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Abstract: Recently, by combining type 2 Bernoulli and Euler polynomials with the central Bell
polynomials, the central Bell-based type 2 Bernoulli and Euler polynomials of order α were considered,
and many of their properties, formulas, and applications were investigated. The main aim of this work is
to consider higher-order central Bell-based type 2 Bernoulli and Euler polynomials of complex variable,
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are introduced by treating the imaginary and real components separately. Then, diverse summation
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polynomials and numbers are derived in a systematic way. Also, several intriguing connections of sine
and cosine central Bell-based type 2 Bernoulli and Euler polynomials of order λ with the bivariate and
one-variable central Bell polynomials, and the classical Stirling and central factorial numbers of the
second kinds are investigated in detail. Moreover, the first few members of the new polynomials are
provided by the lists, and the distributions of zeros of the new polynomials are illustrated by graphical
representations, enhancing the understanding of the numerical data and facilitating a more intuitive
grasp of the concepts discussed.
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1. Introduction

Special numbers and polynomial sequences constitute one of the central research directions in
contemporary mathematical analysis. Their structural properties, generating functions, and operator-
based representations have found applications in combinatorics, number theory, matrix theory, and
approximation theory. In particular, generating function techniques provides a powerful analytical
framework for constructing and studying new polynomial families [1–4]. The construction of several
variations of the special polynomials was achieved by combining the concepts of two or more special
polynomials, numbers, or functions. For example, truncated-exponential-based Laguerre-Frobenius
Euler and Hermite-type polynomials, Hermite-based Bernoulli, Genocchi, and Euler polynomials, the
Gould-Hopper-based Apostol type Genocchi, Euler, and Bernoulli polynomials, Laguerre-based Euler,
and Bernoulli polynomials, the degenerate Apostol-type Hermite polynomials, the Bell-based Euler, and
Bernoulli polynomials, and Lagrange-based Apostol-Genocchi, Apostol-Bernoulli, and Apostol-Euler
polynomials, were constructed by mixing the definitions of Bell, Genocchi, Frobenius-Euler, Hermite,
Gould-Hopper, Euler, Lagrange, truncated-exponential, Bernoulli, and Laguerre polynomials and many
of their properties and applications were investigated deeply; references [5–8] and see the references
cited therein. In very recent times, the central Bell-based type 2 Bernoulli CBb

(λ)
n (x, y) polynomials of

order λ ∈ C [9] and central Bell-based type 2 Euler CBE
(λ)
n (x, y) polynomials of order λ ∈ C [10] were

considered by:
∞∑

n=0
CBb

(λ)
n (x, y)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ext+y

(
e

t
2 −e−

t
2
)

(|t| < 2π) , (1.1)

and
∞∑

n=0
CBE

(λ)
n (x, y)

tn

n!
=

(
2

e
t
2 + e−

t
2

)λ
ext+y

(
e

t
2 +e−

t
2
)

(|t| < π) , (1.2)

which are abbreviated with CBBT2BPOλ and CBBT2EPOλ, respectively. Then, for the polynomials
given in Eqs (1.1) and (1.2), several relations, identities, and formulas, including partial differentiation
rules, addition formulas, summation formulae, symmetric identities, recurrence relations, and
correlations with the central Bell polynomials and the central factorial numbers of the second kind,
were derived deeply [9–11]. Also, various curious formulas of CBBT2EPOλ stemming from umbral
algebra to possess different manners of obtaining old and new formulas were acquired.

Inspired and motivated by the polynomials given in Eqs (1.1) and (1.2), in this work, we aim to
define cosine and sine central Bell-based type 2 Bernoulli, and Euler polynomials of order λ by
considering higher-order central Bell-based type 2 Euler, and Bernoulli polynomials of complex
variable. Besides, we explore various analytical characteristics, such as summation formulae, addition
formulae, differential formulae, and correlations with the new and existing old polynomials and
numbers in a systematic manner. In addition, we derive exciting connections of our parametric central
Bell-based type 2 Euler, and Bernoulli polynomials with the classical central factorial, and Stirling
numbers of the second kind. Additionally, the first few members of the new polynomials are given by
four lists, and the distributions of zeros of the new polynomials are shown by graphical representations.

The Stirling numbers of the second kind (abbreviated with SNSK) are defined as follows [12–14]:

∞∑
n=k

k!S 2(n, k)
tn

n!
= (et − 1)k, (1.3)
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which yields, for n ∈ N0 = N ∪ {0},

xn =

n∑
k=0

S 2(n, k)(x)k,

where (x)0 = 1, and (x)n = (x − (n − 1))(x − (n − 2)) · · · (x − 1)x for n ∈ N, [15, 16].
For k ∈ N0, the central factorial polynomials of the second kind (abbreviated with CFPSK) and

central factorial numbers of the second kind (abbreviated with CFNSK) are, respectively, introduced as
follows [17–20]:

∞∑
n=0

T (n, k : x) k!
tn

n!
=

(
e

t
2 − e−

t
2
)k

ext and
∞∑

n=0

T (n, k) k!
tn

n!
=

(
e

t
2 − e−

t
2
)k

. (1.4)

For n ∈ N0, T (n, k), fulfill the following equality [21]:

xn =

n∑
k=0

T (n, k) x[k],

where the notation x[k], termed as the central factorial of x, equals to
k−1∏
j=0

(
x − k−1

2 + j
)

with x[0] = 1 [22–25].

The bivariate central Bell polynomials (abbreviated with BCBP and denoted by ϕ(C)
n (x, y)), one-variable

central Bell polynomials (abbreviated with CBP and denoted by ϕ(C)
n (x)), and classical central Bell

numbers (abbreviated with CBN and denoted by ϕ(C)
n ), are defined, respectively, as follows (see [26–28]):

∞∑
n=0

tn

n!
ϕ(C)

n (x, y) = extey
(
e

t
2 −e−

t
2
)
, (1.5)

∞∑
n=0

tn

n!
ϕ(C)

n (x) = ex
(
e

t
2 −e−

t
2
)
, (1.6)

and
∞∑

n=0

tn

n!
ϕ(C)

n = e
(
e

t
2 −e−

t
2
)
.

We note that ϕ(C)
n (0, y) =: ϕ(C)

n (y) and ϕ(C)
n (0,1) =: ϕ(C)

n (1) =: ϕ(C)
n . We observe from Eqs (1.4)–(1.6) that

ϕ(C)
n (x, y) =

n∑
k=0

ykT (n, k : x) ,

and

ϕ(C)
n (y) =

n∑
k=0

ykT (n, k) .

Type 2 Bernoulli, and Euler polynomials of order λ ∈ C (abbreviated with T2BPOλ and T2EPOλ
and denoted by b(λ)n (x) and E(λ)

n (x), respectively) are defined by (see [29–31]):

∞∑
n=0

b
(λ)
n (x)

tn

n!
= ext

(
t

e
t
2 − e−

t
2

)λ
(|t| < 2π) , (1.7)

and
∞∑

n=0

E(λ)
n (x)

tn

n!
= ext

(
2

e
t
2 + e−

t
2

)λ
(|t| < π) . (1.8)

Networks and Heterogeneous Media Volume 21, Issue 2, 693–724.



