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Abstract: In this article, we focused on the bilinear neural network method to obtain the exact solutions
of the (2+1)-dimensional generalized Hirota-Satsuma-Ito-Shallow-Water-Wave-like equation. This
method can also be applied to solve other nonlinear partial differential equations (NPDEs). Relying on
Hirota bilinear transformation and Bell polynomial theories, we successfully constructed one-hidden-
layer and multiple-hidden-layers models with assigned activation functions. Thereby, we derived
many exact solutions for this equation including three-wave, rogue wave, and interaction solutions.
To intuitively reflect features of these solutions, we depicted their three-dimensional, density, and
curve graphs.
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1. Introduction

Nonlinear partial differential equations (NPDEs) are conventionally applied to depict complex
phenomena across multiple fields, including mechanics, control systems, ecological systems and
economic dynamics. Hirota and Satsuma first proposed the equation named the Hirota-Satsuma
equation, which described the propagation of long-wave motions in shallow water [1]. With the in-
depth study of nonlinear equations, some scholars have further studied the solutions of this equation.
For example, Shang utilized the extended hyperbolic function method to find some exact explicit
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solutions to the Hirota-Satsuma equation [2]. Wang et al. employed the Hirota method and Wronskian
technique to get the solutions for the Hirota-Satsuma equation [3]. For analyzing the propagation of
shallow water waves, Hirota and Satsuma proposed the Hirota-Satsuma-Ito (HSI) equation and Hirota-
Satsuma-Shallow-Water-Wave equation [4, 5]. Later, some scholars studied the soliton solutions for the
equations [6–8]. Also, Ma et al. researched the lump solutions of the (2+1)-dimensional generalized
HSI equation based on Hirota bilinear formulation [9]. Subsequently, Liu et al. successfully obtained
the lumps, line solitons, periodic solitons, and interaction solutions for this equation [10]. Then, Khaliq
et al. adopted the G′

G′+G+A -expansion method to obtain exact solutions to this equation, such as kink and
lump solutions [11]. In recent years, many scholars have introduced other methods to derive the exact
solutions of NPDEs, such as the Darboux transformation [12–14], Painlevé analysis [15], Hirota bilinear
method [16, 17], Lie symmetry analysis [18], generalized

(
G′
G

)
-expansion method [19], and unified

solver method [20]. Among them, some scholars have investigated the exact solutions and dynamical
behaviors of fractional-order evolution equations [21, 22]. More recently, Zhang et al. formulated the
bilinear neural network method (BNNM) [23] and bilinear residual network method (BRNM) [24] to
get the exact solutions of NPDEs. The methods provide a universal tensor formula that covers almost
all post-bilinearization function construction methods for solving NPDEs. By adjusting activation
functions, weights, and thresholds, it can derive abundant exact analytical solutions for diverse nonlinear
systems without redefining the solution framework. After that, many scholars have employed the
methods to obtain solutions to numerous equations [25–27]. Besides, other neural network methods
have been proposed to characterize complex nonlinear dynamic phenomena of NPDEs. For example,
Wang et al. first embedded the solutions of the fractional Riccati equation into neural networks to
establish the fractional sub-equation neural networks (fSENNs) model and successfully obtained the
exact solutions for several classes of fractional partial differential equations [28]. Zhang et al. combined
neural networks with symbolic computation to obtain the exact solutions without relying on bilinear
transformations, which provides a new idea for solving NPDEs [29]. Xie et al. developed a novel
neural network–symbolic computation approach and successfully derived multiple groups of solutions
for NPDEs [30].

In addition, many scholars have extended neural network methods to fields like finance and
transportation. For instance, Yin et al. incorporated a multi-head attention mechanism into the
spatiotemporal convolutional network as an effective extension module [31] and designed the
car-following-informed neural network (CFINN), which can not only reduce prediction errors but also
realize the calibration of model parameters through continuous research [32]. In recent years, the
physics-informed neural network (PINN) has been extensively adopted in diverse fields. Chen et al.
constructed the PINN to solve the coupled pricing system for the up-and-out call option and analyzed
the corresponding volatility surface [33]. The results demonstrate that the PINN exhibits high efficiency
in financial derivative pricing. Subsequently, Chen et al. improved the framework and developed the
extended physics-informed neural network (ePINN) framework with higher accuracy and better
robustness than the traditional PINN [34]. Guo et al. incorporated single-layer Kolmogorov-Arnold
networks (KANs) into the downstream framework of PINNs and adopted an alternating training scheme
with sparse regression algorithms [35]. Different from the BNNM, this method does not require
excessive constraints, thus greatly simplifying the computational process. Based on the PINN, Han et al.
proposed a novel variable coefficient-informed neural network (VCINN), which combines the PINN
with the constraint of coefficients to address the inverse problem of variable-coefficient partial
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differential equations in fluid dynamics [36]. In the field of intelligent transportation, Su et al.
embedded an adaptive macro model for mixed traffic flow into the structure of the PINN, which can
characterize physical features and laws with only a small amount of data [37].

In this article, we mainly concentrate on the following (2+1)-dimensional generalized Hirota-
Satsuma-Ito-Shallow-Water-Wave (gHSISWW) equation:

wxxxt + 3(wxwt)x + δ1wyt + δ2wxx + δ3wxy + δ4wxt + δ5wyy = 0. (1.1)

The generalized bilinear form is defined as listed below:

Dw
p,xDs

p,yDh
p,t f (x, y, t)g(x′, y′, t′) =

(
∂

∂x
+ β

∂

∂x′
)w(

∂

∂y
+ β

∂

∂y′
)s(

∂

∂t
+ β

∂

∂t′
)h f (x, y, t)g(x′, y′, t′)|x′=x,y′=y,t′=t,

(1.2)

where w, s, h are the integers with values that are not less than zero. For an integer q, the qth power of β
is defined by βq = (−1)r(q), if q ≡ r(q) mod p with 0 ≤ r(q) < p [38, 39].

Utilizing the transformation [40]:

w(x, y, t) = 2(ln f (x, y, t))x, (1.3)

when p is set to 3, the generalized bilinear form corresponding to Eq (1.1) is able to be expressed
as follows:

T = (D3,tD3
3,x + δ1D3,tD3,y + δ2D2

x + δ3D3,xD3,y + δ4D3,tD3,x + δ5D2
y) f · f

= 3 fxt fxx + δ1 f fyt − δ1 ft fy + δ2 f fxx − δ2 f 2
x + δ3 f fxy − δ3 fx fy + δ4 f fxt

− δ4 ft fx + δ5 f fyy − δ5 f 2
y

= 0.

(1.4)

Based on the HSI equation and the shallow water wave equation, the generalized bilinear
equation (1.4) is transformed into the (2+1)-dimensional gHSISWW-like equation via the Bell

polynomials [39, 41] and transformation (1.3) by computing
[

T
f 2

]
x with f = e

∫
w dx
2 . Its detailed

derivation is presented in Appendix A.

3w3wt + 9w2wx

∫
wt dx + 6wwxx

∫
wt dx + 18wwtwx+

6w2
x

∫
wt dx + 12wtwxx + 6w2wxt + 12wxwxt + 8δ1wyt+

8δ2wxx + 8δ3wxy + 8δ4wxt + 8δ5wyy = 0.

(1.5)

Due to the increased number of nonlinear terms, Eq (1.5) can exhibit richer dynamics and more
interesting physical phenomena. In contrast to the classical HSI equation and its generalized form [9–11],
which are dominated by quadratic and cubic nonlinear terms with relatively simple coupling structures,
Eq (1.5) incorporates additional high-order nonlinear interaction terms and mixed polynomial-exponential
nonlinear couplings. This structural refinement fundamentally modifies the balance between nonlinearity
and dispersion in the system, leading to differences in both solution types and their dynamic behaviors.
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To attain improved insight into the physical mechanisms, it will be necessary to investigate the solutions
of this equation. It is precisely for this purpose that we made use of this method to find some exact
solutions to Eq (1.5).

