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Abstract: This study focused on the unsteady magnetohydrodynamic (MHD) flow and heat transfer of
fractional viscoelastic nanofluids over an infinite vertical plate within a porous medium. Both ramped
and isothermal wall temperature conditions were considered, along with the effects of heat injection and
consumption. The momentum equation was formulated based on a dual-parameter fractional Maxwell
constitutive relation, while the energy equation incorporated a fractional dual-phase-lag (DPL) model.
The resulting fractional integrodifferential governing equations were solved numerically using a finite
difference method combined with the L1 algorithm and the weighted-shifted Griinwald difference
scheme. The accuracy of the proposed numerical scheme was verified through manufactured solutions.
Numerical results show that increasing porous medium permeability enhances fluid flow, whereas a
stronger magnetic field suppresses it. The effects of the phase-lag parameters on the thermal boundary
layer differ under ramped and isothermal wall temperature conditions: the phase lag of the temperature
gradient leads to a monotonic thickening in the former but a nonmonotonic variation in the latter,
whereas the phase lag of the heat flux exhibits an opposite trend. This study provides valuable insights
into the application of fractional integrodifferential models for the design and optimization of thermal
systems involving nanofluids.
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1. Introduction

A nanofluid is a homogeneous mixture of a base fluid and nanoparticles with characteristic sizes
smaller than 100 nm, first introduced by Choi and Eastman [1]. Common base fluids include water,
ethylene glycol, and various oils [2], while the suspended nanoparticles are typically metals: metal
oxides, metal carbides, or carbon-based materials. The thermophysical properties of nanofluids
depend on several factors, including the type, shape, and size of nanoparticles, their stability in the
base fluid, and the properties of the base fluid itself [3]. For example, Eastman et al. [4] showed that
the addition of copper nanoparticles to ethylene glycol can significantly enhance thermal conductivity.
Owing to their superior heat transfer performance, nanofluids have found widespread applications in
electronic cooling, oil recovery, refrigeration, solar energy systems, and desalination [5].
Consequently, the transport behavior of nanofluids has been extensively studied, leading to the
development of various models for describing their flow and heat transfer characteristics. These
studies have addressed different thermophysical aspects, such as thermal conductivity [4], density [6],
and viscosity [7]. However, classical Newtonian constitutive relations are often inadequate for
describing complex transport behavior in nanofluids, especially when memory effects, viscoelasticity,
and anomalous transport processes become important. To overcome these limitations, fractional
calculus has been incorporated into generalized constitutive models, providing a more flexible
framework for characterizing the rheological behavior of complex fluids. In recent years,
fractional-order models have been increasingly applied to viscoelastic nanofluid dynamics. Zhao
et al. [8] established boundary-layer equations for viscoelastic nanofluids based on a fractional
Maxwell model, while Shen et al. [9] extended the Buongiorno model by employing a fractional
Cattaneo constitutive relation to analyze the heat and mass transfer behavior of Sisko nanofluids. Liu
et al. [10] investigated laminar boundary-layer flow over a moving plate using a distributed-order
time-fractional Maxwell constitutive relation, Feng et al. [11] proposed a generalized Kelvin—Voigt
constitutive framework for nanofluid thermal boundary layers, and Mao et al. [12] derived fractional
integrodifferential governing equations based on a dual-parameter fractional Maxwell constitutive
relation to study the natural convection flow of nanofluids. These studies indicate that fractional
constitutive modeling has become an important direction in the current development of nanofluid
transport theory. For further related work on fractional constitutive models in viscoelastic fluids,
readers are referred to refs. [13—15].

Magnetohydrodynamic (MHD) flow and radiative heat transfer also play important roles in many
natural and engineering processes, such as volcanic eruptions, auroras, solar flares [16], heat
exchangers, geothermal extraction equipment, and aerospace propulsion systems [17]. In electrically
conducting nanofluids, the application of a magnetic field generates electromagnetic forces that can
significantly modify the velocity field, thermal boundary layer development, and overall transport
behavior. For this reason, the study of MHD flow and heat transfer in nanofluids and viscoelastic
fluids has attracted considerable attention. Chamkha and Aly [18] examined natural convection in
nanofluids under the combined effects of the magnetic field, nanoparticles, and heat generation.
Anwar et al. [19] investigated MHD convective flow of an Oldroyd-B fluid in a porous channel with
nonlinear thermal radiation. Dharmaiah et al. [20] studied nonlinear radiative MHD effects on
micropolar nanofluid flow over a stretching surface, while Bejawada and Nandeppanavar [21]
analyzed MHD heat transfer in micropolar fluid flow along a vertical porous plate by considering
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micro-rotation, thermal radiation, and magnetic effects. Saleem et al. [22] further employed intelligent
computing techniques to simulate chemically reactive and radiative magnetized Casson nanofluids
over a nonlinear stretching sheet. More recently, Sheng et al. [23] developed a new MHD model to
investigate the coupled flow, heat, and mass transfer of a fractional Oldroyd-B fluid along a moving
vertical plate. These contributions show that the combined effects of the magnetic field, radiation, and
porous structures have become an important part of the current state-of-the-art works in complex
nanofluid transport research. Additional studies in this direction can be found in refs. [24,25].

Another important aspect in transient heat transfer is the thermal boundary condition at the wall. In
many practical heating processes, the wall temperature does not rise instantaneously to a prescribed
value but instead increases gradually with time. Therefore, ramped wall temperature conditions often
provide a more realistic description than idealized isothermal heating. Such conditions are relevant to
thermal startup and controlled heating processes [26], and have consequently attracted increasing
research interest. Ahmed and Dutta [27] first introduced ramped wall velocity and temperature
conditions to study transient flow and mass transfer over an oscillating plate. Chandran et al. [28]
subsequently examined the influence of ramped wall temperature on convective flow of viscous fluids,
and Seth et al. [29] extended this analysis by incorporating porous medium effects. More recently,
Rao and Deka [30] investigated the heat transfer characteristics of a Casson hybrid nanofluid over a
vertically stretched plate under magnetic influence, showing that ramped wall temperature and
velocity conditions can significantly modify flow behavior and thermal transport performance. These
studies demonstrate that the wall heating mode is a key factor in transient boundary-layer
development and should be carefully considered in nanofluid heat transfer analysis. Further related
studies on ramped wall temperature conditions are available in refs. [31-33].