696

The corresponding numbers, named type 2 Bernoulli and Euler numbers of order λ (abbreviated
with T2BNOλ and T2ENOλ), are determined as b(λ)n (0) =: b(λ)n and E(λ)

n (0) =: E(λ)
n , respectively. The

usual forms of the polynomials and numbers above, named the classical type 2 Bernoulli and Euler
polynomials and numbers (abbreviated with T2BP and T2EP with T2BN and T2EN), are determined as
b

(1)
n (x) =: bn (x) and E(1)

n (x) =: En (x) with b(1)
n =: bn and E(1)

n =: En, respectively.
The cosine and sine polynomials are defined as follows (see [32–35]):

∞∑
n=0

Cn(x, y)
tn

n!
= cos ytext, (1.9)

and
∞∑

n=0

Sn(x, y)
tn

n!
= sin ytext, (1.10)

where

Cn(x, y) =
[ n

2 ]∑
k=0

y2k(−1)kxn−2k

(
n
2k

)
, (1.11)

and

Sn(x, y) =
[ n−1

2 ]∑
k=0

y2k+1(−1)kxn−2k−1
(

n
2k + 1

)
. (1.12)

The contents of this paper are as follows.

• The next section introduces sine and cosine CBBT2BPOλ and acquires various formulae and
relations of the new polynomials. It also derives exciting connections of our polynomials
CBBT2BPOλ with CFNSK and SNSK.
• Section 3 introduces sine and cosine CBBT2EPOλ and examines miscellaneous formulae and

relations of the new polynomials. Moreover, it investigates exciting connections of our polynomials
CBBT2EPOλ with CFNSK and SNSK.
• Section 4 provides the first few members of sine and cosine CBBT2BPOλ, and gives the graphical

representations, forming 2D and 3D structures, of the zeros of certain members of sine and cosine
CBBT2BPOλ.
• Section 5 gives the first few members of sine and cosine CBBT2EPOλ, and presents the graphical

representations, forming 2D and 3D structures, of the zeros of certain members of sine and cosine
CBBT2EPOλ.
• The last section analyzes the consequences of this study.

2. Central Bell-based type 2 Bernoulli polynomials of complex variable

In this section, we define the CBBT2BPOλ of complex variable and achieve to obtain numerous
identities, relations, and formulae. Our starting point is the definition that follows:

∞∑
n=0

CBb
(λ)
n (x + iy, z)

tn

n!
= ez(e

t
2 −e−

t
2 )e(x+iy)t

(
t

e
t
2 − e−

t
2

)λ (
i2 = −1; |t| < 2π

)
. (2.1)

When λ = 1, we have CBbn(x + iy, z) := CBb
(1)
n (x + iy, z), termed as the central Bell-based type 2

Bernoulli polynomials of complex variable (abbreviated with CBBT2BPCV).
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We observe from Eqs (2.1) and (2.4) that

∞∑
n=0

CBb
(λ)
n (x + iy, z)

tn

n!
= (cos yt + i sin yt)

(
t

e
t
2 − e−

t
2

)λ
ext+z(e

t
2 −e−

t
2 ), (2.2)

and
∞∑

n=0
CBb

(λ)
n (x − iy, z)

tn

n!
= (cos yt − i sin yt)

(
t

e
t
2 − e−

t
2

)λ
ext+z(e

t
2 −e−

t
2 ), (2.3)

where (see [12, 36–38]):
eiyt = cos yt + i sin yt. (2.4)

It can be deduced from the Eqs (2.2) and (2.3) that

2
(

t

e
t
2 − e−

t
2

)λ
ext cos ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

(
CBb

(λ)
n (x + iy, z) + CBb

(λ)
n (x − iy, z)

) tn

n!
, (2.5)

and

2i
(

t

e
t
2 − e−

t
2

)λ
ext sin ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

(
CBb

(λ)
n (x + iy, z) − CBb

(λ)
n (x − iy, z)

) tn

n!
. (2.6)

Now, we state one of the main definitions as follows.

Definition 1. The cosine central Bell-based type 2 Bernoulli polynomials of order λ ∈ C and sine
central Bell-based type 2 Bernoulli polynomials of order λ ∈ C (abbreviated with CCBBT2BPOλ and
SCBBT2BPOλ and denoted by CBb

(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z), respectively) are defined by(

t

e
t
2 − e−

t
2

)λ
ext cos ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn

n!
, (2.7)

and (
t

e
t
2 − e−

t
2

)λ
ext sin ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

CBb
(λ)
n,s(x, y, z)

tn

n!
. (2.8)

It can be implied from Eqs (2.7) and (2.8) that

CBb
(λ)
n,c(x, 0, z) =CB b

(λ)
n (x, z),

CBb
(λ)
n,c(x, 0, 0) = b(λ)n (x),

CBb
(λ)
n,s(x, 0, z) = 0 for n ∈ N0.

From Eqs (2.5)–(2.8), it can be deduced that

CBb
(λ)
n (x + iy, z) + CBb

(λ)
n (x − iy, z) = 2CBb

(λ)
n,c(x, y, z), (2.9)

and

CBb
(λ)
n (x + iy, z) − CBb

(λ)
n (x − iy, z) = 2iCBb

(λ)
n,s(x, y, z). (2.10)

We provide some special analysis of the new polynomials (2.7) and (2.8) as follows.
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Remark 1. The one-variable cosine and sine central Bell-based type 2 Bernoulli polynomials can be
acquired by taking x = z = 0 in Eqs (2.7) and (2.8), respectively, as follows:

∞∑
n=0

b
(λ,c)
n (y)

tn

n!
= cos yt

(
t

e
t
2 − e−

t
2

)λ
, (2.11)

and
∞∑

n=0

b
(λ,s)
n (y)

tn

n!
= sin yt

(
t

e
t
2 − e−

t
2

)λ
. (2.12)

It is clear, for n ≥ 0, that b(λ,c)
n := b(λ,c)

n (0) and b(λ,s)
n (0) = 0.

Remark 2. The bivariate cosine and sine central Bell-based type 2 Bernoulli polynomials can be
considered by choosing z = 0 in Eqs (2.7) and (2.8), respectively, as follows:

∞∑
n=0

b
(λ,c)
n (x, y)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ext cos yt, (2.13)

and
∞∑

n=0

b
(λ,s)
n (x, y)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ext sin yt. (2.14)

Remark 3. The two-variable cosine and sine central Bell-based type 2 Bernoulli polynomials can be
obtained by taking x = 0 in Eqs (2.7) and (2.8), respectively, as follows:

∞∑
n=0

CBb
(λ)
n,c(y, z)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ez(e

t
2 −e−

t
2 ) cos yt, (2.15)

and
∞∑

n=0
CBb

(λ)
n,s(y, z)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ez(e

t
2 −e−

t
2 ) sin yt. (2.16)

Remark 4. The trivariate cosine and sine central Bell polynomials can be considered by setting λ = 0
in Eqs (2.7) and (2.8), respectively, as follows:

∞∑
n=0

ϕ(C)
n,c (x, y, z)

tn

n!
= extez(e

t
2 −e−

t
2 ) cos yt, (2.17)

and
∞∑

n=0

ϕ(C)
n,s (x, y, z)

tn

n!
= extez(e

t
2 −e−

t
2 ) sin yt. (2.18)

Remark 5. The bivariate cosine and sine central Bell polynomials can be considered by choosing
λ = x = 0 in Eqs (2.7) and (2.8), respectively, as follows:

∞∑
n=0

ϕ(C)
n,c (y, z)

tn

n!
= ez(e

t
2 −e−

t
2 ) cos yt,

and
∞∑

n=0

ϕ(C)
n,s (y, z)

tn

n!
= ez(e

t
2 −e−

t
2 ) sin yt.
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We commence our examination of these polynomials by examining their basic properties. We first
give two summation formulas for CCBBT2BPOλ and SCBBT2BPOλ.

Theorem 1. The following equalities hold for λ ∈ C and n ∈ N:

CBb
(λ)
n,c(x, y, z) =

[ n
2 ]∑

k=0

(−1)k

(
n
2k

)
y2k

CBb
(λ)
n−2k(x, z), (2.19)

and

CBb
(λ)
n,s(x, y, z) =

[ n−1
2 ]∑

k=0

(−1)ky2k+1
CBb

(λ)
n−2k−1(x, z)

(
n

2k + 1

)
. (2.20)

Proof. It can be implied from Eqs (1.1) and (2.7) that
∞∑

n=0
CBb

(λ)
n,c(x, y, z)

tn

n!
= cos ytextez(e

t
2 −e−

t
2 )

(
t

e
t
2 − e−

t
2

)λ
(2.21)

=

∞∑
k=0

(−1)ky2k tk

2k!

