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Abstract: We present a superconvergent and highly efficient multiscale finite element scheme for
solving the Helmholtz equation in heterogeneous media. The proposed scheme is specifically designed
to address the challenges posed by the multiscale nature of the Helmholtz equation, which often
leads to high computational costs and numerical instabilities in traditional methods. By constructing
tailored multiscale basis functions, the proposed approach effectively captures both the local fine-scale
features and global macroscale behaviors of the multiscale solution. The fundamental mechanism
underlying the multiscale scheme is systematically expounded. Through rigorous error analyses, we
derive a second-order superconvergence result in the H1 norm. Additionally, numerical experiments are
conducted to validate the performance of the scheme. Both theoretical findings and numerical results
confirm that the proposed multiscale scheme not only achieves higher solution accuracy but also exhibits
superconvergence rates and significantly reduces computational costs.
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1. Introduction

The Helmholtz equation, a fundamental partial differential equation (PDE) plays a pivotal role in
various scientific and engineering fields. In acoustics, it is used to model the propagation of sound
waves, enabling the design and analysis of sound-absorbing materials and noise control systems. In
electromagnetics, it describes the behavior of electromagnetic waves. In seismology, the Helmholtz
equation helps in understanding the propagation of seismic waves through the Earth’s crust, aiding in
earthquake prediction and oil exploration.

Traditionally, numerical methods such as the finite element method (FEM) have been employed to
solve the Helmholtz equation. However, these methods face significant challenges. The Helmholtz
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equation often exhibits multiscale features, where the solution varies over a wide range of length scales.
Standard FEM demands an extremely fine mesh for accurate resolution of all these scales, resulting in an
excessively large number of degrees of freedom. This not only exponentially increases the computational
cost but also may cause numerical instabilities, especially in high oscillation heterogeneous media.

The multiscale finite element method (MsFEM) has emerged in recent years as a compelling
alternative, designed to surmount the limitations of traditional numerical approaches. Its core aim is to
address two key drawbacks: The prohibitive computational costs that escalate with mesh density, and
the numerical instabilities closely tied to heterogeneous media. These issues often hinder traditional
methods when dealing with large-scale simulations or high oscillation problems, which are common
in real-world engineering applications. Unlike conventional approaches, which struggle to balance
accuracy and efficiency in multiscale scenarios, MsFEM is specifically designed to capture the complex
multiscale behavior of solutions without relying on the computationally unfeasible global fine meshes
required by standard FEM. Its key strength lies in a novel strategy for constructing local multiscale basis
functions, which effectively approximate solution features across both micro- and macro-scales. These
basis functions are tailored to embed critical small-scale details (e.g., local oscillations) while operating
with far greater efficiency than their standard FEM counterparts. By confining fine-scale resolution to
local subdomains rather than the entire computational domain, MsFEM avoids the exponential surge
in degrees of freedom that plagues traditional methods, preserving high accuracy while drastically
reducing computational burdens in practical use.

The study of the Helmholtz equation has a long history, as shown in [1–3]. Ihlenburg and Babuska [1]
pioneered addressing the h-version FEM to a 1D Helmholtz model, analyzed stability and errors,
and found that when k2h was small, H1-norm error matched best approximation; for moderate–high
wavenumbers, pollution error dominated. Oberai and Pinsky [2] first applied the multiscale finite
element method to the Helmholtz equation, creating a local model where fine scales were incorporated
analytically using Green’s functions. Gallistl et al. [4] proposed a stable multiscale Petrov–Galerkin
finite element method, and Jiang et al. [5] developed an adapted Petrov–Galerkin scheme, each for
their specific applications. Later, in [6, 7], the multiscale hybrid–mixed method was introduced for
the Helmholtz equation in heterogeneous domains. In [8], a heterogeneous multiscale method (HMM)
for the Helmholtz equation with high contrast was proposed. However, the explicit stability estimate
presented in Theorem 3.9 of that study led to a “worst case” resolution condition, where k5(H + h)
had to be sufficiently small. This rendered the method computationally intensive, as it demanded
extremely fine meshes (i.e., small values of H and h), particularly when dealing with high wavenumbers
k. Chung et al. [9] and Fu et al. [10, 11] studied the generalized multiscale finite element method
(GMsFEM) and the wavelet-based edge multiscale finite element method for Helmholtz problems. By
using multiscale basis functions in acoustic media, they reduced the dimension of the discrete system
and computational time, achieving convergent results under certain conditions.

On the other hand, high-order finite difference schemes and compact schemes were proposed in [12–14]. In
these compact sixth-order schemes, a refined choice strategy based on minimizing numerical dispersion
was developed for selecting weight parameters, and corresponding theoretical analyses were presented.
The high accuracy and efficiency of the proposed schemes were demonstrated through numerous
numerical experiments.