Below is outlined the structure of this article. In Section 2, a brief introduction to the BNNM is
presented. In Section 3, we build a model with two hidden layers to derive the three wave solutions
of Eq (1.5) based on this method. In Sections 4 and 5, we construct a two-hidden-layer model and a
one-hidden-layer model, respectively, to derive the rogue wave solutions and the interaction solutions of
this equation. Thereafter, we plot three-dimensional, density, and curve diagrams, which illustrate the
properties of these solutions. In Section 6, we summarize the outcomes of the study.

2. Bilinear neural network method

The BNNM can adapt to nonlinearity and high dimensionality, and also possesses high computational
efficiency and wide application, remedying the limitations of traditional methods in dealing with complex
nonlinear systems. The characteristics will be presented in the subsequent analysis of three types of
models. Next, aiming to get the exact solutions for Eq (1.5), in the framework as shown in Figure 1 of
nonlinear neural networks, we will establish the tensor formula as follows:

f = ρln,rϕln(ξln) + aln , (2.1)

where ρln, f is the coefficient which measures the weight between neuron ln and function f , ϕ refers to
the generalized activation function, and ali(i = 1, 2, ..., n) are constants. It is noticed that ϕln(ξ) ≥ 0. For
ln = {kn−1 + 1, kn−1 + 2, ..., n}, it denotes the region of the nth layer in the neural network model. Also,
the definition of parameter ξln is as follows:

ξli = ρli,li−1ϕli−1(ξli−1) + bli , i = 1, 2, ..., n, (2.2)

where l0 = {x, y, . . . , t}, l1 = {1, 2, . . . , k1}, li = {ki−1 + 1, ki−1 + 2, ..., ki}(i = 2, ..., n − 1), and bli are
constants. The specific operational procedure of this method can be referred to in [23, 27, 41].

Figure 1. Neural network tensor model for Eq (2.1).

Networks and Heterogeneous Media Volume 21, Issue 2, 669–692.



673

3. Three-wave solutions

For this section, we will investigate the three-wave solutions of Eq (1.5). We established a “3-2-3-1”
model by setting the hidden layers l1 = {1, 2} and l2 = {3, 4, 5} as presented in Figure 2. When selecting
the appropriate activation functions as ϕ1(ξ1) = ξ1, ϕ2(ξ2) = ξ2, ϕ3(ξ3) = eξ3 , ϕ4(ξ4) = sin (ξ4) , ϕ5(ξ5) =
cos (ξ5) [42], we obtain the function as follows:

f = ρ3,rϕ3(ξ3) + ρ4,rϕ3(−ξ3) + ρ5,rϕ4(ξ4) + ρ6,rϕ5(ξ5) + a,

ξ3 = ρ3,1ϕ1(ξ1) + ρ3,2ϕ2(ξ2) + b3,

ξ4 = ρ4,1ϕ1(ξ1) + ρ4,2ϕ2(ξ2) + b4,

ξ5 = ρ5,1ϕ1(ξ1) + ρ5,2ϕ2(ξ2) + b5,

ξ1 = ε1x + ε2y + ε3t + b1,

ξ2 = ε4x + ε5y + ε6t + b2,

(3.1)

where a and bk(k = 1, 2, 3, 4, 5) are constants.

Figure 2. “3-2-3-1” model for Eq (2.1).

Remark 1: Based on an analysis of the construction methods of classical neural network models, the
“3-2-3-1” model adopted in this equation actually represents the hidden layers in the form of composite
functions. Through analysis, we find that this model is equivalent to the classical “3-3-1” model when
ϕ1(ξ1) = ξ1, ϕ2(ξ2) = ξ2. Upon setting ϕ1(ξ1) , ξ1, ϕ2(ξ2) , ξ2, a “3-2-3-1” model can be constructed to
derive many new three-wave solutions.

Putting Eq (3.1) into Eq (1.4) and setting the coefficients of each term to zero, we derive a system of
equations via Mathematica and obtain the following two types of solutions:

Case 3.1:

ε1 = −
ε4ρ3,2

ρ3,1
, ε2 = −

ε5ρ3,2

ρ3,1
, ε6 = −

ε3ρ4,1

ρ4,2
, δ3 =

−δ2ε
2
4 − δ5ε

2
5

ε4ε5
,

δ4 = −
δ1ε5

ε4
, ρ5,2 =

ρ3,2ρ5,1

ρ3,1
.

(3.2)
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Case 3.2:
ε3 = −

ε6ρ5,2

ρ5,1
, ε4 = −

ε1ρ3,1

ρ3,2
,

ε5 =
−δ5ε2ρ3,1ρ5,1 − δ1ε6ρ3,2ρ5,1 + δ1ε6ρ3,1ρ5,2

δ5ρ3,2ρ5,1
,

δ2 = −

(
δ5ε2ρ5,1 − δ1ε6ρ5,2

) (
δ3ε1ρ5,1 + δ5ε2ρ5,1 − δ1ε6ρ5,2

)
δ5ε

2
1ρ

2
5,1

,

δ4 = −
δ1

(
−δ3ε1ρ5,1 − δ5ε2ρ5,1 + δ1ε6ρ5,2

)
δ5ε1ρ5,1

,

ρ4,1 =
ρ4,2ρ5,1

ρ5,2
.

(3.3)

By plugging Eqs (3.2) and (3.3) into Eq (3.1) and using transformation Eq (1.3), we can acquire the
following three-wave solutions:

w1 =
2ε4Ω3

(
ρ3,1ρ4,2 − ρ3,2ρ4,1

)
cos (Ω1) ρ5,r

ρ3,1

(
Ω3

(
sin (Ω1) ρ5,r + cos (Ω2) ρ6,r + a

)
+ ρ3,rΩ

2
3e−2Ω4 + ρ4,re2Ω4

) , (3.4)

where 
Ω1 = b1ρ4,1 + b2ρ4,2 + ε4ρ4,2x − ε4ρ3,2ρ4,1

ρ3,1
x + ε5ρ4,2y − ε5ρ3,2ρ4,1

ρ3,1
y + b4,

Ω2 = b1ρ5,1 +
b2ρ3,2ρ5,1

ρ3,1
+ ε3ρ5,1t − ρ5,1

ρ3,1
Ω4 + b5,

Ω3 = eb1ρ3,1+b2ρ3,2+ε3ρ3,1t+Ω4+b3 ,

Ω4 =
ε3ρ3,2ρ4,1

ρ4,2
t.

(3.5)

In addition,

w2 =
2ε1Ω1

(
ρ3,1ρ5,2 − ρ3,2ρ5,1

) (
ρ5,2 sin (Ω3) ρ6,r − ρ4,2 cos (Ω2) ρ5,r

)
ρ3,2ρ5,2

(
Ω1

(
sin (Ω2) ρ5,r + cos (Ω3) ρ6,r + a

)
+ Ω2

1ρ3,r + ρ4,r

) , (3.6)

where 

Ω1 = eb1ρ3,1+b2ρ3,2+ε6ρ3,2t−Ω6+b3 ,

Ω2 = −ρ4,2 (Ω4 + Ω5) + b2ρ4,2 + b4,

Ω3 = b1ρ5,1 + b2ρ5,2 + ε1ρ5,1x + ε2ρ5,1y −Ω5ρ5,2 + b5,

Ω4 = −
b1ρ5,1

ρ5,2
−

ε1ρ5,1

ρ5,2
x − ε2ρ5,1

ρ5,2
y,

Ω5 =
ε1ρ3,1

ρ3,2
x − δ1ε6ρ3,1ρ5,2

δ5ρ3,2ρ5,1
y + ε2ρ3,1

ρ3,2
y + δ1ε6

δ5
y,

Ω6 =
ε6ρ3,1ρ5,2

ρ5,1
t − δ1ε6ρ3,1ρ5,2

δ5ρ5,1
y + δ1ε6ρ3,2

δ5
y.

