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Abstract: This paper introduces a degenerate version of the Euler—Seidel method by incorporating
a parameter A into the classical recurrence relation. We define a degenerate Euler—Seidel matrix
associated with an initial sequence and establish corresponding A-generalized binomial identities and
generating function relations. By applying this method to the degenerate Bernoulli, Euler, and Genocchi
polynomials, we derive several new combinatorial identities. This work extends the classical Euler—
Seidel method to the domain of degenerate special polynomials and numbers, thus providing a new
framework to study their properties.
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1. Introduction

The purpose of this paper is to extend and study a degenerate version of the Euler—Seidel method.
This generalization introduces a parameter A into the recurrence relation. The results are applied to
study and derive new combinatorial identities for sequences such as the degenerate Bernoulli, Euler,
and Genocchi polynomials.

In the degenerate version, the addition of the parameter A creates a more flexible structure that
collapses back into the classical version when A = 0. The shift from the “Classical” to “Degenerate”
method allows us to solve problems in asymptotic analyses where the standard Euler—Seidel method
fails due to rigid step-sizes. By adjusting A, we can model systems with “decaying” or “scaling”
recursions, which is currently a hot topic in combinatorial physics. At its core, combinatorial physics is
the intersection of theoretical physics and discrete mathematics. It is the art of using counting techniques,
graph theory, and symmetry to solve complex physical problems, particularly those that involve many
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interacting parts. Instead of looking at a system as a smooth and continuous fluid, combinatorial physics
often treats it as a collection of discrete “pieces” (such as particles on a grid or edges in a graph) and
asks the following: “How many ways can these pieces be arranged to follow the laws of physics?”

For a given sequence (a,(x]1)),,, we consider the degenerate Euler-Seidel matrix associated with
this sequence, which is recursively determined by the following (see Eq (1.13)):

apa(x | ) = ay(x| D), ((n=0),
An(x | D) = (1 =k =m)A) G w(X | D) + iy (x [ D), (=0, k> 1).

The degenerate Euler-Seidel matrix associated with (a,(x | 1)), is given by the following:

apo(x | A) api(x[A) aps(x|A)
arox| ) a (x| D) ax|A)
(@i T D)oo = ayo(x | D) ana(x | ) ara(x| ) - | (L.1)

The sequence (ag,,(x]1)),,5, is the initial degenerate sequence, and (a, o(x|1)),, is the final degenerate
sequence. The following A-generalized binomial identities are established (see Theorems 3.1) using the
generalized falling and rising factorials, (1 — A),— and {1 — A),_x, respectfully, (see Eq (1.3)) for the
degenerate case:

n

ano(x | ) = Z (Z)(l = D n-raaor(x | ),
=0

aou(x 1) =) (Z)(—l)"—"a = Dot ol D),

k=0

where the degenerate rising factorial sequence is given by
XDoa=1, (D1 =xx+Dx+2D)---(x+(n-1)1), (nm=>1).

These correspond to the classical binomial identities in Eq (1.15), and they lead to the following
degenerate version of Seidel’s formula for the generating functions:

Z/l(-x’ t) = e;_ﬁ(t) A/l(x, l),

where A (x,1) = X2 ao(x])L, and A (x,1) = Dm0 Ano(x | /l)% (see Theorem 3.2). The results

n!’

derived from the degenerate Euler—Seidel method are applied to the degenerate Bernoulli, Euler, and
Genocchi polynomial sequences, yielding various combinatorial identities (see Theorems 3.3-3.5); for
n > 0, we have the following identities:

IBn,/l(x +1- /1) = n(x - /l)n—l,/l +ﬁn,/l(x - /1)’
Epa(x+1 -2 =2(x = Dpa = Epa(x — ),
gn,/l(x +1- /l) = 271()( - /l)n—l,/l - gn,/l(x - /l)

The study of degenerate versions of special polynomials and numbers originated with Carlitz’s
pioneering work on degenerate Bernoulli and Euler numbers [1]. This field has since expanded to include
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transcendental functions, such as gamma functions [2]. Furthermore, the introduction of A-umbral
calculus [3] has established a more robust framework more robust than classical umbral calculus to
analyze degenerate Sheffer polynomials. These investigations employ a diverse array of methodologies,
including generating functions, combinatorial methods, a p-adic analysis, the operator theory, differential
equations, and the probability theory (see references [2,4—6] and the references therein).