Although previous studies have examined MHD effects, porous medium flow, fractional
viscoelastic behavior, and ramped wall heating from different perspectives, their combined effects on
unsteady nanofluid flow and heat transfer have not been sufficiently explored within a unified
fractional framework. Motivated by this physical consideration and recent developments in fractional
nanofluid modeling, the objective of the present study is to examine the unsteady MHD flow and heat
transfer of fractional viscoelastic nanofluids past an infinite vertical plate in a porous medium under
ramped and isothermal wall temperature conditions, while also accounting for heat
injection/consumption. The main contributions of this paper include:

e A fractional integrodifferential model is developed for the unsteady MHD flow and heat transfer
of viscoelastic nanofluids in a porous medium. In this model, the momentum equation is derived from
a dual-parameter fractional Maxwell constitutive relation, while the energy equation is formulated
through a fractional dual-phase-lag heat conduction law. The model also incorporates ramped and
isothermal wall temperature conditions together with heat injection/consumption effects.

e A finite difference framework is developed for the coupled fractional governing equations. Its
numerical accuracy is verified through manufactured solutions, while its reliability is further
supported by comparisons with several classical nanofluid models. The comparison results indicate
that the constructed fractional constitutive model can recover different limiting cases, demonstrating
its generality, and can better capture the heat and mass transfer behaviors of viscoelastic fluids.

e Numerical results reveal that the relaxation time A and the fractional integral index 3; suppress
the convective flow, whereas the associated fractional derivative order «; enhances the nanofluid
velocity. Moreover, increasing the permeability of the porous medium promotes fluid motion, while a
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stronger magnetic field inhibits the flow. For the thermal boundary layer, the two phase-lag
parameters exhibit opposite influences, and their effects under isothermal wall temperature conditions
are nonmonotonic. In particular, the thermal boundary layer is more sensitive to the phase lag of the
temperature gradient 7.

This paper is organized as follows. In Section 2, a mathematical model for viscoelastic nanofluids
is formulated using the dual-parameter fractional Maxwell constitutive relation and the
time-fractional DPL equation. In Section 3, the boundary layer equations are discretized and solved
using the finite difference method, incorporating the L1 algorithm and the weighted-shifted Griinwald
difference scheme. In Section 4, two source terms are introduced into the governing equations to
validate the proposed numerical scheme. In Section 5, the effects of key parameters on nanofluid flow
and thermal characteristics are analyzed. Finally, Section 6 summarizes key conclusions.

2. Mathematical formulation

We examine the transient natural convection and heat transfer of an incompressible nanofluid past an
infinite vertical plate within a porous medium, shown schematically in Figure 1. A transverse magnetic
field By and thermal radiation ¢, are applied to the system. Initially, both the plate and the nanofluid
remain stationary with a uniform ambient temperature 7_. For ¢ > 0, the plate begins to move at a
constant velocity uy, while its temperature varies linearly with time as T + (T, — T_)t/ty during the
interval 0 < ¢ < ty, after which it remains constant at 7',. As shown in Figure 1, the coordinate system
aligns the x-axis parallel to the plate and the y-axis normal to it. Since the plate spans indefinitely
along the x-axis, the controlling variables for the nanofluid flow depend solely on y and ¢, making the
problem effectively two-dimensional. The infinite vertical plate considered here serves as an idealized
benchmark geometry, which makes it possible to examine the coupled effects of viscoelastic memory,
magnetic field, porous medium effects, and transient wall heating in a clear and tractable manner.
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Figure 1. Diagram of the physical model.

In the present configuration, the ambient fluid is assumed to be initially quiescent and no externally
imposed pressure gradient exists along the flow direction. Consequently, the flow is mainly driven
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by buoyancy forces arising from temperature differences, and the pressure gradient term is neglected
in the momentum equation. Fundamental assumptions governing the nanofluid model comprise: (i)
Local thermal equilibrium prevails between nanoparticles and the base fluid. (ii) Nanoparticles are
uniformly sized and identical in shape. (iii) Given the low magnetic Reynolds number, any induced
magnetic field from fluid motion is insignificant relative to the externally imposed magnetic field. (iv)
The thermophysical characteristics of the nanofluid remain invariant, aside from changes driven by the
volume fraction of the nanoparticles.

2.1. Preliminary knowledge

We first recall the definition of fractional calculus, which plays an essential role in modeling the
viscoelastic behavior of nanofluids.

Definition 1. [34] For fractional order y > 0 and any function f € L' (D), the Riemann—Liouville
fractional integral is denoted as

1 (" fGpdn

I = .
10 Iy Jo t—n)'”

Definition 2. [34] The y-order Riemann—Liouville fractional derivative for any function f € L' (D) is
givenby(n—1<vy<n neN)

Ry = Sy () = — iftm
DO = a7 N0 = ro—sam | 7o

Definition 3. [34] The y-order Caputo fractional derivative for any function f € L' (D) is defined as
(n—-1<y<nneN)

C " pdn
Lin=vy) Jo (t—m'r™

‘DI f=071" 1=

For vy € (0, 1), it follows that

. 1 “f () dn
Cprlr(r) = f =D’ (. 2.1
PO = 50 ) Ty = D@ @1

2.2. Fractional stress-strain constitutive relationship
The classical Maxwell constitutive equation governing the stress-strain relationship is established as

do (t) Eda (1)
=T .
dt dt

o) +1 (2.2)
where o (¢) and € (¢) denote the stress and strain, respectively, and the dimensionless constant 7 is the
ratio of dashpot viscosity u to spring modulus E. The Scott-Blair model [35] introduces a fractional
element, effectively capturing material behavior between Hookean solids and Newtonian fluids. This
model admits physical realization through hierarchical arrangements of elastic (spring) and viscous
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(dashpot) elements, including trees, ladders, and fractal networks [36]. The fractional constitutive
relation of the Scott-Blair element in terms of the Riemann—Liouville derivative can be expressed as

o(t)= ET"®Dle(t), 0<y<l. (2.3)

Fory = 0, Eq (2.3) reduces to Hooke’s law, while for y = 1, it recovers Newton’s law. To generalize
the Maxwell model, the dashpot and spring are replaced by two fractional elements, whose constitutive
relations are defined as

o () = E;ti" D%, (1), O0<a<l, (2.4)

oy () = Bt Dler (1), 0<pB< 1. (2.5)

This leads to the dual-parameter fractional Maxwell model

o () + T PRD P (1) = ET*®ID% (1), 0 <a,B <1, (2.6)

1/(a—p) R . .
where 7 = (Elrfl’/Ezrg) and E = E(7;/7)". Without loss of generality, taking o; = ¢ -, a» = «,
Eq (2.6) can be rewritten as [37]

o) + A o (1) = EXRIDP e (1), O0<ay <B <1, (2.7)

where A denotes the relaxation time. From the perspective of mechanical construction, the
dual-parameter fractional Maxwell model inherently implies the condition a; < 3;, thereby avoiding
the unphysical phenomenon of an increasing relaxation function [38] when «; > B;. Compared with
the single-parameter fractional Maxwell model, the dual-parameter fractional Maxwell model
introduces two fractional orders that provide greater flexibility in characterizing viscoelastic memory
effects. Model (2.7) reduces to the classical Maxwell model when a; =8, = 1. I[f @y = 0and g, = 1,
it simplifies to the classical Newtonian viscosity law. Using the properties of Riemann-Liouville
fractional calculus [39], the right-hand term in Eq (2.7) can be reformulated as

de(t
RLpfie (r) = 1P (ﬂ) (2.8)
dt
For the present problem, the constitutive relation (2.7) becomes
a1 RLy1 B1—1 71 ou
Oy + A"D oy = pd”' 77, a_y , (2.9)

where u is the velocity component.