(3.7)

The graphs in Figures 3 and 4 are generated to illustrate characteristics of the three-wave solutions.
By observing three-dimensional and density plots, we learn that the wave crests and troughs present a
distinct sawtooth profile. Figure 3(c) shows that the wave field evolves periodically along the positive
y-axis with the increase of the time variable. In Figure 4(c), we can also clearly see that the wave shows
a horizontal tendency of the waveform as time decreases. Such dynamic behaviors are the direct physical
manifestation of the balance between nonlinearity and dispersion in the equation, which is consistent
with the intrinsic propagation characteristics of three-wave solutions in nonlinear shallow water wave
systems, reflecting the mutual modulation and energy exchange among the three interacting waves [43].

Networks and Heterogeneous Media Volume 21, Issue 2, 669–692.



675

(a) (b) (c)

Figure 3. Three-wave solution w1 with: ε3 = −1, ε4 = 2, ε5 = −3, ρ3,1 =
1
2 , ρ3,2 = 3, ρ4,1 =

1, ρ4,2 = 3, ρ5,1 = 2, ρ3,r = 4, ρ4,r = 3, ρ5,r = 2, ρ6,r = 5, a = 2, b1 = 2, b2 = −3, b3 = −
1
2 , b4 =

3, b5 =
3
2 , t = −2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

(a) (b) (c)

Figure 4. Three-wave solution w2 with: ε1 = 2, ε2 = 1, ε6 = 2, δ1 = 2, δ5 = 4, ρ3,1 =

1, ρ3,2 = −4, ρ4,2 = 1, ρ5,1 = −3, ρ5,2 = 5, ρ3,r = −3, ρ4,r = 2, ρ5,r = −1, ρ6,r = 2, a = 3, b1 =

−1, b2 = 3, b3 = 5, b4 = 1, b5 = −2, t = 1. (a): Three-dimensional plot; (b): density plot; (c):
curve plots.

Remark 2: By setting ϕ1(ξ1) = ξ1
2, ϕ2(ξ2) = eξ2 , a new three-wave solution can be derived from the

“3-2-3-1” model and the detailed procedure is presented as follows:
After substituting Eq (3.1) with new activation functions into Eq (1.4), we can obtain the solution

as follows:
Case 3.3:

ε1 = 0, ε2 = 0, ε4 =

√
δ2

3ε
2
5 − 4δ2δ5ε

2
5 − δ3ε5

2δ2
, ε6 = 0,

δ4 =
δ1

√(
δ2

3 − 4δ2δ5

)
ε2

5 + δ3δ1ε5

2δ5ε5
, ρ3,2 = 0, ρ4,1 = 0, ρ5,1 = 0.

(3.8)

Based on transformation Eq (1.3), we can derive following solution by plugging Eq (3.8) into
Eq (3.1):
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w3 =
eΩ1+Ω5Ω2Ω4

δ2
(
e2Ω5ρ3,r + ρ4,r + eΩ5 (a + Ω3)

) , (3.9)

where 

Ω1 = b2 +
xΩ4
2δ2
+ ε5y,

Ω2 = ρ4,2ρ5,r cos
(
eΩ1ρ4,2 + b4

)
− ρ5,2ρ6,r sin

(
eΩ1ρ5,2 + b5

)
,

Ω3 = ρ5,r sin
(
eΩ1ρ4,2 + b4

)
+ ρ6,r cos

(
eΩ1ρ5,2 + b5

)
,

Ω4 =

√(
δ2

3 − 4δ2δ5

)
ε2

5 − δ3ε5,

Ω5 = ρ3,1 (b1 + ε3t) 2 + b3.

(3.10)

Figure 5 is plotted to reflect the dynamic behavior of solution (3.9). Figure 5(a) shows that the
amplitude of the solution exhibits an obvious multi-peak and multi-valley structure. From Figure 5(b),
we can observe clear wavy interference fringes. The curve in Figure 5(c) reflects that the profile and
amplitude of the solution vary significantly with time. Therefore, this solution exhibits the fundamental
physical properties of a three-wave solution.

(a) (b) (c)

Figure 5. Three-wave solution w3 with: ε1 = 1, ε5 = 1, δ2 = 2, δ3 = 3, δ5 = 1, ρ3,1 = 1, ρ4,2 =

−1, ρ5,2 = 1, ρ3,r = 1, ρ4,r = 3, ρ5,r = 1, ρ6,r = 3, a = −2, b1 = −1, b2 = 2, b3 = 2, b4 = 5, b5 =

3, t = −10. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

4. Rogue wave solutions

Based on reference [42], rogue waves exhibit multiple uniformly distributed crests and troughs,
maintaining spatial localization while showing stable temporal periodic evolution, which is a direct
result of the balance between nonlinear coupling and dispersive effects in the system. To secure the
rogue wave solutions associated with Eq (1.5), this section will add another hidden layer to build a
“3-2-2-1” model as shown in Figure 6. Based on Section 3 of reference [24], we can assign the activation
functions as ϕ1(ξ1) = ξ1, ϕ2(ξ2) = eξ2 , ϕ3(ξ3) = ξ3

2, ϕ4(ξ4) = ξ4
2, and the derived function is shown
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as follows: 

f = ρ3,rϕ3(ξ3) + ρ4,rϕ4(ξ4) + a,

ξ3 = ρ3,1ϕ1(ξ1) + ρ3,2ϕ2(ξ2) + b3,

ξ4 = ρ4,1ϕ1(ξ1) + ρ4,2ϕ2(ξ2) + b4,

ξ1 = ε1x + ε2y + ε3t + b1,

ξ2 = ε4x + ε5y + ε6t + b2,

(4.1)

where a and bk(k = 1, 2, 3, 4) are constants. Following the approach taken in Section 3, putting Eq (4.1)
into Eq (1.4), we get the solutions:

Case 4.1:

ε1 = 0, ε2 = −
ε3δ1

δ5
, ε4 = −

ε5δ4δ5

δ1δ2
, ε6 = 0,

δ3 =
δ2

1δ2 + δ
2
4δ5

δ1δ4
, ρ3,1 = −

ρ4,1ρ4,2ρ4,r

ρ3,2ρ3,r
.

(4.2)

Case 4.2:

ε2 =
ε1

√
δ2

3 − 4δ2δ5 − ε1δ3

2δ5
, ε3 = 0, ε4 = 0,

ε5 =
ε6δ4

√
δ2

3 − 4δ2δ5 − ε6δ3δ4

2δ2δ5
, δ1 =

δ3δ4 − δ4

√
δ2

3 − 4δ2δ5

2δ2
,

ρ3,2 = −
ρ4,1ρ4,2ρ4,r

ρ3,1ρ3,r
.