∞∑
n=0

CBb
(λ)
n (x, z)

tn

n!

=

∞∑
n=0

 [ n
2 ]∑

k=0

y2k (−1)k
CBb

(λ)
n−2k(x, z)

(
n
2k

) tn

n!
,

and also, it can be deduced from Eqs (1.1) and (2.8) that
∞∑

n=0
CBb

(λ)
n,s(x, y, z)

tn

n!
= sin ytext

(
t

e
t
2 − e−

t
2

)λ
ez(e

t
2 −e−

t
2 ) (2.22)

=

∞∑
n=0


[ n−1

2 ]∑
k=0

CBb
(λ)
n−2k−1(x, z)(−1)ky2k+1

(
n

2k + 1

) tn

n!
.

Therefore, by Eqs (2.21) and (2.22), we get Eqs (2.19) and (2.20). So, we complete the proofs.

Here are two addition formulas for CBb
(λ)
n (x, z).

Theorem 2. The following equalities are valid for n ∈ N and λ ∈ C:

CBb
(λ)
n (x + iy, z) =

n∑
k=0

CBb
(λ)
n−k(x, z)

(
n
k

)
(iy)k =

n∑
k=0

CBb
(λ)
n−k(z)

(
n
k

)
(x + iy)k,

and

CBb
(λ)
n (x − iy, z) =

n∑
k=0

CBb
(λ)
n−k(x, z)

(
n
k

)
(−iy)k =

n∑
k=0

CBb
(λ)
n−k(z)

(
n
k

)
(x − iy)k.

Proof. By using Eqs (2.2) and (2.3), we can readily obtain the assertions. So, we omit the details.

We note that when x = 0 in (1.1), we obtain the one-variable central Bell-based type 2 Bernoulli
polynomials [39–42] as follows:

∞∑
n=0

CBb
(λ)
n (y)

tn

n!
= ey(e

t
2 −e−

t
2 )

(
t

e
t
2 − e−

t
2

)λ
. (2.23)

Now, we state two correlations for CBb
(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z).
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Theorem 3. The following equalities hold for λ ∈ C and n ∈ N0:

CBb
(λ)
n,c(x, y, z) =

n∑
k=0

Cn−k(x, y) CBb
(λ)
k (z)

(
n
k

)
, (2.24)

and

CBb
(λ)
n,s(x, y, z) =

n∑
k=0

Sn−k(x, y) CBb
(λ)
k (z)

(
n
k

)
. (2.25)

Proof. It can be implied from Eqs (1.9), (2.7), and (2.23) that

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn

n!
= cos ytext

(
t

e
t
2 − e−

t
2

)λ
ez(e

t
2 −e−

t
2 )

=

 ∞∑
n=0

Cn(x, y)
tn

n!

  ∞∑
n=0

CBb
(λ)
n (z)

tn

n!


=

∞∑
n=0

 n∑
k=0

Cn−k(x, y) CBb
(λ)
k (z)

(
n
k

) tn

n!
,

which proves Eq (2.24). The other Eq (2.25) can be shown in the same way.

We provide four summation formulas for CCBBT2BPOλ and SCBBT2BPOλ.

Theorem 4. The following summation equalities hold for λ ∈ C and n ∈ N0:

CBb
(λ)
n,c(x, y, z) =

n∑
k=0

ϕ(C)
n−k(z)b(λ,c)

k (x, y)
(
n
k

)
, (2.26)

CBb
(λ)
n,s(x, y, z) =

n∑
k=0

ϕ(C)
n−k(z)b(λ,s)

k (x, y)
(
n
k

)
, (2.27)

CBb
(λ)
n,c(x, y, z) =

n∑
k=0

CBb
(λ)
k,c(y, z)xn−k

(
n
k

)
, (2.28)

and

CBb
(λ)
n,s(x, y, z) =

n∑
k=0

CBb
(λ)
k,s(y, z)xn−k

(
n
k

)
. (2.29)

Proof. It can be indicated from Eqs (1.6), (2.7), and (2.13) that

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn

n!
= ext

(
t

e
t
2 − e−

t
2

)λ
cos ytez(e

t
2 −e−

t
2 ) (2.30)

=

 ∞∑
n=0

ϕ(C)
n (z)

tn

n!

  ∞∑
n=0

b
(λ)
n,c(x, y)

tn

n!


=

∞∑
n=0

 n∑
k=0

ϕ(C)
n−k(z)b(λ)k,c(x, y)

(
n
k

) tn

n!
,

which proves Eq (2.26). The other can be similarly shown using Eqs (1.5), (1.6), (2.7), (2.8), and
(2.13)–(2.16).
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Here, we provide two addition formulas for CBb
(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z).

Theorem 5. The following summation equalities hold for λ ∈ C and n ∈ N0:

CBb
(λ)
n,c(x1 + x2, y, z1 + z2) =

n∑
k=0

ϕ(C)
n−k(x2, z2)

(
n
k

)
CBb

(λ)
k,c(x1, y, z1), (2.31)

and

CBb
(λ)
n,s(x1 + x2, y, z1 + z2) =

n∑
k=0

ϕ(C)
n−k(x2, z2)

(
n
k

)
CBb

(λ)
k,s(x1, y, z1). (2.32)

Proof. It can be deduced from Eqs (1.5) and (2.7) that,

∞∑
n=0

CBb
(λ)
n,c(x1 + x2, y, z1 + z2)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ex1t cos ytex2te(z1+z2)(e

t
2 −e−

t
2 )

=

 ∞∑
n=0

ϕ(C)
n (x2, z2)

tn

n!

  ∞∑
n=0

CBb
(λ)
n,c(x1, y, z1)

tn

n!


=

∞∑
n=0

 n∑
k=0

(
n
k

)
CBb

(λ)
k,c(x1, y, z1)ϕ(C)

n−k(x2, z2)

 tn

n!
,

which proves Eq (2.31). In a similar manner, the assertion Eq (2.32) can be yielded utilizing Eqs (1.5)
and (2.8).

We give two particular cases of Eqs (2.31) and (2.32) given below.

Corollary 1. The following summation equalities hold for λ ∈ C and n ∈ N0:

CBb
(λ)
n,c(x1 + x2, y, z) =

n∑
k=0

CBb
(λ)
k,c(x1, y, z)xn−k

2

(
n
k

)
,

and

CBb
(λ)
n,s(x1 + x2, y, z) =

n∑
k=0

CBb
(λ)
k,s(x1, y, z)xn−k

2

(
n
k

)
.

Now, we analyze four derivative properties for CCBBT2BPOλ and SCBBT2BPOλ.

Theorem 6. The following derivative properties hold for λ ∈ C and n ∈ N:

∂

∂xCBb
(λ)
n,c(x, y, z) = nCBb

(λ)
n−1,c(x, y, z), (2.33)

∂

∂yCBb
(λ)
n,c(x, y, z) = −nCBb

(λ)
n−1,s(x, y, z),

∂

∂xCBb
(λ)
n,s(x, y, z) = nCBb

(λ)
n−1,s(x, y, z),

and
∂

∂yCBb
(λ)
n,s(x, y, z) = nCBb

(λ)
n−1,c(x, y, z).
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Proof. It can be shown from Eq (2.7) that
∞∑

n=1

∂

∂xCBb
(λ)
n,c(x, y, z)

tn

n!
= cos ytez(e

t
2 −e−

t
2 )

(
t

e
t
2 − e−

t
2

)λ
text

=

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn+1

n!
,

proving Eq (2.33). The other assertions can be similarly derived.

