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Abstract: This study, we present a fractional-order compartmental model to describe the transmission
dynamics of tick-borne encephalitis between human and vector (tick) populations. The model is first
formulated in the classical integer-order sense and then extended to a fractional-order framework using
the Caputo fractional derivative to incorporate memory effects. We analyzed the model with respect
to positivity, boundedness, and stability, and identified the invariant region under the Caputo fractional
operator. Furthermore, the model was fitted to the reported case data, and R0 was computed using
the next-generation matrix method, resulting in R0 = 0.23. PRCC sensitivity analysis confirmed the
effectiveness of vaccination in reducing disease transmission, with local and global stability established
through Jacobian and Lyapunov analyses, respectively. We examined the effect of the fractional-order
parameter ζ using an efficient Adams-Moulton numerical approach, and contour and 3D surface plots
are used to visualize the outcomes. The simulations showed that variations in key parameters reduced
disease transmission and infection levels in both populations.
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1. Introduction

Tick-borne encephalitis (TBE) is an emerging vector-borne viral infection caused by the tick-borne
encephalitis virus (TBEV), and the virus is transmitted mainly through the bite of infected ticks,
which acquire the virus while feeding on infected animal hosts and subsequently pass it to humans
during blood meals. Following infection, the virus may invade the central nervous system, resulting
in serious neurological disorders. Lindquist et al. [1], no effective antiviral treatment currently exists
for tick-borne encephalitis virus (TBEV), making vaccination the primary preventive strategy, while
Holding et al. [2] elucidated the viral structure and its neutralization by a monoclonal antibody,
highlighting challenges for targeted therapy development. TBEV is a member of the Flavivirus genus
within the Flaviviridae family. Moreover, an approximately 11 kb single-stranded RNA genome is
possessed by the TBEV virus, which encodes the viral proteins required for replication, structural
assembly, and successful infection of host cells [3]. The virus persists endemically across large
regions, where it is continuously maintained within natural transmission cycles involving vectors and
hosts of Europe and Asia, with reported circulation in at least 27 European countries and several
Asian regions. Each year, approximately 10,000–12,000 human infections with tick-borne TBEV are
reported worldwide, representing a significant public health burden across ecological and geographic
regions, as reported by the World Health Organization. The epidemiology, ecological drivers, and
prevention of TBEV have been discussed by Hotez et al. [4] and Süss [5]. Furthermore, WHO position
papers [6] and the regional review by Xing et al. [7] emphasize vaccination strategies and disease
dynamics in Europe and Asia, with particular attention to endemic regions in China. Since 2012, health
authorities have classified TBE as a notifiable disease, requiring mandatory reporting to public health
surveillance systems to enable timely monitoring and control of outbreaks in the European Union,
and is subject to systematic surveillance [8]. In addition, researchers are actively conducting ongoing
tick-monitoring programs across Europe, the United States, and the Netherlands, which continue to
detect TBEV and other tick-borne viruses, highlighting the persistent and expanding risk posed by
tick-borne pathogens, as reported by Jahfari et al. [9] and by Mansfield et al. [10]. Moreover, and
recent systematic reviews by Qin et al. [11] further confirm the prevalence of TBEV in ticks and
humans in China from 2000 to 2023.

Within China, TBE is classified as an occupational illness arising from biological exposure and
is listed in the national occupational disease framework. However, the health authorities have
not designated it as a nationally reportable infectious disease, which limits systematic monitoring
and reporting of TBEV cases [12]. Currently, public health authorities in Heilongjiang Province
are the only ones requiring mandatory reporting of TBE cases. However, researchers have not
yet fully characterized the true magnitude of its impact on public health. Because surveillance
is limited and underdiagnosis is possible, public health authorities may underestimate the true
burden of TBEV infection; the number of infections is believed to exceed officially reported figures.
Moreover, investigations conducted locally have revealed developments similar to those recorded in
other European and Asian regions; the incidence of TBE in China has shown a persistent upward
trajectory in recent years [13], and incidence of TBE in mainland China has increased in recent
years. Researchers have yet to fully investigate the virus’s transmission dynamics and associated
risk factors. Furthermore, Effective vaccination is essential to preventing disease-related morbidity
and mortality due to limited options for treating TBE. Three distinct pharmaceutical companies
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presently hold licenses for five vaccine types in Europe and Russia: The vaccines produced by
GSK-Encepur (Germany), Pfizer (Austria), Microgen (Russia), and the Chumakov Institute (licensed
only within Russia) [14]. Individuals living in or traveling to endemic regions with a high risk
of infection are strongly recommended to receive vaccination, which is widely recognized as the
cornerstone of prevention, as highlighted by Zakirullah [15] and further supported by mathematical
modeling studies on vaccination interventions by Zakirullah [16]. Researchers have also built a
mathematical model to investigate this effect. The changing epidemiological landscape of TBE
represents a growing public health challenge across the Eurasian region, highlighting the need for
comprehensive analyses to clarify disease patterns and inform targeted prevention and control strategies
for tick-borne viral infections in China [17].

Fractional-order modeling provides powerful tools for capturing memory effects in complex
systems, as demonstrated by Du et al. [18] and by Naik et al. [19]. The application of artificial
intelligence combined with fractional-order operators has enhanced data analysis in biomedical studies,
as shown by Khan et al. [20]. Additionally, fractional frameworks are increasingly used to study
transmission dynamics, control mechanisms, and complex systems, as highlighted by Devi et al. [21]
and by Akgül et al. [22], with further insights into bifurcations and stability in cancer modeling
provided by Xuan et al. [23]. Additionally, mathematical modeling approaches have provided
additional insights into complex dynamics in related systems, as shown by Lu et al. [24]. In
epidemiological models, fractional-order formulations have been shown to provide greater flexibility
and improved agreement with observed data by capturing nonlocal temporal dynamics that are not
effectively represented by classical integer-order models. As a result, fractional-order approaches
have been increasingly applied to infectious disease modeling to better describe complex transmission
processes and long-term system behavior. Fractional-order epidemic models have been used to study
complex disease dynamics, including HIV/HCV co-infection, as demonstrated by Naik et al. [25] and
Alkhazzan et al. [26]. Similarly, the dynamics of emerging infections such as monkeypox and Zika
virus have been analyzed using fractional differential equations and AI-based modeling approaches by
Khan et al. [27]. Furthermore, bifurcation and theoretical analyses have been applied to understand
Hepatitis B and Ebola virus epidemics, as illustrated by Ahmad et al. [28] and Naik et al. [29].

Researchers studies have primarily relied on deterministic, integer-order eco-epidemiological
models, which have been instrumental in advancing the understanding of TBE transmission
dynamics [30]. Early studies focused on core transmission mechanisms and persistence thresholds,
including non-viraemic transmission and host-vector interactions, as discussed by Mansfield et al. [31]
and emphasized in recent reports by the WHO [32]. Additionally, researchers have studies on
core transmission mechanisms and persistence thresholds, including non-viraemic transmission and
host-vector interactions, as illustrated by Vorou et al. [33] and Kaiser et al. [34]. Subsequent models
incorporated greater ecological realism by accounting for tick life stages, host structure, and spatial
dynamics, highlighting the complexity of TBEV epidemiology. These modeling efforts provide
essential insights for understanding transmission patterns and informing targeted control strategies.
More recent work has highlighted the role of environmental variability and climate in shaping TBE
risk and has emphasized data-driven calibration and scenario-based analyses to assess disease control
strategies, as illustrated by Mittova et al. [35] and Süss [36]. Motivated by these gaps, compared with
traditional models, we develop a new fractional-order human-vector transmission model for TBE that
extends the classical integer-order framework by incorporating vaccination, hospitalization, and vector
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dynamics within a unified Caputo fractional derivative setting. The proposed formulation captures
memory-dependent effects in human and vector populations, enabling a more realistic representation
of disease persistence and control.