Research into the Euler—Seidel method—a recursive algorithm used to transform sequences and
study combinatorial identities—has seen a significant resurgence in recent years. Here are some of
the recent enhancements to the Euler—Seidel method, alongside the aforementioned degenerate Euler—
Seidel method.

1. Integration with Riordan Arrays and Hankel Matrices (see [7, 8],

Recent work has bridged the gap between the Euler—Seidel matrix and Riordan arrays, which are
powerful tools in the combinatorial group theory.

e Enhancement: Establishes that every Euler—Seidel matrix can be represented as a product of a
Binomial matrix and a Hankel matrix (E, = BH,). This allows for the use of integral representations
(like the Stieltjes transform) to solve for sequence entries.

e Applications: Provides closed-form integral representations for Catalan and Motzkin sequences within
the Euler—Seidel framework.

2. Generalized Second-Order Recurrence Relations (see [9])

Researchers have modified the method to handle sequences defined by more complex recurrences
(such as Fibonacci or Lucas sequences) by introducing two parameters, p and q.

e Enhancement: The matrix is determined by ay, = p ax-1, + q ax—1.,+1- This generalization allows for
the ”symmetric” study of any second-order linear recurrence.

o Applications: Finds new identities for hyperharmonic numbers and r-Stirling numbers.

3. Euler—Seidel Matrices over Finite Fields F, (see [10])

A newer niche of research focuses on the periodic behavior of these matrices when the initial
sequence belongs to a finite field.

e Enhancement: Define the “period” of an Euler—Seidel matrix; if the initial sequence is periodic, then
the rows of the resulting matrix also exhibit periodicity related to the order of 1 + X in the polynomial
ring F,[X].

e Applications: Includes the coding theory and electrical engineering applications that involve linear
recurring sequences.

For any nonzero A € R, the degenerate exponentials are defined by the following:

- "
iD= W =1+)1, e =chn, (seel2,3,5,11,12), (1.2)
n!
n=0
where the degenerate falling factorial sequence is given by
Doa=1, Dpa=x(x-Dx=20)---(x=(-DA), n=1). (1.3)
For later use, we mention that the degenerate rising factorial sequence is specified as follows:

D=1, (D =xx+Dx+2D)---(x+(n-1)1), (m=>1). (1.4)
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In reference [1], Carlitz introduced the degenerate Bernoulli polynomials given by the following:

A\ r
er(t) — 1 e/l(t) - nzz(;ﬁn,ﬂ(x)a, (see [3,11,13]). (1.5)

When x =0, B, = B,.1(0), (n > 0), are called the degenerate Bernoulli numbers. From Eq (1.5),
we note that

= (n
Bra(x) = Z( )ﬂk,d(x)n_m, (n > 0). (1.6)
= \k
In addition, the degenerate Euler polynomials are defined by the following:
[ee] tn
1) =) Eualx)—, 3,11,13,14])). 1.7
a1 ZO A (see [ ) (1.7)

When x = 0, &,, = E,.(0), (n > 0), are called the degenerate Euler numbers. By Eq (1.7), we
obtain the following:

n

Enax) = Y (Z)ak,xx)n_k,ﬁ. (1.8)

k=0

The degenerate Genocchi polynomials are defined by the following:

> (t)+1 e(t) = ZQm(X)— (see [12]). (1.9)

When x =0, G2 = Gn.a(0), (n > 0), are called the degenerate Genocchi numbers. Note that

n

Goa(x) =0, gn,m):Z(Z)gk,ﬁ Dotar (12 1), (1.10)

k=0

From Eq (1.9), we have the following:

2t
HZ(;QM! eﬂ(t)+1 2(eﬂ(t)—l eﬁ(t)—l)