2.3. Fractional heat conduction constitutive relationship
Based on the Rosseland approximation [40], the radiation heat flux is expressed as

4o, OT*

2.10
3k, Oy’ (2.10)

qr =
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where o, indicates the Stefan—Boltzmann constant, k, denotes the absorption coeflicient, with 7" being
the nanofluid temperature. By applying a first-order Taylor expansion to T* about T, the radiation
heat flux can be approximated as

160,T3 OT
=2 2.11
q 3k oy (2.11)
Combining this with Fourier’s law of heat conduction:
q = —kVT, (2.12)
the effective conduction—radiation heat flux can be obtained as [41]

160, T3\ T oT
off = — |k + —=2"| — = —keg—, 2.13
R S A &1

where k represents the thermal conductivity, and the effective thermal conductivity k.g is defined as

3
kg = k + 00T (2.14)
3k,

The DPL model accounts for microstructural interactions and relaxation effects by incorporating
two relaxation parameters into both the heat flux 7, and the temperature gradient 7,,, which are caused
by thermal inertia and microstructural interactions [42]. Utilizing the Caputo fractional derivative and
the fractional Taylor series expansion [43, 44] in the non-Fourier heat conduction model, the
generalized DPL model has been studied by Ji et al. [45,46]. The parameters @, and 3, reflect the
nonlocal behavior and memory effects in the evolution of the heat flux and temperature gradient. To
maintain dimensional consistency, the time lags 7, and 7, are normalized as 7> and T'fz, respectively.
Accordingly, the time-fractional dual-phase-lag model in terms of the Caputo derivative is derived as

4.0 + TPDPq(y, 1) = =k {VT(y,0) + T2DEVI (1)}, 0< .y 1. (2.15)

Notably, when @, = 8, = 1, model (2.15) reduces to the classical DPL heat conduction model. The
fractional Cattaneo heat conduction law and the classical Fourier law are obtained when 7, # 0, 7, = 0,
and 7, = 7, = 0, respectively. Considering the effective conduction-radiation heat flux, the constitutive
relation (2.15) is modified as

(1 + 72D qen(y. 1) = ke (VT (v, 1) + 72DEVT (3, 1)} (2.16)

This formulation captures the combined effects of thermal memory and radiation-enhanced
conduction, thereby providing a more comprehensive model for heat transfer in nanofluids.

2.4. Fractional boundary layer governing equations

Based on the above hypotheses, the governing equations for the boundary layer’s laminar
hydromagnetic free convection flow of nanofluids are provided by [47]

ou(y,t) 00y 5
(')t - ay (o_e)nf B()u (y’ t)

%” 0.0 + ©EBr)nglT v, 0) - T_], (2.17)

Pnf
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oT (y,
(PCp)nt g D —Vger + QolT (v,0) =T, (2.18)

where the parameters are defined as follows:

Pne - Nanofluid density, e : dynamic viscosity, (8r), : volumetric coefficient of thermal expansion,
(0 )yt : €lectrical conductivity, vy = (u/p)yr : Kinematic viscosity, (C,)ys : isobaric heat capacity,

g : gravitational acceleration, K’ : permeability of medium, Q) : heat injection/consumption.

This study focuses on nanofluids containing spherical nanoparticles.  Table 1 lists the
thermophysical properties of the base fluid and nanoparticles used in this study. Water is selected as
the base fluid due to its wide use in heat transfer systems, low cost, environmental compatibility, and
relatively high heat capacity. The nanoparticles Cu, Ag, and TiO, are chosen as representative
materials with distinct properties: Cu and Ag feature high thermal conductivity, whereas TiO, offers
good chemical stability and dispersion behavior in water. These water-based nanofluids are widely
used in thermal management applications such as electronic cooling, heat exchangers, and energy
systems [48,49]. The relationship between the thermophysical properties of the nanofluid and its
components is described by [50]

knp + 2kbf - 2g0 (kbf - knp)
knp + 2kps + () (kbf — knp)
(0Co),, = 1 =@)(Cp),, + 0 (0Cs), o OB = (1= @) (DB + @ (0Br)p -

3(ﬁ (O" — 1) ] ; (O-e)np
(" +2)—p(o’ - 1]’ (Tt

Mot
(1 _ "0)2.5’

Hnf = Pnt = (1 = @) por + @Pnp,  knr = k¢

(O-e)nf = (O-e)bf [1 +

Here, the subscripts “np”, “bf”, and “nf” stand for the nanoparticles, base fluid, and nanofluid,
respectively, while ¢ represents the nanoparticle volume fraction. In nanofluids, microscopic
interfacial interactions (particle-particle and particle-fluid coupling, including Brownian motion) may
modify the effective thermophysical properties of the suspension, such as viscosity, thermal
conductivity, and the thermal expansion coefficient. In the present model, these effects are
incorporated implicitly through the effective thermophysical properties defined above, thereby
influencing the flow and heat transfer behavior.

By substituting the generalized constitutive relationships (2.9) and (2.16) into Eqs (2.17) and (2.18),
respectively, we derive the fractional governing boundary layer equations:

(91/[ (y, l) -y f/lﬂl_lll_ﬁl (62”()” t)) _ ((O-e)nf Bg
n t

(1 +am%Dp) ot 9y Pt

+ 8 By (1 + DY) [T (1) - T, ], (2.19)

+ %) (1 + A7) u(y, 1)

oT (y,1)  kemr (1+Tﬁ2cDﬁ2)a2T(y’t)+ Qo

1 + 72¢p*» = T
( ' ) ot (pcp)nf ! ayZ (pcp)nf

(1+ 72D T - T].
(2.20)
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The initial and boundary conditions are prescribed according to the physical setup of the present
problem and the standard assumptions of transient free-convection boundary-layer theory with ramped
wall heating. Thus, the governing equations are supplemented by the following initial and boundary
conditions [51,52]:

uy,00=0, T(y,0)=T_, y=>0, (2.21)
u(,t) = uy, t>0, (2.22)
T +(T,—-T)t/ty, 0<t<t,
T (0, 1) :{ SR UL 0 (2.23)
TW’ > th
lim u(y,t)=0, lim T (y,1)=T,. (2.24)
y—+00 y—+o0