The manuscript is organized as follows. In Section 2, we presents the essential preliminaries
on fractional derivatives. The formulation of the TBE model, together with parameter descriptions
and parameter estimation, is introduced in Section 3, where the integer-order and fractional-order
frameworks are developed. The well-posedness of the proposed model is examined in Section 4.
Section 5 is devoted to the derivation of equilibrium points, associated matrices, and the basic
reproduction number R0. A comprehensive stability analysis is carried out in Section 6, followed
by a sensitivity analysis in Section 7. The numerical scheme employed to solve the model is described
in Section 8, while the corresponding numerical simulations and their interpretations are presented in
Section 9. Finally, in Section 10, we summarize the major conclusions and key findings of the study.

2. Fractional calculus definitions

Key definitions of fractional derivatives are provided here.

Definition 2.1. [37] Let g : (0,∞) → R be a real-valued function. The Riemann–Liouville fractional
integral operator of order ξ > 0 is defined by

RL
0 I

ξ
t g(t) =

1
Γ(ξ)

∫ t

0
(t − ψ)ξ−1g(ψ) dψ.

Definition 2.2. [37] Let g : (0,∞) → R be a function and let ξ > 0 be the fractional order. The
Riemann–Liouville fractional derivative of order ξ is defined by

RL
0 D

ξ
t g(t) =


1

Γ(m − ξ)
dm

dtm

∫ t

0
(t − ψ)m−ξ−1g(ψ) dψ, m − 1 < ξ < m,

dm

dtm g(t), ξ = m, m ∈ N.

Definition 2.3. [38] Let g(t) be a sufficiently smooth function and let ξ > 0 be a fractional order. The
Laplace transform of the Caputo fractional derivative of order ξ is given by

L
[

C
0 Dξ

t g(t)
]
= sξG(s) −

m−1∑
k=0

g(k)(0) sξ−k−1,

where G(s) = L[g(t)] and m ∈ N satisfies m − 1 < ξ ≤ m.

Definition 2.4. [39] The function Em,n(z), called the two-parameter Mittag–Leffler function, is
defined by

Em,n(z) =
∞∑

k=0

zk

Γ(mk + n)
, m > 0, n > 0.

Moreover, its Laplace transform is given by

L
[
t n−1Em,n(±atm)

]
(s) =

s m−n

sm ∓ a
.

Networks and Heterogeneous Media Volume 21, Issue 2, 496–530.



500

Lemma 2.4.1. [39] Consider the fractional differential equation

CD
ξ
tΥ(t) = C(Υ(t)) , Υ(t0) =

(
y1(t0), y2(t0), . . . , yn(t0)

)
,

where 0 < ξ < 1, Υ(t) = (y1(t), y2(t), . . . , yn(t)) ∈ Rn is the state vector, and

C : Rn → Rn

is a continuous vector field describing the system dynamics.

Lemma 2.4.2. [39] Let y(t) ∈ R+ be a differentiable function. Then, for all t > 0 and ξ ∈ (0, 1), the
following inequality holds:

CD
ξ
t y(t) ≤ y∗ − y∗ ln

(
y(t)
y∗

)
−

(
1 −

y∗

y(t)

)
CD

ξ
t y(t), y∗ ∈ R+.

3. Model development

In this section, a compartmental model is proposed to describe the transmission dynamics of
TBE between human and vector (tick) populations. The human population is divided into six
compartments: susceptible (S h), vaccinated (Vh), exposed (Eh), infectious (Ih), hospitalized (Hh),
and recovered (Rh). The vector population is classified into three compartments: susceptible (S v),
exposed (Ev), and infectious (Iv).

In the susceptible human class S h, τh denotes the human recruitment rate, a is the vector biting rate,
b is the transmission probability from vector to human, Iv represents infectious vectors, dh is the natural
death rate of humans, and ν is the vaccination rate:

dS h

dt
= τh − (abIv + dh + ν)S h.

In the vaccinated human class Vh, ν is the vaccination rate, S h is the susceptible human population,
and dh denotes the natural death rate:

dVh

dt
= νS h − dhVh.

In the exposed human class Eh, a is the biting rate, b is the transmission probability, Iv denotes
infectious vectors, η1 and σ are progression and subclinical recovery rates, respectively, and dh is the
natural death rate:

dEh

dt
= abIvS h − (η1 + σ + dh)Eh.

In the infectious human class Ih, η1 is the progression rate from exposed to infectious, θ is the
recovery rate, δ is the hospitalization rate, and dh is the natural death rate:

dIh

dt
= η1Eh − (θ + δ + dh)Ih.

In the hospitalized human class Hh, δ denotes the hospitalization rate, γ is the recovery rate of
hospitalized individuals, and dh is the natural death rate:

dHh

dt
= δIh − (γ + dh)Hh.
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In the recovered human class Rh, σ, θ, and γ represent recovery rates from exposed, infectious, and
hospitalized classes, respectively, while dh is the natural death rate:

dRh

dt
= σEh + θIh + γHh − dhRh.

In the susceptible vector class S v, τv is the vector recruitment rate, a is the biting rate, c is the
transmission probability from human to vector, Ih is the infectious human population, and dv is the
natural vector death rate:

dS v

dt
= τv − (acIh + dv)S v.

In the exposed vector class Ev, a is the biting rate, c is the transmission probability, η2 is the
progression rate in vectors, and dv is the natural death rate:

dEv

dt
= acIhS v − (dv + η2)Ev.

In the infectious vector class Iv, η2 is the progression rate to infectious vectors, ξ denotes the
disease-induced vector death rate, and dv is the natural death rate:

dIv

dt
= η2Ev − (ξ + dv)Iv. (3.1)

Sh

Iv

Sv

Ev

Rh

Ih

Hh

Vh

Eh

ab

ac

Figure 1. Schematic diagram representing the epidemic dynamics of tick-borne encephalitis.

Using the integer-order model as a baseline, and flow diagram in Figure 1, the model is reformulated
in the Caputo fractional-order sense as follows:

C D ζ
t S h = τh − (abIv + dh + ν)S h,

C D ζ
t Vh = νS h − dhVh,

C D ζ
t Eh = abIvS h − (η1 + σ + dh)Eh,

C D ζ
t Ih = η1Eh − (θ + δ + dh)Ih,

C D ζ
t Hh = δIh − (γ + dh)Hh,

C D ζ
t Rh = σEh + θIh + γHh − dhRh,

C D ζ
t S v = τv − (acIh + dv)S v,
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C D ζ
t Ev = acIhS v − (dv + η2)Ev,

C D ζ
t Iv = η2Ev − (ξ + dv)Iv, (3.2)

subject to the initial conditions

S h,Vh, Eh, Ih,Hh,Rh, S v, Ev, Iv ≥ 0.

3.1. Parameter estimation

In this subsection, model parameters are estimated using a nonlinear least-squares framework
by minimizing the residuals between the simulated outputs and the reported TBE infection data.
Figure 2(a) shows a close agreement between the model-predicted infection trajectory and the observed
data, while the corresponding residuals are displayed in Figure 2(b).
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Figure 2. Model fit to the reported TBE infection data.