2( 2t )
6,1(1) -1 €/1/2(2t) -1

o (1.11)
3 (21"
= Z(Zoﬁn,aa - Zoﬁn,m p )
(o) . tn
=2 ZO (ﬁn,/l -2 ﬁn,/l/2) E
Thus, by Eq (1.11), we obtain the following:
Gua=2Bua—2"Buap), (m20). (1.12)
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Taking the limits 4 — 0, we find that (see Eqs (1.2)—(1.5), (1.7), (1.9))

ety > e, et o e, (D)o X, (o X,

ﬁn,/l(x) - Bn(x)’ Sn,/l(x) - En(x)’ gn,/l(x) - Gn(x)a

where B,(x), E,(x), and G,(x) are the ordinary Bernoulli, Euler, and Genocchi polynomials given by
(see [15, 16]) the following:

t = "
exr = Bn(x)_,
el —1 Z n!
n=0

2 - "
"= E(0—,
s n.

e+ 1
and
2t - 1"
o 1ex’ = ;Gn(x)a, respectively.

The recent papers in [17, 18] relate Bernoulli polynomials to determinants of special matrices and
fractal measures in a different context. Additionally, many authors have recently made significant
advances in the polynomial theory (see references [19-21]).

For a given sequence (a,),>0, the Euler—Seidel matrix associated with this sequence is recursively
determined by the following:

ao,n = dy, (l’l = 0)3

(1.13)
Qg = Qp—1p + A1 pr1, 20, k>1), (see[3,7,15,22]).
The Euler—Seidel matrix (a,x).x>0 associated with the sequence (a,),>o is given by the following:

dopo do do2 dpj3
aip di,p dip a3

@000 = |0y ar) drs s (1.14)
From Eq (1.13), we obtain the following binomial identities:
m=immzm m=imHW%m®%mD (1.15)
=AU AL ’

LetA(r) = 3,2, aoﬂ% be the generating function of the initial sequence (ay,),>0. Then, the generating
function A(¢) of the final sequence (a,)q>0 18 given by the following:

[ee)

A=) a,,,oi—n' = A(r), (see [22]). (1.16)

n=0

For general background and references, one may consult references ( [23, 24]).
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2. Degenerate Bernoulli, Euler, and Genocchi numbers

In this section, we derive recurrence relations for the degenerate Bernoulli, Euler, and Genocchi
numbers from the Eqgs (1.5)—(1.10), from which we derive the first few terms of those numbers.
From Eq (1.5), we note that

1, ifn=1,
Bua(l) = Bua = . (2.1)
0, ifn+#1.
Then, by Egs (1.6) and (2.1), we obtain the following:
= (n
>, ( k)(nn_k,ﬂﬁk,ﬂ ~Bua =011 (2.2)
k=0
where 9, 1s the Kronecker’s symbel. From Eq (2.2), we have the following:
1 1 1 1 1 1
=1, = —=+ =1, =—— -2 =— + -2, 2.3
Bo.a Bi.a > + ) Ba.a 66 B ) + P (2.3)
1 2 19 1 5 9
:__+_/12__/14 :—ﬂ——/l3+—/15,....
Pra=—ggt 3t —5gts Pa=gd-pt+y
From Eq (1.7), we see that
8,2’,1(1) + 8,,,/1 = 250,,,. (24)

Then, from Eqgs (1.8) and (2.4), we obtain the following:

= (n
> ( k)(l)n_k,ﬁak,l + & = 2005 (2.5)
k=0
Thus, by Eq (2.5), we obtain the following:
1 A 1 3 3 3
=1 =—= == =- - = -2+ 22 2.
Eoa=1, &ix > & X &3 124 E4a JA+ A (2.6)
1 15 15 15 45
Espg=—=+ = ——2 Ea=—1-4520+—0,....
5,1 2 + 2 4 6,1 2 + 4
From Eq (1.9), we obtain the following:
Gua(D) + Gua =261, Goa=0. 2.7)

Then, from Eqgs (1.10) and (2.7), we have the following:

= (n
> ( k)a)n_k,ﬁgk,l +Gna = 201, (2.8)
k=0
From Eq (2.7), we note that
3 15 15
Gia=1, Gua=-1, Gna= E/L Gaa=1-32, Gs,= —7/1 + 7/13, (2.9)

45 105 315
Goa=-3+450° — 7/14, Gia= T/l —-3152°% + T/ls, e
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3. Degenerate Euler—Seidel method for degenerate Bernoulli, Euler, and Genocchi polynomials

In this section, we derive some identities for the degenerate Bernoulli, Euler, and Genocchi numbers
using the relation in Theorem 3.2 between the exponential generating function of the initial sequence
and that of the final sequence.