Many new studies on Helmholtz problems have emerged recently, as seen in [15–17]. For example,
Jiang et al. [15] presented an efficient multiscale finite difference frequency-domain method for the
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scalar Helmholtz equation. However, this method faced difficulties in dispersion analysis and
insufficiently considered wave attenuation. Kalachikova et al. [16] investigated the GMsFEM for
scattering problems in heterogeneous media. Freese et al. [17] studied high-frequency Helmholtz
problems using superlocalized orthogonal decomposition (SLOD), achieving the superexponential
decay of localization errors and a relaxed oversampling condition. Jiang et al. [18, 19] proposed a
balanced truncation based on the generalized multiscale finite element method (BT-GMsFEM) for
parameter-dependent elliptic and parabolic problems, respectively. In [20–22], Chen, Hou, and Wang
made contributions to exponentially convergent multiscale methods (ExpMsFEM). Their initial
work [20] broke new ground by achieving exponential convergence for multiscale linear elliptic PDEs,
setting a new accuracy standard. They then extended this transformative approach to 2D high-frequency
heterogeneous Helmholtz equations [21], addressing a critical problem in wave propagation. Their
work [22] established a general and elegant multiscale finite element framework, unifying their previous
results and providing a robust theoretical foundation for future research. Jiang et al. [23] used a
multiscale scheme, and Cheng et al. [24, 25] applied the local discontinuous Galerkin method (LDG) to
the singularly perturbed convection–diffusion and reaction–diffusion problems, achieving
parameter-uniform superconvergence and supercloseness in these studies. A generalized finite element
method with optimal local approximation was proposed in [26], and an extension of the approximate
component mode synthesis was proposed in [27] for the heterogeneous Helmholtz equation,
respectively. Saini et al. [28] developed a parameter-uniform higher order numerical scheme for the
Robin-type parabolic reaction–diffusion problem with a large delay. In [29], the authors employed a
variational formulation and fitted mesh discretization (3- or 5-point schemes, M-matrix transformation)
to study reaction–diffusion problems on a k-star graph, achieving almost second-order uniform
convergence, and validating the results numerically. Li and Wu [30] proposed higher-order FEM and
continuous inner penalty finite element method (CIP-FEM) for the problem with high wave number and
perfectly matched layer (PML) truncation; in their study, the presented estimation framework was
generalized to Helmholtz PML problems with general scatterers. Bernkopf et al. [31] conducted a
wavenumber-explicit stability and convergence analysis of hp finite element discretizations for
Helmholtz problems in piecewise smooth media, providing a rigorous theoretical foundation for
high-order methods applied to such heterogeneous settings. These numerical methods, each with their
own advantages and limitations, have been crucial in exploring the intricate behavior of
heterogeneous media.

This study distinguishes itself through the following key features: First, we propose a tailored
multiscale finite element scheme for the Helmholtz equation in rapidly oscillating heterogeneous media,
which leverages scale decomposition to construct efficient multiscale basis functions that accurately
capture local fine-scale features while ensuring high-precision results. Second, we enhance the scheme’s
stability through a specialized data structure, where a mapping matrix efficiently reduces the coupling
between macroscale and microscale basis functions to achieve economical computational complexity.
Third, we establish a second-order superconvergence result in the H1 norm via a systematic error
analysis that explicitly accounts for the qualitative dependence of constants on the wavenumber and
medium heterogeneity; this framework ensures the scheme’s reliability and efficiency for multiscale
Helmholtz problems in heterogeneous media.

The paper is organized as follows. In Section 2, the Helmholtz problem and its scale decompositions
are introduced. In Section 3, the finite element method and the multiscale strategy are applied; here,
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the mechanism and computing costs of the multiscale scheme are elaborated in detail. Subsequently,
superconvergence is achieved through error analysis in Section 4. To verify the effectiveness of the
MsFEM, numerical experiments are conducted and comparative analyses are performed in Section 5.
Finally, Section 6 presents concluding remarks to summarize this study.

2. Model problem

We study a two-dimensional Helmholtz equation to solve for u : Ω→ C from{
−∇2u − k2u = f in Ω,
u = g on Γ,

(2.1)

where k denotes the variable wave number, f : Ω → C is the given forcing function, and g : Γ → C
represents the prescribed Dirichlet boundary data. To ensure the well-posedness of the continuous
problem, we impose the key assumption that the wavenumber k is not an eigenvalue of the negative
Laplacian operator −∇2 with Dirichlet boundary conditions. Mathematically, this means
k2 < σ(−∇2; H1

0(Ω)), where σ(−∇2; H1
0(Ω)) denotes the spectrum of −∇2 under the specified boundary

conditions. This condition guarantees the existence and uniqueness of the solution u ∈ H1(Ω) for any
f ∈ L2(Ω) and g ∈ H1/2(Γ). In heterogeneous media, the solution u in our study tends to exhibit rapid
oscillations. This stems from sharp microscale variations in material properties (e.g., density, wave
speed), which induce high-frequency fluctuations in the solution of the Helmholtz equation.

The weak formulation of Eq (2.1) is to find u ∈ U such that

a(u, v) = ( f , v), ∀v ∈ V, (2.2)

where the function spaces U and V are defined as

U =
{
u | u ∈ H1(Ω), u = g on Γ

}
,

V =
{
v | v ∈ H1(Ω), v = 0 on Γ

}
,

and the bilinear form a(·, ·) : U × V → C is defined as

a(u, v) = (∇u,∇v) − k2(u, v), (2.3)

and the inner products (·, ·) are defined as

( f , v) =
∫
Ω

f v dΩ.