Parameter estimation is performed using MATLAB’s built-in lsqcurvefit routine, which
implements nonlinear least-squares optimization. Model (3.2) involves fifteen parameters; some of
these are fixed based on values available in the literature, whereas the remaining parameters are
estimated using the reported TBE case data in [40].

To assess the goodness of fit, the root mean square error (RMSE) between the simulated infection
data Υ(tn) and the observed data Υdata(tn) is computed as

RMSE =

√√
1
l

l∑
n=1

(Υ(tn) − Υdata(tn))2,

where l denotes the total number of observation time points.
The proposed framework is the incorporation of a fractional-order derivative of order ζ, which

increases model flexibility and enable the explicit representation of memory effects in disease
transmission dynamics. Specifically, the evolution of the cumulative infected population χ(t) is
governed by

C D ζ
t χ(t) = ηζ1Eh − (θζ + δζ + dζh)Ih,
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where the daily number of newly reported infections is defined asZ(t) = χ(t) − χ(t − 1).
The optimal parameter set is obtained for ζ = 0.71, indicating the presence of memory effects in

TBE transmission. Consistent with this observation, the fractional-order model provides a noticeably
improved fit to the reported data compared with its integer-order counterpart. The estimated parameter
values corresponding to the best fit are summarized in Table 1.

Table 1. Descriptions of model parameter values and sensitivity indices.

Parameter Description Value (per day)) SI Source
τh Recruitment rate of humans 537915 × 1

365 +0.500 [41]

dh Natural death rate of humans
1

79 × 365
−0.0003 [42]

ν Vaccination rate of susceptible humans 0.090 −0.49 Fitted
a Biting rate of vectors on humans 0.05–0.1 +1.000 Fitted
b Vector-to-human transmission probability per bite 0.020 +0.500 Fitted
c Human-to-vector transmission probability per bite 0.041 +0.500 Fitted
η1 Exposed-to-infectious rate for humans 0.020 0.46 Fitted
σ Rate of asymptomatic recovery in exposed humans 0.230 −0.456 Fitted
θ Recovery rate of infectious humans 0.080 −0.165 Fitted
δ Hospitalization rate of infectious humans 0.160 −0.330 Fitted
γ Recovery rate of hospitalized humans 0.570 - Fitted
τv Recruitment rate of vectors 0.0027 0.5 [43]
dv Natural death rate of vectors 0.017 −0.91 [43]
η2 Exposed-to-infectious rate for vectors 0.07 0.097 Fitted
ξ Vector death rate 0.01 −0.18 Fitted

4. Non-negativity, boundedness, existence, and uniqueness

In this sectioned, we establishes the well-posedness of the model, including positivity, boundedness,
exactness, and uniqueness of the solutions.

Proposition 4.1. Let all model parameters be positive and suppose the initial conditions satisfy

S h(0),Vh(0), Eh(0), Ih(0),Hh(0),Rh(0), S v(0), Ev(0), Iv(0) ≥ 0.

Then, for every t > 0, system (3.2) admits a solution that is non-negative, bounded, and trajectory
remains in a positively invariant region

Ω = Ωh ×Ωv,

where

Ωh =

{
(S h,Vh, Eh, Ih,Hh,Rh) ∈ R6

+ : Nh(t) = S h + Vh + Eh + Ih + Hh + Rh ≤
τh

dh

}
,

Ωv =

{
(S v, Ev, Iv) ∈ R3

+ : Nv(t) = S v + Ev + Iv ≤
τv

dv

}
.
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Proposition 4.2. To guarantee the non-negativity of the state variables, consider the fractional-order
differential equation for the susceptible human population S h(t)

C D ζ
t S h = τh − (b1b2Iv + ν + dh)S h.

This takes the form:
C D ζ

t S h + (ν + dh)S h = τh ≥ 0.

Since τh ≥ 0 the positivity of the Caputo derivative leads to S h(t) ≥ 0 for all t > 0.
Applying the Laplace transform, we obtain

sζL [S h] − sζ−1S h(0) + (ν + dh)L [S h] ≥ 0,

L [S h] ≥
sζ−1S h(0)

sζ + (ν + dh)
.

The inverse Laplace transform yields

S h(t) ≥ S h(0)Eζ,1

(
−(ν + dh)tζ

)
≥ 0.

Similarly, all remaining variables Vh, Eh, Ih,Hh,Rh, S v, Ev, Iv follow a fractional differential equation
structured as

C D ζ
t x(t) + a(t)x(t) = f (t) ≥ 0,

with the same approach, positivity for all compartments holds for t > 0. We proceed to show
boundedness. Let the total human population be defined as

Nh(t) = S h(t) + Vh(t) + Eh(t) + Ih(t) + Hh(t) + Rh(t).

The sum of the equations gives

C D ζ
t Nh(t) = τh − dhNh(t).

We consider the Laplace transform of this linear fractional differential equation

sζL [Nh] − sζ−1Nh(0) =
τh

s
− dhL [Nh],

L [Nh] =
sζ−1Nh(0) + τh/s

sζ + dh
.

By taking the inverse Laplace transform, we get

Nh(t) = Nh(0)Eζ ,1 (−dhtζ) + τhEζ,ζ+1(−dhtζ).

Following the Mittag-Leffler function, we get

Ec,d(x) = xEc,c+d(x) +
1
Γ(d)

.
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Hence,
Nh(t) = (Nh(0) −

τh

dh
)Eζ ,1 (−dhtζ) +

τh

dh
.

Thus, limt→∞ sup N(t) ≤
τh
dh

.
As a result, Nh(t) is bounded.
The same approach is applied to the vector population

C D ζ
t Nv(t) = ζv − dvNv(t)⇒ Nv(t) ≤

τv

dv
.

As a result, all system variables are non-negative and bounded, which confirms the positive
invariance and epidemiological feasibility of the region Ω ⊂ R9

+ .

4.1. Existence and uniqueness

In this subsection, we present the conditions that ensure existence and uniqueness proofs for the
solution of the fractional-order system (3.2).

Theorem 4.1. Let the initial condition be given in a bounded region K × (0,T ], where

K =
{
(S h,Vh, Eh, Ih,Hh,Rh, S v, Ev, Iv) ∈ R9 : max {|S h|, |Vh|, |Eh|, |Ih|, |Hh|, |Rh|, |S v|, |Ev|, |Iv|} ≤ M

}
.

The fractional-order system (3.2) has a unique solution for each initial condition in K .

Proof. Let us define the mapping

F (Y ) = (F1(Y ),F2(Y ), . . . ,F9(Y )),

where Y = (S h,Vh, Eh, Ih,Hh,Rh, S v, Ev, Iv), and the components of F (Y ) are given by

F1(Y ) = τh − abIvS h − (dh + ν)S h,

F2(Y ) = νS h − dhVh,

F3(Y ) = abIvS h − (η1 + σ + dh)Eh,

F4(Y ) = η1Eh − (θ + δ + dh)Ih,

F5(Y ) = δIh − (γ + dh)Hh,

F6(Y ) = σEh + θIh + γHh − dhRh,

F7(Y ) = τv − acIhS v − dvS v,

F8(Y ) = acIhS v − (dv + η2)Ev,

F9(Y ) = η2Ev − dvIv.

To prove the Lipschitz condition, consider any Y , Ỹ ∈ K . Then

∥F (Y ) −F (Ỹ )∥ ≤
9∑

i=1

|Fi(Y ) −Fi(Ỹ )|

≤ G1|S h − S̃ h| +G2|Vh − Ṽh| +G3|Eh − Ẽh| +G4|Ih − Ĩh| +G5|Hh − H̃h|
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+G6|Rh − R̃h| +G7|S v − S̃ v| +G8|Ev − Ẽv| +G9|Iv − Ĩv|.

