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Abstract: Let Ai and Bi denote the Airy functions. For a fixed £ > 0, we introduce the class Airy, (1)
of k—Airy convex functions on an interval 7 C [0, o). A function f : 7 — R is called k—Airy convex on
I if, for every subinterval [a,b] C T and alla <t < b,

Ai(kt) Bi(kb) — Ai(kb) Bi(kt) Ai(ka) Bi(kt) — Ai(kt) Bi(ka)

O = Kika) Bikt) — Aitkb) Bitka)? @ " Aicka) Bitkb) — Aikb) Bitka)

We establish fundamental properties of Airy,(J). As an application, we derive lower bounds for
eigenvalues in Airy-type boundary value problems.
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1. Introduction

Convex functions arise throughout pure and applied mathematics, prominently in functional analysis,
optimization, operations research, and economics. Given an interval 7 C R, a function f : 7 — R is
said to be convex on 7 if

fQAr+ (1 =Dt) < Af(t) + (1 =) f(1) forall #;,2, € 7 and all A € [0, 1].

The literature on convexity is vast; see, for example, the monographs [1-3] for systematic treatments
of foundational properties, equivalent characterizations, and applications.

On the other hand, for certain problems, the usual convexity assumptions are not satisfied, for instance,
in optimization over curved domains (geodesic convexity on the symmetric positive definite (SPD)
cone [4]) and in applied models—particularly in economics (see, e.g., [5]). For these reasons, a variety
of generalized convexities have been introduced and analyzed.

de Finetti [6] introduced the class of functions f satisfying

fA + (1 = D) < max{f(t), f(t)} forall#;,t, € 7 and all A € [0, 1].
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Functions obeying this condition are called quasi-convex on 7. It is immediate that every convex
function on 7 is quasi-convex on 7. Further developments on quasi-convexity can be found in [7-9].

Orlicz [10] introduced the class of s-convex functions in the first sense. For a fixed s € (0,1], a
function f : [0, c0) — R is said to be s-convex in the first sense if

flax+By) < &’ f(x)+B°f(y) forall x,y >0and a,f >0withe'+5° = 1.

When s = 1, the condition reduces to the usual convexity inequality.
Breckner [11] introduced the class of functions f : [0, c0) — [0, co0) satisfying

flAn+ (1= D) < Af(t)+ 1 - D°f(r) forall #;,, > O and all 4 € [0, 1],

where s € (0, 1] is fixed. Any function f obeying this inequality is called s-convex in the second sense.
Some recent contributions related to this class of functions can be found in [12-14].

Other examples of generalized convexity include m-convex functions (Toader [15]; see also [16, 17]),
h-convex functions (VaroSanec [18]; see also [19,20]), and multiplicatively (P, m)-convex functions
(Zhang et al. [21]).

Many classes of differential equations are solved using special functions (see, e.g., Abramowitz
and Stegun [22]). In particular, the Airy functions (see Section 2) have numerous applications across
science and engineering, including quantum mechanics, optics, fluid dynamics, and electromagnetism.
For background on Airy functions and their applications, see the monograph [23]. Motivated by
the importance of the Airy functions, we introduce and analyze the class Airy,(Z) of k-Airy convex
functions on an interval J C [0, c0), for a fixed parameter £ > 0, and develop properties and applications
tailored to Airy-type operators.

We now outline the paper’s structure. In Section 2, we recall a few basic properties of the Airy
functions and provide some useful lemmas. In Section 3, we introduce the classes of k-Airy convex and
concave functions. Some basic properties related to these classes of functions are studied in Section 4.
Finally, Section 5 is devoted to an application to Airy eigenvalue problems.

Throughout the paper, 7 C [0, o) is an interval. By CV(Z), we mean the class of convex functions
f: 7 >R

2. Preliminaries on Airy functions and auxiliary results

In this section, we recall a few basic properties of the Airy functions (see Abramowitz—Stegun [22]
for details) and establish auxiliary results that will be used later.
Throughout, Ai and Bi denote the standard Airy functions, i.e., the linearly independent solutions of

y'(t) —ty(t) =0, teR,
normalized so that their Wronskian satisfies
1
W(Ai, Bi)(¢¥) := Ai(r) Bi’(r) — A’ (t) Bi(¥) = —, teR. 2.1)
T

The Airy functions Ai and Bi satisfy the following properties (see Figure 1):

e Ai > 0 and strictly decreasing on [0, c0).
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e Bi>0and strictly increasing on [0, c0).
° AI(O) = Ai’ (O) = —1.
r(3) 1)
° BI(O) Bi’ (0) = —1.
r(3) #1(3)
e Ast — +oo,
. 1 2 ) | 2
Ai(f) ~ —= 1" e 5 Bi() ~ —= e (2.2)
X V=

Here, I'(-) denotes the Gamma function.
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(a) Plot of Ai(?) on [0, o) (generated with Python). (b) Plot of Bi(¢) on [0, o0) (generated with Python).