To establish the well-posedness of the discrete scheme, we adopt the continuity and coercivity
analysis framework for sesquilinear forms. For a general numerical method, we consider a discrete
solution space Vh (not necessarily a finite element space) and a discrete sesquilinear form ah(·, ·) defined
on Vh × Vh. The key boundedness and coercivity properties are as follows:

|ah (vh,wh)| ≤ C ∥vh∥1,h ∥wh∥1,h ,

Re ah (vh, vh) ≥
1
2
∥∇vh∥

2
L2(Ω) ,

Networks and Heterogeneous Media Volume 21, Issue 2, 531–550.



535

where C > 0 is a bounded constant, and ∥ · ∥1,h denotes a suitable mesh-dependent norm on Vh (e.g., a
discrete H1-like norm). The above coercivity estimate holds, which shows that the discrete sesquilinear
form is coercive.

To ensure the stability of our numerical analysis, we restrict our study to the case of Helmholtz
problems with absorption. This corresponds to a complex wavenumber k ∈ C with a positive imaginary
part, that is, k = kr + iki, where i =

√
−1, and ki > 0. In this setting, the associated sesquilinear form

becomes coercive on the space H1
0(Ω). This crucial assumption is stated here and is used throughout

the paper.
Then we consider the decomposition of u and v, that is, u = u0 + u1, v = v0 + v1, where u0 and v0

represent the resolvable scale part, and u1 and v1 represent the unresolvable scale part. Therefore, the
weak formulation (2.2) can be expressed as

a(u0 + u1, v0 + v1) = ( f , v0 + v1).

It leads to two subproblems as follows:

a(u0, v0) + a(u1, v0) = ( f , v0)

and
a(u0, v1) + a(u1, v1) = ( f , v1).

To fully capitalize on the unique scale-decomposition property of the Helmholtz problem, we
can delve deeper into the design principles and implementation details of the multiscale strategy in
the subsequent theoretical analysis. By focusing on how this decomposition mitigates scale-related
numerical challenges (e.g., high-frequency oscillations), this approach may not only offer new insights
into the problem’s intrinsic structure but also significantly enhance the computational efficiency and
accuracy of our research.

3. Multiscale strategy

3.1. Finite element method

When dealing with the weak formulation (2.2), we are faced with an infinite-dimensional problem.
To overcome this challenge, it is crucial to employ appropriate numerical strategies to obtain a finite-
dimensional approximation. In the context of the standard finite element method, we denote T h as a
fine-grained partition of the domain Ω into individual elements. For every element K ∈ T h, the size of
the element satisfies the condition 0 < hK << 1. We define h as the maximum value among all hK , that
is, h = max

K
hK . Inside each such fine-scale element K, a set of nodal basis functions is defined, which

are associated with the four nodes of a rectangular element within the discretization framework.
The finite element space is constructed using piecewise bilinear polynomials Q1(K) and is

expressed as
Vh = {vh ∈ H1(Ω) : vh|K ∈ Q

1(K), ∀K ∈ T h}. (3.1)

The Galerkin scheme aims to find ug ∈ Vh such that

a(ug, v) = ( f , v), ∀v ∈ Vh
0 . (3.2)
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Here, ug represents the Galerkin FEM solution, which can be written as

ug =

gb1∑
i

uiψi, (3.3)

where ψi are the finite element basis functions, and gb1 denotes the number of global basis functions in
the FEM.

In this method, let NM represent the number of fine-scale elements in the x and y directions,
respectively. For two-dimensional problems, the total number of elements at the fine-mesh level is
N2M2. It is well-known that the computational cost of the finite element method is of the order O(N2M2).

3.2. Multiscale finite element method

In contrast to the finite element method, the multiscale finite element method begins by solving local
problems for the multiscale basis functions φi. First, the domain Ω is divided into N2 coarse elements
in two dimensions (where N is the number of partitions along both the x- and y- directions). Within
the framework of the multiscale finite element method, T H denotes a coarse-grained partition of the
domain into individual coarse elements. Then, for each coarse element K, we solve{

−∇2φi − k2φi = 0 in K,
φi = θi on ∂K,

(3.4)

where ∂K denotes the entire boundary of element K. Given the specified boundary conditions (e.g.,
θi), the local problem (3.4) can be solved via the FEM with a subelement size of h = HK/M, where
HK is the size of coarse element satisfying HK >> h, and M is the number of subpartitions along each
spatial direction.

Once the multiscale basis functions are obtained, the multiscale space UH is generated as follows:

UH = span{φi : i = 1, · · · , 4, ∀K ∈ T H}. (3.5)

With this approach, the multiscale basis functions are able to capture the microscopic details of the
macroscopic problem (2.1), such as those related to acoustics and electromagnetic waves. Consequently,
small-scale characteristics can be incorporated into the macroscopic solution. This implies that the
multiscale basis functions have the flexibility to accommodate sufficient microscopic information and
play a vital role in accurately representing the behavior of the problem as a whole across multiple scales.

The weak formulation of the multiscale strategy seeks to restrict the solution of Eq (2.2) to a
finite-dimensional multiscale subspace UH, where UH ⊂ H1(Ω). Specifically, we aim to find uH ∈ UH

such that
a(uH, v) = ( f , v), ∀v ∈ UH. (3.6)

Here, uH is the multiscale solution, which can be expressed as

uH =

gb2∑
i

uiφi, (3.7)

where gb2 denotes the number of global multiscale basis functions in the MsFEM, in contrast to the
aforementioned gb1 in the FEM (see Eq (3.3)). Note that O(N2) = gb2 << gb1 = O(N2M2). This
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indicates that the multiscale scheme requires far fewer degrees of freedom (DOFs) than the traditional
finite element scheme. Consequently, this significant reduction in complexity directly translates to a
substantial saving in computational costs, confirming that the multiscale scheme outperforms the finite
element scheme in terms of both DOFs efficiency and computational economy. We will provide the
detailed data structure in what follows.