It follows that there exists a constant G > 0 satisfying:

∥F (Y ) −F (Ỹ )∥ ≤ G∥Y − Ỹ ∥.

This proves that F is Lipschitz continuous on K . Consequently, given Theorem 4.1, for fractional
differential equations with Lipschitz nonlinearity, system (3.2) admits a unique solution for each
initial condition.

5. Equilibria and basic reproduction number (R0)

In this section, we derive the disease-free equilibrium (DFE), compute R0 using the next-generation
matrix approach, and establish the endemic equilibrium (EE) of the model.

The DFE corresponds to the absence of infection in the population. Setting

C D ζ
t S h =

C D ζ
t Eh =

C D ζ
t Ih =

C D ζ
t Hh =

C D ζ
t Rh =

C D ζ
t S v =

C D ζ
t Ev =

C D ζ
t Iv = 0

and assuming that all infected compartments vanish, we obtain the disease-free equilibrium

E0 = (S 0
h,V

0
h , E

0
h, I

0
h ,H

0
h ,R

0
h, S

0
v , E

0
v , I

0
v ),

where

S 0
h =

τh

dh + ν
,

V0
h =

ντh

dh (dh + ν)
,

S 0
v =

τv

dv
. (5.1)

To compute the basic reproduction number R0, we apply the next-generation matrix method by
considering the infected compartments Eh, Ih, Ev, and Iv. The dynamics of the infected classes are
given by

C D ζ
t Eh = abIvS h − (η1 + σ + dh)Eh,

C D ζ
t Ih = η1Eh − (θ + δ + dh)Ih,

C D ζ
t Ev = acIhS v − (dv + η2)Ev,

C D ζ
t Iv = η2Ev − (ξ + dv)Iv. (5.2)

Let F denote the rate of new infections in the system, and let V represent the transfer of
individuals into and out of the infected compartments. Based on system (5.2), we then define the
following matrices:

F =


abIvS h

0
acIhS v

0

 ,
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and

V =


(η1 + σ + dh)Eh

−η1Eh + (θ + δ + dh)Ih

(dv + η2)Ev

−η2Ev + (ξ + dv)Iv

 .
Let JF and JV denote the Jacobian matrices of F and V with respect to the infected variables

(Eh, Ih, Ev, Iv). Defining

∆1 = abIvS h, ∆2 = 0, ∆3 = acIhS v, ∆4 = 0,
Λ1 = (η1 + σ + dh)Eh, Λ2 = −η1Eh + (θ + δ + dh)Ih,

Λ3 = (dv + η2)Ev, Λ4 = −η2Ev + (ξ + dv)Iv,

we obtain

JF =


∂∆1
∂Eh

∂∆1
∂Ih

∂∆1
∂Ev

∂∆1
∂Iv

∂∆2
∂Eh

∂∆2
∂Ih

∂∆2
∂Ev

∂∆2
∂Iv

∂∆3
∂Eh

∂∆3
∂Ih

∂∆3
∂Ev

∂∆3
∂Iv

∂∆4
∂Eh

∂∆4
∂Ih

∂∆4
∂Ev

∂∆4
∂Iv

 =


0 0 0 abS h

0 0 0 0
0 acS v 0 0
0 0 0 0

 ,
and

JV =


∂Λ1
∂Eh

∂Λ1
∂Ih

∂Λ1
∂Ev

∂Λ1
∂Iv

∂Λ2
∂Eh

∂Λ2
∂Ih

∂Λ2
∂Ev

∂Λ2
∂Iv

∂Λ3
∂Eh

∂Λ3
∂Ih

∂Λ3
∂Ev

∂Λ3
∂Iv

∂Λ4
∂Eh

∂Λ4
∂Ih

∂Λ4
∂Ev

∂Λ4
∂Iv

 =

η1 + σ + dh 0 0 0
−η1 θ + δ + dh 0 0

0 0 dv + η2 0
0 0 −η2 ξ + dv

 .
Evaluating these matrices at the disease-free equilibrium E0, we obtain

JF(E0) =


0 0 0 abτh

dh+ν

0 0 0 0
0 acτv

dv
0 0

0 0 0 0

 , JV(E0) =


η1 + σ + dh 0 0 0
−η1 θ + δ + dh 0 0

0 0 dv + η2 0
0 0 −η2 ξ + dv

 .
The inverse of JV(E0) is given by

JV(E0)−1 =


1

σ+η1+dh
0 0 0

η1
(σ+η1+dh)(θ+δ+dh)

1
θ+δ+dh

0 0
0 0 1

η2+dv
0

0 0 η2
(ξ+dv)(η2+dv)

1
ξ+dv

 .
Consequently, the next-generation matrix is

JF(E0)JV(E0)−1 =


0 0 abη2τh

(ν+dh)(ξ+dv)(η2+dv)
abτh

(ν+dh)(ξ+dv)

0 0 0 0
acη1τv

dv(σ+η1+dh)(θ+δ+dh)
acτv

dv(θ+δ+dh) 0 0
0 0 0 0

 .
The eigenvalues of JF(E0)JV(E0)−1 are
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λ1 = λ2 = 0,

λ3 = −a

√
bcη1η2τhτv

dv (ν + dh) (ξ + dv) (η2 + dv) (σ + η1 + dh) (θ + δ + dh)
,

λ4 = a

√
bcη1η2τhτv

dv (ν + dh) (ξ + dv) (η2 + dv) (σ + η1 + dh) (θ + δ + dh)
.

The basic reproduction number, R0, is defined as the spectral radius, that is, the largest eigenvalue,
of the matrix product JF(E0)JV(E0)−1. Accordingly, we have

R0 = a

√
bcη1η2τhτv

dv (ν + dh) (ξ + dv) (η2 + dv) (σ + η1 + dh) (θ + δ + dh)
.

Next, the EE exists when the disease persists in the population; that is,

E⋆
h > 0, I⋆h > 0, E⋆

v > 0, I⋆v > 0.

To derive the EE, we assume all compartments are nonzero
C D ζ

t S h ,
C D ζ

t Eh ,
C D ζ

t Ih ,
C D ζ

t Hh ,
C D ζ

t Rh ,
C D ζ

t S v ,
C D ζ

t Ev ,
C D ζ

t Iv , 0.

The endemic equilibrium E⋆ is obtained by setting all derivatives in system (3.2) to zero. Solving
the resulting algebraic system yields the endemic equilibrium (EE), given by

E⋆ = (S ⋆
h ,V

⋆
h , E

⋆
h , I

⋆
h ,H

⋆
h ,R

⋆
h , S

⋆
v , E

⋆
v , I

⋆
v ),

where

S ⋆
h =

ξ + dvτh

Z
,

V⋆
h =

τhνξ + dv

dhZ
,

E⋆
h =

abτh(τv − Nv)
(η1 + σ + dh)Z

,

I⋆h =
abη1τh(τv − Nv)

(η1 + σ + dh) (θ + δ + dh)Z
,

H⋆
h =

abη1δτh(τv − Nv)
(η1 + σ + dh) (θ + δ + dh)Z(γ + dh)

,

R⋆
h =

abστh(τv − Nv)
dh(η1 + σ + dh)Z

(1 +
η1 (θγ + γδ + θdh)

(θ + δ + dh) (γ + dh)
),

S ⋆
v =

dvτv − (dv + η2)Nv

dvη2
,

E⋆
v =

τv − Nv

η2
,

I⋆ν =
τv − Nv

ξ + dv
,

with
Z = (νξ + ξdh − νdv − dhdv + abτv − abNv) .
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6. Local and global stability

This section, we present local and global stability analyses.

