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Abstract: In this article, we focused on the bilinear neural network method to obtain the exact solutions
of the (2+1)-dimensional generalized Hirota-Satsuma-Ito-Shallow-Water-Wave-like equation. This
method can also be applied to solve other nonlinear partial differential equations (NPDEs). Relying on
Hirota bilinear transformation and Bell polynomial theories, we successfully constructed one-hidden-
layer and multiple-hidden-layers models with assigned activation functions. Thereby, we derived
many exact solutions for this equation including three-wave, rogue wave, and interaction solutions.
To intuitively reflect features of these solutions, we depicted their three-dimensional, density, and
curve graphs.

Keywords: bilinear neural network method; Hirota bilinear transformation; Bell polynomial;
(2+1)-dimensional nonlinear evolution equation; exact solutions

1. Introduction

Nonlinear partial differential equations (NPDEs) are conventionally applied to depict complex
phenomena across multiple fields, including mechanics, control systems, ecological systems and
economic dynamics. Hirota and Satsuma first proposed the equation named the Hirota-Satsuma
equation, which described the propagation of long-wave motions in shallow water [1]. With the in-
depth study of nonlinear equations, some scholars have further studied the solutions of this equation.
For example, Shang utilized the extended hyperbolic function method to find some exact explicit
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solutions to the Hirota-Satsuma equation [2]. Wang et al. employed the Hirota method and Wronskian
technique to get the solutions for the Hirota-Satsuma equation [3]. For analyzing the propagation of
shallow water waves, Hirota and Satsuma proposed the Hirota-Satsuma-Ito (HSI) equation and Hirota-
Satsuma-Shallow-Water-Wave equation [4, 5]. Later, some scholars studied the soliton solutions for the
equations [6-8]. Also, Ma et al. researched the lump solutions of the (2+1)-dimensional generalized
HSI equation based on Hirota bilinear formulation [9]. Subsequently, Liu et al. successfully obtained
the lumps, line solitons, periodic solitons, and interaction solutions for this equation [10]. Then, Khaliq
et al. adopted the GfG — -expansion method to obtain exact solutions to this equation, such as kink and
lump solutions [11]. In recent years, many scholars have introduced other methods to derive the exact
solutions of NPDEs, such as the Darboux transformation [12—14], Painlevé analysis [15], Hirota bilinear
method [16, 17], Lie symmetry analysis [18], generalized (%)—expansion method [19], and unified
solver method [20]. Among them, some scholars have investigated the exact solutions and dynamical
behaviors of fractional-order evolution equations [21,22]. More recently, Zhang et al. formulated the
bilinear neural network method (BNNM) [23] and bilinear residual network method (BRNM) [24] to
get the exact solutions of NPDEs. The methods provide a universal tensor formula that covers almost
all post-bilinearization function construction methods for solving NPDEs. By adjusting activation
functions, weights, and thresholds, it can derive abundant exact analytical solutions for diverse nonlinear
systems without redefining the solution framework. After that, many scholars have employed the
methods to obtain solutions to numerous equations [25-27]. Besides, other neural network methods
have been proposed to characterize complex nonlinear dynamic phenomena of NPDEs. For example,
Wang et al. first embedded the solutions of the fractional Riccati equation into neural networks to
establish the fractional sub-equation neural networks (fSENNs) model and successfully obtained the
exact solutions for several classes of fractional partial differential equations [28]. Zhang et al. combined
neural networks with symbolic computation to obtain the exact solutions without relying on bilinear
transformations, which provides a new idea for solving NPDEs [29]. Xie et al. developed a novel
neural network—symbolic computation approach and successfully derived multiple groups of solutions
for NPDEs [30].

In addition, many scholars have extended neural network methods to fields like finance and
transportation. For instance, Yin et al. incorporated a multi-head attention mechanism into the
spatiotemporal convolutional network as an effective extension module [31] and designed the
car-following-informed neural network (CFINN), which can not only reduce prediction errors but also
realize the calibration of model parameters through continuous research [32]. In recent years, the
physics-informed neural network (PINN) has been extensively adopted in diverse fields. Chen et al.
constructed the PINN to solve the coupled pricing system for the up-and-out call option and analyzed
the corresponding volatility surface [33]. The results demonstrate that the PINN exhibits high efficiency
in financial derivative pricing. Subsequently, Chen et al. improved the framework and developed the
extended physics-informed neural network (ePINN) framework with higher accuracy and better
robustness than the traditional PINN [34]. Guo et al. incorporated single-layer Kolmogorov-Arnold
networks (KANs) into the downstream framework of PINNs and adopted an alternating training scheme
with sparse regression algorithms [35]. Different from the BNNM, this method does not require
excessive constraints, thus greatly simplifying the computational process. Based on the PINN, Han et al.
proposed a novel variable coeflicient-informed neural network (VCINN), which combines the PINN
with the constraint of coefficients to address the inverse problem of variable-coefficient partial
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differential equations in fluid dynamics [36]. In the field of intelligent transportation, Su et al.
embedded an adaptive macro model for mixed traffic flow into the structure of the PINN, which can
characterize physical features and laws with only a small amount of data [37].