For a given sequence (a,(x]1)),,, we consider the degenerate Euler—Seidel matrix associated with
this sequence, which is recursively determined by the following (see Eq (1.12)):

app(x|A) =a,(x| ), (n=0),

3.1
(x| ) = (1 = (k= m)A) @g1,x(x | D) + @1 (x [ D), (020, k= 1). G-b

Using Eq (3.1) and by induction, we obtain the following theorem (see Theorems 2.2 and 2.3 in [13]).

Theorem 3.1. For n > 0, we have

n

ano(x | ) = Z (Z)(l = D n-raaor(x | ),

k=0

and
n

n -
ao,(x | 1) = Z( )(—1)” = ) agolx | D,
o\

where the degenerate rising factorial sequence (x), , is defined in Eq (1.4).

Let A,(x, 1) be the generating function of the sequence (ag,(x | 1)) which is given by

n>0’
(o] tn
A6 ) = ) aga(x | D=, (3.2)
g n!
and let A,(x, t) be that of the sequence (a,0(x | 1)),,, Which is given by
— > 1"
A1) = ) anolx | ). (3.3)

n=0
Then, by Theorem 3.1, we have the following:

(o8]

— "
A1) = ) anox | D

n=0

A (1 "
=) ( )(1 = Dnta Aos(x | D)=

n=0 k=0 n:

I (=Dt
| rdostx| A)Z o o

(1 - Q)
= D ao(x | D = Dkt o

k=0 = -kl
=Za0k<x|ﬂ>—2<1 Am—
k=0

= Ai(x, D) e, (o).
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Therefore, by Eq (3.4), we obtain the following theorem.

Theorem 3.2. Let

o0

tn
Adxn) = 3 ao(x | D—.

n=0
Then, we have the following:

[ee)

— "
Ain0) = ) an(e | D = e} (O Ay ).

n=0
Let ag (x| ) = Bna(x), (n > 0). Then, we have the following:

[

A =Y a0, | D= = Y B s = —— e,

s n! n!  eyr)-1
From Egs (3.5) and (3.6), we note that

[

tn
D x| D
n.

n=0

t
el () Ax(x, 1) = =1 e

[Se] l’n
D Bualx+1- D=
oy n!

Thus, by comparing the coefficients on both sides of Eq (3.7), we obtain the following:

ano(x | ) =Bualx+1-2), (n=0).
On the other hand, by Egs (1.5), (3.5) and (3.6), we obtain the following:

(o)

t
;an,o(x | A)— = e DA = ealt) o €7D

=(em-1+1) el (0

t
e () —1

= 1e5(1) + (t)t )

—Z<n+1>(x D -

n(x— A>m—+2ﬁm<x A)—

}’l

(n(x - /l)n—l,/l +ﬁn,/l(-x - /1)) E

s 100 1

I
(=]

n

Comparing the coefficients on both sides of Eq (3.9), we have the following:
ano(x | A) = n(x = Dp-12+ Bua(x =), (n=0).

Therefore, by Eqgs (3.8) and (3.10), we obtain the following theorem.

-+ Zm(x A)—

(3.5)

(3.6)

(3.7)

(3.8)

3.9

(3.10)
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Theorem 3.3. For n > 0, we have the following:

Boa(x+1—=2) = n(x — Dy_1.0 + Bna(x — A),

where we understand that n(x — 1), 4 vanishes when n = Q.

The degenerate Euler—Seidel matrix associated with (ag,(x | /l))nZO = (By.1(x))n>0 1s given by the

following (see Egs (1.5), (2.8), (3.10)):

1-2
1 X >
x+% $2 _ 2340

6
_ 2 _ 2_sq_ 3 292
2+ (1 =22)x + =4t 6?” x4 =4 23Ax2 + & 251 Ly + 44 gﬂ 1

Let ay,,(x) = &E,.1(x), (n > 0). Then, we have the following:

(59

Aq(x ) = ;aon(x | A) Z&M( )—_ = A(t) 4.
From Egs (3.5) and (3.11), we note that
i ano(x | )= = e, 1) = e MDA D) = e70) ex(0)
" n! ’ ! ’ e +11

n=0

_ 2 x+1/l _
= e (t)—ZSM(x+1 /1)

Thus, by Eq (3.12), we obtain the following:
an,O(x | ) = 8n,/l(x +1-2), (n>0).