Theorem 6.1. The DFE E0 of system (3.2) remains locally asymptotically stable (LAS) under the
condition R0 < 1, whereas it becomes unstable if R0 > 1.

Proof. To establish the local stability of DFE, we consider the Jacobian matrix of system (3.2)
evaluated at E0. We define the nonlinear components as

Θ1 = τh − (abIv + dh + ν)S h,

Θ2 = νS h − dhVh,

Θ3 = abIvS h − (η1 + σ + dh)Eh,

Θ4 = η1Eh − (θ + δ + dh)Ih,

Θ5 = δIh − (γ + dh)Hh,

Θ6 = σEh + θIh + γHh − dhRh,

Θ7 = τv − (acIh + dv)S v,

Θ8 = acIhS v − (dv + η2)Ev,

Θ9 = η2Ev − (ξ + dv)Iv.

The Jacobian matrix associated with the subsystem (S h,Vh, Eh, Ih,Hh,Rh, S v, Ev, Iv) is given by

J(E) =



∂Θ1
∂S h

∂Θ1
∂Vh

∂Θ1
∂Eh

∂Θ1
∂Ih

∂Θ1
∂Hh

∂Θ1
∂Rh

∂Θ1
∂S v

∂Θ1
∂Ev

∂Θ1
∂Iv

∂Θ2
∂S h

∂Θ2
∂Vh

∂Θ2
∂Eh

∂Θ2
∂Ih

∂Θ2
∂Hh

∂Θ2
∂Rh

∂Θ2
∂S v

∂Θ2
∂Ev

∂Θ2
∂Iv

∂Θ3
∂S h

∂Θ3
∂Vh

∂Θ3
∂Eh

∂Θ3
∂Ih

∂Θ3
∂Hh

∂Θ3
∂Rh

∂Θ3
∂S v

∂Θ3
∂Ev

∂Θ3
∂Iv

∂Θ4
∂S h

∂Θ4
∂Vh

∂Θ4
∂Eh

∂Θ4
∂Ih

∂Θ4
∂Hh

∂Θ4
∂Rh

∂Θ4
∂S v

∂Θ4
∂Ev

∂Θ4
∂Iv

∂Θ5
∂S h

∂Θ5
∂Vh

∂Θ5
∂Eh

∂Θ5
∂Ih

∂Θ5
∂Hh

∂Θ5
∂Rh

∂Θ5
∂S v

∂Θ5
∂Ev

∂Θ5
∂Iv

∂Θ6
∂S h

∂Θ6
∂Vh

∂Θ6
∂Eh

∂Θ6
∂Ih

∂Θ6
∂Hh

∂Θ6
∂Rh

∂Θ6
∂S v

∂Θ6
∂Ev

∂Θ6
∂Iv

∂Θ7
∂S h

∂Θ7
∂Vh

∂Θ7
∂Eh

∂Θ7
∂Ih

∂Θ7
∂Hh

∂Θ7
∂Rh

∂Θ7
∂S v

∂Θ7
∂Ev

∂Θ7
∂Iv

∂Θ8
∂S h

∂Θ8
∂Vh

∂Θ8
∂Eh

∂Θ8
∂Ih

∂Θ8
∂Hh

∂Θ8
∂Rh

∂Θ8
∂S v

∂Θ8
∂Ev

∂Θ8
∂Iv

∂Θ9
∂S h

∂Θ9
∂Vh

∂Θ9
∂Eh

∂Θ9
∂Ih

∂Θ9
∂Hh

∂Θ9
∂Rh

∂Θ9
∂S v

∂Θ9
∂Ev

∂Θ9
∂Iv



.

Computing the partial derivatives yields
J(E) =

−(abI0
v + dh + ν) 0 0 0 0 0 0 0 −abS 0

h
ν −dh 0 0 0 0 0 0 0

abI0
v 0 −(η1 + σ + dh) 0 0 0 0 0 0

0 0 η1 −(θ + δ + dh) 0 0 0 0 0
0 0 0 δ −(γ + dh) 0 0 0 0
0 0 σ θ γ −dh 0 0 0
0 0 0 −acS 0

v 0 0 −(acI0
h + dv) 0 0

0 0 0 acS 0
v 0 0 acI0

h −(dv + η2) 0
0 0 0 0 0 0 0 η2 −(ξ + dv)


.
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Evaluating the Jacobian matrix at the disease-free equilibrium E0, where S 0
h =

τh
dh+ν

and S 0
v =

τv
dv

,
we obtain

J(E0) =



−(dh + ν) 0 0 0 0 0 0 0 −
abτh
dh+ν

ν −dh 0 0 0 0 0 0 0
0 0 −(η1 + σ + dh) 0 0 0 0 0 0
0 0 η1 −(θ + δ + dh) 0 0 0 0 0
0 0 0 δ −(γ + dh) 0 0 0 0
0 0 σ θ γ −dh 0 0 0
0 0 0 −

acτv
dv

0 0 −dv 0 0
0 0 0 acτv

dv
0 0 0 −(dv + η2) 0

0 0 0 0 0 0 0 η2 −(ξ + dv)


.

For the local stability of the disease-free equilibrium E0, it is necessary that the trace and
determinant of the Jacobian matrix evaluated at E0 satisfy

Tr
(
JE0

)
< 0 and det

(
JE0

)
> 0.

The trace of the Jacobian matrix at E0 is given by

Tr
(
JE0

)
= −(dh + ν) − dh − (η1 + σ + dh) − (θ + δ + dh) − (γ + dh) − dh − dv − (dv + η2) − (ξ + dv),
= −θ − σ − γ − δ − ν − ξ − η1 − η2 − 6dh − 3dv < 0. (6.1)

The determinant of the Jacobian matrix at E0 is computed using Mathematica and is given by

det
(
JE0

)
= d2

h(dh + ν)(η1 + σ + dh)(θ + δ + dh)(γ + dh)(dv + η2)(ξ + dv) > 0.

Since Tr
(
JE0

)
< 0 and det

(
JE0

)
> 0, it follows that the disease-free equilibrium E0 is LAS when

R0 < 1, and becomes unstable otherwise

Theorem 6.2. If R0 > 1, then the EE point E⋆ is GAS.

Proof. We define the nonlinear Lyapunov function as:

L(t) = Nh(t) +Nv(t), (6.2)

where

Nh = N1(S h − S ⋆
h − S ⋆

h In
S h

S ⋆
h

) + N2(Vh − V⋆
h − V⋆

h In
Vh

V⋆
h

) + N3(Eh − E⋆
h − E⋆

h In
Eh

E⋆
h

)

+ N4(Ih − I⋆h − I⋆h In
Ih

I⋆h
) + N5(Hh − H⋆

h − H⋆
h In

Hh

H⋆
h

),

Nv = N7(S v − S ⋆
v − S ⋆

v In
S v

S ⋆
v

) + N8(Ev − E⋆
v − E⋆

v In
Ev

E⋆
v

) + N9(Iv − I⋆v − I⋆v In
Iv

I⋆v
).

