

Conjecture 2. Fory,z € R, prove that the equation CBbf,/}z(x, v,2) = 0 has n distinct solutions.
5. Computational values and zeros representations of CCBBT2EPOA and SCBBT2EPOA

This part provides the first few members of CCBBT2EPOA and SCBBT2EPOA by a list, and presents
the distributions of zeros of CCBBT2EPOA and SCBBT2EPOA by graphs with 2D and 3D structures.
To validate theoretical results, numerical analysis is utilized in this part to reveal distinct scattering
patterns in the distribution of zeros across the complex plane, providing insights into their underlying
analytic structure and a foundation for future analytical work on their asymptotic distributions and
potential applications. The structure of the zero distributions is beautifully revealed through these
visualizations, providing compelling geometric insight into the algebraic richness and complexity of the
underlying polynomials.

5.1. Computational values and zeros representations of CCBBT2EPOA
In view of Eq (3.6), we give a few members of CCBBT2EPOA for A = 3 as:

CBESZ(X, v.2) =1,

3
BB (X, y,2) = x + 2,

3
CBE(Z?z(x, v,7) = ~1 + 2% =y + 2x7+ 22,

9
BB, y.2) = —— + 2 = 3xy? = 22+ 3z - 3y’a + 3ud + 7,

4
33 9x? 9y? 772
CBEE‘?Z(X, v,2) = T % +xt+ % —6x°y* +y* = 8xz + 4x’z — 12xy°z — % + 6x°7°

- 6yZZ2 +4x7 + 27,
165x  15x° o 45x)?
6 2 YT

17
CBE(;Z(X, v,2) = — 10x3y* + 5xy* + TZ —20x%z + 5x*z + 20y*z

35
—30x%y*z + 5y*z —

2
X
g 10x°7% — 30xy°2% — 52° + 10x°2° — 10y°2 + 5xz* + 2.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CCBBT2EPOA for A = 3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation
cpBi(x,.2) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.

We proceed to explore the fascinating distribution of zeros associated with CCBBT2EPOA.
Employing computational methods, we analyze the complex solutions of the equation CBE,(Q(x, v,2) =0,
which exhibit a striking and structured scattering in the complex plane, offering both aesthetic appeal
and deep analytical significance. Some interesting zeros of CB]Effg(x, v,z) =0, for A = 3 and n = 50 are
shown in Figure 5, allowing for a detailed comparison of the function’s behavior at different values of y
and z. The figures show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
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simulations. However, it remains uncertain whether the following conjecture holds true for all values of
x (refer to Figures 5 and 6).

Conjecture 3. Fory,z € R, prove that the equation CBEE,/}C)()C, v,z) = 0 has n distinct solutions.
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Figure 5. Zeros with 2D structures of CBE,(Q.()C, v, 2).

The stacking structures of approximation zeros of CBE;/B(X, v,2) =0,forA=3and 1 <n <50, give
3D structures, which are presented in Figure 6. These allow for a detailed comparison of the function’s
behavior at different values of y and z.
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Figure 6. Stacking structure zeros of CBEﬁfz(x, y,z)forA=3and 1 <n < 50.
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5.2. Computational values and zeros representations of SCBBT2EPOA

In view of Eq (3.7), we list the first six members of CBE,(ff,(x, y,z) for A = 3 as:
CBES;()@ ¥,2) =0,

CBE(fi(x, »2) =Y,
cBES (X, ,2) = 2xy + 2yz,

3 9y
cBBa,(x,y,2) = 3y + 6xyz =y + 3y2” = =,
3) _ 3 2 3 2 3 3
cBBy (%, y,2) = 4x7y + 12x7yz — 4xy” + 12xyz" — 9xy — 4y"z + 4yz” — 8yz,
3) 4 3 2.3 2.2 45x°y 3 3 5 3.2
cBEs (%, y,2) = 5x"y + 20x7yz — 10x7y” + 30x7yz” — —20xy’z + 20xyz” —40xyz +y” — 10y’z
1593 35y 165
b2 syt 2 )
2 2 16
Im(x)
1oL . L) 10F . [ ]
sle . sfe p
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Figure 7. Zeros of CBE%;(X, v,2) =0.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of SCBBT2EPOA for A = 3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation

csESN(x,y,2) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All

distinct zeros are marked when they fall within a specified range.
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Now, we explore the distributions of zeros and present graphical illustrations of central Bell-based
Euler polynomials of complex variable CBEﬁ,’}Z(x, v, z) for specific parameter values and indices. Some
interesting zeros of Ef{}z(x, v,2) =0, for 4 = 3 and n = 50 are shown in Figure 7. The stacking structures
of approximation zeros of CB]Eﬁ,Q(x, v,2) =0,for 4 =3 and 1 <n < 50, give 3D structures, which are
presented in Figure 8.

(c)y:%andz:]—é (d)y:%andz:%l

Figure 8. Stacking structure zeros of CBE,%(x, v,z) =0ford=3and 1 <n < 50.

The figures show that the polynomials with the chosen special values have no reflection symmetry
with respect to the imaginary axis. A range of values for n has been checked using computer simulations.
However, it remains uncertain whether the following conjecture holds true for all values of x (refer to
Figures 7 and 8).

Conjecture 4. Fory,z € R, prove that the equation CBE;/E()C, v,z) = 0 has n distinct solutions.
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6. Conclusions

In this study, we have introduced parametric types of central Bell-based type 2 Euler and Bernoulli
polynomials of order A through defining two specific generating functions. Additionally, we have
observed diverse analytical characteristics, such as addition formulae, summation formulae, differential
formulae, and correlations with the new and existing old numbers and polynomials. Also, we have
achieved exciting connections of sine and cosine central Bell-based type 2 Euler and Bernoulli
polynomials with the central Bell polynomials, and the classical central factorial numbers and Stirling
numbers of the second kind. Furthermore, the first few members of the new polynomials are given by
the lists, and the distributions of zeros of the new polynomials are provided by graphical
representations, enhancing the understanding of the numerical data and facilitating a more intuitive
grasp of the concepts discussed. Future work will involve analyzing more detailed results and properties
for the new polynomials in the context of the monomiality principle and umbral calculus. The outcomes
of this work have potential applications, such as statistics, mathematical physics, probability,
engineering, and mathematics.
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