In this article, we mainly concentrate on the following (2+1)-dimensional generalized Hirota-
Satsuma-Ito-Shallow-Water-Wave (gHSISWW) equation:

Wixxr + 3(Wewy)y + 51Wyz + 0wy, + 63ny + 04w,y + 55Wyy =0. (1.1)
The generalized bilinear form is defined as listed below:
D;}axD;’yD?’Jf(x’ Ys t)g(x/’ y” t’) =

d d w d 0 s d d h ro g
(a +ﬁax,) (ay +ﬁ6y,) (6t +'83t’) f(X,y, t)g(x ’y 9t)|x’:x,y’:y,t’:t9

(1.2)

where w, s, h are the integers with values that are not less than zero. For an integer ¢, the gth power of 5
is defined by g4 = (=1)"9, if g = r(g) mod p with 0 < r(q) < p [38,39].
Utilizing the transformation [40]:

w(x, y, 1) = 2(n f(x, y, 1))z, (1.3)

when p is set to 3, the generalized bilinear form corresponding to Eq (1.1) is able to be expressed
as follows:
T = (D3,D3 + 61D3,Ds, + 6,D7 + 63D3 D3y + 64D3, D3 + 65D3) f - f
= 3fufuc+ 01f fyu = O1fify + Oaf frx = 627 + 03f fiy = O3 fely + Gaf

- 64ﬁfx + 65ffyy - 65fyz
=0.

(1.4)

Based on the HSI equation and the shallow water wave equation, the generalized bilinear
equation (1.4) is transformed into the (2+1)-dimensional gHSISWW-like equation via the Bell
polynomials [39,41] and transformation (1.3) by computing [%]x with f = efme. Its detailed
derivation is presented in Appendix A.

3wiw, + Iw’w, fw, dx + 6ww,, fwt dx + 18ww,w,+

6W)2C fwt dx + 12w,w,, + 6W*w,, + 12w, w,, + 801 Wy + (1.5)

89wy, + 853ny + 80aw,, + 855Wyy =0.

Due to the increased number of nonlinear terms, Eq (1.5) can exhibit richer dynamics and more
interesting physical phenomena. In contrast to the classical HSI equation and its generalized form [9-11],
which are dominated by quadratic and cubic nonlinear terms with relatively simple coupling structures,
Eq (1.5) incorporates additional high-order nonlinear interaction terms and mixed polynomial-exponential
nonlinear couplings. This structural refinement fundamentally modifies the balance between nonlinearity
and dispersion in the system, leading to differences in both solution types and their dynamic behaviors.
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To attain improved insight into the physical mechanisms, it will be necessary to investigate the solutions
of this equation. It is precisely for this purpose that we made use of this method to find some exact
solutions to Eq (1.5).

Below is outlined the structure of this article. In Section 2, a brief introduction to the BNNM is
presented. In Section 3, we build a model with two hidden layers to derive the three wave solutions
of Eq (1.5) based on this method. In Sections 4 and 5, we construct a two-hidden-layer model and a
one-hidden-layer model, respectively, to derive the rogue wave solutions and the interaction solutions of
this equation. Thereafter, we plot three-dimensional, density, and curve diagrams, which illustrate the
properties of these solutions. In Section 6, we summarize the outcomes of the study.

2. Bilinear neural network method

The BNNM can adapt to nonlinearity and high dimensionality, and also possesses high computational
efficiency and wide application, remedying the limitations of traditional methods in dealing with complex
nonlinear systems. The characteristics will be presented in the subsequent analysis of three types of
models. Next, aiming to get the exact solutions for Eq (1.5), in the framework as shown in Figure 1 of
nonlinear neural networks, we will establish the tensor formula as follows:

f=p,,&,)+a,, 2.1)

where p;, r is the coeflicient which measures the weight between neuron /, and function f, ¢ refers to
the generalized activation function, and a;,(i = 1,2, ..., n) are constants. It is noticed that ¢; (£) > 0. For
L, = {ky—1 + 1,k,—1 +2,...,n}, it denotes the region of the nth layer in the neural network model. Also,
the definition of parameter &;, is as follows:

fll = pl,,l,_l ¢11_] (fll—]) + bll’ i = 1, 2’ A n’ (2'2)

where [y = {x,y, othlh = {02, . kbBLLG = ki + Lk + 2,00,k = 2,...,n—=1), and bl,' are
constants. The specific operational procedure of this method can be referred to in [23,27,41].

Input layer Hidden layer Output layer

k+1 5 e
GE2d < o+ PR f
k, n

Figure 1. Neural network tensor model for Eq (2.1).
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3. Three-wave solutions

For this section, we will investigate the three-wave solutions of Eq (1.5). We established a “3-2-3-1”
model by setting the hidden layers /; = {1,2} and [, = {3,4, 5} as presented in Figure 2. When selecting

the appropriate activation functions as ¢1(£1) = &1, ¢2(&2) = &, da(&) = €, $a(&) = sin (&) , $s(&s) =
cos (&5) [42], we obtain the function as follows:

S = 03,83(&3) + pa,P3(=&3) + ps5.,04(Es) + po.rPs5(E5) + a,
& = p3a91(&1) + p32$2(&2) + b,
&4 = pa1$1(€1) + P1202(62) + D,
&s = psadi1(&1) + psaga(62) + bs,

&l =1 x+ey+et+ by,

3.1

& = E4x + E5y + E6t + b,,

where a and by (k = 1,2, 3,4,5) are constants.

I, 1 l

ke

& 10(&)

AL S

AN

Figure 2. “3-2-3-1” model for Eq (2.1).

Remark 1: Based on an analysis of the construction methods of classical neural network models, the
“3-2-3-1” model adopted in this equation actually represents the hidden layers in the form of composite
functions. Through analysis, we find that this model is equivalent to the classical “3-3-1" model when
d1(&1) = &1, 92(&2) = &. Upon setting ¢1(&1) # &1, $2(&2) # &2, a “3-2-3-17 model can be constructed to
derive many new three-wave solutions.