Two more derivative properties for CBb
(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z) are examined below.

Theorem 7. The following derivative properties hold for λ ∈ C and n ∈ N:

∂

∂zCBb
(λ)
n,c(x, y, z) = CBb

(λ−1)
n−1,c(x, y, z),

and
∂

∂zCBb
(λ)
n,s(x, y, z) = CBb

(λ−1)
n−1,s(x, y, z).

Proof. It can be indicated from Eq (2.7) that

∂

∂z

∞∑
n=1

CBb
(λ)
n,c(x, y, z)

tn

n!
=

(
t

e
t
2 − e−

t
2

)λ
ext cos yt

∂

∂z
ez(e

t
2 −e−

t
2 )

=

(
t

e
t
2 − e−

t
2

)λ
ext cos yt(e

t
2 − e−

t
2 )ez(e

t
2 −e−

t
2 )

=

(
t

e
t
2 − e−

t
2

)λ−1

ext cos ytez(e
t
2 −e−

t
2 )t,

which provides the first property. The second can be done in a similar way.

Here, we give two correlations for CCBBT2BPOλ and SCBBT2BPOλ, including ϕ(C)
n,c (x, y, z) and

ϕ(C)
n,s (x, y, z).

Theorem 8. The following correlations hold for n ∈ N0:

CBbn+1,c(x +
1
2
, y, z) = (n + 1) ϕ(C)

n,c (x, y, z) + CBbn+1,c(x −
1
2
, y, z), (2.34)

and

CBbn+1,s(x +
1
2
, y, z) = (n + 1) ϕ(C)

n,s (x, y, z) + CBbn+1,s(x −
1
2
, y, z).

Proof. It can be indicated from Eqs (2.7) and (2.17) that
∞∑

n=0

ϕ(C)
n,c (x, y, z)

tn

n!
= ext cos ytez(e

t
2 −e−

t
2 ) =

(
e

t
2 − e−

t
2
) ∞∑

n=0
CBbn.c(x, y, z)

tn−

n!
(2.35)

=

∞∑
n=0

CBbn,c(x +
1
2
, y, z)

tn−1

n!
−

∞∑
n=0

CBbn,c(x −
1
2
, y, z)

tn−1

n!

=

∞∑
n=0

(
CBbn+1,c(x +

1
2
, y, z) − CBbn+1,c(x −

1
2
, y, z)

)
tn

(n + 1)!
,

which proves the first assertion. The second can be done in a similar way, utilizing Eqs (2.8)
and (2.18).
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Remark 6. Two special cases for Theorem 8 are given as follows:

CBbn+1,c(
1
2
, y, z) = (n + 1) ϕ(C)

n,c (y, z) + CBbn+1,c(−
1
2
, y, z),

and

CBbn+1,s(
1
2
, y, z) = (n + 1) ϕ(C)

n,s (y, z) + CBbn+1,s(−
1
2
, y, z).

We now give two correlation formulas for CBb
(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z), including T (k, λ),

ϕ(C)
n,c (x, y, z), and ϕ(C)

n,s (x, y, z).

Theorem 9. The following summation equalities are valid for n, λ ∈ N0:

ϕ(C)
n,c (x, y, z) =

n!λ!
(n + λ)!

n+λ∑
k=0

T (k, λ)
(
n + λ

k

)
CBb

(λ)
n+λ−k,c(x, y, z),

and

ϕ(C)
n,s (x, y, z) =

n!λ!
(n + λ)!

n+λ∑
k=0

T (k, λ)
(
n + λ

k

)
CBb

(λ)
n+λ−k,s(x, y, z).

Proof. It can be indicated from Eqs (1.4), (2.7), and (2.17) that

∞∑
n=0

ϕ(C)
n,c (x, y, z)

tn

n!
= ez(e

t
2 −e−

t
2 )ext cos yt = t−λλ!

(e
t
2 − e−

t
2 )λ

λ!

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn

n!

=

 ∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn−λ

n!

  ∞∑
n=0

λ!T (n, λ)
tn

n!


=

∞∑
n=0

λ! n∑
k=0

CBb
(λ)
n−k,c(x, y, z)

(
n
k

)
T (k, λ)

 tn−λ

n!
,

which yields the first alleged outcome. Similarly, we can easily obtain the second utilizing Eqs (1.4),
(2.8), and (2.18).

Here, we give two correlation formulas for CCBBT2BPOλ and SCBBT2BPOλ, including S 2(l, k).

Theorem 10. The following correlations hold for n ∈ N0 and λ ∈ C:

CBb
(λ)
n,c(x, y, z) =

n∑
l=0

l∑
k=0

(
n
l

)
CBb

(λ)
n−l,c(y, z)(x)kS 2(l, k),

and

CBb
(λ)
n,s(x, y, z) =

n∑
l=0

l∑
k=0

(
n
l

)
CBb

(λ)
n−l,s(y, z)(x)kS 2(l, k).

Proof. It can be observed from Eqs (1.3), (2.7), and (2.15) that

∞∑
n=0

CBb
(λ)
n,c(x, y, z)

tn

n!
= ez(e

t
2 −e−

t
2 ) cos yt

(
t

e
t
2 − e−

t
2

)λ
(et − 1 + 1)x (2.36)

= ez(e
t
2 −e−

t
2 ) cos yt

(
t

e
t
2 − e−

t
2

)λ ∞∑
k=0

(et − 1)k

k!
(x)k
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= ez(e
t
2 −e−

t
2 ) cos yt

(
t

e
t
2 − e−

t
2

)λ ∞∑
k=0

(x)k

∞∑
n=k

S 2(n, k)
tn

n!

=

∞∑
n=0

 n∑
k=0

(x)kS 2(n, k)

 tn

n!

 ∞∑
n=0

CBb
(λ)
n,c(y, z)

tn

n!


=

∞∑
n=0

n∑
l=0

l∑
k=0

(x)k CBb
(λ)
n−l,c(y, z)S 2(l, k)

(
n
l

)
tn

n!
,

which yields the first asserted consequence. In a similar way, we can readily acquire the second utilizing
Eqs (1.3), (2.8), and (2.16).

We provide two summation formulas for CBb
(λ)
n,c(x, y, z) and CBb

(λ)
n,s(x, y, z).

Theorem 11. The following correlations hold for n ∈ N0 and λ ∈ C:

CBb
(λ)
n,c(x, y, z) =

n∑
l=0

l∑
k=0

(
n
l

)
(2x)kT

(
n − l, k :

k
2
− x

)
CBb

(λ)
l,c (y, z),

and

CBb
(λ)
n,s(x, y, z) =

n∑
l=0

l∑
k=0

(
n
l

)
(2x)kT

(
n − l, k :

k
2
− x

)
CBb

(λ)
l,s (y, z).

Proof. It can be indicated from Eqs (1.4), (2.7), and (2.15) that
∞∑

n=0
CBb

(λ)
n,c(x, y, z)

tn

n!
= (e

t
2 − e−

t
2 + e−

t
2 )2x

(
t

e
t
2 − e−

t
2

)λ
cos ytez(e

t
2 −e−

t
2 )

=

 ∞∑
n=0

CBb
(λ)
n,c(y, z)

tn

n!

 ∞∑
k=0

(2x)k

(
e

t
2 − e−

t
2

)k

k!
e−(2x−k) t

2

=

 ∞∑
n=0

 n∑
k=0

(2x)kT
(
n, k :

k − 2x
2

) tn

n!

  ∞∑
n=0

CBb
(λ)
n,c(y, z)

tn

n!