To explain the mechanism of the multiscale strategy in greater detail, we construct an enriched
mapping matrix for the multiscale basis functions. We start with a coarse element Ki, j = [xi, xi+1] ×
[y j, y j+1]. In the x-direction, there are M + 1 fine mesh nodes as

xi = xi,1 < xi,2 < · · · < xi,M+1 = xi+1.

The distance between consecutive nodes satisfies

xi,k+1 − xi,k =
xi+1 − xi

M
, k = 1, · · · ,M.

Similarly, in the y-direction, the fine mesh nodes y j,k follow an analogous pattern. Subsequently, the
multiscale basis functions φi can be represented in the form

φi =

(M+1)2∑
l=1

rilψl, φ j =

(M+1)2∑
n=1

r jnψn, (3.8)

where ψl and ψn are the standard finite element basis functions. The coefficients ril and r jn represent
the combination coefficients between these two types of basis functions and are stored as elements of a
global mapping matrix.

Let the global mapping matrix be denoted as R = (ri j), where i = 1, 2, · · · ,Nc, and j = 1, 2, · · · ,N f .
Here, Nc = (NMsFEM + 1)2 and N f = (NFEM + 1)2, with NMsFEM denote the number of coarse-element
partitions in the MsFEM, and NFEM represents the number of fine-element partitions in the FEM. For
typical multiscale problems, N f ≫ Nc holds, which reflects the higher resolution of the fine grid relative
to the coarse grid.

To facilitate subsequent algebraic operations (e.g., matrix assembly or linear system solving), the key
relationship can be rewritten in a compact matrix form. This matrix representation not only simplifies
the mathematical expression of the coupling between scales but also aligns with the computational
framework of the finite element method.

Specifically, the matrix-form equivalent of formula (3.8) is given by

Φ = RΨ, (3.9)

where Φ ∈ CNc×1 denotes the coarse-scale vector, collecting the discrete values of the coarse-scale
component at all coarse-grid nodes; Ψ ∈ CN f×1 represents the fine-scale vector, gathering the discrete
values of the fine-scale component at all fine-grid nodes; and R ∈ CNc×N f is the global mapping matrix
defined earlier. Its entries encode the linear coupling relationships between the fine-scale basis functions
and coarse-scale basis functions, enabling the extraction of the coarse-scale vector Φ from the fine-scale
vector Ψ via the matrix-vector multiplication in Eq (3.9).

It is reasonable to anticipate that as the macroscale partition number N (corresponding to NMsFEM)
and microscale partition number M (related to NFEM) are refined simultaneously, the size of R will grow
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accordingly. This is because the matrix inherently encodes requisite local multiscale information, and
this information specifically refers to the coupling relationships between macro- and micro-scale basis
functions across all subdomains.

Regarding the global stiffness matrix in the multiscale scheme, it is denoted as Ac = (ac
i j) = (a(φi, φ j))

in Eq (2.3), where the superscript c indicates the coarse-scale case. Together with the representation
of multiscale basis functions given in Eq (3.8), the global elements are assembled from the following
expression:

ac
i j =

(M+1)2∑
l=1

(M+1)2∑
n=1

rilr jn

∫
K

(
∇ψl · ∇ψn − k2ψlψn

)
dK, (3.10)

where i, j = 1, 2, · · · , (NMsFEM + 1)2. It should be noted that in the context where NMsFEM = N, its value
is relatively small.

On the other hand, for the finite element scheme, we have A f = (a f
i j) = (a(ψi, ψ j)), where the

superscript f represents the fine-scale case. Here, i, j = 1, 2, · · · , (NFEM + 1)2. Note that in this case,
when NFEM = NM, its value is relatively large. In a two-dimensional problem, the computational cost at
this square level can be extremely high.

Now, let us demonstrate the relationship between these two strategies:

Ac = RA f RT .

In our code implementation, the rows and columns of the mapping matrix R inherently incorporate
sufficient microscopic information within each macroscopic element K. As a consequence, a reduced
matrix Ac and a reduced vector,

Fc = RF f ,

are both stored at the coarse scale to save computational resources. In the multiscale scheme, we
assemble the global system to solve for uH as follows:

AcuH = Fc. (3.11)

Conversely, when the finite element method is applied to a very fine mesh, the resulting global
system becomes significantly larger:

A f ug = F f . (3.12)

It is worth emphasizing that the fundamental distinction between FEM and MsFEM lies in the
construction of their basis functions—a difference manifested in the form of the mapping matrix R.
Traditional finite element methods typically employ linear or higher-order basis functions to span the
functional space. In contrast, the multiscale finite element method proposed herein utilizes linear
multiscale basis functions, which enable the computation of coarse-scale solutions within a space
spanned by independently computed multiscale basis functions. This approach inherently facilitates the
reconstruction of a functional space that enriches the representation at the coarse scale, rendering the
multiscale finite element method a robust and efficient alternative to traditional approaches.
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3.3. Computing cost advantages

In practical applications, the MsFEM stands out by offering significant advantages in both
computational efficiency and solution accuracy. To quantify these advantages clearly, as defined above,
we clarify the discretization parameters: let N denote the number of coarse-element partitions along
each spatial direction in the macroscale computational domain, and let M represent the number of
fine-element subpartitions within each coarse element, also along each direction. Under this partitioning
framework, the total number of fine-grid elements covering the entire domain amounts to (NM)2, as
each coarse element is further divided into M2 fine elements, and there are N2 coarse elements in total.