To preserve dimensional homogeneity in the proposed nanofluid model, the dimensionless
quantities are defined as

2 2
« _ Uo 1 Uy Uy
yi=—y, u'=—u =—t A =—A,
Vof Uo Vof Vbf
g .U ., T-T,
T = Ty T, = Ty
Vbt Vbt T,-T

To ensure consistency in the nondimensionalization process, the reference time 7, may be specified
as vyr/ug. By substituting these expressions into the governing equations (2.19) and (2.20) and omitting
the dimensionless notation “*”, we derive the dimensionless governing equations:

2
(1 +/l(11RLD;x1) au (y’ t) — ﬁ/lﬂl_llt]—ﬁl ((9 M(y, t)) _ (@63 + ("2}

) (1+ 275D ) uy, 1)

ot @i ay? o1 @K
+ 02Gr (1+ 27K D) T(y, 1), (2.25)
oT (y,t N Ty, t
(1+72°D) g ) _ ¢ +P C(1+ D) —a(ﬁ ), £ (1+ 72D T, (2.26)
p3rr y ®3

Here, the dimensionless parameters are defined as follows:

) ) P ot Vit
160,,T> C,v
N}":&, Pr:(p—p ) s :Q_ZO(L) .
SKorky ko Uy \PCp |y

The dimensionless parameters are interpreted as follows: Gr denotes the Grashof number, B
represents the magnetic parameter, K is the permeability parameter, Nr denotes the thermal radiation
parameter, Pr represents the Prandtl number, and Q is the heat injection/consumption parameter. The
coefficients ¢; (i =1,2,---,6) are dimensionless functions derived from the thermophysical
characteristics of the base fluid and nanoparticles:

(ﬁT)np C )

On (1 = @) por + @Pup 5 (P r).

901=(1—so)+‘p(_p)’ $2 = =L ops=(l -+ =
Pbof Pnf (p P)bf
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| Kap + 2ot = 260 (Kot = kp) [ 3p(@ - 1)
P4 = = » Y6 =

—S35 ¢s= - - :
=0 7 oy + 2ks + 0 (ko — ki) (@ +2)-¢@ - D)

The dimensionless initial and boundary conditions are determined as

u(y,00=0, T(y,00=0, y=>0, (2.27)
u@,nD=1, >0, (2.28)
t, O0<tr<l,
T, = (2.29)
1, t>1,
lim u(y,t) =0, lim T (y,t) =0. (2.30)
y—+o0 y—+00

Table 1. Thermophysical characteristics of the base fluid and nanoparticles.
Fluid/nanoparticles pkg-m3) C,J-kg"- K k(W-m'-K") Brx10°(K™") o,(S-m™)

Water 997.1 4179 0.613 21 55%x107°
Copper (Cu) 8933 385 401 1.67 5.96 x 107
Silver (Ag) 10500 235 429 1.89 6.3 x 107
Titanium oxide (TiO,) 4250 686.2 8.9538 0.90 2.6 x 10°

3. Numerical technique

In this section, we present the finite difference scheme for solving the governing equations
(2.25)—(2.30). The L1 algorithm and the weighted-shifted Griinwald difference scheme are employed
to discretize the fractional-order operators appearing in the model. @ We first introduce the
discretization of the computational domain, then describe the approximations for time-fractional
derivatives and for mixed derivative terms, and finally give the fully discrete scheme together with its
truncation error.

3.1. Discretization of the computational domain

For the spatial domain [0, L], we define uniform grid points y; = iAy withi = 0,1,..., M, where
Ay = L/M is the spatial step size. For the temporal domain [0, f,on], We set 1, = nAt with n =

0,1,...,N and At = fo/N. For any grid function u! = u(y;,t,) and T!" = T(y;, t,), we introduce the
following notations:

G d! o D=1
WETTA T A
2" ul | = 2ul +ul, ST — T, =2T!+Tt",
y’ @Ay o (Ay)*
The integer-order derivatives at (y;, ¢,) are approximated by
0 is In oT is In 0T is In
WOnt) _ g oy oan, L9 _ gy oy, TEORM) s oayy).
ot ot 0y? Y
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3.2. Discretization of time-fractional derivatives

The Caputo time-fractional derivatives are approximated by the L1 algorithm. For the order a; €
(0,1), we have

CDazT( Vi, n) _ E2 ) l (az)Tn Z(a’(:zzk) X (wz))Tk gn])TzO + 0((At)2—az) (31)

(Af)l 2 X @)y Tk 2
g VT + O((An)™"),

where @\ = (k+1)'=2 — k'~ k = 0,1,...,n — 1. For the order @, + 1 € (1,2), the L1 discretization
based on Eq (2.1) yields

e+ (AD™" | (g 7n @) _ @ 4@
DI T (yi,1,) = TC—a [ VT - Z(an 2 —a WV T —a?V, T |+ OAD, (32)

: -1 _ 70 oT (i,0)
with 77" =T, — At=—.

ot
The following lemma is introduced to discretize the Riemann—Liouville time-fractional derivative.

Lemmal. [53] Forn—1<a<nneN, and f € AC"(D),

G 90 P
RDef(ry = D fy + Y LT
JZ:(; ra+j-a

where AC*(D) := {f : f™ e L'(D)}. If f?(0) = 0 for j = 0,1,. — 1, the Caputo and Riemann—
Liouville derivatives coincide.

Owing to the homogeneous initial conditions (2.27), the Riemann-Liouville derivatives
RLDM Uy, 1), RED™ T (y;, 1), and RED® ' u(y;, 1,,) can be discretized by the L1 scheme.

3.3. Discretization of mixed derivative terms

The coupling between fractional operators and spatial derivatives is treated by the weighted-shifted
Griinwald approximation.

Lemma 2. [54] (i) For y > 0, let f € L'(R) with 1,772f(t) and (w)*?F[fl(w) € L'(R). Define the

weighted-shifted Griinwald difference scheme as follows:

(Ary
2(q—p)

Tl = <y+2q>2( 1)( )f(t (k- p)AD
(2p+y)2< 1)( )f(t (k= )An),

with p,q € Z, p # q. Then Alqu(t) =I'f(t) + O((At)*) fort € R.
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(ii) For the Riemann—Liouville derivative,

D S
=20 Z(—l)"(Z)f(t ~ (k= pan)
k=0

RLDLP qf(t) =3
+(2p-7) Z(—D"(Z)f(t — (k= q)An)]
k=0

: RLqy
satisfies Z)Atpq

f@ ="DI () + O((A1?), 1 € R.