=

∞∑
n=0

n∑
l=0

l∑
k=0

(
n
l

)
(2x)kT

(
n − l, k :

k
2
− x

)
CBb

(λ)
l,c (y, z)

tn

n!
,

which gives the first assertion. In a similar manner, we can achieve the second using Eqs (1.4), (2.8),
and (2.16).

3. Central Bell-based Type 2 Euler polynomials of complex variable

In this part, we define CBBT2EPOλ of complex variable and achieve to obtain several of their
identities, relations, and formulae. Our starting point is the definition that follows:

ez(e
t
2 −e−

t
2 )e(x+iy)t

(
2

e
t
2 + e−

t
2

)λ
=

∞∑
n=0

CBE
(λ)
n (x + iy, z)

tn

n!
. (3.1)

Using Eqs (2.4) and (3.1), we have
∞∑

n=0
CBE

(λ)
n (x + iy, z)

tn

n!
= (cos yt + i sin yt)extez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
, (3.2)
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and
∞∑

n=0
CBE

(λ)
n (x − iy, z)

tn

n!
= (cos yt − i sin yt)extez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
. (3.3)

From Eqs (3.2) and (3.3), we get(
2

e
t
2 + e−

t
2

)λ
ext cos ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

(
CBE

(λ)
n (x + iy, z) + CBE

(λ)
n (x − iy, z)

2

)
tn

n!
, (3.4)

and (
2

e
t
2 + e−

t
2

)λ
ext sin ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

(
CBE

(λ)
n (x + iy, z) − CBE

(λ)
n (x − iy, z)

2i

)
tn

n!
. (3.5)

Definition 2. The cosine central Bell-based type 2 Euler polynomials of order λ ∈ C and sine central
Bell-based type 2 Euler polynomials of order λ ∈ C (abbreviated with CCBBT2EPOλ and SCBBT2EPOλ
and denoted by CBE

(λ)
n,c(x, y, z) and CBE

(λ)
n,s(x, y, z), respectively) are defined by(

2
e

t
2 + e−

t
2

)λ
ext cos ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

CBE
(λ)
n,c(x, y, z)

tn

n!
, (3.6)

and (
2

e
t
2 + e−

t
2

)λ
ext sin ytez(e

t
2 −e−

t
2 ) =

∞∑
n=0

CBE
(λ)
n,s(x, y, z)

tn

n!
. (3.7)

From Eqs (3.4)–(3.7), it can be deduced that

CBE
(λ)
n (x + iy, z) + CBE

(λ)
n (x − iy, z) = 2CBE

(λ)
n,c(x, y, z), (3.8)

and

CBE
(λ)
n (x + iy, z) − CBE

(λ)
n (x − iy, z) = 2iCBE

(λ)
n,s(x, y, z). (3.9)

It can be observed from Eqs (3.6) and (3.7) that

CBE
(λ)
n,c(x, 0, z) = CBE

(λ)
n,c(x, z),

CBE
(λ)
n,c(x, 0, 0) = E(λ)

n (x),

CBE
(λ)
n,s(x, 0, z) = 0 for n ∈ N0.

Remark 7. For x = 0 in Eqs (3.6) and (3.7), we get two-variable cosine and sine central Bell-based
type 2 Euler polynomials:

∞∑
n=0

CBE
(λ)
n,c(y, z)

tn

n!
= ez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
cos yt, (3.10)

and
∞∑

n=0
CBE

(λ)
n,s(y, z)

tn

n!
= ez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
sin yt, (3.11)

respectively.
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Remark 8. Letting z = 0 in Eqs (3.6) and (3.7), we obtain bivariate cosine and sine central Bell-based
type 2 Euler polynomials:

∞∑
n=0

E(λ,c)
n (x, y)

tn

n!
= ext

(
2

e
t
2 + e−

t
2

)λ
cos yt, (3.12)

and
∞∑

n=0

E(λ,s)
n (x, y)

tn

n!
= ext

(
2

e
t
2 + e−

t
2

)λ
sin yt, (3.13)

respectively.

Remark 9. Setting x = z = 0 in Eqs (3.6) and (3.7), we obtain one-variable cosine and sine central
Bell-based type 2 Euler polynomials:

∞∑
n=0

E(λ,c)
n (y)

tn

n!
= cos yt

(
2

e
t
2 + e−

t
2

)λ
, (3.14)

and
∞∑

n=0

E(λ,s)
n (y)

tn

n!
= sin yt

(
2

e
t
2 + e−

t
2

)λ
, (3.15)

respectively.

We now analyze some properties of CCBBT2EPOλ and SCBBT2EPOλ. We first give the following
theorem, covering two summation formulas for CBE

(λ)
n,c(x, y, z) and CBE

(λ)
n,s(x, y, z).

Theorem 12. The following formulae are valid for n ∈ N and λ ∈ C:

CBE
(λ)
n,c(x, y, z) =

[ n
2 ]∑

k=0

(−1)k

(
n
2k

)
y2k

CBE
(λ)
n−2k(x, z),

and

CBE
(λ)
n,s(x, y, z) =

[ n−1
2 ]∑

k=0

(−1)k

(
n

2k + 1

)
y2k+1

CBE
(λ)
n−2k−1(x, z).

Proof. It can be shown from Eqs (1.2) and (3.6) that

∞∑
n=0

CBE
(λ)
n,c(x, y, z)

tn

n!
= cos yt

(
2

e
t
2 + e−

t
2

)λ
ext+z(e

t
2 −e−

t
2 )

=

∞∑
n=0

(−1)ky2k tk

2k!

∞∑
n=0

CBE
(λ)
n,c(x, z)

tn

n!

=

∞∑
n=0

 [ n
2 ]∑

k=0

(
n
2k

)
(−1)ky2k

CBE
(λ)
n−2k(x, z)

 tn

n!
,

and

∞∑
n=0

CBE
(λ)
n,s(x, y, z)

tn

n!
= sin ytez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
ext
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=

∞∑
n=0


[ n−1

2 ]∑
k=0

(
n

2k + 1

)
(−1)ky2k+1

CBE
(λ)
n−2k−1(x, z)

 tn

n!
.

Therefore, by the computations above, we get the first claimed outcome. The second can be indicated
using Eqs (1.2) and (3.7).

Here, we give two addition formulas for CBE
(λ)
n (x, z).

Theorem 13. The following formulae hold for λ ∈ C and n ∈ N0:

CBE
(λ)
n (x + iy, z) =

n∑
k=0

CBE
(λ)
n−k(x, z)

(
n
k

)
(iy)k =

n∑
k=0

CBE
(λ)
n−k(z)(x + iy)k

(
n
k

)
, (3.16)

and

CBE
(λ)
n (x − iy, z) =

n∑
k=0

CBE
(λ)
n−k(x, z)(−iy)k

(
n
k

)
=

n∑
k=0

CBE
(λ)
n−k(z)(x − iy)k

(
n
k

)
. (3.17)

Proof. By using Eqs (3.2) and (3.3), we can easily get Eqs (3.16) and (3.17). Hence, we omit the details.

Now, we state two correlations for CCBBT2EPOλ and SCBBT2EPOλ.

Theorem 14. The following formulas are valid for λ ∈ C and n ∈ N0:

CBE
(λ)
n,c(x, y, z) =

n∑
k=0

CBE
(λ)
k (z)Cn−k(x, y)

(
n
k

)
,

and

CBE
(λ)
n,s(x, y, z) =

n∑
k=0

CBE
(λ)
k (z)Sn−k(x, y)

(
n
k

)
.

Proof. We have

∞∑
n=0

CBE
(λ)
n,c(x, y, z)

tn

n!
=

(
2

e
t
2 + e−

t
2

)λ
ez(e

t
2 −e−

t
2 )ext cos yt

=

 ∞∑
k=0

Ck(x, y)
tk

k!

  ∞∑
n=0

CBE
(λ)
n (z)

tn

n!