For the traditional FEM, which relies on a uniform fine-grid discretization to capture both macroscale
and microscale features, its computational complexity and memory requirements for storing large-
scale matrices both scale as O(N2M2). This quadratic dependence on the microscale partition number
M becomes a major limitation in practice, especially when high microscale resolution is needed to
model intricate details. Traditional FEM offers no separation between preprocessing and core solution
phases, meaning this high complexity is incurred for every solve, even for parametric or time-dependent
problems with identical microscale geometries.

In sharp contrast, MsFEM circumvents this bottleneck by decoupling the computational workflow
into offline and online phases, a critical distinction for its practical efficiency. The offline phase incurs
a one-time cost of O(N2M2), which covers solving local fine-scale problems (scaling as O(M2) per
coarse element) for all N2 coarse elements and constructing the multiscale basis functions. Additionally,
the global mapping matrix that links local fine-scale basis information to the coarse-scale solution
space is assembled and stored during this offline stage. The online phase, by contrast, is drastically
optimized: the coarse-scale solve scales as O(N2 + M2), as the precomputed basis functions and global
mapping matrix are reused directly, eliminating the need for fine-grid computations during the core
solution process.

Crucially, this reduction in online computational burden does not come at the expense of accuracy.
MsFEM’s local multiscale basis functions are designed to retain key microscale behaviors, ensuring
solutions remain comparable to traditional fine-grid FEM. This offline-online decomposition makes
MsFEM well-suited for large-scale simulations with fixed microscale geometry, as the upfront offline
cost is distributed across multiple online solves, yielding significant overall savings.

In Section 5, we will present detailed CPU time and memory usage measurements to validate the
efficiency and accuracy performance of MsFEM against traditional FEM.

4. Superconvergence analyses

Let κ(x) denote the medium heterogeneity with κmin ≤ κ(x) ≤ κmax, and let all generic positive
constants C and Ci be explicitly annotated to depend on k and κ (but not on the coarse mesh size H
and the fine mesh size h). We also introduce the projection operator ΠH : H1

0(Ω)→ UH tailored to the
local structure of κ and k for the heterogeneous Helmholtz equation and uI ∈ Vh, the standard piecewise
linear nodal interpolant of the exact solution u. We assume the exact solution is sufficiently regular:
u ∈ H3(Ω)∩H1

0(Ω). The small parameter δ represents the local error committed in solving the fine-scale
local problems, which we assume can be controlled such that δ = O(h2).
Lemma 4.1. For any coarse element K ∈ T H, the H1(K) error between the exact solution u and its
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multiscale interpolant ΠHu satisfies

∥u − ΠHu∥H1(K) ≤ C1(k, κ)H|u|H2(K) +C2(k)δ, (4.1)

where |u|H2(K) is the seminorm of u in H2(K), and δ = O(h2) is the local fine-scale discretization error.

Proof. We know that the multiscale basis functions are tailored to the local structure of the differential
operator in Eq (3.4). The error is decomposed into the error due to the standard finite element interpolant
and the error due to the local fine-scale solving. The first term is standard and yields O(H). The
second term, under the assumption that the local problems are solved with high accuracy O(h2), is of
higher-order and can be absorbed into the constant for the final estimate.

Lemma 4.2. The global H1(Ω) error between the multiscale interpolant and the standard linear
interpolant is bounded by

∥ΠHu − uI∥H1(Ω) ≤ C(k, κ)H2|u|H3(Ω). (4.2)

Proof. A careful analysis of the local problems (3.4), using Taylor expansion and the property that the
multiscale basis functions (which quantify the improvement over the standard basis functions) satisfy
the homogeneous Helmholtz equation locally, reveals that the dominant error terms cancel out, leaving
a residual of order O(H2). The detailed proof proceeds as follows:

Because ΠHu =
∑

i uiφi, Ihu = uI =
∑

i uiψi, it follows that ΠHu − uI =
∑

i ui(φi − ψi). Denote
ηi = φi − ψi for the heterogeneous Helmholtz equation so that ηi satisfies the local Helmholtz equation
on K:

−∇2ηi − k2ηi = ∇
2ψi + k2ψi in K.

Using the Taylor expansion of u ∈ H3(Ω) at the nodal points x j ∈ K, we have

(ΠHu − uI)|K =
∑

i

u (xi) ηi ≈∑
i

[
u
(
x j

)
+ ∇u

(
x j

)
·
(
xi − x j

)
+

1
2

(
xi − x j

)T
D2u
(
x j

) (
xi − x j

)
+ O

(∣∣∣xi − x j

∣∣∣3)] ηi(x).