Putting Eq (3.1) into Eq (1.4) and setting the coeflicients of each term to zero, we derive a system of
equations via Mathematica and obtain the following two types of solutions:

Case 3.1:
2 2
E4032 E5032 E304,1 —028; — 0s&5
& = - €2 = — €6 = — ,03 = ’
P31 P31 P42 E4E5 (3 2)
0185 _ P32Ps
04 = ——, P52 = .
&4 P31
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Case 3.2:

€6P5,2 €1P3,1

& = - s €4 = — s
Ps,1 P32
o = —058203,105,1 = 0186032051 + 0186031052
5 — ’
8503.205,1
5 = (0582051 — O186p52) (0381051 + 0582051 — 018605.2) (3.3)
2 = = ) .
55‘9%/0?,1
5. = 01 (—=038105.1 — 0582051 + 018605.2)
4 — = )
d5€1P5,1
P4.2P5.1
P41 =
Ps2

By plugging Eqgs (3.2) and (3.3) into Eq (3.1) and using transformation Eq (1.3), we can acquire the
following three-wave solutions:

wp =

where

In addition,

W

where

264203 (03,1042 — P3.2P4,1) €08 () ps,

) 3.4)
) , 3.
P31 (Q3 (sin (Q1) ps» + cos () ps,» + a) + p3 Qze72% + p4,rem4)
_ £403204,1 €503204,1
Q) = b1pa1 + bopan + E4p4pX — = ==X + Espagy — = =y + ba,
b
Q =bips; + —Zp/ff]ps’l + &3p5,11 — %94 + bs, 35)
Q; = ehlps,l+b2p3,2+83,03,1t+94+b3, ’
Q _ €3pP3,2pP4,1
4~ P42
_ 281Q (03,1052 — P32ps.1) (P52 810 (Q3) ps,» — P42 €08 () ps ) (3.6)
. 2 2 .
032052 (Ql (sin (Qy) ps,» + cos (3) pgr + a) + Qip3, + P4,r)
Q= eblps,l+b2P3,2+Sop3,2l—Qc+b3,
Q= —p42 (Q4 + Qs) + bopss + by,
Q3 = bips1 + bypsp + €1p5,1x + &205,1y — Qsps o + bs,
_ bipsa £105,1 £205,1 (3-7)
Q4 - = - X = )
P52 6105,2 P52
_ &1P31 .. 0186031052 £203,1 0186
Q5 T ops2 X 05032051 y+ P32 y+ 05 Y,
_ £6P31P52 . 01€6P3,1P52 61€6P32
Q6 = P5.1 0505,1 y s Y-

The graphs in Figures 3 and 4 are generated to illustrate characteristics of the three-wave solutions.
By observing three-dimensional and density plots, we learn that the wave crests and troughs present a
distinct sawtooth profile. Figure 3(c) shows that the wave field evolves periodically along the positive
y-axis with the increase of the time variable. In Figure 4(c), we can also clearly see that the wave shows
a horizontal tendency of the waveform as time decreases. Such dynamic behaviors are the direct physical
manifestation of the balance between nonlinearity and dispersion in the equation, which is consistent
with the intrinsic propagation characteristics of three-wave solutions in nonlinear shallow water wave
systems, reflecting the mutual modulation and energy exchange among the three interacting waves [43].
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(@) (b) (©
Figure 3. Three-wave solution w; with: g3 = —1,&4 = 2,65 = =3,p31 = %, P32 = 3,041 =
1,104,2 = 3,105,1 = 2,103,r = 4,P4,r = 3,Ps,r = 2,P6,r =5,a=2,by =2,b) =-3,b3 = —%,b4
3,bs = %,t = —2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

50 -50

(a) (b) (©)
Figure 4. Three-wave solution w, with: ¢, = 2,8 = l,g¢ = 2,0; = 2,05 = 4,p31 =
1’,03,2 = _4sp4,2 = 13p5,1 = _3sp5,2 = 55p3,r = _3sp4,r = 23p5,r = _1sp6,r = 2,a = 39b1 =
-1,b, =3,b3 =5,by, = 1,bs = =2,t = 1. (a): Three-dimensional plot; (b): density plot; (c):
curve plots.

Remark 2: By setting ¢, (£)) = £,%, $(&,) = €2, a new three-wave solution can be derived from the
“3-2-3-1” model and the detailed procedure is presented as follows:
After substituting Eq (3.1) with new activation functions into Eq (1.4), we can obtain the solution

as follows:
Case 3.3:
A ,5%8% - 452558? - 5385
1 =0,60=0,g54 = ,& =0,
202 (3.8)
81 /(63 — 46205) £2 + 63615
04 = »P32 = 0’p4,1 = 0sp5,1 =0.

2(5585

Based on transformation Eq (1.3), we can derive following solution by plugging Eq (3.8) into
Eq (3.1):
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te +Q§ 9294

3T 02 (6295p3,r t P4, + e (Cl + 93))’

w 3.9

where

O :b2+%+85y,

Q) = p42p5, COS (CQ'P4,2 + b4) — P52P6,- SIN (CQIPS,Z + bs) ,

Q; = ps,, sin (€% py; + ba) + po, cos (€ ps, + bs) (3.10)
Q= /(62— 46265) €2 - S5,

Qs = p31 (by + &31)% + bs.

Figure 5 is plotted to reflect the dynamic behavior of solution (3.9). Figure 5(a) shows that the
amplitude of the solution exhibits an obvious multi-peak and multi-valley structure. From Figure 5(b),
we can observe clear wavy interference fringes. The curve in Figure 5(c) reflects that the profile and
amplitude of the solution vary significantly with time. Therefore, this solution exhibits the fundamental
physical properties of a three-wave solution.