Figure 1. Airy functions Ai and Bi on the nonnegative real axis.

Lemma 2.1. Let k > 0 and a,b € [0, 00) with a < b. Then
Ai(ka) Bi(kb) — Ai(kb) Bi(ka) > 0.

Proof. On [0, 00), Ai > 0 is strictly decreasing, and Bi > 0 is strictly increasing. Hence, Ai(ka) > Ai(kb)
and Bi(kb) > Bi(ka). Therefore,

Ai(ka) Bi(kb) — Ai(kb) Bi(ka) > Ai(kb) Bi(kb) — Ai(kb) Bi(ka) = Ai(kb)(Bi(kb) — Bi(ka)) > 0.

For k > 0 and a fixed subinterval [a, b] C 1, we introduce the coefficient functions

Ai(kt) Bi(kb) — Ai(kb) Bi(kt) __ Ai(ka) Bi(kr) — Ai(kr) Bi(ka)

ak,a,b(t) = — ; ; : s ﬁk,a,b(t)

Ai(ka) Bi(kb) — Ai(kb) Bi(ka) = Altka) Bikb) — Aikb) Bitka) | € 14 P)

(2.3)

Set
M(k,t) := Ai(kt) Bi(kb) — Ai(kb) Bi(kt), N(k,t) := Ai(ka) Bi(kt) — Ai(kt) Bi(ka). (2.4)
Lemma 2.2. Fixk > 0 and a,b € I with a < b. The following properties hold:

(1) M(k,a) = N(k,b) = Ai(ka) Bi(kb) — Ai(kb) Bi(ka) > 0.
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(i1) For everyt € [a, b],

Mk, 1) ) = N(k,t)  N(k,1)
Mk, a)’ Prap(®) = N(k,b) Mk, a)

a’k,a,b (t) =

(iii) Endpoint values:
Ukap(@) = Brapd) =1, Wkap(b) = Bras(a) = 0.

(iv) For interior points a <t < b,
0< a/k,a,b(t) <1, 0 <ﬁk,a,b(t) < 1.
(v) For every t € (a,b),

M O*N
(k, ) — Kt M(k,t) = 0, ﬁ(k, N —ktNk,t) = 0.

or?

(vi) Monotonicity in k: if 0 < ky < k,, then for every t € [a, b],

Ay ap(t) = Wy (1), Brrap() = Bryap(D).

Proof. Assertions (i), (i), and (iii) follow immediately from the definitions of M(k, -), N(k, ), &k 4, and
Brap-

(iv) Let a < t < b. Since Ai is strictly decreasing and Bi is strictly increasing on [0, o), with Ai, Bi > 0,
we have
Ai(kb) < Ai(kt) < Ai(ka), Bi(ka) < Bi(kt) < Bi(kb).

Hence,

0<Mk,t) < M(k,a), 0 < N(k,t) < N(k, D),

and therefore
M(k, 1) N(k, 1)

1, 0 < Brap®) =
Mk,a) Prar® = N )
(v) Since Ai and Bi solve the Airy differential equation y”(z) — zy(z) = 0, the functions

0 < @pap(t) = < 1.
yi(t) := Ai(kt), ya(t) := Bi(kt)
satisfy
Vi (t) = kK Ai” (kt) = k*(kt) Ai(kt) = Kty (1), vy (t) = k* Bi” (kt) = k*(kt) Bi(kt) = k>t y,(2).
Hence, y;’ -kt y; = 0for j = 1,2. On the other hand,
M(k,t) = Ai(kt) Bi(kb) — Ai(kb) Bi(kt) = Bi(kb) y,(t) — Ai(kb) y,(2),
is a linear combination of y; and y, with z-independent coefficients. Therefore,

M
w(k, N -kt Mk, 1) = 0.
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O*N
Similarly, W(k, ) -kt Nk,1) = 0.

(vi) Let O < k; < k. From (iii) and (v), @y, satisfies
@, (1) — Kt apap(t) = 0 (1 € (a, b)), Arap(@) = 1, apap(b) =0.
Define w(t) := ay, 4.5(f) — @, 4»(t). Subtracting the two equations for k = k, and k = k;, we get
w’ () = katw(t) = (ks — k) tay, .p(f) = 0 on (a,b),
because k, > k;, t > 0, and 0 < @y, . < 1 on [a, b] (by (iv)). Moreover,
w(a) = Ay ap(@) — @y ap(@) =1-1=0, w(b) = @y ap(b) — @ty ap(D) =0—-0=0.