The Caputo fractional derivative corresponding to Eq (6.2) is expressed as

C D ζ
t L(t) =C D ζ

t Nh(t) +C D ζ
t Nv(t). (6.3)
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It follows that

C D ζL(t) = N1(1 −
S ⋆

h

S h
)CDζ

t S h + N2(1 −
V⋆

h

Vh
)C D ζ

t Vh + N3(1 −
E⋆

h

Eh
)C D ζ

t Eh + N4(1 −
I⋆h
Ih

)C D ζ
t Ih

+ N5(1 −
H⋆

h

Hh
)C D ζ

t Hh + N6(1 −
R⋆

h

Rh
)C D ζ

t Rh + N7(1 −
S ⋆

v

S v
)C D ζ

t S v + N8(1 −
E⋆

v

Ev
)C D ζ

t Ev

+ N9(1 −
I⋆v
Iv

)C D ζ
t Iv. (6.4)

Using system (3.2) in Eq (6.4), the resulting expression is

C D ζL(t) = N1(1 −
S ⋆

h

S h
)(τh − (abIν + dh + ν)S h) + N2(1 −

V⋆
h

Vh
)C D ζ

t (νS h − dhVh)

+ N3(1 −
E⋆

h

Eh
)(abIvS h − (η1 + σ + dh)Eh) + N4(1 −

I⋆h
Ih

)(η1Eh − (θ + δ + dh)Ih)

+ N5(1 −
H⋆

h

Hh
)(δIh − (γ + dh)Hh) + N6(1 −

R⋆
h

Rh
)(σEh + θIh + γHh − dhRh)

+ N7(1 −
S ⋆

v

S v
)(τv − (acIh + dv)S v) + N8(1 −

E⋆
v

Ev
)(acIhS v − (dv + η2)Ev)

+ N9(1 −
I⋆v
Iv

)(η2Ev − (ξ + dv)Iv). (6.5)

Rewriting Eq (6.5) by reorganizing its terms

C D ζL(t) = (ν + dh) S ⋆
h (3 −

Vh

V⋆
h

−
V⋆

h S h

VhS ⋆
h

−
S ⋆

h

S h
) +

dvbI⋆ν S ⋆
h

cI⋆h
(2 −

S v

S ⋆
v
−

S ⋆
v

S v
)

+ abI⋆ν S ⋆
h (3 −

S vE⋆
v

S ⋆
v Ev
−

Ev

E⋆
v
−

S ⋆
v

S v
). (6.6)

Through the use of the arithmetic–geometric mean inequality, the inequalities in Eq (6.6) are
established as follows:

3 −
Vh

V⋆
h

−
V⋆

h S h

VhS ⋆
h

−
S ⋆

h

S h
≤ 0,

2 −
S v

S ⋆
v
−

S ⋆
v

S v
≤ 0,

3 −
S vE⋆

v

S ⋆
v Ev
−

Ev

E⋆
v
−

S ⋆
v

S v
.

Hence, C Dζ
t L ≤ 0 for R0 > 1, with equality holding only at S h = S ⋆

h , Vh = V⋆
h , S v = S ⋆

v , and Ev =

E⋆
v . By LaSalle’s invariance principle, it follows that for R0 > 1, the solution trajectories originating

from any initial condition in Ω converge to the persistent-infection equilibrium. This establishes the
global asymptotic stability of the endemic state.
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7. Sensitivity analysis

The sensitivity indices ΘR0
p indicate the relative change in the R0 with respect to changes in model

parameters p. The computed indices are as follows:

ΘR0
p =

∂R0

p
×

p
R0

(7.1)

Using Eq (7.1), we calculate the sensitivity indices, which are presented in Table 1. From the results,
the biting rate a has the highest positive sensitivity index (+1), indicating that it is the most influential
parameter in causing the spread of the disease. This indicates that increased contact between vectors
and humans increases transmission. Similarly, the human recruitment rate τh, vector recruitment rate
τv, and transmission probabilities b and c all have positive indices (+0.5), showing that these parameters
contribute to increasing disease prevalence.

In contrast, the vaccination rate ν has a strong negative sensitivity index (−0.49), highlighting
its important role in disease control by reducing R0. Other parameters associated with recovery or
removal, including the exposed recovery rate σ, hospitalization rate δ, infectious recovery rate θ, vector
death rate dv, and disease-induced vector death rate ξ, also exhibit negative sensitivity indices. This
suggests that enhancing the recovery or mortality of infected individuals and vectors effectively slows
the transmission of TBE disease.

8. Numerical method

In this section, we construct a numerical scheme based on the Caputo fractional derivative to
discretize the system of FDEs, with the Adams-Bashforth method extended to account for memory
effects. This approach (see Ref [44]) effectively captures the hereditary and nonlocal dynamics inherent
in the fractional-order model:

C D ζ
t = g(t, ȷ(t)) =

1
Γ(ζ)

∫ t

0
g(ℓ, ȷ(ℓ))(t − ℓ)ζ−1dℓ. (8.1)

Proceeding with the fundamental theorem of calculus on Eq (8.1), we derive

ȷ(t) − ȷ(0) =
1
Γ(ζ)

∫ t

0
g(ℓ, ȷ(ℓ))(t − ℓ)ζ−1dτ, (8.2)

therefore, for t = tm+1

ȷ(tm+1) − ȷ(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, ȷ(t))dt, (8.3)

and

ȷ(tm) − ȷ(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, ȷ(t))dt. (8.4)

Computing the difference between Eqs (8.3) and (8.4) leads to

ȷ(tm+1) = ȷ(tm) +
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, ȷ(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, ȷ(t))dt. (8.5)
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It follows that Eq (8.5) becomes

ȷ(tm+1) = ȷ(tm) +Aζ,1 +Aζ,2t, (8.6)

where

Aζ,1 =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, ȷ(t))dt (8.7)

and

Aζ,2 =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, ȷ(t))dt. (8.8)

The Lagrange interpolating polynomial for g(t, ȷ(t)) is

p(t) ≃
t − tm−1

tm − tm−1
g(tm, ȷm) +

t − tm

tm−1 − tm
g(tm−1, ȷm−1),

p(t) =
g(tm, ȷm)

h
(t − tm−1) −

g(tm−1, ȷm−1)
h

(t − tm). (8.9)

This leads to

Aζ,1 =
g(tm, ȷm)

hΓ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1(t − tm−1)dt −

g(tm−1, ȷm−1)
hΓ(ζ)

∫ tm+1

0
(tm+1 − t)(t − tm)dt,

Aζ,1 =
g(tm, ȷm)

hΓ(ζ)

∫ tm+1

0
ȷζ−1(tm+1 − ȷ − tm−1)dy −

g(tm−1, ȷm−1)
hΓ(ζ)

∫ tm+1

0
ȷζ−1(tm+1 − ȷ − tm)dy. (8.10)

Hence,

Aζ,1 =
g(tm, ȷm)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1

 − g(tm−1, ȷm−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1

 . (8.11)

Proceeding in a similar manner, we find

Aζ,2 =
g(tm, ȷm)

hΓ(ζ)

∫ tm

0
(tm − t)ζ−1(t − tm−1)dt −

(tm−1, ȷm−1)
hΓ(ζ)

∫ tm

0
(tm − t)ζ−1(t − tm)dt,

Aζ,2 =
g(tm, ȷm)

hΓ(ζ)

∫ tm

0
ȷζ−1(tm − ȷ − tm−1)dy −

g(tm−1, ȷm−1)
hΓ(ζ)

tζ+1
m

ζ
,

Aζ,2 =
g(tm, ȷm)

hΓ(ζ)

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, ȷm−1)
hΓ(ζ + 1)

tζ+1
ζ . (8.12)

Applying Eqs (8.11) and (8.12) to Eq (8.6), the approximation becomes

ȷ(tm+1) = ȷ(tm) +
g(tm, ȷm)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, ȷm−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 . (8.13)

Theorem 8.1. The numerical approximation of ȷ(t) for the Caputo fractional differential equation
C D ζ

t = g(t, ȷ(t)), with bounded g, is represented by
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ȷ(tm+1) = ȷ(tm) +
g(tm, ȷm)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, ȷm−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 + Rζ
m(t),

where

Rζ
m(t) <

h3+ζM
12Γ(ζ + 1)

{(n + 1)ζ + n2}.