() (b) (©

Figure 5. Three-wave solution ws with: &) = 1,85 = 1,0, =2,03 =3,05 = 1,p31 = 1,p40 =
_19p5,2 = 1’p3,r = lap4,r = 3’,05,r = 19p6,r = 3,61 = _2’b1 = _1’b2 = 2ab3 = 2’b4 = 5’b5 =
3,t = —10. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

4. Rogue wave solutions

Based on reference [42], rogue waves exhibit multiple uniformly distributed crests and troughs,
maintaining spatial localization while showing stable temporal periodic evolution, which is a direct
result of the balance between nonlinear coupling and dispersive effects in the system. To secure the
rogue wave solutions associated with Eq (1.5), this section will add another hidden layer to build a
“3-2-2-1” model as shown in Figure 6. Based on Section 3 of reference [24], we can assign the activation
functions as ¢;(&1) = &1, ¢2(&) = €2, p3(&3) = &2, ¢a(&s) = &7, and the derived function is shown
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as follows:

S = 03.03(&3) + pa,9a(6s) + a,

& = p31$1(€1) + p3202(62) + b,

&1 = pa1$1(€1) + P1202(62) + b, 4.1)

=g x+ey+est+ by,

& = &4x + E5y + E6t + b,,

where a and by (k = 1,2, 3,4) are constants. Following the approach taken in Section 3, putting Eq (4.1)
into Eq (1.4), we get the solutions:

Case 4.1:
) 040
g1=0,6 = —2,64 = —&,86 =0,
Os 010> 4.2)
616, + 6365 P4.1P42P4.r '
03 = ————,03] = ———.
0104 P3.2P3.r
Case 4.2:
&1 6% - 46255 — 8153
— s = 0’ = 09
& 265 &3 &4
£604 |02 — 48205 — £60304 6304 — 64 /03 — 46265 (4.3)
= . (5 = )
& 26,05 : 26,
P4,1P4.204.r
P32=—"— -
P3,1P3,r

In a similar way, under transformation Eq (1.3), we acquire the corresponding rogue wave solutions
by substituting Eqs (4.2) and (4.3) into Eq (4.1):

4646585 (Pa204,Dy + @) er272Ps+esy

W4 = > 4.4)
010, (P3,r (b3 + @)% + pa, D3 + a)
where
@, = byp3op;,e™ + 93,2103,reb2+85y )
o, = p4726b2+€5y + b4eq’5,
O; = p4’2eb2‘q’5+'95y + ,D4’1(D6 + b4,
o, = eb2—®5+.95y __ P4,1P4204,r (4'5 )
4= P32 03203, ’
05 = 2,
(D6:b1+83l—% .
In addition,
2g (P§,1P3,r (205D5 + 03&1y) + 1042;,1,04,r (205@5 + O31y) + Oy + D, + (D7) “46)
W5 = , .

Js (®§p4,r +®ips, + d)

Networks and Heterogeneous Media Volume 21, Issue 2, 669-692.



678

where

Dy = 2b365p3,103, + 2616503 1P3.0X — E10303 103475
D) = 2b405p4,1Par + 2616505 04.,X — €10305 1ParYs
D3 = p41 (b1 + D5 + £1X) + 42D + by,

D, =p3;(b) + Ds +&1x) - p—ﬁzzi4’r®6 + b3, 4.7)
81(—53+ ‘\/5%—46265)
q)S = 285 y’

(DG — eb2+ %‘DS"’&G[

b

©; = 26185 (03 3. + P2 s -

To exhibit characteristics of the rogue wave solutions of Eq (1.5), we designate parameters and
generate the following plots as shown in Figures 7 and 8. Through analysis, we can find that the rogue
wave solutions exhibit multiple well-distributed wave crests and troughs with significant amplitude
fluctuations, manifesting the typical localized oscillation behavior of rogue waves induced by the balance
between nonlinearity and dispersion in the system. Figures 7(c) and 8(c) show that the amplitudes
and positions of the wave crests and troughs undergo regular adjustments, and obvious oscillations are
observed in specific spatial regions with the variation of the time variable.

1y l L

X
( :1 sle&) &)
::2 A A AL

ﬂ

Figure 6. “3-2-2-1” model for Eq (2.1).

15 4 ¢
10 4
5 10
o S X
04
-5 4 .
Hr“‘“r T T T
0 -10 0 10
Y X

(a) (b) ()
Figure 7. Rogue wave solution wy with: &5 = —1,e5 = 1,0, = 1,0, = =2,04 = 2,05 =
—1,/03,2 = —2,/04,1 = 1,,04,2 = —1,P3,r = 2,P4,r =3,a=-2,by =2,bp = -1,b3 = 0,b4
3,t = 2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.
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80
60

40

20
>

-20

-40

-60

(@) (b) (©
Figure 8. Rogue wave solution ws with: &1 = 1,66 = 0,0, =2,03 =3,04 = 1,05 = 1,p3;1 =
Lpsr = 1,pa2 = 2,03, = =2,p4, = l,a=—-1,by = 1,b, = —1,b3 = 2,by = 4,1 = 1. (a):
Three-dimensional plot; (b): density plot; (c): curve plots.