The cubic term vanishes for u ∈ H3(Ω), leaving a quadratic residual in H. By the Bramble–Hilbert
lemma, it has

∥ηi∥H1(K) ≤ C(k, κ)H
∥∥∥∇2ψi + k2ψi

∥∥∥
L∞(K)

.

From the Helmholtz-adapted interpolation error estimate and the local error estimate, it follows that

∥ΠHu − uI∥H1(K) ≤ C(k, κ)H |ΠHu − uI |H2(K) ,

∥ΠHu − uI∥L2(K) ≤ C(k, κ)H2|u|H3(K),

∥∇ (ΠHu − uI)∥L2(K) ≤ C(k, κ)H2|u|H3(K).

Summing over all local coarse elements of the domain yields the global H1(Ω) estimate:

∥ΠHu − uI∥
2
H1(Ω) =

∑
K

∥ΠHu − uI∥
2
H1(K)

≤
∑

K

C(k, κ)H4|u|2H3(K) ≤ C(k, κ)H4|u|2H3(Ω).
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Lemma 4.3. The global H1(Ω) error between the standard linear interpolant and the multiscale solution
is bounded by

∥uI − uH∥H1(Ω) ≤ C(k, κ)H2(|u|H3(Ω) + ∥ f ∥L2(Ω)). (4.3)

Proof. The proof uses Galerkin orthogonality for the heterogeneous Helmholtz equation, coercivity and
continuity of the Helmholtz bilinear form (with k, κ dependence), the multiscale interpolant property,
and the triangle inequality.

The MsFEM solution uH satisfies the Galerkin orthogonality condition for the Helmholtz
bilinear form

ak,κ(u − uH, v) = 0, ∀v ∈ UH, (4.4)

where the heterogeneous Helmholtz bilinear form is defined as

ak,κ(w, v) =
∫
Ω

κ(x)∇w · ∇vdx − k2
∫
Ω

wvdx, w, v ∈ H1
0(Ω). (4.5)

For the Helmholtz equation to be well-posed, we assume the coercivity of ak,κ(·, ·). There exist
constants α(k, κ) > 0 and L(k, κ) > 0 such that

α(k, κ)∥∇v∥2L2(Ω) ≤
∣∣∣ak,κ(v, v)

∣∣∣ , ∀v ∈ H1
0(Ω),∣∣∣ak,κ(w, v)

∣∣∣ ≤ L(k, κ)∥∇w∥L2(Ω) · ∥∇v∥L2(Ω), ∀w, v ∈ H1
0(Ω).

Choosing the test function v = ΠHu − uH and substituting it into Eq (4.4), by Galerkin orthogonality,
we derive the fundamental error equation for the Helmholtz equation:

ak,κ(ΠHu − uH,ΠHu − uH) = ak,κ(ΠHu − u + u − uH,ΠHu − uH)
= ak,κ(ΠHu − u,ΠHu − uH).

Applying coercivity and continuity of ak,κ(·, ·) to both sides, we have

α(k, κ)∥ΠHu − uH∥
2
H1(Ω) ≤ L(k, κ)∥ΠHu − u∥H1(Ω) · ∥ΠHu − uH∥H1(Ω)

⇒ ∥ΠHu − uH∥H1(Ω) ≤
L(k, κ)
α(k, κ)

∥ΠHu − u∥H1(Ω) (4.6)

≤ C(k, κ)H2(|u|H3(Ω) + ∥ f ∥L2(Ω)). (4.7)

The last step uses Lemma 4.1, and the H3-seminorm |u|H3 arises from applying a Bramble–Hilbert
Lemma argument to the local interpolation error. The dependence on ∥ f ∥L2 enters the analysis due to
the coupling of errors across coarse element boundaries or if the source term f has fine-scale structure.

We now relate the error of interest term ∥uI − uH∥ using the triangle inequality,

∥uI − uH∥H1(Ω) ≤ ∥uI − ΠHu∥H1(Ω) + ∥ΠHu − uH∥H1(Ω)

≤ C1(k, κ)H2|u|H3(Ω) +C2(k, κ)H2(|u|H3(Ω) + ∥ f ∥L2(Ω)))
≤ C(k, κ)H2(|u|H3(Ω) + ∥ f ∥L2(Ω))).

The dependence on ∥ f ∥L2(Ω) arises from Helmholtz source term coupling across coarse element
boundaries and the fine-scale structure in f . In this derivation, we combine Lemma 4.2 with Eqs (4.6)
and (4.7) to establish Lemma 4.3.
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Theorem 4.1. The global H1-error between the exact solution and the multiscale solution of the
heterogeneous Helmholtz equation satisfies the second-order superconvergence estimate

∥u − uH∥H1(Ω) ≤ C(k, κ)H2(|u|H3(Ω) + ∥ f ∥L2(Ω)) + O(h2). (4.8)

Proof. Applying the triangle inequality for the H1(Ω) norm and Lemmas 4.1–4.3, we directly establish
the stated result.

It is important to note that linear multiscale basis functions are utilized as the core computational
tool in this paper. Given the inherent linearity of these basis functions, the achievement of second-order
superconvergence with respect to the H1 norm is a key highlight in its theoretical results. This property
is rarely observed in linear multiscale frameworks, and its realization significantly advances the practical
applicability of the proposed method.