Taking (p,q) = (0, —1) in Lemma 2 yields for the fractional integral in the momentum equation

_ﬁl( )(Y ) = (AD)! ﬁ‘[ A an D A THa 1-A nz_]l w(l_ﬁ‘)cizu.”_k_l} + O((AD* + (Ay)?)
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wherew( P = (- 1)"(’31 )and

B1) _ 1461, (1-B1) B _ 1461 (1—,31) 1-81 (1 ,31)
0o T 2 W > Y T w0t (k=>1).

Similarly, for the Caputo derivative in the temperature equation, we obtain

PT 2+ 6 © B S
_ 2 n— 2 n—K—
Csz( dy? )(Yi,l‘n) = (A 2 } g T ~ 2 z: g T+ 0((An? + (A7)
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with g = (=1)%(%2), and

(B2) _ 2 (B2) B2 _ 2 (B2) (B2)
Ay _+Tﬁ2g02’ 4 —+Tﬂzgk2 2gk21 (k> 1).

3.4. Fully discrete scheme

Substituting the above approximations into the governing equations yields the following
discrete scheme:

_ n—1
-
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where the truncation error is of order O(At + (Ay)?). Due to the nonlocal nature of fractional
operators, the evaluation of the L1 formula and the weighted-shifted Griinwald difference scheme
requires convolution sums over all previous time levels. Consequently, the computational cost scales
approximately as O(N?) with respect to the number of time steps N, while the memory requirement
scales as O(N). This reflects the inherent history dependence of fractional derivatives.

The dimensionless initial and boundary conditions are discretized as

wW=0,T=0,0<i<M,;

th, 0<t,<1,
up =1, Tp =4 " " ,uy=0,Ty =0, 1<n<N.
1, t,>1,

The governing momentum and energy transport equations are embedded directly into the finite
difference discretization framework, ensuring that the numerical solutions satisfy the underlying
physical transport mechanisms and improving the overall accuracy of the computed velocity and
temperature fields.

4. Numerical validation and model comparison

In this section, numerical experiments are conducted to verify the accuracy and reliability of the
proposed numerical scheme. First, the method of manufactured solutions is employed to examine the
convergence behavior and error characteristics of the scheme. Then, the present model is compared
with several classical and fractional nanofluid models to further demonstrate the consistency of the
numerical results.

4.1. Numerical validation and error analysis

To validate the accuracy of the proposed numerical scheme, the method of manufactured solutions
is employed. By introducing two artificial source terms g;(y, t) and g, (y, t) into the governing equations
(2.25) and (2.26), exact solutions for the velocity and temperature fields can be constructed within the
computational domain (y, ¢) € [0, 1] X [0, t,or1]. This approach allows a quantitative assessment of the
numerical errors and convergence behavior of the proposed finite difference scheme. The modified
governing equations with the source terms take the form

Ou (y, 1) I u(y,0) _ gy 1 (P, 0\ (@B | ¢ i
g BOs-l - 1 +A"— ,t
ot " Or+1 ¢ ! 0y? ¢ " 0 K " ot U

1 )T(y 0+ 1000, @.1)

+ cszr(l + A" g
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oT (y,1) 0T (y,f) s+ Nr P\ o*T(y,t) Q a0
+ 72 = 1+77 + = |1+72—|TO, 0+ &0 1),
61» Tq 8l-(lz+1 ()03Pr T atﬂz ayz QD} Tq ath (y ) gZ(y )
4.2)
along with the initial and boundary conditions
u(@,0) =1, T(y,0)=1; (4.3)
u@,)=1, u(l,n)=1, TO0,n =1, T(1,1) = 1. 4.4)

The exact solutions are assumed as

u(y,t) = y(1 =y + 1, T(y, 1) = y(1 — y)* + 1.

By substituting these solutions into the modified governing equations, we determine the
required source:

g1, =y(1-y)
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+
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The source terms are constructed consistently with the governing equations so that the difference
between the Riemann-Liouville and Caputo derivatives does not influence the numerical verification.
The numerical solutions obtained using the proposed scheme are then compared with the exact
solutions to evaluate the accuracy of the numerical method.

Table 2. L™ errors and convergence orders for u(y, ) and T'(y, t).

u T
At Error Order Error Order
1/10 2.9426 x 1073 - 1.0318 x 1072 -
1/20 1.4955 x 1073 0.976 5.2074 x 1073 0.987
1/40 7.5146 x 10 0.993 2.6183 x 1073 0.992
1/80 3.7646 x 107 0.997 1.3136 x 1073 0.995
1/160 1.8845 x 1074 0.998 6.5820 x 107 0.997

In the calculation, the parameters are chosen as 4 = 0.2, B = 2, K = 0.5, Gr = 7, 7, = 0.2,
7, =02, Nr=0.75,Pr=638,0 =0.5,a, =0.2,a, =04, 5, =0.3, 8, = 0.5, and #,oy = 1. Table 2
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lists the L™ errors and the corresponding temporal convergence orders for both the velocity and
temperature fields at r = 1 with Ay = 1/800. As the time step At decreases, the numerical errors
reduce and the temporal convergence order approaches first order, which is consistent with the
truncation error analysis presented in Section 3. These results confirm that the proposed numerical
scheme achieves the expected first-order temporal accuracy. Figure 2 further compares the numerical
and exact solutions, showing excellent agreement over the computational domain. The results
demonstrate that the developed numerical scheme is robust and suitable for solving the present
fractional governing equations. All computations were performed using MATLAB R2016a on a
LENOVO laptop equipped with an AMD Ryzen 5 3500U CPU (2.10 GHz) and 8 GB RAM.

125

120

@ Numerical solution for velocity
115 A Numerieal solution for temperature
Exact solution

u/T

110 -

105

1.008 . . : :
0.0 0.2 0.4 0.6 08 1.0

Y
Figure 2. Comparison between the numerical and exact solutions at # = 1 with Ay = 1/800,
At = 1/40.

4.2. Comparison of different nanofluid models

To further confirm the reliability of the numerical results, the present model is compared with
several classical and fractional nanofluid models. Figure 3 illustrates the velocity and temperature
distributions predicted by four representative models. As demonstrated in Section 2, the proposed
fractional constitutive relations can recover several classical models through appropriate parameter
selections. When «; = 0.3 and 8, = 0.7, Eq (2.7) corresponds to the dual-parameter fractional
Maxwell model, while setting 8; = 1 reduces it to the single-parameter fractional Maxwell model.
The limiting cases @; = B; = 1 and @y = 0, 8; = 1 recover the classical Maxwell model and the
Newtonian viscous law, respectively. Similarly, when @, = 0.8 and 8, = 0.8, Eq (2.15) represents the
fractional DPL heat conduction model, which reduces to the fractional Cattaneo law when 7, = 0.
The classical DPL and Fourier laws are obtained when a, = 8, = 1 and 7, = 7, = 0, respectively.