5. Interaction solutions

Turning to this section, we establish the “3-3-1” model, whose input layer is [y = {x, y, ¢} and hidden
layer is [} = {1, 2,3} as shown in Figure 9, to acquire the interaction solutions between the lump and
exponential function for Eq (1.5). The specific form of the test function is as follows:

[ =p1,01(&) + p2,2(E) + p3,03(&3) + a,
é:l :81x+82y+83l+b1, (51)
& = e4x + &5y + gt + by,

& = &1x + ggy + &9t + b3,
where a and by (k = 1, 2, 3) are constants. Also, we select activation functions as ¢, (&) = f, P (&) = f%,

$3(&3) = €. After inserting Eq (5.1) into Eq (1.4), we acquire the two solutions by solving the obtained
coeflicient equation system:

Case 5.1:
2 2
48602,y E4E3E3P01 r T E2E6E7E3P1r T E4ELEZPr
&1 == » €5 = 5 &9 =0,
E3P1.r E3E701,r
(0287 + 5388) (82838701, + E4868802,) . 02(£2838101, + E486E502,)
o1 = 2.2 104 = > , (5.2)
8388p1,r 8388pl,r
—628% - (538887
sE———
&g
Case 5.2:
04 (8383 — £289) 0483 (8388 — £289) P
8] = — ,84 = s
02&8 0286E302,r
2 2
ERE3P1,r — E289E301,r T EGEZP
&5 = , €1 = 0’ (53)
E6E902,r
2 2.2

_ (5583 _ _626588 - 5489

0 =— ,03 = .
&9 648889
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418

f

)

Figure 9. “3-3-1” model for Eq (2.1).

Based on transformation Eq (1.3), we substitute Eq (5.2) into Eq (5.1) and derive an interaction
solution as follows:

b ) P 2 >
2626301,403,7 T 4 dgtesps  (£7X + E5Y) (83P1,r + 86,02,r) + Y3

We = (5.4)
3 372 2 3,72 ’
agrE3p1, + E7€301,,03 &P HETITEY 4 e183Y1p1 , + E183U501,P2,r
where
_ 5456p2r
0701 = Py X+b1 + &3t + &),
_ B4EBEPLr 5256 £488
o = e Y+Dby+ el +Ex + =22y + =2y, (5.5)

_ 3 2
W3 = 4bresE4€701 102, — 4b183848687pl,rpz,r-

Then, after inserting Eq (5.3) into Eq (5.1), we obtain another interaction solution as shown below:

464 (g383 — £289) 1, (5489 (&388 — £289) (8§P1,r + 8%,02,r) X+ 5288W2)

W7 = > b 2 2 ’ (5.6)
0. 868889p2 r (pg erateoltesy + ¢’1P1,r + ’7[/3p2,r + Cl)
where
Y1 =by +est+ 64‘9289x ‘5483x + &y,
2
Yo = 36301,V — £2896301,Y — Yas
_ __&283p1r £6E8
Y3 = s oY Fbo &l + s + T, (5.7)
Ys = oggpa, (b1 + £2Y) + E38602, (D289 + €6E5Y) ,
w _ 648§pl,r _ 04€2698301,r 588§p1,r
57 Sreepas 0286€802,r £68902,7 "

To display the interaction phenomenon, we select appropriate parameters and depict the three-
dimensional, density, and curve plots as shown in Figures 10 and 11. Both solutions present a multi-crest
and multi-trough spatial distribution with a distinct torque-shaped core [40], a hallmark of the nonlinear
interaction between the localized lump wave and the propagating exponential wave. Figure 10(c) shows
that the symmetry of the crest-trough pairs about the origin when the time variable takes opposite
values. In contrast, Figure 11(c) displays a directional propagation tendency toward the origin along the
y-axis. Moreover, in the density plots, we can see the clear interference fringes and the dynamic profile
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evolution, which manifest the mutual modulation of the spatial confinement of the localized lump and
the extended propagation of the exponential wave, which is the intrinsic physical manifestation of the
balance between nonlinearity and dispersion [9]. Furthermore, if different parameters are selected, the
structure of the interaction solutions will change accordingly.

50

26"
4 50
& , 50 0 50 2

40 20 0 20 40
X

(@) (b) (©
Figure 10. Interaction solution between the lump and exponential function we with: &,
_1’83 = 2’84 = 1586 = _1787 = 1,88 = 17p1,r = _%apZ,r = 2’,03,r = _laa = 3’b1 = _17b2
1,b3 = —1,t = 1. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

|-

(a) (b) (©

Figure 11. Interaction solution between the lump and exponential function w; with: &, =
2,83 = —2,86 = 3,88 = —1,89 = 2,52 = —1,54 = _2,p1,r = l,pz,r = 2,p3’r = —2,(1 = 3,b1 =
2,b, = —1,b; = 3,t = 2. (a): Three-dimensional plot; (b): density plot; (c): curve plots.

6. Conclusions

This article concentrates on obtaining the exact solutions of the (2+1)-dimensional gHSISWW-like
equation via the bilinear neural network method. As far as we know, few scholars have investigated
the exact solutions of this equation. By constructing “3-2-3-17,“3-2-2-1”, and “3-3-1” models, we
successfully derive the three-wave solutions, rogue wave solutions, and interaction solutions between
the lump and exponential function of Eq (1.5). To better present the physical properties of the solutions,
we generate three-dimensional, density, and curve figures of the three solutions via MATLAB. From this

Networks and Heterogeneous Media Volume 21, Issue 2, 669-692.



682

article, we can see that the BNNM can effectively derive the exact solutions of NPDEs. In subsequent
research, we will extend the BNNM to other nonlinear evolution equations including fractional-order
equations and investigate their exact solutions and dynamic behaviors under more general conditions.
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Appendix A

Based on Eqgs (3.19)—(3.21) in reference [39], Eq (1.5) can be derived from Eq (1.4). The derivation
is given below:

fwdx

Step 1: From transformation Eq (1.3), we obtain f = e 2 .
Step 2: By applying the procedure shown in [flz] . to both sides of Eq (1.4), we obtain the following
equation after simplification:

85 (12 Fuy + 20ef7 = [hufy = 2 Fiuhh) + 0af Fu + 02f" free +
831 fuay + 20, [ 12 + 61 (£ (21 = [ ho) + £ (£ (=10) = Fuhs + o))~

54fftfxx + 262](3 - 254ffxfxt - 6fxfxtfxx - 362ffxfxx - 253ffxfxy +
253fxzf;1 + 3ffxtfxxx + 3ffxxfxxt - 53ffxxf;: =0.