=

∞∑
n=0

 n∑
k=0

CBE
(λ)
n−k(z)Ck(x, y)

(
n
k

) tn

n!
,

which implies the first assertion. The other can be investigated in the same way.

Here, we provide four summation and correlation formulas for CBE
(λ)
n,c(x, y, z) and CBE

(λ)
n,s(x, y, z).

Theorem 15. The following correlations hold for λ ∈ C and n ∈ N0:

CBE
(λ)
n,c(x, y, z) =

n∑
k=0

ϕ(C)
n−k(z)E(λ,c)

k (x, y)
(
n
k

)
,

CBE
(λ)
n,s(x, y, z) =

n∑
k=0

ϕ(C)
n−k(z)E(λ,s)

k (x, y)
(
n
k

)
,
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CBE
(λ)
n,c(x, y, z) =

n∑
k=0

xn−k
CBE

(λ)
k,c(y, z)

(
n
k

)
,

and

CBE
(λ)
n,s(x, y, z) =

n∑
k=0

xn−k
CBE

(λ)
k,s(y, z)

(
n
k

)
.

Proof. Using Eqs (3.6) and (3.7), we obtain the assertions above. Hence, we omit the details of
the proofs.

We now give two addition formulas for CCBBT2EPOλ and SCBBT2EPOλ.

Theorem 16. The following addition formulas hold for λ ∈ C and n ∈ N0:

CBE
(λ)
n,c(x1 + x2, y, z1 + z2) =

n∑
k=0

(
n
k

)
CBE

(λ)
k,c(x1, y, z1)ϕ(C)

n−k(x2, z2), (3.18)

and

CBE
(λ)
n,s(x1 + x2, y, z1 + z2) =

n∑
k=0

(
n
k

)
CBE

(λ)
k,s(x1, y, z1)ϕ(C)

n−k(x2, z2). (3.19)

Proof. By Eq (3.6), we have
∞∑

n=0
CBE

(λ)
n,c(x1 + x2, y, z1 + z2)

tn

n!
=

(
2

e
t
2 + e−

t
2

)λ
ez1(e

t
2 −e−

t
2 )ex1t cos ytez2(e

t
2 −e−

t
2 )ex2t

=

 ∞∑
n=0

CBE
(λ)
n,c(x1, y, z1)

tn

n!

  ∞∑
n=0

ϕ(C)
n (x2, z2)

tn

n!


=

∞∑
n=0

 n∑
k=0

(
n
k

)
CBE

(λ)
k,c(x1, y, z1)ϕ(C)

n−k(x2, z2)

 tn

n!
,

which proves Eq (3.18). The result of Eq (3.19) can be derived similarly to that of Eq (3.18).

We provide four derivative properties for CBE
(λ)
n,c(x, y, z) and CBE

(λ)
n,s(x, y, z).

Theorem 17. The following derivative properties hold for λ ∈ C and n ∈ N:

∂

∂xCBE
(λ)
n,c(x, y, z) = nCBE

(λ)
n−1,c(x, y, z), (3.20)

∂

∂yCBE
(λ)
n,c(x, y, z) = −nCBE

(λ)
n−1,s(x, y, z), (3.21)

and
∂

∂xCBE
(λ)
n,s(x, y, z) = nCBE

(λ)
n−1,s(x, y, z), (3.22)

∂

∂yCBE
(λ)
n,s(x, y, z) = nCBE(λ)

n−1,c(x, y, z). (3.23)

Proof. Equation (3.6) yields
∞∑

n=1

∂

∂x CBE
(λ)
n,c(x, y, z)

tn

n!
= cos ytez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
text

=

∞∑
n=0

CBE
(λ)
n,c(x, y, z)

tn+1

n!
,

proving Eq (3.20). The others in Eqs (3.21)–(3.23) can be obtained in the same manner.
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We provide two more derivative properties for CCBBT2EPOλ and SCBBT2EPOλ.

Theorem 18. The following derivative properties hold for λ ∈ C and n ∈ N0:

∂

∂zCBE
(λ)
n,c(x, y, z) = CBE

(λ)
n,c(

1
2
+ x, y, z) − CBE

(λ)
n,c(−

1
2
+ x, y, z), (3.24)

and
∂

∂zCBE
(λ)
n,s(x, y, z) = CBE

(λ)
n,s(

1
2
+ x, y, z) − CBE

(λ)
n,s(−

1
2
+ x, y, z). (3.25)

Proof. By Eq (3.6), we have

∂

∂z

∞∑
n=0

CBE
(λ)
n,c(x, y, z)

tn

n!
= cos yt

(
2

e
t
2 + e−

t
2

)λ
ext ∂

∂z
ez(e

t
2 −e−

t
2 )

= cos yt(e
t
2 − e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
extez(e

t
2 −e−

t
2 )

=

∞∑
n=0

[
CBE

(λ)
n,c(x +

1
2
, y, z) − CBE

(λ)
n,c(x −

1
2
, y, z)

]
tn

n!
,

which completes the proof of Eq (3.24). That of Eq (3.25) is similar.

Now, we state two correlation formulas for CBE
(λ)
n,c(x, y, z) and CBE

(λ)
n,s(x, y, z).

Theorem 19. The following correlation formulas hold for n ∈ N0:

2ϕ(C)
n,c (x, y, z) = CBEn,c(

1
2
+ x, y, z) + CBEn,c(−

1
2
+ x, y, z), (3.26)

and
2ϕ(C)

n,s (x, y, z) = CBEn,s(
1
2
+ x, y, z) + CBEn,s(−

1
2
+ x, y, z). (3.27)

Proof. By Eq (3.6), it is deduced that

2
∞∑

n=0

ϕ(C)
n,c (x, y, z)

tn

n!
= 2ez(e

t
2 −e−

t
2 )ext cos yt =

∞∑
n=0

CBEn,c(x, y, z)
tn

n!

(
e

t
2 + e−

t
2
)

(3.28)

=

∞∑
n=0

CBEn,c(
1
2
+ x, y, z)

tn

n!
+

∞∑
n=0

CBEn,c(−
1
2
+ x, y, z)

tn

n!

=

∞∑
n=0

(
CBEn,c(

1
2
+ x, y, z) + CBEn,c(−

1
2
+ x, y, z)

)
tn

n!
.

In view of Eq (3.28), we get Eq (3.26). Similarly, we can easily obtain Eq (3.27).

Remark 10. Two special cases for Theorem 19 are given as follows:

2ϕ(C)
n,c (y, z) = CBEn,c(

1
2
, y, z) + CBEn,c(−

1
2
, y, z),

and
2ϕ(C)

n,s (y, z) = CBEn,s(
1
2
, y, z) + CBEn,s(−

1
2
, y, z).

Now, we state two summation and correlation formulas for CCBBT2EPOλ and SCBBT2EPOλ.
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Theorem 20. The following correlation formulas hold for λ ∈ C and n ∈ N0:

CBE
(λ)
n,c(x, y, z) =

n∑
l=0

l∑
k=0

CBE
(λ)
n−l,c(y, z)S 2(l, k)

(
n
l

)
(x)k,

and

CBE
(λ)
n,s(x, y, z) =

n∑
l=0

l∑
k=0

CBE
(λ)
n−l,s(y, z)S 2(l, k)

(
n
l

)
(x)k.

Proof. Using Eqs (1.3) and (3.6), we observe that
∞∑

n=0
CBE

(λ)
n,c(x, y, z)

tn

n!
= (1 + et − 1)x

(
2

e
t
2 + e−

t
2

)λ
ez(e

t
2 −e−

t
2 ) cos yt

=

∞∑
k=0

(x)k
(et − 1)k

k!