As shown in Figure 3(a), the velocity boundary layer is thinnest in the classical Newtonian model
due to the absence of viscoelastic memory effects, resulting in more direct momentum diffusion. The
single-parameter fractional Maxwell nanofluid model yields a velocity profile whose thickness lies
between those of the classical Newtonian and ordinary Maxwell models, reflecting the viscoelastic
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memory introduced by the fractional derivative. Furthermore, the velocity boundary layer is thickest in
the dual-parameter fractional Maxwell nanofluid model, indicating that the inclusion of two fractional
orders enhances the viscoelastic memory characteristics and provides greater flexibility in describing
the rheological behavior of complex fluids.

Regarding the temperature field, Figure 3(b) shows that the thermal boundary layer thickness
exhibits relatively small differences among the classical Fourier model, the ordinary DPL model, the
fractional Cattaneo model, and the fractional DPL model. The classical Fourier nanofluid model
displays the largest thermal boundary layer thickness. When the phase-lag effects are introduced, as in
the classical DPL model, the thermal boundary layer becomes slightly thinner. A further reduction is
observed in the fractional DPL nanofluid model, while the fractional Cattaneo nanofluid model
exhibits the thinnest thermal boundary layer. These results indicate that both phase-lag parameters
and fractional-order effects influence the heat conduction process by modifying the temporal memory
and nonlocal characteristics of thermal transport.

Overall, the results demonstrate that the proposed numerical scheme is robust and suitable for
solving the present fractional governing equations. The degenerated classical models exhibit physical
behaviors consistent with the results in [55], which further supports the validity of the proposed
governing equations and the reliability of the numerical method.

Solid line: ramped wall

- Solid line: ramped wall
(X7 |\ Dashed line: isothermal wall

09 % Dashed line: isothermal wall

0.08, .
N ; .
£
0.07]
0.08

65 06

(a) Effects of different models on u (b) Effects of different models on T

Figure 3. Velocity and temperature distributions for different models where (a) 4 = 0.05,
B=0.5,K =0.15,and Gr = 7; (b) 7, = 0.05, 7, = 0.01, Nr = 0.75, Pr = 6.8, and Q = 0.5.

5. Results and discussion

To obtain a comprehensive understanding of the physical mechanisms governing the present
problem, a parametric analysis is conducted. These results not only illustrate the mathematical
behavior of the proposed fractional model, but also provide insights into how viscoelastic memory
effects and phase-lag heat conduction influence the momentum and thermal transport processes in
nanofluid systems. Such findings are relevant for engineering applications involving complex fluid
transport and heat transfer, including thermal management systems, porous medium flows, and
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microscale heat transfer processes.

The flow characteristics are illustrated graphically under both ramped and isothermal wall
temperature conditions, where solid lines represent the solutions for ramped wall temperature, while
dashed lines correspond to the isothermal wall temperature condition. The subsequent figures
systematically illustrate the effects of various parameters on the dimensionless velocity and
temperature distributions.  Specifically, the analysis focuses on the effects of fractional orders
(a;,Bi,i = 1,2), relaxation time (4), phase lags (74, 7,), the heat injection/consumption parameter (Q),
the Grashof number (Gr), the Prandtl number (Pr), the radiation parameter (Nr), the magnetic
parameter (B), the permeability parameter (K), time (¢), the nanoparticle volume fraction (¢), and
different nanoparticle types (Cu, Ag, TiO,).

5.1. Effects on the velocity distribution

Figure 4 illustrates the influences of the fractional derivative order @, and integral index (3; on
the velocity distribution. An increase in a; results in a thicker velocity boundary layer under both
ramped and isothermal wall temperature conditions (see Figure 4(a)). Conversely, the influence of
B is entirely opposite and more pronounced (see Figure 4(b)). Figure 5(a) shows the behavior of the
velocity distribution for variations in the relaxation parameter A. It is evident that the velocity boundary
layer thickness reduces as A rises. A similar trend manifests in the magnetic parameter B, where an
increase in B results in a thinner velocity boundary layer (see Figure 5(b)). This occurs because the
applied magnetic field generates a Lorentz force opposing the fluid motion, significantly reducing the
nanofluid velocity. The variation of the velocity distribution with respect to the Grashof number Gr
is depicted in Figure 6(a). An increase in Gr leads to a thicker velocity boundary layer, with a more
pronounced effect under isothermal wall temperature conditions compared to ramped wall temperature
conditions. Figure 6(b) reveals that higher permeability parameter K enhances the velocity profile.
Notably, the velocity boundary layer exhibits high sensitivity to variations in K.

Solid line: ramped wall

- Solid line: ramped wall
09\, Dashed line: isothermal wall

09\’ Dashed line: isothermal wall

- — L L T =
15 2 25 3 0 05 1 15 2 25 3
y Y

(a) Effects of a; (b) Effects of g,

Figure 4. Velocity distribution for the fractional derivative order a; (8; = 0.5) and the
fractional integral index 8 (@, = 0.2) for fixed 4 = 0.1, B=2, K = 0.1, and Gr = 7.
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Solid line: ramped wall

: Solid line: ramped wall
09 i Dashed line: isothermal wall

09 F\% Dashed line: isothermal wall

(a) Effects of A (b) Effects of B

Figure 5. Velocity distribution for the relaxation time A (B = 2) and the magnetic parameter
B (1=0.1) for fixed @; =0.2,8, =0.5, K =0.1,and Gr = 7.
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09\ Dashed line: isothermal wall
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Figure 6. Velocity distribution for the Grashof number Gr (K = 0.1) and the permeability
parameter K (Gr = 7) for fixed 4 = 0.1, a; = 0.2, 8, = 0.5, and B = 2.

5.2. Effects on the temperature distribution

Figure 7(a) describes the impact of the fractional derivative order a, on the temperature profile. The
thermal boundary layer thickness increases with increasing a,. Conversely, the fractional derivative
order B, exhibits an opposite trend, as shown in Figure 7(b). Figure 8 presents the effects of the
time-lag parameters related to heat flux 7, and temperature gradient 7, on the temperature distribution.
Under isothermal wall temperature conditions, the thickness of the thermal boundary layer initially
increases with 7, up to a critical point (y < 0.5), beyond which it decreases. However, under ramped
wall temperature conditions, the effect of 7, is monotonic such that increasing 7, reduces the thermal
boundary layer thickness (see Figure 8(a)). In contrast, 7, exhibits the opposite effect and demonstrates
greater sensitivity (see Figure 8(b)).
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Solid line: ramped wall Solid line: ramped wall

09F Dashed line: isothermal wall | 09F Dashed line: isothermal wall
5, .