We now apply the maximum principle for L[y] := y”" — g(r)y with () := k3¢ > 0 (see Protter and
Weinberger [24]): If L[w] > 0in (a, b) and w(a) = w(b) = 0, then w < 0 on [a, b]. Therefore, w < 0, i.e.,

ozkz,a,b(t) < ak,,a’b(t) for all ¢ € [a, b].

The proof for S, ,(¢) is identical.
Lemma 2.3. Let a,b € I witha < b. For everyt € [a, b],

b-t t—a
lim « )= ——, lim 1) = ,
Am @ ap(t) = o — A Brap(t) = 73—

and

%im pap(t) = %im Brap(®) = 0.
Proof. Fixt € [a,b]. Atk =0,
M@, 1) = M(0,a) = Ai(0) Bi(0) — Ai(0) Bi(0) = 0

and
N(0, 1 = N(0, b) = Ai(0) Bi(0) — Ai(0) Bi(0) = 0,

so we can apply L’Hospital’s rule. Differentiating, we obtain

%(k, 1) =t Ai'(kt) Bi(kb) + b Ai(kt) Bi'(kb) — b Ai'(kb) Bi(kt) —t Ai(kb) Bi'(k1),
(Zi:(k, a) = a Ai'(ka) Bi(kb) + b Ai(ka) Bi'(kb) — b Ai’(kb) Bi(ka) — a Ai(kb) Bi'(ka),

and

aail\c[(k’ 1) = a Ai'(ka) Bi(kt) + t Ai(ka) Bi'(kt) — t Ai’(kt) Bi(ka) — a Ai(kt) Bi'(ka),
%\C](k, b) = a Ai'(ka) Bi(kb) + b Ai(ka) Bi'(kb) — b Ai’'(kb) Bi(ka) — a Ai(kb) Bi'(ka).
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Evaluating at k = 0 and writing A := Ai(0), A; := Ai’(0), By := Bi(0), and B, := Bi’(0), we get

oM
%(0, [) = tAlB() + bA()Bl - bAlBO — tAoBl = (b - [)(A()Bl _AIBO),

oM
W(O’ Cl) = (lAlB() + bA()Bl — bAlB() - aA()Bl = (b — a)(A()B] — AlBo),

and
ON
E(O, 1) = aA By + tAgB) — tA1By — aAyB; = (t — a)(AgB1 — A1 By),

ON
E(O, b) = LlAlBO + bA()Bl - bAlB() - ClA()Bl = (b - a)(A()Bl - A]B()).

From the Wronskian identity (2.1), we have AoB; — A; By = 1/m # 0. Hence, by L’Hospital’s rule
and Lemma 2.2 (ii), we obtain
t—a

. —t :
kli%l+ a(t) = h—a’ I}L%}ﬁk(t) “v_a

The second property follows from the standard asymptotics of Airy functions as k — oo (see
Eq (2.2)).

3. k—Airy convex and concave functions

In this section, we introduce the classes of k—Airy convex and concave functions.

Definition 3.1. Let k > 0. A function f : 7 — R is k—Airy convex on I if, for every subinterval
a,b] C 7 and all t € (a, b),
J@) < arap(®) f(@) + Bras®) f(D), (3.1

where the coeflicients @y, ,(#) and By, ,(?) are defined in Eq (2.3). We denote the class of such functions
by Airy, (7).

Remark 3.1. (i) For ¢t € {a, b}, the inequality (3.1) holds with equality (see Lemma 2.2 (iii)).
(i1) The weights @, and 5, generally do not satisfy a,(?) + Bi(f) = 1 (the Airy interpolation is not affine).

(iii) From Lemma 2.3, for every ¢ € [a, b],

, bt . t—a
kll)r(r)1+ a(t) = P ]}L%ﬁk(f) i

Therefore, as k — 0", the k—Airy convexity reduces to ordinary convexity.

Definition 3.2. Let k > 0. A function f : 7 — R is k—Airy concave on 7 if, for every subinterval
[a,b] C T and all t € (a, b),
J@) = arap(®) f(a) + Bras®) f(D). (3.2)

We denote the class of such functions by Airy, (7).
Remark 3.2. Clearly, f € Airy,(J) if and only if —f € Airy, (7).
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Example 3.1. Consider
f:I >R, f@) = Ai(r) — 1 Bi(p),

with 7 C [0, c0). We verify directly that, for every subinterval [a,b] C 1 and all f € (a, b),
f(@O) = @1qp(0) f(@) + Brap®) f(D).