(Al)

Step 3: Substituting f = e# into Eq (A1) and simplifying, we can obtain

3wiw, + w? (9wx (f w; dx) + 6th) + 6w)2€ (f w; dx) + 12ww,, +

804wy + 12w, Wy + 802 Wiy + 803Wyy + 81wy, + 805wy + (A2)

6w (wxx (f w, dx) + 3wth) =0.

Step 4: Upon simplification of Eq (A2), we can obtain the equation as follows:

3wiw, + InwPw, fw, dx + 6ww,, fwt dx + 18ww,w, +

6w§ f wydx + 12ww,, + 6W*w,, + 12w,w,, + 88 Wy + (A3)

B0rWyy + 803wy + 804wy + 895wy, = 0.

This is Eq (1.5).
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Appendix B

In this section, we provide the Mathematica notebook containing the calculation procedures for all
results presented in this paper. They are organized as follow:

(1) The Mathematica code implementing the derivation from Eq (1.4) to Eq (1.5):

Step I: T = 3ax,xf[x’ Y, t]ax,tf[x’ Ys t] + 61f[x’ Y, t]ay,tf[x’ Y, t] - 6latf[-x’ Ys t]ayf[x’ Vs t] +
62f[-x’ Y, t]ax,xf[x, Ys t] - 626§f[x’ Ys l] + 53f[x, ys t]ax,yf[x’ Y, t] - 530xf[x» Y, t]ayf[xv Y t] +
64 f[x, 3, 005 f1X, 3, 1] = 640, f1x, ¥, 10, fx,y, 1] + 65 f[x,y, 110y, f[x, y, 1] = 6505 f[x, y,1] = 0

Step 2: Simplify[axm =0]

f wlx,y,tldx

Step 3: Substituting f[x,y,f] =€ 2 _ into Simplify[axm =0]
(2) The Mathematica code implementing the derivation of Eqgs (3.2) and (3.3):
Step 1:
& = by +ext+ex+ &y
& = by + gt + E4x + &5y
& =&1p31 + &30+ b3
&4 =611+ Epa0 + Dy
& = &psy + Epsp + bs
f = Expl&los, + Expl=&lpa, + Sin[éslps, + Cos[éslps, + a
p01y1 = Expand[3ax,xfax,tf+51f8y,tf_518tfayf+52fax,xf_526)25f+53fax,yf_536xfayf+54fax,tf_
640tfaxf + 65fay,yf - 5563](‘]
Step 2: poly2 = polyl /.Sin[p4; (by + tes + xe1 + Y&3) + pan (by + teg + xE4 + yEs) + bs]> - 1 -
Coslpay (by + tez + xe1 +y&2) + pan (by + teg + x4 + yes) + bs]?

Step 3:
poly3 = Collect[poly2,M]
M is follows:

ep3,1(b1 +e3t+€] )C+62y)+p3,2(b2 +86t+84x+85y)+b3
’
e P31(bitesrteixtery)—p3a(bytesttesxtesy)—bs
’
eng,l (b] +e3t+€] X+82y)+2p3,2 (bz +&¢6 t+£4x+85y)+2b3
9

e—2p3’1 (b] +e3t+&] x+£2y)—2p3,2(b2 +85t+84x+85y)—2b3
b

Sin[ps (b + &3t + £1x + £2) + par (by + g6t + 84X + &5Y) + b4],

Coslps) (by + &3t + €1x + £) + pan (by + 6t + €4x + £5Y) + b4],

Sin[ps (b + &3t + &1x + &) + pso (by + g6t + 84X + &5Y) + bs],

Coslps (b + est + e1x + £)) + pso (by + g6t + €4 + &5Y) + bs]

Step 4:

Solve[A,B], where A is the system of equations formed by setting all coeflicients of poly3 to zero
and B is the solution parameter chosen for Eqs (3.2) and (3.3).

(3) The Mathematica code implementing the derivation of Eq (3.4):

Step 1:

2_s 2

__&p3 __&p32 _ _ &pal __ —62,—05¢5 _ _diss _ P32P5.1
& = P31 &2 = P31 &6 = P42 103 = £485 104 = o5 P52 P31
&l =b+et+ex+ &)y

& = by + gt + £4x + Esy

& = E1p3y + Epsp + bs
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&y = E1pay + Epan + by

& = &psy +Epsp + bs

f = Expl&lps, A + Exp[=&3]pa, + Sin[é4]ps, + Cos[&s]ps, + a
wq —Slmphfy[Z 7 ]

Step 2:

_ £4P3204.1
Q1 = b1pay + bapan + EapanX — ==X + E5pa2y —

Q, = bips %4‘8%11——9 + bs

Q3 — eh1,03 1+b2p32+E303,11+ Q4 +b3

£5032P4,1
P31

&
Q4 — 3.032.0411_

(4) The Mathematlca code implementing the derivation of Eq (3.6):
Step 1:

_ &P52 _ &Pzl _ —05&203,105,1—01E603205,1101E603,1052
83 - ’84 - $85 - S ’
Ps.1 P32 503,205.1
5y = (852205,1-0126p5,2)(838105,1+058205,1~6186052 )
y = —
55‘91951 ’
5. = 51( 5281p51—(5582p51+5186;052) _ p4opsi
4= 0581P5,1 41 = P52