(a) Effects of ay (b) Effects of 3,

Figure 7. Temperature distribution for the fractional derivative order a, (8, = 0.2) and the
fractional derivative order 5, (@, = 0.8) for fixed r, = 0.1, 7, = 0.1, Nr = 0.75, Pr = 6.8,
and O = 0.5.

> 09Ty Solid line: ramped wall

’ O Solid line: ramped wall
' 09r % oos2f MY Dashed line: isothermal wall |~~~ ™

Dashed line: isothermal wall

(a) Effects of 7, (b) Effects of 7,

Figure 8. Temperature distribution for the time lag of the heat flux 7, (7, = 0.1) and the
temperature gradient 7, (7, = 0.1) for fixed @, = 0.8, 8, = 0.7, Nr = 0.75, Pr = 6.8, and
0 =0.5.

5.3. Effects on both velocity and temperature distributions

The effect of nanoparticle volume fraction ¢ on velocity and temperature distributions is illustrated
in Figure 9. Under both ramped and isothermal wall temperature conditions, the nanofluid velocity
exhibits an inverse relationship with ¢ (see Figure 9(a)). This can be attributed to the increase in the
effective viscosity with ¢, which enhances the flow resistance and suppresses the fluid motion. In
contrast, the thermal boundary layer thickness increases with ¢, indicating a reduction in heat transfer
efficiency (see Figure 9(b)). Physically, the addition of nanoparticles enhances the effective thermal
conductivity of the nanofluid, which promotes thermal diffusion and leads to a thicker thermal
boundary layer. Figure 10 depicts the temporal evolution of velocity and temperature distributions.
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Under both ramped and isothermal wall temperature conditions, the boundary layer thickness
increases over time ¢, reflecting the system’s transient response to thermal and momentum diffusion.
Figure 11 presents the influence of heat source parameter Q on velocity and temperature distributions,
where Q > 0 indicates heat injection and Q < 0 represents heat suction. The results demonstrate that
both velocity and temperature distributions increase with increasing Q. Physically, heat injection
raises the kinetic energy of nanofluid molecules and improves the internal energy of the nanofluid,
resulting in enhancement of velocity and temperature. Figure 12 shows the effects of the thermal
radiation parameter Nr on velocity and temperature distributions. Similar to Q, increasing Nr
promotes the development of the velocity and temperature boundary layers.

Solid line: ramped wall

2 =00,t=05
09\ Dashed line: isothermal wall

= 00.t=15 Solid line: ramped wall
=005t =05 09 Dashed line: isothermal wall
$=005,t=15
e=01,t=05 ||
9=01t=15

15 2 25 3 15 2 25 3 35
Y Yy

(a) Effects of ¢ on u (b) Effectsof pon T
Figure 9. Velocity and temperature distributions for the nanoparticle volume fraction ¢ of
the Cu-water nanofluid, where (a) 1 = 0.1, @1 =0.2,8, =0.5,B=2,K =0.1,and Gr = 7;
(b)a, =08,8,=02,7,=7,=0.1, Nr =0.75, Pr = 6.8, and Q = 0.5.

Solid line: ramped wall Solid line: ramped wall
09 ' Dashed line: isothermal wall t=0s|1 09k Dashed line: isothermal wall

(a) Effects of t on u (b) Effectsof ton T

Figure 10. Velocity and temperature distributions for time ¢, where (a) 4 = 0.1, a; = 0.2,
B1=05B=2,K=0.1,andGr=7;(b)a, =0.8,6,=02,7, =7, = 0.1, Nr =0.75,
Pr=6.8,and Q =0.5.
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(a) Effects of Q on u (b) Effectsof Qon T
Figure 11. Velocity and temperature distributions for the heat injection/consumption
constant Q, where (a) 4 = 0.1, 2; =0.2,8, =0.5,B=2,K =0.1,and Gr = 7; (b) @, = 0.8,
p=02,7,=7,=0.1,Nr=0.75, and Pr = 6.8.

T T T
Solid line: ramped wall

Solid line: ramped wall ——Nr=051t=05
= (XTI Dashed line: isothermal wall |~~~
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Figure 12. Velocity and temperature distributions for the radiation parameter Nr, where (a)
1=0.1, a; = 0.2,,31 =05,B=2,K=0.1,and Gr =7; (b) ap = 0.8,ﬁ2 =0.2,
Tg =T, = 01’ Q = 05, and Pr = 6.8.

As depicted in Figure 13, the velocity and temperature boundary layer thicknesses significantly
decrease as the Prandtl number Pr rises. This effect is more pronounced under isothermal wall
temperature conditions compared to ramped wall temperature conditions. Figure 14(a) presents the
velocity profiles for three distinct nanofluids (Cu-water, Ag-water, and TiO,-water) at a fixed
¢ = 0.05. The velocity profiles exhibit nonmonotonic behavior, with the Ag-water nanofluid
displaying the lowest velocity after a certain intersection point. This behavior occurs because Ag has
the largest density among the studied nanoparticles, increasing the inertia of nanofluid and reducing
flow velocity. Additionally, the velocities of Cu-water and Ag-water nanofluids are relatively similar,
likely due to their small density difference. Figure 14(b) illustrates the temperature distribution for
different nanofluids. The thermal boundary layer is the thickest in the Ag-water nanofluid and the
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thinnest in the TiO,-water nanofluid. This trend is mainly attributed to the thermal conductivity of the
nanoparticles: Ag possesses the highest thermal conductivity among the three, whereas TiO, displays
the lowest, which reflects the influence of nanoparticle-fluid interactions on heat transport.

Solid line: ramped wall
09 Dashed line: isothermal wall

Solid line: ramped wall
09H" Dashed line: isothermal wall |

(a) Effects of Pronu (b) Effects of Pron T
Figure 13. Velocity and temperature distributions for the Prandtl number Pr, where (a)
A=01,0,=02,6,=05B=2,K=0.1,and Gr =7; (b) @, = 0.8, 5, = 0.2,
7,=7,=0.1,0=0.5,and Nr = 0.75.
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(a) Effects of different nanofluids on u (b) Effects of different nanofluids on T’
Figure 14. Velocity and temperature distributions for the different nanofluids, where (a)
A=01,0,=02,6,=05B=02,K=03,and Gr =6.5; (b) a, = 0.8, 5, = 0.8,
7,=0.1,7, =0.01, 0 = 0.5, Nr =0.01, and Pr = 6.8.