The fundamental theorem of analysis is employed for system (3.2) to derive governing equations
for the Gi kernels. These kernels correspond to Ki = 1, . . . , 9. Consequently, we obtain

S h(t) − S h(0) =
1
Γ(ζ)

∫ t

0
K1(ℓ, S h(t))(t − ℓ)ζ−1dτ,

Vh(t) − Vh(0) =
1
Γ(ζ)

∫ t

0
K2(ℓ,Vh(t))(t − ℓ)ζ−1dτ,

Eh(t) − Eh(0) =
1
Γ(ζ)

∫ t

0
K3(ℓ, Eh(t))(t − ℓ)ζ−1dτ,

Ih(t) − Ih(0) =
1
Γ(ζ)

∫ t

0
K4(ℓ, Ih(t))(t − ℓ)ζ−1dτ,

Hh(t) − V(0) =
1
Γ(ζ)

∫ t

0
K5(ℓ,Hh(t))(t − ℓ)ζ−1dτ,

Rh(t) − Rh(0) =
1
Γ(ζ)

∫ t

0
K6(ℓ,Rh(t))(t − ℓ)ζ−1dτ,

S v(t) − S v(0) =
1
Γ(ζ)

∫ t

0
K7(ℓ, S v(t))(t − ℓ)ζ−1dτ,

Ev(t) − Ev(0) =
1
Γ(ζ)

∫ t

0
K8(ℓ, Ev(t))(t − ℓ)ζ−1dτ,

Iv(t) − Iv(0) =
1
Γ(ζ)

∫ t

0
K9(ℓ, Iv(t))(t − ℓ)ζ−1dτ, (8.14)

Consequently, the following holds at t = tm+1:

S h(tm) − S h(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, S h(t))dt,

Vh(tm+1) − Vh(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t,Vh(t))dt,

Eh(tm+1) − Eh(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, Eh(t))dt,

Ih(tm+1) − Ih(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, Ih(t))dt,
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Hh(tm+1) − Hh(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t,Hh(t))dt,

Rh(tm+1) − Rh(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t,Rh(t))dt,

S v(tm+1) − S v(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, S v(t))dt,

Ev(tm+1) − Ev(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, Ev(t))dt,

Iv(tm+1) − Iv(0) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1g(t, Iv(t))dt. (8.15)

and

S h(tm) − S h(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, S h(t))dt,

Vh(tm) − Vh(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t,Vh(t))dt,

Eh(tm) − Eh(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, Eh(t))dt,

Ih(tm) − Ih(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, Ih(t))dt,

Hh(tm) − Hh(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t,Hh(t))dt,

Rh(tm) − Rh(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t,Rh(t))dt,

S v(tm) − S v(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, S v(t))dt,

Ev(tm) − Ev(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, Ev(t))dt,

Iv(tm) − Iv(0) =
1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1g(t, Iv(t))dt. (8.16)

Subtracting Eq (8.16) from Eq (8.15) yields

S h(tm+1) − S h(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K1(t, S h(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K1(t, S h(t))dt,

Vh(tm+1) − Vh(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K2(t,Vh(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K2(t,Vh(t))dt,

Eh(tm+1) − Eh(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K3(t, Eh(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K3(t, Eh(t))dt,

Ih(tm+1) − V(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K4(t, Ih(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K4(t, Ih(t))dt,

Hh(tm+1) − Hh(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K5(t,Hh(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K5(t,Hh(t))dt,
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Rh(tm+1) − Rh(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K6(t,Rh(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K6(t,Rh(t))dt,

S v(tm+1) − S v(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K7(t, S v(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K7(t, S v(t))dt,

Eh(tm+1) − Eh(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K8(t, Eh(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K8(t, Eh(t))dt,

Iv(tm+1) − Iv(tm) =
1
Γ(ζ)

∫ tm+1

0
(tm+1 − t)ζ−1K9(t, Iv(t)) +

1
Γ(ζ)

∫ tm

0
(tm − t)ζ−1K9(t, Iv(t))dt. (8.17)

Upon expressing Eq (8.17) in the form of Eq (8.13), the following result is obtained

S h(tm+1) = S h(tm) +
g(tm, S h,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, S h,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Vh(tm+1) = Vh(tm) +

g(tm,Vh,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1,Vh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Eh(tm+1) = Eh(tm) +

g(tm, Eh,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, Eh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Ih(tm+1) = Ih(tm) +

g(tm, Ih,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, Ih,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Hh(tm+1) = Hh(tm) +

g(tm,Hh,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1,Hh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Rh(tm+1) = Rh(tm) +

g(tm,Rh,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1,Rh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
S v(tm+1) = S v(tm) +

g(tm, S v,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, S v,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Ev(tm+1) = Ev(tm) +

g(tm, Ev,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, Ev,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 ,
Iv(tm+1) = Iv(tm) +

g(tm, Iv,m)
hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1

 + g(tm−1, Iv,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 .
(8.18)

Using Theorem 8.1, we obtain from Eq (8.18) the following results:

S h(tm+1) = S h(tm) +
g(tm, S h,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, S h,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +1 Rζ
m(t),
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Vh(tm+1) = Vh(tm) +
g(tm,Vh,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1,Vh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +2 Rζ
m(t),

Eh(tm+1) = Eh(tm) +
g(tm, Eh,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, Eh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +3 Rζ
m(t), r

Ih(tm+1) = Ih(tm) +
g(tm, Ih,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, Ih,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +4 Rζ
m(t),

Hh(tm+1) = Hh(tm) +
g(tm,Hh,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1,Hh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +5 Rζ
m(t),

Rh(tm+1) = Rh(tm) +
g(tm,Rh,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1,Rh,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +6 Rζ
m(t),

S v(tm+1) = S v(tm) +
g(tm, S v,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, S v,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +7 Rζ
m(t),

Ev(tm+1) = Ev(tm) +
g(tm, Ev,m)

hΓ(ζ)

2htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

htζm
ζ
−

tζ+1
m

ζ + 1


+

g(tm−1, Ev,m−1)
hΓ(ζ)

htζm+1

ζ
−

tζ+1
m+1

ζ + 1
+

tζm
ζ + 1

 +8 Rζ
m(t),

Iv(tm+1) = Iv(tm) +
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where
iRζ

m(t) <
(

h3+ζMi

12 Γ(ζ + 1)

) {
(n + 1)ζ + n2

}
, i = 1, 2, . . . , 9.

9. Numerical results and discussion

In the numerical simulations, model (3.2) is solved using Matlab over the time interval t ∈ [0, 60]
days. All parameter values used in the simulations are listed in Table 1. As shown in Figure 3,
the PRCC values indicate which parameters most strongly influence the basic reproduction number
R0. Positive values increase R0 and, thus, disease transmission, while negative values indicate
parameters that reduce disease spread, highlighting vaccination rate ν and vector death rate dv as critical
control points.

h d h a b c
1 v d v 2

Parameters

-1

-0.5

0

0.5

1

P
R

C
C

Figure 3. Partial Rank Correlation Coefficient (PRCC) analysis of R0 with respect to
model parameters.