&L =D+t +e1x+ &)y

& = by + g6t + £4X + &5

& =&1ps1 +Epsp + by

&y = &1pay +Epan + by

& = Eps, + Epsp + bs

f = Expl&lps, ; + Expl—&3]pa,r + Sin[é4]ps, + Cos[&s]ps, + a
Wy= Slmphfy[2 7 ]

Step 2:

Q= eb1p3,1+bap3ateps pt-Qetbs
Qo = —p42 (Q4 + Q5) + bopsn + by
Q3 = bips;1 + bopsy + &1p51x + £2051y — Qsps + bs

b 10 &
94 — 1951 _ €1P5.1 ¥ — 2,05,1y
P52 P52 P52
618603,105,2 2031 918
Qo = 8831 P52y 1y, 4 818
5 P32 05032051 y P32 y 05 Yy
618603,105,2 0186032
Q, = 2o 1'052[ +
6 05051 y s y

(5) The Mathematlca code implementing the derivation of Eq (3.8):
Step 1:

&l =b+est+ex+ &y

& = by + g6t + £4X + &5

& = parExplE] + Eps + by

&y = pasExpl&] + Elpay + by

& = pspExplé] + Eps, + bs

f = Expl&lps, + Exp[—=&lpa, + Sin[és]ps, + Cos[éslps, + a

y+bs

polyl = Expand[30,,.f 0. f +61f0y.f ~610:f 0y +062f0xuf = 6203 f + 83 f 0y f =530 fO f +8a f O f =
64atfaxf + 65fay,yf - 5565](]
Step 2:

poly2 =

polyl /.

Sin[ps, (b + &3t + £1x + £,7) 2 + pselrresiteatesy 4 p)2
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1 — Coslps, (by + &3t + £1x + £2)) 2 + psel2rositeaxtesy 4 po)2
Sin[ps1 (by + &3t + £1X + £,7) 2 + pypelrrecrteatesy 4 p 12

1 — Cos[ps, (by + &3t + &)X + £2)) 2 + pyebrresiteartesy 4 p 12
Step 3:

poly3 =poly2 /. &, — 0,&6 — 0,p32 — 0,041 = 0,p5; — 0
Step 4:

poly4 = Collect[poly3,M]

M is as follows:
X, V1, eP3,1(h1+183+y82)2+b3’ 62.03,1(171+183+y82)2+2173 ,

-p3.1(b1+te3 +y82)2—b3 br+xes+yes A2br+2xe4+2y€e5
e , € , € ,
er3l (b1+te3 +y62)2+b2+b3 +X€4+YEs , ep3l (b1 +tes +y52)2+2b2+b3 +2xe4+2y€5 ,

e P3 (b1 +tes +y52)2+b2—b3 +x€4+YEs e P3l (b1 +tes +y82)2+2b2—b3+2xe4+2ya5
b b

Sin[p4’zeb2+xa4+yss + b4], Cos[p4’zeb2+xe4+y55 + b4],
Sl'l’l[p5,26b2+xs4+y€5 + bS], Cos[p5’26b2+x€4+y€5 + bS]
Step 4:

Solve[A,B], where A is the system of equations formed by setting all coefficients of poly4 to zero

and B is &;, &4, and 04.
(6) The Mathematica code implementing the derivation of Eq (3

Step 1:
\2e2-4626562 5365

.9):

61 V/(62-46265 )2 +8361 65

81:098220’84: 586:0964:
p32=0,041=0,p5; =0,

El=b+et+ex+ &)y

fz = by + &6t + E4x + Esy

& = papExplé] + Epa + bs

& = parExpl&] + E1pay + bs

& = pspExplé] + Eps, + bs

26,

2855 ’

f = Expl&lps, + Exp[=&]pa, + Sinléslps, + Cos[éslpe, + a

w3=Simplify[2%/]
Step 2:
Q=b, + % + &5y
Q) = p42ps, COS (€Q'P4,2 + b4) — P5206,- SN (69195,2 + bs)
Q3 = ps,-sin (eg'm,z + b4) + Pe,r COS (69',05,2 + bs)
Q4 (6% - 46265) 8? - 5385
Qs = p31 (by + &30)% + b3
(7) The Mathematica code implementing the derivation of Eq (4
Step 1:
& =b+est+ex+ &y
& = by + &gt + £4X + E5Y
& = papExplér] + 1031 + b3
&4 = pa2Expl&r] + 1041 + by
[ =8psr+Epar+a

Networks and Heterogeneous Media
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polyl = Expand[30, . f Oy, f+01f0y,f =610, fO,f +62fOrxf —620%f +83 [0y [~ 030, fO,f +64f0rsf —
646tfaxf + 55f6y,yf - 558§f]

Step 2:

p01y2 — COHCCt[pOlyl,X, y, 1, eb2+86t+£4x+a5y’ 62b2+286t+284x+285y’ e3b2+385t+384x+3£5y’ e4b2+486[+484x+485y]

Step 3:

Solve[A,B], where A is the system of equations formed by setting all coeflicients of poly2 to zero
and B is the solution parameter chosen for Eq (4.2) and Eq (4.3).