5. Numerial results

In this section, the abilities of the proposed multiscale method for solving the Helmholtz equation
will be demonstrated. Codes are compiled using Matlab 2020b and run on a desktop computer featuring
an Intel Core i9-10900K CPU @ 3.70GHz with 32GB of RAM.

Numerical experiments are conducted to evaluate the respective errors, employing the L∞ and L2

norms alongside, most notably, the H1 norm,

∥u − uH∥L∞ = max
Ω
|u − uH |, (5.1)

∥u − uH∥
2
L2 =

∫
Ω

(u − uH)2 dΩ, (5.2)

∥u − uH∥
2
H1 =

∫
Ω

(
(u − uH)2 + (u − uH)2

x + (u − uH)2
y

)
dΩ, (5.3)

where uH denotes the multiscale solution on the coarse mesh of size H as given in Eq (3.7). Note that
uH can be replaced by ug, which represents the Galerkin solution on the fine mesh of size h in Eq (3.3).
We compare these numerical solutions with the exact solution u to evaluate the performance of the
respective methods. Denote e = u − uH, where the superscripts N and 2N refer to the corresponding
errors on the coarse and fine meshes, respectively. The convergence order is then computed as

order = ln


∥∥∥eN
∥∥∥∥∥∥e2N
∥∥∥
 / ln 2. (5.4)

Example 1. In the Helmholtz equation (2.1), we utilize an exact solution given by

u = sin(
πx
ε

) cos(
πy
ε

), (5.5)

with ε = 0.1 chosen to demonstrate the rapid oscillations of the solution; see Figure 1(a). We then
introduce a variable wave number k = tan(xy), a spatially varying coefficient specifically selected to
amplify the impact of heterogeneous media. This choice of k(x, y) introduces pronounced spatial
variations that mimic real-world heterogeneous environments, thereby enabling a more rigorous
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assessment of how the numerical methods perform under conditions where material properties oscillate
greatly across the domain. Consequently, the right-hand side force term in the Helmholtz equation is
calculated as

f = sin(
πx
ε

) cos(
πy
ε

)(
2π2

ε2 − k2).

Figure 1. Exact solution, FEM solution on fine mesh (NM = 128), and MsFEM solution on
coarse mesh (N = 32).

Figure 2. FEM errors on fine mesh (NM = 128) and MsFEM errors on coarse mesh (N = 32).

Figure 3. MsFEM errors on fine mesh (N = 128).

Note that in solving for the necessary multiscale basis functions within the multiscale approach,
we set M = 4 in the local problem (3.4). The number M controls the local problem’s resolution.
Setting M = 4 balances accuracy and efficiency, ensuring reliable basis functions without excessive
computation. In Figure 1(b),(c), both the FEM solution on the fine mesh number NM = 128 and
the MsFEM solution on the coarse mesh number N = 32 agree well with the exact solution. The
corresponding discrete errors are plotted in Figure 2(a),(b). It must be emphasized that, despite the
qualitative agreement observed between the two numerical solutions, the error associated with the FEM
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solution on the fine mesh is in fact an order of magnitude smaller than that of the MsFEM solution on
the coarse mesh. This superior accuracy of the FEM, however, is achieved at the expense of substantially
greater computations, encompassing longer simulation runtime and higher memory consumption. This
discrepancy underscores the difference between the computational cost and solution accuracy of the
two methods. To elaborate further, Figure 3 presents the corresponding MsFEM errors computed on
the same fine mesh number N = 128. Note that the MsFEM errors are smaller than the FEM errors
presented in Figure 2(a).

Table 1. L∞-norm errors and convergence history of FEM and MsFEM for Example 1.

NM FEM order N MsFEM order
16 2.484e-1 - 4 1.004e+0 -
32 7.791e-2 1.67 8 5.616e-1 0.84
64 2.044e-2 1.93 16 2.782e-1 1.01
128 5.203e-3 1.97 32 7.328e-2 1.92
256 1.309e-3 1.99 64 1.821e-2 2.01
512 3.275e-4 2.00 128 4.572e-3 1.99
1024 8.196e-5 2.00 256 1.146e-3 2.00
2048 - - 512 2.728e-4 2.07

Table 2. L2-norm errors and convergence history of FEM and MsFEM for Example 1.

NM FEM order N MsFEM order
16 5.724e-2 - 4 5.585e-1 -
32 2.996e-2 0.93 8 2.829e-1 0.98
64 8.890e-3 1.75 16 1.437e-1 0.98
128 2.317e-3 1.94 32 4.071e-2 1.82
256 5.855e-4 1.98 64 1.049e-2 1.96
512 1.467e-4 2.00 128 2.643e-3 1.99
1024 3.671e-5 2.00 256 6.620e-4 2.00
2048 - - 512 1.520e-4 2.12

Tables 1–3 report the numerical error values and the corresponding convergence orders for the FEM
and the MsFEM applied to the Helmholtz equation, with the errors measured in the L∞-norm, L2-norm,
and H1-norm. Specifically, each table presents the discrete errors obtained by the two methods at
different mesh resolutions (characterized by the number of fine/coarse elements, denoted as NM or N
in the tables). Notably, for the different configuration (corresponding to the same row in the tables),
the multiscale solution yields sufficiently accurate results on a coarse mesh with substantially lower
computational resources and time costs. When comparing across different rows, such as when contrasting
N = 512 with NM = 512 (in the FEM) for the same configuration, the multiscale method further
exhibits superior numerical accuracy. It is worth emphasizing that, despite its competitive accuracy and
wide applicability, the conventional finite element method quickly becomes computationally prohibitive
on a single serial computer when used with highly refined meshes (e.g., NM = 2048). This reflects a
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well-known computational bottleneck that severely restricts its practical performance for large-scale
problems. In contrast, the proposed multiscale strategy effectively mitigates this critical drawback,
enabling efficient computations even for fine-scale problems while preserving high solution accuracy
and numerical stability.