5.4. Application-oriented interpretation of the parametric results

To further connect the above parametric analyses from an application-oriented perspective, we
briefly discuss their implications for regulating nanofluid flow and heat transfer under different
operating conditions. The numerical results indicate that several parameters can be adjusted to control
the transport behavior of the system. For example, increasing the relaxation parameter A or the
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fractional integral order 3, tends to suppress the velocity boundary layer, which may be beneficial for
stabilizing the flow in porous or thermally sensitive environments. In contrast, a larger fractional
derivative order «; enhances the fluid response due to stronger memory effects. In the thermal field,
the phase-lag parameters 7, and 7, play an important role in determining the development of the
thermal boundary layer and the propagation speed of heat. Therefore, by appropriately tuning these
parameters under different heating conditions, such as ramped wall temperature or isothermal heating,
the flow intensity and heat transfer characteristics of viscoelastic nanofluids can be effectively
regulated. This observation provides useful guidance for the design and control of nanofluid-based
thermal management systems.

The present modeling framework may also have potential relevance in several modern thermal
engineering applications involving complex fluids. For instance, viscoelastic nanofluids have been
widely investigated for use in microchannel heat sinks, advanced cooling systems, and energy
transport devices due to their enhanced heat transfer capability. In such systems, memory effects and
non-Fourier heat conduction may become important when the characteristic time scales of heat
transport are comparable to the relaxation time of the fluid. The ramped wall temperature condition
considered in this work can represent gradual heating processes that commonly occur during the
start-up stage of thermal devices or controlled heating operations. Therefore, the present fractional
viscoelastic nanofluid model and the associated numerical results may provide useful insight into
regulating flow structures and optimizing heat transfer performance in practical thermal
management applications.

6. Conclusions

In this paper, the unsteady MHD flow and heat transfer of fractional viscoelastic nanofluids over an
infinite vertical plate embedded in a porous medium were investigated under ramped and isothermal
wall temperature conditions, together with heat injection/consumption effects. A fractional
integrodifferential model was established by employing a dual-parameter fractional Maxwell
constitutive relation for the momentum equation and a fractional dual-phase-lag model for the energy
equation. The resulting coupled governing equations were then solved numerically by a finite
difference framework based on the L1 algorithm and the weighted-shifted Griinwald difference
scheme. The accuracy of the proposed numerical scheme was verified through manufactured
solutions, and its reliability was further supported by comparisons with several classical nanofluid
models. Finally, the effects of the key physical parameters on the velocity and temperature
distributions were systematically examined. The key conclusions of this study are summarized
as follows:

(i) The velocity and temperature distributions respond similarly to most parameters under both
ramped and isothermal wall conditions. However, the time lags of the heat flux 7, and the temperature
gradient 7, affect the temperature profile differently: the variation is monotonic under ramped wall
temperature conditions but nonmonotonic under isothermal wall temperature conditions. This
indicates that the wall heating mode plays an essential role in the transient development of the thermal
boundary layer.

(i1) The fractional parameters have pronounced effects on both the flow and thermal fields. The
velocity boundary layer thickness decreases with increasing relaxation parameter A and fractional
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integral index ;, whereas the fractional derivative order a; has the opposite effect and leads to a
thicker velocity boundary layer. In addition, the fractional parameters @, and (3, exhibit opposite
influences on the thermal boundary layer development. These results demonstrate that different
fractional parameters play distinct roles in characterizing the memory-dependent momentum and heat
transfer behavior of the nanofluid.

(iii) An increase in the nanoparticle volume fraction ¢ enhances the temperature distribution but
suppresses the velocity distribution. The effects of different nanofluid types, including Cu-water, Ag-
water, and TiO,-water, on the velocity field are nonmonotonic. In particular, the Ag-water nanofluid
exhibits the lowest velocity beyond a certain intersection point, mainly due to the relatively higher
density of Ag nanoparticles.

(iv) The classical physical parameters also play important roles in the transient transport process.
The magnetic parameter B suppresses the flow and reduces the velocity boundary layer thickness,
whereas the permeability parameter K promotes the flow development. Furthermore, both the velocity
and temperature distributions increase with increasing Grashof number Gr, radiation parameter Nr,
and heat injection/consumption constant . In terms of parameter sensitivity, the velocity field is
particularly responsive to 5; and K, while the thermal field shows stronger sensitivity to 7.

In this study, the governing boundary-layer equations were solved using the finite difference
method to investigate the MHD flow and heat transfer of nanofluids under ramped and isothermal wall
temperature conditions. The numerical results demonstrate that the proposed fractional model
provides an effective framework for describing the memory-dependent flow and thermal transport
behavior in porous thermal systems. Future work may focus on improving the computational
efficiency by employing adaptive algorithms in the temporal direction [56,57]. In addition, fast
algorithms for fractional operators, such as the sum-of-exponentials approximation [58] and
parallel-in-time methods [59], could be considered to reduce the computational cost caused by the
history dependence of fractional derivatives. Furthermore, the present framework may be extended to
incorporate nanoparticle slip mechanisms, including Brownian diffusion and thermophoretic
effects [60].

Nomenclature Greek symbols

B Magnetic parameter =) 1% Fractional order =)

By Imposed magnetic field (T) 7 Fractional order =)

C, Isobaric heat capacity Jkg 'K s Fractional order =)

cpe Caputo fractional derivative =) B Fractional order =)
RLp>  Riemann-Liouville fractional derivative () B Fractional order -)

E Shear modulus (Pa) Br Volumetric thermal expansion coefficient (K~')

g Gravitational acceleration (m-s72) 0% Fractional order =)

Gr Grashof number =) £ Shear strain =)

h Heat transfer coeflicient (W-m~2.K™1) A Velocity relaxation time (s)

Iy Riemann-Liouville fractional integral =) u Dynamic viscosity (Pa-s)

k Thermal conductivity Wm K" v Kinematic viscosity (v = u/p) (m?s7h)
kg Rosseland mean absorption coefficient  (m™') P Density (kg'm™>)
K Permeability parameter =) loa Shear stress (Pa)

K’ Permeability of medium (m?) o, Electrical conductivity (S'm™)
L Characteristic length (m) Oy Shear stress (Pa)

N, Thermal radiation parameter =) Osp Stefan—Boltzmann constant (W-m2.K™)
Pr Prandtl number =) o’ Ratio of electrical conductivity =)

q Heat flux (W-m™2) T Dimensionless constant =)

qr Radiative heat flux (W-m™2) T4 Time lag of heat flux (s)

0 Heat injection/consumption parameter  (—) T, Time lag of temperature gradient (s)
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Nomenclature Greek symbols
Qo Heat injection/consumption constant (W-m™) ] Nanoparticle volume fraction =)
fo Specified time (fy = v,/u?) (s) Subscripts
T Nanofluid temperature (K) eff Effective
To Ambient temperature (K) bf Base fluid
u Nanofluid velocity (m-s™h) nf Nanofluid
Uo Plate velocity (m-s™h) np Nanoparticle
w Wall condition
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