(4.3)

In a similar way, under transformation Eq (1.3), we acquire the corresponding rogue wave solutions
by substituting Eqs (4.2) and (4.3) into Eq (4.1):

w4 = −
4δ4δ5ε5

(
ρ4,2ρ4,rΦ2 + Φ1

)
eb2−2Φ5+ε5y

δ1δ2

(
ρ3,r (b3 + Φ4) 2 + ρ4,rΦ

2
3 + a

) , (4.4)

where 

Φ1 = b3ρ3,2ρ3,reΦ5 + ρ2
3,2ρ3,reb2+ε5y,

Φ2 = ρ4,2eb2+ε5y + b4eΦ5 ,

Φ3 = ρ4,2eb2−Φ5+ε5y + ρ4,1Φ6 + b4,

Φ4 = ρ3,2eb2−Φ5+ε5y −
ρ4,1ρ4,2ρ4,r

ρ3,2ρ3,r
Φ6,

Φ5 =
δ4δ5ε5
δ1δ2

x,

Φ6 = b1 + ε3t − δ1ε3
δ5

y.

(4.5)

In addition,

w5 =
2ε1

(
ρ2

3,1ρ3,r (2δ5Φ5 + δ3ε1y) + ρ2
4,1ρ4,r (2δ5Φ5 + δ3ε1y) + Φ1 + Φ2 + Φ7

)
δ5

(
Φ2

3ρ4,r + Φ
2
4ρ3,r + a

) , (4.6)
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where 

Φ1 = 2b3δ5ρ3,1ρ3,r + 2ε1δ5ρ
2
3,1ρ3,r x − ε1δ3ρ

2
3,1ρ3,ry,

Φ2 = 2b4δ5ρ4,1ρ4,r + 2ε1δ5ρ
2
4,1ρ4,r x − ε1δ3ρ

2
4,1ρ4,ry,

Φ3 = ρ4,1 (b1 + Φ5 + ε1x) + ρ4,2Φ6 + b4,

Φ4 = ρ3,1 (b1 + Φ5 + ε1x) − ρ4,1ρ4,2ρ4,r

ρ3,1ρ3,r
Φ6 + b3,

Φ5 =
ε1

(
−δ3+
√
δ2

3−4δ2δ5

)
2δ5

y,

Φ6 = eb2+
ε6δ4
δ2
Φ5+ε6t

,

Φ7 = 2b1δ5

(
ρ2

3,1ρ3,r + ρ
2
4,1ρ4,r

)
.

(4.7)

To exhibit characteristics of the rogue wave solutions of Eq (1.5), we designate parameters and
generate the following plots as shown in Figures 7 and 8. Through analysis, we can find that the rogue
wave solutions exhibit multiple well-distributed wave crests and troughs with significant amplitude
fluctuations, manifesting the typical localized oscillation behavior of rogue waves induced by the balance
between nonlinearity and dispersion in the system. Figures 7(c) and 8(c) show that the amplitudes
and positions of the wave crests and troughs undergo regular adjustments, and obvious oscillations are
observed in specific spatial regions with the variation of the time variable.

Figure 6. “3-2-2-1” model for Eq (2.1).

(a) (b) (c)

Figure 7. Rogue wave solution w4 with: ε3 = −1, ε5 = 1, δ1 = 1, δ2 = −2, δ4 = 2, δ5 =

−1, ρ3,2 = −2, ρ4,1 = 1, ρ4,2 = −1, ρ3,r = 2, ρ4,r = 3, a = −2, b1 = 2, b2 = −1, b3 = 0, b4 =

3, t = 2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.
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(a) (b) (c)

Figure 8. Rogue wave solution w5 with: ε1 = 1, ε6 = 0, δ2 = 2, δ3 = 3, δ4 = 1, δ5 = 1, ρ3,1 =

1, ρ4,1 = 1, ρ4,2 = 2, ρ3,r = −2, ρ4,r = 1, a = −1, b1 = 1, b2 = −1, b3 = 2, b4 = 4, t = 1. (a):
Three-dimensional plot; (b): density plot; (c): curve plots.

5. Interaction solutions

Turning to this section, we establish the “3-3-1” model, whose input layer is l0 = {x, y, t} and hidden
layer is l1 = {1, 2, 3} as shown in Figure 9, to acquire the interaction solutions between the lump and
exponential function for Eq (1.5). The specific form of the test function is as follows:

f = ρ1,rϕ1(ξ1) + ρ2,rϕ2(ξ2) + ρ3,rϕ3(ξ3) + a,

ξ1 = ε1x + ε2y + ε3t + b1,

ξ2 = ε4x + ε5y + ε6t + b2,

ξ3 = ε7x + ε8y + ε9t + b3,

(5.1)

where a and bk(k = 1, 2, 3) are constants. Also, we select activation functions as ϕ1(ξ1) = ξ2
1, ϕ2(ξ2) = ξ2

2,
ϕ3(ξ3) = eξ3 . After inserting Eq (5.1) into Eq (1.4), we acquire the two solutions by solving the obtained
coefficient equation system:

Case 5.1:

ε1 = −
ε4ε6ρ2,r

ε3ρ1,r
, ε5 =

ε4ε8ε
2
3ρ1,r + ε2ε6ε7ε3ρ1,r + ε4ε

2
6ε8ρ2,r

ε2
3ε7ρ1,r

, ε9 = 0,

δ1 =
(δ2ε7 + δ3ε8)

(
ε2ε3ε7ρ1,r + ε4ε6ε8ρ2,r

)
ε2

3ε
2
8ρ1,r

, δ4 =
δ2

(
ε2ε3ε7ρ1,r + ε4ε6ε8ρ2,r

)
ε2

3ε8ρ1,r
,

δ5 =
−δ2ε

2
7 − δ3ε8ε7

ε2
8

.

(5.2)

Case 5.2:
ε1 = −

δ4 (ε3ε8 − ε2ε9)
δ2ε8

, ε4 =
δ4ε3 (ε3ε8 − ε2ε9) ρ1,r

δ2ε6ε8ρ2,r
,

ε5 =
ε8ε

2
3ρ1,r − ε2ε9ε3ρ1,r + ε

2
6ε8ρ2,r

ε6ε9ρ2,r
, ε7 = 0,

δ1 = −
δ5ε8

ε9
, δ3 =

−δ2δ5ε
2
8 − δ

2
4ε

2
9

δ4ε8ε9
.

(5.3)
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Figure 9. “3-3-1” model for Eq (2.1).

Based on transformation Eq (1.3), we substitute Eq (5.2) into Eq (5.1) and derive an interaction
solution as follows:

w6 =
2ε2

7ε
3
3ρ1,rρ3,reb3+ε7 x+ε8y + 4ε2

4ε3ρ2,r (ε7x + ε8y)
(
ε2

3ρ1,r + ε
2
6ρ2,r

)
+ ψ3

aε7ε
3
3ρ1,r + ε7ε

3
3ρ1,rρ3,reb3+ε7 x+ε8y + ε7ε

3
3ψ

2
1ρ

2
1,r + ε7ε

3
3ψ

2
2ρ1,rρ2,r

, (5.4)

where 
ψ1 = −

ε4ε6ρ2,r

ε3ρ1,r
x + b1 + ε3t + ε2y,

ψ2 =
ε4ε8ε

2
6ρ2,r

ε2
3ε7ρ1,r

y + b2 + ε6t + ε4x + ε2ε6
ε3

y + ε4ε8
ε7

y,

ψ3 = 4b2ε
3
3ε4ε7ρ1,rρ2,r − 4b1ε

2
3ε4ε6ε7ρ1,rρ2,r.