Table 3. H1-norm errors and convergence history of FEM and MsFEM for Example 1.

NM FEM order N MsFEM order
16 2.954e+0 - 4 1.531e+1 -
32 1.385e+0 1.09 8 1.152e+1 0.41
64 3.990e-1 1.80 16 4.323e+0 1.41
128 1.032e-1 1.95 32 1.048e+0 2.04
256 2.603e-2 1.99 64 2.618e-1 2.00
512 6.523e-3 2.00 128 6.549e-2 2.00
1024 1.631e-3 2.00 256 1.637e-2 2.00
2048 - - 512 4.037e-3 2.02

Example 2. We select an identical exact solution in [12], defined as

u(x, y) = sinhαx sinhα(π − x) sinh βy sinh β(π − y). (5.6)

Here, we set α = 1, β = 2, and a large wave number k = 500 to embody the challenging high-
frequency regime, where the efficient multiscale strategies are critically needed. Consequently, in the
Helmholtz equation (2.1), the right-hand force is computed as

f = 2α2 coshα(π − 2x) sinh βy sinh β(π − y)
+2β2 cosh β(π − 2y) sinhαx sinhα(π − x)
−k2 sinhαx sinhα(π − x) sinh βy sinh β(π − y).

Figure 4. FEM errors on fine mesh (NM = 256) and MsFEM errors on coarse meshes with
N = 64 and N = 256.

In Figure 4, we directly show the FEM errors on the fine mesh with the MsFEM errors on the
corresponding coarse meshes, clearly visualizing and validating the excellent approximation capability
of the proposed MsFEM across different discretization levels.
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Table 4. H1-norm errors and convergence history of FEM and MsFEM for Example 2.

NM FEM order N MsFEM order
16 1.676e-2 - 4 1.836e-1 -
32 4.531e-3 1.89 8 3.435e-2 2.42
64 1.179e-3 1.94 16 6.459e-3 2.41
128 3.022e-4 1.96 32 3.148e-3 1.04
256 7.612e-5 1.99 64 9.907e-4 1.67
512 1.919e-5 1.99 128 2.474e-4 2.00
1024 4.758e-6 2.01 256 8.494e-5 1.54
2048 - - 512 1.876e-5 2.18

Table 4 presents the H1-norm errors and convergence history of the FEM and MsFEM for Example 2.
For brevity, we only report the H1-norm results here, omitting the L∞- and L2-norm data. The FEM
results are obtained on fine meshes with NM = 64, 128, 256, 512, whereas the MsFEM results are
computed on coarse meshes with N = 64, 128, 256, 512 at equivalent resolution levels. At these
matching nominal resolutions, the MsFEM consistently yields smaller H1-norm errors on coarse meshes
than the FEM does on fine meshes. Moreover, the MsFEM exhibits convergence rates exceeding
second-order, confirming theoretical superconvergence.

Figure 5. CPU time comparison for Example 2: FEM, MsFEM offline phase, and MsFEM
online phase.

Figure 5 quantifies CPU time consumption for the FEM and MsFEM across varying partition
numbers to distinguish offline and online costs and validate the efficiency. FEM time represents its
total single-stage solution process, growing rapidly with mesh resolution due to full fine-grid stiffness
matrix assembly and solving. MsFEM’s offline phase includes local basis construction and global
mapping matrix assembly, incurring a one-time cost scaling with fine-grid resolution. In contrast, the
MsFEM online phase, which performs reduced-order coarse-scale solves using the precomputed global
mapping matrix, shows drastically lower CPU time at all resolutions. Even at the largest partition
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number, MsFEM online time is several orders of magnitude faster than both FEM total time and
MsFEM offline cost. This confirms that the offline precomputation is easily recouped by the efficient
online phase, establishing the MsFEM’s superiority for large-scale repeated simulations. Notably,
such superior accuracy is achieved at a significantly lower computational cost, further validating the
MsFEM’s effectiveness for large-scale, high-frequency Helmholtz problems.

6. Conclusions

In this work, we have developed a precise, stable, and superconvergent multiscale finite element
scheme for the Helmholtz equation in rapidly oscillating heterogeneous media. Based on the scale
decomposition of the solution, our multiscale approach achieves both competitive accuracy and
remarkable efficiency compared with existing methods. Using linear multiscale basis functions, we
rigorously obtain second-order superconvergence in the H1 norm. Numerical experiments demonstrate
that the exact solution exhibits rapid variations along with the large wave numbers, thereby amplifying
the heterogeneity of the environment, validating the robust abilities of the proposed multiscale strategy.
These results make the MsFEM a practical and reliable approach for solving the Helmholtz equation in
various applications such as acoustics, electromagnetics, and wave propagation problems. Inspired
by [21, 22], we will further explore more efficient and adaptive multiscale strategies in future research.
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