In Figure 4, the 3D plot and contour plot illustrate the combined effects of ν and ξ on R0, that
an increase in ν leads to a marked reduction in R0, higher values of ξ, correspond to faster loss
of immunity, resulting in an increase in R0. In Figure 5, the interaction between a and ξ, show
that an increasing a especially elevates R0 due to enhanced human-vector contact, and ξ enhances
transmission potential by increasing the susceptible population. In Figure 6, a higher recruitment
rate leads to an increase in the vector population and a rise in R0, whereas increasing the death rate
dv reduces transmission. In Figure 7, the effects of b and c, with an increase in either parameter,
considerably raising R0, highlighting the two-way transmission and the need for interventions that
reduce transmission efficiency in both directions. Figure 8 show that higher values of η1 accelerate
progression to infectiousness and increase R0, while increasing σ reduces transmission by removing
individuals from the infectious way. Figure 9 illustrates that the faster progression to infectiousness
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in vectors enhances transmission and increases R0, thereby reinforcing the importance of controlling
vector transmission efficiency and lifespan.

(a) (b)

Figure 4. 3D surface and contour plot of R0 as functions of ν and ξ.

(a) (b)

Figure 5. 3D surface and contour plot of R0 as a and ξ.

(a) (b)

Figure 6. 3D surface and contour plot of R0 as functions of τv and dv.
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Figure 7. 3D surface and contour plot of R0 as functions of b and c.
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Figure 8. 3D surface and contour plot of R0 as functions of η1 and σ.
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Figure 9. 3D surface and contour plot of R0 as functions of η2 and ξ.
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Figures 10 and 11 illustrate the temporal evolution of all state variables under different fractional
orders ζ and exhibit a slower decay for smaller fractional orders ζ ∈ [0.77, 0.99], indicating stronger
memory effects in the system. Figure 10(a) shows that the susceptible human population decreases
over time, with smaller values of ζ showing a slower decline due to memory effects. Figure 10(b)
shows that the vaccinated class increases without decreasing, and its growth is more gradual for lower
fractional orders, reflecting delayed vaccination dynamics. Figure 10(c) shows that the exposed human
compartment initially increases before becoming stable, while in Figure 10(d), the infectious class
shows a short-term rise followed by decay; both dynamics slow down as ζ decreases. Figure 10(e)
shows that the hospitalized population Hh follows a delayed peak pattern, with reduced fractional
orders extending the persistence of hospitalized individuals. Figure 10(f) shows that the recovered
human class increases steadily, with accumulation occurring more slowly for smaller ζ, indicating
delayed recovery processes. Figure 11(a) shows that the susceptible vectors decline as infection
spreads, with slower dynamics observed for lower fractional orders. Figure 11(b) shows that the
exposed vector class increases initially and then levels off, while Figure 11(c) shows that infectious
vectors exhibit a gradual rise before stabilization. Therefore, decreasing the fractional order ζ
introduces memory effects that slow the progression of human and vector dynamics.
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Figure 10. Dynamics of the S h, Vh, Eh, Ih, Hh, and Rh compartments over time for different
fractional orders ζ.
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Figure 11. Dynamics of S v, Ev, Iv compartments over time for different fractional orders ζ.

In contrast, Figures 12–20, the 3D and contour plots of S h, Vh, Eh, Ih, Hh, Rh, S v, Ev, and Iv illustrate
the combined influence of time and the fractional order ζ ∈ [0.1, 0.99] for the human and vector
populations. Consequently, lower values of ζ produce smoother and slower transitions, indicating
strong memory effects, while larger values of ζ recover faster dynamics consistent with the classical
integer-order model.

(a) (b)

Figure 12. 3D surface and contour plots illustrate the dynamics of S h over time and fractional
order ζ ∈ [0.1, 0.99].

(a) (b)

Figure 13. 3D surface and contour plots illustrate the dynamics of Vh over time and fractional
order ζ ∈ [0.1, 0.99].
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(a) (b)

Figure 14. 3D surface and contour plots illustrate the dynamics of Eh over time and fractional
order ζ ∈ [0.1, 0.99].

(a) (b)

Figure 15. 3D surface and contour plots illustrate the dynamics of Ih over time and fractional
order ζ ∈ [0.1, 0.99].

(a) (b)

Figure 16. 3D surface and contour plots illustrate the dynamics of Hh over time and
fractional order ζ ∈ [0.1, 0.99].
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(a) (b)

Figure 17. 3D surface and contour plots illustrate the dynamics of Rh over time and fractional
order ζ ∈ [0.1, 0.99].

(a) (b)

Figure 18. 3D surface and contour plots illustrate the dynamics of S v over time and fractional
order ζ ∈ [0.1, 0.99].

(a) (b)

Figure 19. 3D surface and contour plots illustrate the dynamics of Ev over time and fractional
order ζ ∈ [0.1, 0.99].
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(a) (b)

Figure 20. 3D surface and contour plots illustrate the dynamics of Iv over time and fractional
order ζ ∈ [0.1, 0.99].

Furthermore, we examine the influence of key parameters in the fractional-order model, as shown
in Figure 21, by increasing the vaccination rate ν from 0.01 to 0.09, which leads to a reduction in
the susceptible, exposed, infectious, and hospitalized human populations, while the vaccinated class
increases. This behavior highlights the effectiveness of vaccination in controlling disease transmission
and enhancing the recovered population. Figure 22 shows that decreasing the biting rate a leads to
a slower depletion of the susceptible human population and a noticeable reduction in the exposed
and infectious human classes. Similarly, reduced biting lowers transmission from humans to vectors,
resulting in declines in the exposed and infectious vector populations. These results emphasize that
reducing vector biting effectively suppresses the spread of TBE in both human and vector populations.
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Figure 21. Effect of the vaccination rate ν on the human population classes, while the
fractional order is fixed at ζ = 0.98.
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Figure 22. Impact of the biting rate a on the human and vector population, while the
fractional order is fixed at ζ = 0.98.

10. Conclusions

In this study, we developed and analyzed a fractional-order mathematical model to describe the
transmission dynamics of TBE in human and vector populations. Model parameters were estimated
using a nonlinear least-squares approach based on reported TBE case data. Consistent with this
finding, the fractional-order model achieved a noticeably improved fit to the observed data compared
with its integer-order counterpart, as confirmed by a low root mean square error. We confirmed that
the endemic equilibrium achieves global asymptotic stability when R0 > 1, while the disease-free
equilibrium is locally asymptotically stable when R0 < 1. Furthermore, we conducted a sensitivity
analysis to identify the critical parameters influencing R0. The fractional order ζ = 0.71 indicates
the presence of significant memory effects in TBE transmission dynamics. Moreover, using the
Adams-Moulton numerical approach, we carried out numerical simulations supported by contour
and three-dimensional surface visualizations, demonstrating that variations in key epidemiological
parameters can substantially reduce infection levels in humans and vectors. In particular, increasing
the vaccination rate was shown to have a pronounced impact on suppressing disease transmission.
The proposed fractional-order framework offers a robust and data-consistent tool for understanding
TBE dynamics and evaluating control strategies. These results show the importance of incorporating
memory effects of mathematical modeling of TBE and provide valuable insights for the evaluation
of strategies aimed at reducing disease transmission, particularly vaccination-based interventions.
Taken together, these findings provide significant guidance to develop focused and effective public
health interventions aimed at epidemic containment. In future work may extend this framework by
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incorporating optimal control formulations to assess cost effective prevention and treatment strategies
under memory dependent transmission dynamics.
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