(
2

e
t
2 + e−

t
2

)λ
ez(e

t
2 −e−

t
2 ) cos yt

=

∞∑
k=0

(x)k

∞∑
l=k

S 2(l, k)
tl

l!
ez(e

t
2 −e−

t
2 )

(
2

e
t
2 + e−

t
2

)λ
cos yt

=

 ∞∑
l=0

l∑
k=0

S 2(l, k)(x)k
tl

l!

  ∞∑
n=0

CBE
(λ)
n,c(y, z)

tn

n!


=

∞∑
n=0

 n∑
l=0

l∑
k=0

S 2(l, k)(x)k

(
n
l

)
CBE

(λ)
n−l,c(y, z)

 tn

n!
,

which provides the first claimed outcome. Similarly, we can smoothly obtain the second.

Here, we give two correlation and summation formulas for CCBBT2EPOλ and SCBBT2EPOλ.

Theorem 21. The following correlations hold for λ ∈ C and n ∈ N:

CBE
(λ)
n,c(x, y, z) =

n∑
k=0

k∑
l=0

T
(
k, l :

l − 2x
2

)
CBE

(λ)
n−k,c(y, z)

(
k
l

)
(2x)l,

and

CBE
(λ)
n,s(x, y, z) =

n∑
k=0

k∑
l=0

T
(
k, l :

l − 2x
2

)
CBE

(λ)
n−k,s(y, z)

(
k
l

)
(2x)l.

Proof. It can be derived from Eqs (1.3) and (3.6) that
∞∑

n=0
CBE

(λ)
n,c(x, y, z)

tn

n!
= (e

t
2 − e−

t
2 + e−

t
2 )2x

(
2

e
t
2 + e−

t
2

)λ
cos ytez(e

t
2 −e−

t
2 )

=

(
2

e
t
2 + e−

t
2

)λ
cos ytez(e

t
2 −e−

t
2 )
∞∑

l=0

(2x)l
(e

t
2 − e−

t
2 )l

l!
et (l−2x)

2

=

 ∞∑
k=0

k∑
l=0

(2x)lT
(
k, l :

l − 2x
2

)
tk

k!

  ∞∑
n=0

CBE
(λ)
n,c(y, z)

tn

n!


=

∞∑
n=0

 n∑
k=0

k∑
l=0

(
k
l

)
(2x)lT

(
k, l :

l − 2x
2

)
CBE

(λ)
n−k,c(y, z)

 tn

n!
,

which provides the first argued outcome. The second alleged consequence can be derived in a similar
proof method above.
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4. Computational values and zeros representations of CCBBT2BPOλ and SCBBT2BPOλ

This part provides the first few members of CCBBT2BPOλ and SCBBT2BPOλ by two lists, and
presents the distributions of zeros of CCBBT2BPOλ and SCBBT2BPOλ by graphs with 2D and 3D
structures. The numerical analyzes in this part are used to validate theoretical results and reveal
distinctive scattering patterns in the distributions of their zeros across the complex plane, offering
insights into their underlying analytic structure and providing a foundation for future analytical work on
their asymptotic distribution and potential applications. Also, these visualizations elegantly reveal the
layered and organized structure of the zero distributions, providing compelling geometric insight into
the algebraic richness and complexity of the underlying polynomials.

4.1. Computational values and zeros representations of CCBBT2BPOλ

Using Eq (2.7), we give a few members of CCBBT2BPOλ for λ = 3 as:

CBb
(3)
0,c(x, y, z) = 1,

CBb
(3)
1,c(x, y, z) = x + z,

CBb
(3)
2,c(x, y, z) = −

1
4
+ x2 − y2 + 2xz + z2,

CBb
(3)
3,c(x, y, z) = −

3x
4
+ x3 − 3xy2 −

z
2
+ 3x2z − 3y2z + 3xz2 + z3,

CBb
(3)
4,c(x, y, z) =

17
80
−

3x2

2
+ x4 +

3y2

2
− 6x2y2 + y4 − 2xz + 4x3z − 12xy2z −

z2

2
+ 6x2z2 − 6y2z2 + 4xz3 + z4,

CBb
(3)
5,c(x, y, z) =

17x
16
−

5x3

2
+ x5 +

15xy2

2
− 10x3y2 + 5xy4 +

z
2
− 5x2z + 5x4z + 5y2z − 30x2y2z + 5y4z

−
5xz2

2
+ 10x3z2 − 30xy2z2 + 10x2z3 − 10y2z3 + 5xz4 + z5.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CBb
(λ)
n,c(x, y, z) for λ = 3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation
CBb

(λ)
n,c(x, y, z) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.
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Figure 1. Zeros with 2D structures of CBb
(λ)
n,c(x, y, z).

We now perform to explore the fascinating distribution of zeros associated with CCBBT2BPOλ.
Employing computational methods, we analyze the complex solutions of the equation CBb

(λ)
n,c(x, y, z) = 0,

which exhibit a striking and structured scattering in the complex plane, offering both aesthetic appeal
and deep analytical significance. Some interesting zeros of CBb

(λ)
n,c(x, y, z) = 0, for λ = 3 and n = 50 are

shown in Figure 1, allowing for a detailed comparison of the function’s behavior at different values
of y and z. The figures show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
simulations. However, it remains uncertain whether the following conjecture holds for all values of x
(refer to Figures 1 and 2).

Conjecture 1. For y, z ∈ R, prove that the equation CBb
(λ)
n,c(x, y, z) = 0 has n distinct solutions.

The stacking structures of approximation zeros of CBb
(λ)
n,c(x, y, z) = 0, for λ = 3 and 1 ≤ n ≤ 50, give

3D structures, which are presented in Figure 2. These allows for a detailed comparison of the function’s
behavior at different values of y and z.
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(a) y = 1
10 and z = −1

10 (b) y = 3
10 and z = −1

10

(c) y = 4
10 and z = −1

10 (d) y = 1
10 and z = −4

10

Figure 2. Stacking structure zeros of CBb
(λ)
n,c(x, y, z) for λ = 3 and 1 ≤ n ≤ 50.

4.2. Computational values and zeros representations of SCBBT2BPOλ

In view of Eq (2.8), we list the first six members of CBb
(λ)
n,s(x, y, z) for λ = 3 as:

CBb
(3)
0,s(x, y, z) = 0,

CBb
(3)
1,s(x, y, z) = y,

CBb
(3)
2,s(x, y, z) = 2xy + 2yz,

CBb
(3)
3,s(x, y, z) = 3x2y + 6xyz − y3 + 3yz2 −

3y
4
,

CBb
(3)
4,s(x, y, z) = 4x3y + 12x2yz − 4xy3 + 12xyz2 − 3xy − 4y3z + 4yz3 − 2yz,
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CBb
(3)
5,s(x, y, z) = 5x4y + 20x3yz − 10x2y3 + 30x2yz2 −

15x2y
2
− 20xy3z + 20xyz3 − 10xyz + y5 − 10y3z2

+
5y3

2
+ 5yz4 −

5yz2

2
+

17y
16
.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CBb
(λ)
n,s(x, y, z) for λ = 3.

2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation
CBb

(λ)
n,s(x, y, z) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.

Now, we explore the distributions of zeros and present graphical illustrations of SCBBT2BPOλ for
specific parameter values and indices.

Some interesting zeros of CBb
(λ)
n,s(x, y, z) = 0, for λ = 3 and n = 50 are shown in Figure 3.
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Figure 3. Zeros of CBb
(λ)
n,s(x, y, z) = 0.

The stacking structures of approximation zeros of CBb
(λ)
n,s(x, y, z) = 0, for λ = 3 and 1 ≤ n ≤ 50, give

3D structures, which are presented in Figure 4.
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(a) y = 1
10 and z = −1

10 (b) y = 3
10 and z = −1

10

(c) y = 4
10 and z = −1

10 (d) y = 1
10 and z = −4

10

Figure 4. Stacking structure zeros of CBb
(λ)
n,s(x, y, z) = 0 for λ = 3 and 1 ≤ n ≤ 50.