On the other hand, by Eqgs (1.6) and (3.5), we obtain the following:

x© n

D g | 0 = A1) = e DA

n=0

=(e®m+1-1) ) = 2e57 () -

2
e +1° oS

n

= ) Q0= D = B = ) =

n=0

(1)

By comparing the coefficients on both sides of Eq (3.14), we have the following:
ano(X | ) =2(x = Dpp = Epalx =), (n20).

Therefore, by Eqgs (3.13) and (3.15), we obtain the following theorem.

Theorem 3.4. For n > 0, we have the following:

Ep(x+1 -2 =2(x—Dp1—Eua(x = A).

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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By Egs (1.7), (2.8), and (3.15), we see that the degenerate Euler—Seidel matrix associated with

(A0.1),50 = (Ena(X)),50 is given by the following:

. 1
x__
2
1 1-1
x+=-4 x? —/lx+T
402 -3 1
2 (1= 3+ ——— x3+(§+/l)x2+(2/12—l)x—Z(1—6/l+2/12)

(3.16)

Finally, we let ag,(x | 1) = G,.(x), (n > 0). Then, by Eqgs (1.9) and (3.2), we obtain the following:

(o)

Aﬂ<x,r)=ZaOn(x|A) Zgnm (l‘)+1 e}(0).

n=0
From Egs (3.5) and (3.17), we note that

(o0

Do | D = A0 = e} A1) = el

n=0

(t) 7 ei(®)

2
- et 0= Zgnmﬂ—@—

Thus, by Eq (3.18), we obtain the following:
Gua(x+1-2) =ayo(x| ), ((n=0).
On the other hand, by Eqgs (1.9), (3.5), and (3.17), we obtain the following:

[Se]

D ano(x| a)— = Ay(x,1) = e} ') Ag(x, 1)

n=0
2 1 ~
_e,l(t)+le/l () (ear)y+1-1)
= 2te’N(1) - 0}

e )+ 1 €1

& +1 i !
= ZHZ:(;(H + 1)(X - /l)n’,lm — Z g(x - /l);

= 2in(x—a)n L —Zg(x ﬂ)—
n=1

- Z(Zn(x = Dn-1a = Gualx — /D)E'
n=0 .

By comparing the coefficients on both sides of Eq (3.20), we obtain the following:

ano(x | A) = 2n(x = Dy-1.2 — Gua(x — ), (n=0).
Therefore, by Eqs (3.19) and (3.21), we obtain the following theorem.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Theorem 3.5. For n > 0, we have the following:

Guia(x+1-=2) =2n(x = Dp_1.0 — Gua(x = A),
where we understand that 2n(x — A),—1, vanishes when n = Q.

From Eqgs (1.10), (3.1), and (3.21), we note that the degenerate Euler—Seidel matrix associated with
the sequence (a,0(x | 1)), = (Gn.a(x)),¢ is given by the following:

0 1 2x—1
1 2x
A
_ 2 _ _ -
2x+1-24 o 3x+(1=-3D)x—-1+ 5 (3.22)
322 +3(1 =3 )x + 6% — >

4. Conclusions

In this study, we successfully generalized the Euler—Seidel method to its degenerate form. We
demonstrated that the transition from an initial sequence to a final sequence in the degenerate Euler—
Seidel matrix can be expressed through A-generalized binomial identities that involve degenerate falling
and rising factorials. Furthermore, we showed that the relationship between their respective generating
functions is governed by the degenerate exponential function e} ~(z). By implementing this method, we
obtained explicit identities for degenerate Bernoulli, Euler, and Genocchi polynomials. These results
not only recover classical identities as 4 — 0 but also offer a robust analytical tool to investigate broader
classes of degenerate special sequences in combinatorial analyses and the number theory.
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