(5.5)

Then, after inserting Eq (5.3) into Eq (5.1), we obtain another interaction solution as shown below:

w7 =
4δ4 (ε3ε8 − ε2ε9) ρ1,r

(
δ4ε9 (ε3ε8 − ε2ε9)

(
ε2

3ρ1,r + ε
2
6ρ2,r

)
x + δ2ε8ψ2

)
δ2

2ε
2
6ε

2
8ε9ρ2,r

(
ρ3,reb3+ε9t+ε8y + ψ2

1ρ1,r + ψ
2
3ρ2,r + a

) , (5.6)

where 

ψ1 = b1 + ε3t + δ4ε2ε9
δ2ε8

x − δ4ε3
δ2

x + ε2y,

ψ2 = ε8ε
3
3ρ1,ry − ε2ε9ε

2
3ρ1,ry − ψ4,

ψ3 = −
ε2ε3ρ1,r

ε6ρ2,r
y + b2 + ε6t + ψ5 +

ε6ε8
ε9

y,

ψ4 = ε9ε
2
6ρ2,r (b1 + ε2y) + ε3ε6ρ2,r (b2ε9 + ε6ε8y) ,

ψ5 =
δ4ε

2
3ρ1,r

δ2ε6ρ2,r
x − δ4ε2ε9ε3ρ1,r

δ2ε6ε8ρ2,r
x + ε8ε

2
3ρ1,r

ε6ε9ρ2,r
y.

(5.7)

To display the interaction phenomenon, we select appropriate parameters and depict the three-
dimensional, density, and curve plots as shown in Figures 10 and 11. Both solutions present a multi-crest
and multi-trough spatial distribution with a distinct torque-shaped core [40], a hallmark of the nonlinear
interaction between the localized lump wave and the propagating exponential wave. Figure 10(c) shows
that the symmetry of the crest-trough pairs about the origin when the time variable takes opposite
values. In contrast, Figure 11(c) displays a directional propagation tendency toward the origin along the
y-axis. Moreover, in the density plots, we can see the clear interference fringes and the dynamic profile
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evolution, which manifest the mutual modulation of the spatial confinement of the localized lump and
the extended propagation of the exponential wave, which is the intrinsic physical manifestation of the
balance between nonlinearity and dispersion [9]. Furthermore, if different parameters are selected, the
structure of the interaction solutions will change accordingly.

(a) (b) (c)

Figure 10. Interaction solution between the lump and exponential function w6 with: ε2 =

−1, ε3 = 2, ε4 = 1, ε6 = −1, ε7 = 1, ε8 = 1, ρ1,r = −
1
2 , ρ2,r = 2, ρ3,r = −1, a = 3, b1 = −1, b2 =

1, b3 = −1, t = 1. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

(a) (b) (c)

Figure 11. Interaction solution between the lump and exponential function w7 with: ε2 =

2, ε3 = −2, ε6 = 3, ε8 = −1, ε9 = 2, δ2 = −1, δ4 = −2, ρ1,r = 1, ρ2,r = 2, ρ3,r = −2, a = 3, b1 =

2, b2 = −1, b3 = 3, t = 2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

6. Conclusions

This article concentrates on obtaining the exact solutions of the (2+1)-dimensional gHSISWW-like
equation via the bilinear neural network method. As far as we know, few scholars have investigated
the exact solutions of this equation. By constructing “3-2-3-1”, “3-2-2-1”, and “3-3-1” models, we
successfully derive the three-wave solutions, rogue wave solutions, and interaction solutions between
the lump and exponential function of Eq (1.5). To better present the physical properties of the solutions,
we generate three-dimensional, density, and curve figures of the three solutions via MATLAB. From this
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article, we can see that the BNNM can effectively derive the exact solutions of NPDEs. In subsequent
research, we will extend the BNNM to other nonlinear evolution equations including fractional-order
equations and investigate their exact solutions and dynamic behaviors under more general conditions.
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37. Y. B. Su, X. Lü, S. K. Li, L. X. Yang, Z. Y. Gao, Self-adaptive equation embedded neural
networks for traffic flow state estimation with sparse data, Phys. Fluids., 36 (2024), 104127.
https://doi.org/10.1063/5.0230757

38. W. X. Ma, Generalized bilinear differential equations, Stud. Nonlinear Sci., 2 (2011), 140–144.

39. W. X. Ma, Bilinear equations, Bell polynomials and linear superposition principle, J. Phys.: Conf.
Ser., 411 (2013), 012021. https://doi.org/10.1088/1742-6596/411/1/012021

40. Y. Guo, Y. Chen, J. Manafian, S. Malmir, K. H. Mahmoud, A. SA. Alsubaie, Exploring N-soliton
solutions, multiple rogue wave and the linear superposition principle to the generalized hirota
satsuma-ito equation, Sci. Rep., 14 (2024), 26171. https://doi.org/10.1038/s41598-024-74333-4

41. K. L. Liu, W. J. Yang, B. Tang, New solutions of the (3+1)-dimensional combined pKP-BKP
equation, Phys. Lett. A, 560 (2025), 130941. https://doi.org/10.1016/j.physleta.2025.130941

42. R. F. Zhang, M. C. Li, M. Albishari, F. C. Zheng, Z. Z. Lan, Generalized lump
solutions, classical lump solutions and rogue waves of the (2+1)-dimensional Caudrey-
Dodd-Gibbon-Kotera-Sawada-like equation, Appl. Math. Comput., 403 (2021), 126201.
https://doi.org/10.1016/j.amc.2021.126201

43. D. P. Rijnsdorp, P. B. Smit, R. T. Guza, A nonlinear, non-dispersive energy balance for surfzone
waves: Infragravity wave dynamics on a sloping beach, J. Fluid. Mech., 944 (2022), A45.
https://doi.org/10.1017/jfm.2022.512

Networks and Heterogeneous Media Volume 21, Issue 2, 669–692.

https://dx.doi.org/https://doi.org/10.1016/j.chaos.2025.116232
https://dx.doi.org/https://doi.org/10.1109/TIV.2024.3381990
https://dx.doi.org/https://doi.org/10.1080/23249935.2024.2374523
https://dx.doi.org/https://doi.org/10.1016/j.enganabound.2025.106457
https://dx.doi.org/https://doi.org/10.1016/j.eswa.2025.128279
https://dx.doi.org/https://doi.org/10.1016/j.physd.2025.134689
https://dx.doi.org/https://doi.org/10.1016/j.physd.2024.134362
https://dx.doi.org/https://doi.org/10.1063/5.0230757
https://dx.doi.org/https://doi.org/10.1088/1742-6596/411/1/012021
https://dx.doi.org/https://doi.org/10.1038/s41598-024-74333-4
https://dx.doi.org/https://doi.org/10.1016/j.physleta.2025.130941
https://dx.doi.org/https://doi.org/10.1016/j.amc.2021.126201
https://dx.doi.org/https://doi.org/10.1017/jfm.2022.512


686

Appendix A

Based on Eqs (3.19)–(3.21) in reference [39], Eq (1.5) can be derived from Eq (1.4). The derivation
is given below:

Step 1: From transformation Eq (1.3), we obtain f = e
∫

w dx
2 .

Step 2: By applying the procedure shown in
[

T
f 2

]
x to both sides of Eq (1.4), we obtain the following

equation after simplification:

δ5

(
f 2 fxyy + 2 fx f 2

y − f fx fyy − 2 f fxy fy

)
+ δ4 f 2 fxxt + δ2 f 2 fxxx +

δ3 f 2 fxxy + 2δ4 ft f 2
x + δ1

(
ft

(
2 fx fy − f fxy

)
+ f

(
fx

(
− fyt

)
− fxt fy + f fxyt

))
−

δ4 f ft fxx + 2δ2 f 3
x − 2δ4 f fx fxt − 6 fx fxt fxx − 3δ2 f fx fxx − 2δ3 f fx fxy +

2δ3 f 2
x fy + 3 f fxt fxxx + 3 f fxx fxxt − δ3 f fxx fy = 0.