The figures above show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
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simulations. However, it remains uncertain whether the following conjecture holds for all values of x
(refer to Figures 3 and 4).

Conjecture 2. For y, z ∈ R, prove that the equation CBb
(λ)
n,s(x, y, z) = 0 has n distinct solutions.

5. Computational values and zeros representations of CCBBT2EPOλ and SCBBT2EPOλ

This part provides the first few members of CCBBT2EPOλ and SCBBT2EPOλ by a list, and presents
the distributions of zeros of CCBBT2EPOλ and SCBBT2EPOλ by graphs with 2D and 3D structures.
To validate theoretical results, numerical analysis is utilized in this part to reveal distinct scattering
patterns in the distribution of zeros across the complex plane, providing insights into their underlying
analytic structure and a foundation for future analytical work on their asymptotic distributions and
potential applications. The structure of the zero distributions is beautifully revealed through these
visualizations, providing compelling geometric insight into the algebraic richness and complexity of the
underlying polynomials.

5.1. Computational values and zeros representations of CCBBT2EPOλ

In view of Eq (3.6), we give a few members of CCBBT2EPOλ for λ = 3 as:

CBE
(3)
0,c(x, y, z) = 1,

CBE
(3)
1,c(x, y, z) = x + z,

CBE
(3)
2,c(x, y, z) = −

3
4
+ x2 − y2 + 2xz + z2,

CBE
(3)
3,c(x, y, z) = −

9x
4
+ x3 − 3xy2 − 2z + 3x2z − 3y2z + 3xz2 + z3,

CBE
(3)
4,c(x, y, z) =

33
16
−

9x2

2
+ x4 +

9y2

2
− 6x2y2 + y4 − 8xz + 4x3z − 12xy2z −

7z2

2
+ 6x2z2

− 6y2z2 + 4xz3 + z4,

CBE
(3)
5,c(x, y, z) =

165x
16
−

15x3

2
+ x5 +

45xy2

2
− 10x3y2 + 5xy4 +

17z
2
− 20x2z + 5x4z + 20y2z

− 30x2y2z + 5y4z −
35xz2

2
+ 10x3z2 − 30xy2z2 − 5z3 + 10x2z3 − 10y2z3 + 5xz4 + z5.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of CCBBT2EPOλ for λ = 3.
2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation

CBE
(3)
n,c(x, y, z) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.

We proceed to explore the fascinating distribution of zeros associated with CCBBT2EPOλ.
Employing computational methods, we analyze the complex solutions of the equation CBE

(λ)
n,c(x, y, z) = 0,

which exhibit a striking and structured scattering in the complex plane, offering both aesthetic appeal
and deep analytical significance. Some interesting zeros of CBE

(λ)
n,c(x, y, z) = 0, for λ = 3 and n = 50 are

shown in Figure 5, allowing for a detailed comparison of the function’s behavior at different values of y
and z. The figures show that the polynomials with the chosen special values have no reflection
symmetry with respect to the imaginary axis. A range of values for n has been checked using computer
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simulations. However, it remains uncertain whether the following conjecture holds true for all values of
x (refer to Figures 5 and 6).

Conjecture 3. For y, z ∈ R, prove that the equation CBE
(λ)
n,c(x, y, z) = 0 has n distinct solutions.
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Figure 5. Zeros with 2D structures of CBE
(λ)
n,c(x, y, z).

The stacking structures of approximation zeros of CBE
(λ)
n,c(x, y, z) = 0, for λ = 3 and 1 ≤ n ≤ 50, give

3D structures, which are presented in Figure 6. These allow for a detailed comparison of the function’s
behavior at different values of y and z.
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(a) y = 1
10 and z = −1

10 (b) y = 3
10 and z = −1

10

(c) y = 4
10 and z = −1

10 (d) y = 1
10 and z = −4

10

Figure 6. Stacking structure zeros of CBE
(λ)
n,c(x, y, z) for λ = 3 and 1 ≤ n ≤ 50.
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5.2. Computational values and zeros representations of SCBBT2EPOλ

In view of Eq (3.7), we list the first six members of CBE
(λ)
n,s(x, y, z) for λ = 3 as:

CBE
(3)
0,s(x, y, z) = 0,

CBE
(3)
1,s(x, y, z) = y,

CBE
(3)
2,s(x, y, z) = 2xy + 2yz,

CBE
(3)
3,s(x, y, z) = 3x2y + 6xyz − y3 + 3yz2 −

9y
4
,

CBE
(3)
4,s(x, y, z) = 4x3y + 12x2yz − 4xy3 + 12xyz2 − 9xy − 4y3z + 4yz3 − 8yz,

CBE
(3)
5,s(x, y, z) = 5x4y + 20x3yz − 10x2y3 + 30x2yz2 −

45x2y
2
− 20xy3z + 20xyz3 − 40xyz + y5 − 10y3z2

+
15y3

2
+ 5yz4 −

35yz2

2
+

165y
16
.
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Figure 7. Zeros of CBE
(λ)
n,s(x, y, z) = 0.

Roots computational method: The computation involves the following steps:

1. We consider the above explicit forms of SCBBT2EPOλ for λ = 3.
2. A root-finding algorithm (e.g., the Newton-Raphson method) is applied to the equation

CBE
(3)
n,s(x, y, z) = 0.

3. The algorithm is initialized with a grid of points in the real and complex regions of interest. All
distinct zeros are marked when they fall within a specified range.
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Now, we explore the distributions of zeros and present graphical illustrations of central Bell-based
Euler polynomials of complex variable CBE

(λ)
n,s(x, y, z) for specific parameter values and indices. Some

interesting zeros of E(λ)
n,s(x, y, z) = 0, for λ = 3 and n = 50 are shown in Figure 7. The stacking structures

of approximation zeros of CBE
(λ)
n,s(x, y, z) = 0, for λ = 3 and 1 ≤ n ≤ 50, give 3D structures, which are

presented in Figure 8.

(a) y = 1
10 and z = −1

10 (b) y = 3
10 and z = −1

10

(c) y = 4
10 and z = −1

10 (d) y = 1
10 and z = −4

10

Figure 8. Stacking structure zeros of CBE
(λ)
n,s(x, y, z) = 0 for λ = 3 and 1 ≤ n ≤ 50.

The figures show that the polynomials with the chosen special values have no reflection symmetry
with respect to the imaginary axis. A range of values for n has been checked using computer simulations.
However, it remains uncertain whether the following conjecture holds true for all values of x (refer to
Figures 7 and 8).

Conjecture 4. For y, z ∈ R, prove that the equation CBE
(λ)
n,s(x, y, z) = 0 has n distinct solutions.
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6. Conclusions

In this study, we have introduced parametric types of central Bell-based type 2 Euler and Bernoulli
polynomials of order λ through defining two specific generating functions. Additionally, we have
observed diverse analytical characteristics, such as addition formulae, summation formulae, differential
formulae, and correlations with the new and existing old numbers and polynomials. Also, we have
achieved exciting connections of sine and cosine central Bell-based type 2 Euler and Bernoulli
polynomials with the central Bell polynomials, and the classical central factorial numbers and Stirling
numbers of the second kind. Furthermore, the first few members of the new polynomials are given by
the lists, and the distributions of zeros of the new polynomials are provided by graphical
representations, enhancing the understanding of the numerical data and facilitating a more intuitive
grasp of the concepts discussed. Future work will involve analyzing more detailed results and properties
for the new polynomials in the context of the monomiality principle and umbral calculus. The outcomes
of this work have potential applications, such as statistics, mathematical physics, probability,
engineering, and mathematics.
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