(8) The Mathematica code implementing the derivation of Eq (4.4):

Step 1:

525% +5§55 — __P41P42P4,r

_ _ _¢di&3 _ _ 040585 _ _
e1=0,6 = T, 04 = T, 66 = 0,05 = sror P31 T T

516, °
& =b+est+ex+ &)y
é“z = bz + &6l + E4X + E5Y
& = paExplée] + §1p31 + b3
&y = pasExpl&r] + E1p41 + by
f=8ps,+Eps,+a
wy=Simplify[2%/]

Step 2:
D) = b3e®p3003, + P3,03.0€
O, = p4’26b2+85y + b4€®5
D3 = pg P27 P54V + Dgpy ) + by

bz +&5y

- D6p4,1P4204,r
D, = by—Ds5+e5y ,1P4,2P4,
4= P32 03203
_ X(6495¢5)
s = 5102

Q¢ = by + &3t — y—((i;?)

(9) The Mathematica code implementing the derivation of Eq (4.6):

Step 1:
o = /6246265616361 =0 60 = 0. 6c = 84 \[62 4626586038456 51 = 8364—64 \[02—46,65
2 — 255 »e3 — U,e4 — U,C5 — 25255 » U1 — 252 s
— _P41P42P4r
P32 P3,1P3,r

&L =D+t +e1x+ &)y
é:z = l’)2 + &6l + E4X + E5Y
& = paaExpléa] + £1p30 + by
&4 = papExpl&r] + E1p41 + by
f=8ps, +&Epay+a
ws=Simplify[2%/]
Step 2:
@ = 2b36503,103, + 20581X03 103, + 6381(=Y)P3 03,0
D = 2b405p4,1Par + 205E1X0] 1 Par + 6381(=Y)0F 1 P4.r
D3 = p41 (b1 + D5 + £1x) + Py + by

D6(pa,1042P4.r)
P3,1P3,r

DO, =p3,(b) + Ds + &1x) -

Dz (6,
bt 5(64‘96)
2

(D6 =e”
©; = 25135 (03103 + 3 14
(10) The Mathematica code implementing the derivation of Egs (5.2) and (5.3):

+b3

+&6t
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Step 1:
£l =1 x+ &y +est+ b,
& = e4x + g5y + g6t + by
53 = &7X + &gy + &9t + b3
[ =p1é° + p2,6° + paExplés] +a
p01y1 = Expand 30,\: xfax tf+51fay,tf_510tfayf+52fax,xf_526)25f+53fax,yf_53axfayf+54fax,tf_
540,f0 f + 55fayyf 556 f]
Step 2:
p01y2 — Collect[polyl,x, y, 1, eb3+89t+87x+88y’ 62b3+2891+287x+288y]
Step 3:
Solve [A,B], where A is the system of equations formed by setting all coefficients of poly2 to zero
and B is the solution parameter chosen for Eqs (5.2) and (5.3).
(11) The Mathematica code implementing the derivation of Eq (5.4):

Step 1:
_ &e4&6pay _ 54588§p1,r+52¢965753p1,r+54¢9§58p2,r — 0.5 = (6287+6388)(£263€71 r+E4E6E8P2.r )
& =— ep1y 5 — 8387[)1,,4 ’ — U, 01 — 8%8%[)1J )
5. = 52(828387P1r+848688P2r) 5 _528%_538887
4= £2e8p1,r & ’

1l =1 x+ey+et+ b,
fz = &4X + &5y + &l + b,
& = e7x + g3y + &t + b3
f=pué’ o2 rfz +p3,Explésl +a
We= Slmphfy[2 7 5
Step 2:
£4E6XP2,r

lﬁl:—m+b1+83t+82y

2
E488ELYP2, )
Uy = =5 4 by + gt + £4x + 2 4 B
E3€7P1,r €3 &7

Y3 = dbrEieserpy 02, — 4D1E3E4ECEIPL P2,
(12) The Mathematica code implementing the derivation of Eq (5.6):

Step 1:
_ 04(e388—€289) _ 04&3(e388—E289)P1 _ 588§p1¢r_525953.01,r+5§58p2,r _ 0
& =— 5268 ,E4 = 52666502 ,E5 = P ,E7 =
N 6E902,r
_ 8 —626582—6282
61 — __ 058 63 8 “4%9

&9 04E8€9

fl =& x+&y+et+ b,
é:z = &4X + &5y + &l + b,
& = e7x + g3y + &9t + b3
f=pié° +P2 rfz + p3,Explés] +a
wy= Slmphfy[Z + 5
Step 2:
lﬂl b1 + &3t +

lﬁz - 6833yp1,r 828983yp1,r lﬂ4

648289x _ 64£3x

+ &y

U3 = =20 + by + et + s + 222
Ys = &9ggpn, (b1 + £2Y) + £38602, (D289 + £6E5Y)

2 2y
1/15 _ G4E3XP1y 04E2E9E3XP1 1 E3EZVPLr

T bgepar 8286802, £6£902,r
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Appendix C

In this section, we provide the reasoning why the obtained solutions w satisfy Eq (1.5). The detailed
verification procedure is as follows:
As an example, we consider the rogue wave solution w3 in Section 4.

Step 1: For the rogue wave solution w3 in Section 4, based on transformation Eq (1.3), we obtain
f _ efw; dx

Step 2: Verified via Mathematica, we confirm that the function f obtained by substituting Eq (4.2)
into Eq (4.1) satisfies Eq (1.4). Therefore, the function f obtained also satisfies [flz] . = 0. The detailed

Mathematica verification code can be found in Appendix B.

d.

Step 3: According to Appendix A, Eq (1.5) is obtained by substituting f = e¥ into Eq [}%] =0
followed by simplification.

Step 4: Therefore, in Step 1, the function f obtained by substituting w; ensures that equation
[}%] « = 0 holds, which further verifies that wj satisfies Eq (1.5).

Remark: The verification that other solutions w satisfy Eq (1.5) follows the same steps as above.
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