(A1)

Step 3: Substituting f = e
∫

w dx
2 into Eq (A1) and simplifying, we can obtain

3w3wt + w2
(
9wx

(∫
wt dx

)
+ 6wxt

)
+ 6w2

x

(∫
wt dx

)
+ 12wtwxx +

8δ4wx + 12wxwxt + 8δ2wxx + 8δ3wxy + 8δ1wyt + 8δ5wyy +

6w
(
wxx

(∫
wt dx

)
+ 3wtwx

)
= 0.

(A2)

Step 4: Upon simplification of Eq (A2), we can obtain the equation as follows:

3w3wt + 9w2wx

∫
wt dx + 6wwxx

∫
wt dx + 18wwtwx +

6w2
x

∫
wt dx + 12wtwxx + 6w2wxt + 12wxwxt + 8δ1wyt +

8δ2wxx + 8δ3wxy + 8δ4wxt + 8δ5wyy = 0.

(A3)

This is Eq (1.5).
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Appendix B

In this section, we provide the Mathematica notebook containing the calculation procedures for all
results presented in this paper. They are organized as follow:

(1) The Mathematica code implementing the derivation from Eq (1.4) to Eq (1.5):
Step 1: T = 3∂x,x f [x, y, t]∂x,t f [x, y, t] + δ1 f [x, y, t]∂y,t f [x, y, t] − δ1∂t f [x, y, t]∂y f [x, y, t] +

δ2 f [x, y, t]∂x,x f [x, y, t] − δ2∂
2
x f [x, y, t] + δ3 f [x, y, t]∂x,y f [x, y, t] − δ3∂x f [x, y, t]∂y f [x, y, t] +

δ4 f [x, y, t]∂x,t f [x, y, t] − δ4∂t f [x, y, t]∂x f [x, y, t] + δ5 f [x, y, t]∂y,y f [x, y, t] − δ5∂
2
y f [x, y, t] = 0

Step 2: Simplify[∂x
T

f [x,y,t]2 = 0]

Step 3: Substituting f [x, y, t] = e
∫

w[x,y,t] dx
2 into Simplify[∂x

T
f [x,y,t]2 = 0]

(2) The Mathematica code implementing the derivation of Eqs (3.2) and (3.3):
Step 1:

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ξ1ρ3,1 + ξ2ρ3,2 + b3

ξ4 = ξ1ρ4,1 + ξ2ρ4,2 + b4

ξ5 = ξ1ρ5,1 + ξ2ρ5,2 + b5

f = Exp[ξ3]ρ3,r + Exp[−ξ3]ρ4,r + S in[ξ4]ρ5,r +Cos[ξ5]ρ6,r + a
poly1 = Expand[3∂x,x f∂x,t f +δ1 f∂y,t f −δ1∂t f∂y f +δ2 f∂x,x f −δ2∂

2
x f +δ3 f∂x,y f −δ3∂x f∂y f +δ4 f∂x,t f −

δ4∂t f∂x f + δ5 f∂y,y f − δ5∂
2
y f ]

Step 2: poly2 = poly1 /.S in[ρ4,1 (b1 + tε3 + xε1 + yε2) + ρ4,2 (b2 + tε6 + xε4 + yε5) + b4]2 → 1 −
Cos[ρ4,1 (b1 + tε3 + xε1 + yε2) + ρ4,2 (b2 + tε6 + xε4 + yε5) + b4]2

Step 3:
poly3 = Collect[poly2,M]
M is follows:
eρ3,1(b1+ε3t+ε1 x+ε2y)+ρ3,2(b2+ε6t+ε4 x+ε5y)+b3 ,
e−ρ3,1(b1+ε3t+ε1 x+ε2y)−ρ3,2(b2+ε6t+ε4 x+ε5y)−b3 ,
e2ρ3,1(b1+ε3t+ε1 x+ε2y)+2ρ3,2(b2+ε6t+ε4 x+ε5y)+2b3 ,
e−2ρ3,1(b1+ε3t+ε1 x+ε2y)−2ρ3,2(b2+ε6t+ε4 x+ε5y)−2b3 ,
S in[ρ4,1 (b1 + ε3t + ε1x + ε2y) + ρ4,2 (b2 + ε6t + ε4x + ε5y) + b4],
Cos[ρ4,1 (b1 + ε3t + ε1x + ε2y) + ρ4,2 (b2 + ε6t + ε4x + ε5y) + b4],
S in[ρ5,1 (b1 + ε3t + ε1x + ε2y) + ρ5,2 (b2 + ε6t + ε4x + ε5y) + b5],
Cos[ρ5,1 (b1 + ε3t + ε1x + ε2y) + ρ5,2 (b2 + ε6t + ε4x + ε5y) + b5]
Step 4:
Solve[A,B], where A is the system of equations formed by setting all coefficients of poly3 to zero

and B is the solution parameter chosen for Eqs (3.2) and (3.3).
(3) The Mathematica code implementing the derivation of Eq (3.4):
Step 1:

ε1 = −
ε4ρ3,2

ρ3,1
, ε2 = −

ε5ρ3,2

ρ3,1
, ε6 = −

ε3ρ4,1

ρ4,2
, δ3 =

−δ2ε
2
4−δ5ε

2
5

ε4ε5
, δ4 = −

δ1ε5
ε4
, ρ5,2 =

ρ3,2ρ5,1

ρ3,1

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ξ1ρ3,1 + ξ2ρ3,2 + b3
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ξ4 = ξ1ρ4,1 + ξ2ρ4,2 + b4

ξ5 = ξ1ρ5,1 + ξ2ρ5,2 + b5

f = Exp[ξ3]ρ3,r + Exp[−ξ3]ρ4,r + S in[ξ4]ρ5,r +Cos[ξ5]ρ6,r + a
w1=Simplify[2∂x f

f ]
Step 2:

Ω1 = b1ρ4,1 + b2ρ4,2 + ε4ρ4,2x − ε4ρ3,2ρ4,1

ρ3,1
x + ε5ρ4,2y − ε5ρ3,2ρ4,1

ρ3,1
y + b4

Ω2 = b1ρ5,1 +
b2ρ3,2ρ5,1

ρ3,1
+ ε3ρ5,1t − ρ5,1

ρ3,1
Ω4 + b5

Ω3 = eb1ρ3,1+b2ρ3,2+ε3ρ3,1t+Ω4+b3

Ω4 =
ε3ρ3,2ρ4,1

ρ4,2
t

(4) The Mathematica code implementing the derivation of Eq (3.6):
Step 1:

ε3 = −
ε6ρ5,2

ρ5,1
, ε4 = −

ε1ρ3,1

ρ3,2
, ε5 =

−δ5ε2ρ3,1ρ5,1−δ1ε6ρ3,2ρ5,1+δ1ε6ρ3,1ρ5,2

δ5ρ3,2ρ5,1
,

δ2 = −
(δ5ε2ρ5,1−δ1ε6ρ5,2)(δ3ε1ρ5,1+δ5ε2ρ5,1−δ1ε6ρ5,2)

δ5ε
2
1ρ

2
5,1

,

δ4 = −
δ1(−δ3ε1ρ5,1−δ5ε2ρ5,1+δ1ε6ρ5,2)

δ5ε1ρ5,1
, ρ4,1 =

ρ4,2ρ5,1

ρ5,2

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ξ1ρ3,1 + ξ2ρ3,2 + b3

ξ4 = ξ1ρ4,1 + ξ2ρ4,2 + b4

ξ5 = ξ1ρ5,1 + ξ2ρ5,2 + b5

f = Exp[ξ3]ρ3,r + Exp[−ξ3]ρ4,r + S in[ξ4]ρ5,r +Cos[ξ5]ρ6,r + a
w2=Simplify[2∂x f

f ]
Step 2:

Ω1 = eb1ρ3,1+b2ρ3,2+ε6ρ3,2t−Ω6+b3

Ω2 = −ρ4,2 (Ω4 + Ω5) + b2ρ4,2 + b4

Ω3 = b1ρ5,1 + b2ρ5,2 + ε1ρ5,1x + ε2ρ5,1y −Ω5ρ5,2 + b5

Ω4 = −
b1ρ5,1

ρ5,2
−

ε1ρ5,1

ρ5,2
x − ε2ρ5,1

ρ5,2
y

Ω5 =
ε1ρ3,1

ρ3,2
x − δ1ε6ρ3,1ρ5,2

δ5ρ3,2ρ5,1
y + ε2ρ3,1

ρ3,2
y + δ1ε6

δ5
y

Ω6 =
ε6ρ3,1ρ5,2

ρ5,1
t − δ1ε6ρ3,1ρ5,2

δ5ρ5,1
y + δ1ε6ρ3,2

δ5
y

(5) The Mathematica code implementing the derivation of Eq (3.8):
Step 1:

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ρ3,2Exp[ξ2] + ξ2

1ρ3,1 + b3

ξ4 = ρ4,2Exp[ξ2] + ξ2
1ρ4,1 + b4

ξ5 = ρ5,2Exp[ξ2] + ξ2
1ρ5,1 + b5

f = Exp[ξ3]ρ3,r + Exp[−ξ3]ρ4,r + S in[ξ4]ρ5,r +Cos[ξ5]ρ6,r + a
poly1 = Expand[3∂x,x f∂x,t f +δ1 f∂y,t f −δ1∂t f∂y f +δ2 f∂x,x f −δ2∂

2
x f +δ3 f∂x,y f −δ3∂x f∂y f +δ4 f∂x,t f −

δ4∂t f∂x f + δ5 f∂y,y f − δ5∂
2
y f ]

Step 2:
poly2 = poly1 /.
S in[ρ5,1 (b1 + ε3t + ε1x + ε2y) 2 + ρ5,2eb2+ε6t+ε4 x+ε5y + b5]2 →
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1 −Cos[ρ5,1 (b1 + ε3t + ε1x + ε2y) 2 + ρ5,2eb2+ε6t+ε4 x+ε5y + b5]2,
S in[ρ4,1 (b1 + ε3t + ε1x + ε2y) 2 + ρ4,2eb2+ε6t+ε4 x+ε5y + b4]2 →

1 −Cos[ρ4,1 (b1 + ε3t + ε1x + ε2y) 2 + ρ4,2eb2+ε6t+ε4 x+ε5y + b4]2

Step 3:
poly3 = poly2 /. ε1 → 0, ε6 → 0, ρ3,2 → 0, ρ4,1 → 0, ρ5,1 → 0
Step 4:
poly4 = Collect[poly3,M]
M is as follows:

x, y, t, eρ3,1(b1+tε3+yε2)2+b3 , e2ρ3,1(b1+tε3+yε2)2+2b3 ,
e−ρ3,1(b1+tε3+yε2)2−b3 , eb2+xε4+yε5 , e2b2+2xε4+2yε5 ,
eρ3,1(b1+tε3+yε2)2+b2+b3+xε4+yε5 , eρ3,1(b1+tε3+yε2)2+2b2+b3+2xε4+2yε5 ,
e−ρ3,1(b1+tε3+yε2)2+b2−b3+xε4+yε5 , e−ρ3,1(b1+tε3+yε2)2+2b2−b3+2xε4+2yε5 ,
S in[ρ4,2eb2+xε4+yε5 + b4],Cos[ρ4,2eb2+xε4+yε5 + b4],
S in[ρ5,2eb2+xε4+yε5 + b5],Cos[ρ5,2eb2+xε4+yε5 + b5]

Step 4:
Solve[A,B], where A is the system of equations formed by setting all coefficients of poly4 to zero

and B is ε2, ε4, and δ4.
(6) The Mathematica code implementing the derivation of Eq (3.9):
Step 1:

ε1 = 0, ε2 = 0, ε4 =

√
δ2

3ε
2
5−4δ2δ5ε

2
5−δ3ε5

2δ2
, ε6 = 0, δ4 =

δ1

√
(δ2

3−4δ2δ5)ε2
5+δ3δ1ε5

2δ5ε5
,

ρ3,2 = 0, ρ4,1 = 0, ρ5,1 = 0,
ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ρ3,2Exp[ξ2] + ξ2

1ρ3,1 + b3

ξ4 = ρ4,2Exp[ξ2] + ξ2
1ρ4,1 + b4

ξ5 = ρ5,2Exp[ξ2] + ξ2
1ρ5,1 + b5

f = Exp[ξ3]ρ3,r + Exp[−ξ3]ρ4,r + S in[ξ4]ρ5,r +Cos[ξ5]ρ6,r + a
w3=Simplify[2∂x f

f ]
Step 2:

Ω1 = b2 +
xΩ4
2δ2
+ ε5y

Ω2 = ρ4,2ρ5,r cos
(
eΩ1ρ4,2 + b4

)
− ρ5,2ρ6,r sin

(
eΩ1ρ5,2 + b5

)
Ω3 = ρ5,r sin

(
eΩ1ρ4,2 + b4

)
+ ρ6,r cos

(
eΩ1ρ5,2 + b5

)
Ω4 =

√(
δ2

3 − 4δ2δ5

)
ε2

5 − δ3ε5

Ω5 = ρ3,1 (b1 + ε3t) 2 + b3

(7) The Mathematica code implementing the derivation of Eq (4.2) and Eq (4.3):
Step 1:

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ρ3,2Exp[ξ2] + ξ1ρ3,1 + b3

ξ4 = ρ4,2Exp[ξ2] + ξ1ρ4,1 + b4

f = ξ2
3ρ3,r + ξ

2
4ρ4,r + a
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poly1 = Expand[3∂x,x f∂x,t f +δ1 f∂y,t f −δ1∂t f∂y f +δ2 f∂x,x f −δ2∂
2
x f +δ3 f∂x,y f −δ3∂x f∂y f +δ4 f∂x,t f −

δ4∂t f∂x f + δ5 f∂y,y f − δ5∂
2
y f ]

Step 2:
poly2 = Collect[poly1,x, y, t, eb2+ε6t+ε4 x+ε5y, e2b2+2ε6t+2ε4 x+2ε5y, e3b2+3ε6t+3ε4 x+3ε5y, e4b2+4ε6t+4ε4 x+4ε5y]
Step 3:
Solve[A,B], where A is the system of equations formed by setting all coefficients of poly2 to zero

and B is the solution parameter chosen for Eq (4.2) and Eq (4.3).
(8) The Mathematica code implementing the derivation of Eq (4.4):
Step 1:

ε1 = 0, ε2 = −
δ1ε3
δ5
, ε4 = −

δ4δ5ε5
δ1δ2

, ε6 = 0, δ3 =
δ2δ

2
1+δ

2
4δ5

δ1δ4
, ρ3,1 = −

ρ4,1ρ4,2ρ4,r

ρ3,2ρ3,r

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ρ3,2Exp[ξ2] + ξ1ρ3,1 + b3

ξ4 = ρ4,2Exp[ξ2] + ξ1ρ4,1 + b4

f = ξ2
3ρ3,r + ξ

2
4ρ4,r + a

w4=Simplify[2∂x f
f ]

Step 2:
Φ1 = b3eΦ5ρ3,2ρ3,r + ρ

2
3,2ρ3,reb2+ε5y

Φ2 = ρ4,2eb2+ε5y + b4eΦ5

Φ3 = ρ4,2eb2−Φ5+ε5y + Φ6ρ4,1 + b4

Φ4 = ρ3,2eb2−Φ5+ε5y −
Φ6ρ4,1ρ4,2ρ4,r

ρ3,2ρ3,r

Φ5 =
x(δ4δ5ε5)
δ1δ2

Φ6 = b1 + ε3t − y(δ1ε3)
δ5

(9) The Mathematica code implementing the derivation of Eq (4.6):
Step 1:

ε2 =

√
δ2

3−4δ2δ5ε1−δ3ε1

2δ5
, ε3 = 0, ε4 = 0, ε5 =

δ4
√
δ2

3−4δ2δ5ε6−δ3δ4ε6

2δ2δ5
, δ1 =

δ3δ4−δ4
√
δ2

3−4δ2δ5

2δ2
,

ρ3,2 = −
ρ4,1ρ4,2ρ4,r

ρ3,1ρ3,r

ξ1 = b1 + ε3t + ε1x + ε2y
ξ2 = b2 + ε6t + ε4x + ε5y
ξ3 = ρ3,2Exp[ξ2] + ξ1ρ3,1 + b3

ξ4 = ρ4,2Exp[ξ2] + ξ1ρ4,1 + b4

f = ξ2
3ρ3,r + ξ

2
4ρ4,r + a

w5=Simplify[2∂x f
f ]

Step 2:
Φ1 = 2b3δ5ρ3,1ρ3,r + 2δ5ε1xρ2

3,1ρ3,r + δ3ε1(−y)ρ2
3,1ρ3,r

Φ2 = 2b4δ5ρ4,1ρ4,r + 2δ5ε1xρ2
4,1ρ4,r + δ3ε1(−y)ρ2

4,1ρ4,r

Φ3 = ρ4,1 (b1 + Φ5 + ε1x) + Φ6ρ4,2 + b4

Φ4 = ρ3,1 (b1 + Φ5 + ε1x) − Φ6(ρ4,1ρ4,2ρ4,r)
ρ3,1ρ3,r

+ b3

Φ6 = eb2+
Φ5(δ4ε6)

δ2
+ε6t

Φ7 = 2b1δ5

(
ρ2

3,1ρ3,r + ρ
2
4,1ρ4,r

)
(10) The Mathematica code implementing the derivation of Eqs (5.2) and (5.3):
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Step 1:
ξ1 = ε1x + ε2y + ε3t + b1

ξ2 = ε4x + ε5y + ε6t + b2

ξ3 = ε7x + ε8y + ε9t + b3

f = ρ1,rξ1
2 + ρ2,rξ2

2 + ρ3,rExp[ξ3] + a
poly1 = Expand[3∂x,x f∂x,t f +δ1 f∂y,t f −δ1∂t f∂y f +δ2 f∂x,x f −δ2∂

2
x f +δ3 f∂x,y f −δ3∂x f∂y f +δ4 f∂x,t f −

δ4∂t f∂x f + δ5 f∂y,y f − δ5∂
2
y f ]

Step 2:
poly2 = Collect[poly1,x, y, t, eb3+ε9t+ε7 x+ε8y, e2b3+2ε9t+2ε7 x+2ε8y]
Step 3:
Solve [A,B], where A is the system of equations formed by setting all coefficients of poly2 to zero

and B is the solution parameter chosen for Eqs (5.2) and (5.3).
(11) The Mathematica code implementing the derivation of Eq (5.4):
Step 1:

ε1 = −
ε4ε6ρ2,r

ε3ρ1,r
, ε5 =

ε4ε8ε
2
3ρ1,r+ε2ε6ε7ε3ρ1,r+ε4ε

2
6ε8ρ2,r

ε2
3ε7ρ1,r

, ε9 = 0, δ1 =
(δ2ε7+δ3ε8)(ε2ε3ε7ρ1,r+ε4ε6ε8ρ2,r)

ε2
3ε

2
8ρ1,r

,

δ4 =
δ2(ε2ε3ε7ρ1,r+ε4ε6ε8ρ2,r)

ε2
3ε8ρ1,r

, δ5 =
−δ2ε

2
7−δ3ε8ε7

ε2
8

,
ξ1 = ε1x + ε2y + ε3t + b1

ξ2 = ε4x + ε5y + ε6t + b2

ξ3 = ε7x + ε8y + ε9t + b3

f = ρ1,rξ1
2 + ρ2,rξ2

2 + ρ3,rExp[ξ3] + a
w6=Simplify[2∂x f

f ]
Step 2:

ψ1 = −
ε4ε6 xρ2,r

ε3ρ1,r
+ b1 + ε3t + ε2y

ψ2 =
ε4ε8ε

2
6yρ2,r

ε2
3ε7ρ1,r

+ b2 + ε6t + ε4x + ε2ε6y
ε3
+

ε4ε8y
ε7

ψ3 = 4b2ε
3
3ε4ε7ρ1,rρ2,r − 4b1ε

2
3ε4ε6ε7ρ1,rρ2,r

(12) The Mathematica code implementing the derivation of Eq (5.6):
Step 1:

ε1 = −
δ4(ε3ε8−ε2ε9)

δ2ε8
, ε4 =

δ4ε3(ε3ε8−ε2ε9)ρ1,r

δ2ε6ε8ρ2,r
, ε5 =

ε8ε
2
3ρ1,r−ε2ε9ε3ρ1,r+ε

2
6ε8ρ2,r

ε6ε9ρ2,r
, ε7 = 0,

δ1 = −
δ5ε8
ε9
, δ3 =

−δ2δ5ε
2
8−δ

2
4ε

2
9

δ4ε8ε9
,

ξ1 = ε1x + ε2y + ε3t + b1

ξ2 = ε4x + ε5y + ε6t + b2

ξ3 = ε7x + ε8y + ε9t + b3

f = ρ1,rξ1
2 + ρ2,rξ2

2 + ρ3,rExp[ξ3] + a
w7=Simplify[2∂x f

f ]
Step 2:

ψ1 = b1 + ε3t + δ4ε2ε9 x
δ2ε8

−
δ4ε3 x
δ2
+ ε2y

ψ2 = ε8ε
3
3yρ1,r − ε2ε9ε

2
3yρ1,r − ψ4

ψ3 = −
ε2ε3yρ1,r

ε6ρ2,r
+ b2 + ε6t + ψ5 +

ε6ε8y
ε9

ψ4 = ε9ε
2
6ρ2,r (b1 + ε2y) + ε3ε6ρ2,r (b2ε9 + ε6ε8y)

ψ5 =
δ4ε

2
3 xρ1,r

δ2ε6ρ2,r
−

δ4ε2ε9ε3 xρ1,r

δ2ε6ε8ρ2,r
+

ε8ε
2
3yρ1,r

ε6ε9ρ2,r
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Appendix C

In this section, we provide the reasoning why the obtained solutions w satisfy Eq (1.5). The detailed
verification procedure is as follows:

As an example, we consider the rogue wave solution w3 in Section 4.
Step 1: For the rogue wave solution w3 in Section 4, based on transformation Eq (1.3), we obtain

f = e
∫

w3 dx
2 .

Step 2: Verified via Mathematica, we confirm that the function f obtained by substituting Eq (4.2)
into Eq (4.1) satisfies Eq (1.4). Therefore, the function f obtained also satisfies

[
T
f 2

]
x = 0. The detailed

Mathematica verification code can be found in Appendix B.

Step 3: According to Appendix A, Eq (1.5) is obtained by substituting f = e
∫

w dx
2 into Eq

[
T
f 2

]
x = 0

followed by simplification.
Step 4: Therefore, in Step 1, the function f obtained by substituting w3 ensures that equation[

T
f 2

]
x = 0 holds, which further verifies that w3 satisfies Eq (1.5).

Remark: The verification that other solutions w satisfy Eq (1.5) follows the same steps as above.
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