Thus, f € Airy,(Z) N Airy;(Z).
Moreover, since Ai and Bi solve y”(¢) — ¢t y(t) = 0, we have

f(0) = Ai"(t) - 3 Bi"(1) = t Ai(r) — 51 Bi(t) = 1 f(2).

Using the standard limits Ai(f) — 0 and Bi(#) — 400 as t — +0co, we obtain

1 1 1
lim f(f) = —co, £(0) =

lim )2 T ~ 0.04756 > 0.

Hence, by continuity, there exists #, > 0 such that f(#)) = O; that is, f changes sign on 7. Since
f() =1t f(t)and t > 0 on 7, the second derivative changes sign as f does, so f is neither convex nor
concave on 7.

4. Basic properties

In this section, we develop basic properties of the classes Airy,(Z) and Airy;(J).
Proposition 4.1. Let k > 0 and A, u € R, and set

u(t) := A Ai(kt) + u Bi(ke), tel.
Then u € Airy,(X) N Airy, ().
Proof. Let u (t) := Ai(kt) and u,(¢) := Bi(kt) for t € 7. Fix [a,b] C 1 and t € (a, b). Then

Apap(B)u@) + Biap®) ud)

Ai(kt) Bi(kb) — Ai(kb) Bi(ks) Ai(ka) Bi(kr) — Ai(kt) Bi(ka)
~ Ai(ka) Bi(kb) — Aikb) Bitka) " " Aika) Bi(kb) — Ai(kb) Bi(ka) "
_ ui(Huz(b) — ui(b)us(1) ua) + ui(@)us(t) — ui(Huz(a) u(b)
u(@)uz(b) — uy(b)uy(a) ur(@uz(b) — ui(byus(a)

_ /l[ ur(Ouz(b) — ui(b)uy(r) i (a) + ur(@uy(t) — ui(uz(a) ul(b)]
ur(@ua(b) — ui(b)uy(a) ur(@uy(b) — ui(b)uy(a)
ur(Dua(b) — ui(b)uy(r) ur(@uy(t) — ui(uz(a)
g [Ml(a)uz(b) S @ P w@nb) = b ”2(")]
uy (t)(ua(b)ui(a) — ux(a@)uy (b)) ny ur (1) (uy (@)ur(b) — uy (b)uy(a))
ur(@uy(b) — ui(b)uy(a) ur(@uy(b) — uy(b)uy(a)

= duy (1) + pux(t) = u(?).

(b)

Thus, the defining inequality (3.1) holds with equality, and the concave analogue (3.2) does as well.
Hence, u € Airy,(X) N Airy, ().
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The following proposition is immediate from Definitions 3.1 and 3.2.
Proposition 4.2. Let k > 0 and A, u > 0.

Q) If f, g € Airy, (D), then Af + pug € Airy,(2).
(ii) If f, g € Airy (Z), then Af + ug € Airy ().

Proposition 4.3. Let 0 < k| < k.

() If f 2 0 and f € Airy, (1), then f € Airy, (I).
(i) If f <0 and f € Airy, (1), then f € Airy,, (1).
(iii) If f 2 O and f € Airy, (1), then f € Airy,,(1).
(v) If f <0 and f € Airy, (I), then f € Airy; (1).

Proof. Fixa < bin I and t € (a, b). Recall that (see Lemma 2.2 (iii), (iv), and (vi)) the Airy weights
satisfy 0 < @ 45(2), Bras(?) < 1 and, for 0 < k; < ky,

Uy ap() < gy (), Broap(D) < By ap(D).

() If f > 0 and f € Airy,,(Z), then

S < @hyapf(@) + Broapf(b) < @k, apf (@) + Biyapf (D).

Thus, f € Airy,, (7).
(i) If f < 0and f € Airy, (1), then

J©® < ag apf(@) + Bryapf(b) < Ay apf(@) + Bryap (D).

Hence, f € Airy, (7).

(i) If f > 0 and f € Airy, (), then —f < 0 and —f € Airy, (). By (ii) applied to —f, we get
—f € Airy,, (1), hence f € Airy,, (1).

(V) If f < 0 and f € Airy;,(I), then —f > 0 and —f € Airy, (I). By (i) applied to —f, we get
—f € Airy, (1), hence f € Airy, (1).

The next result characterizes the class (.o Airy,(Z).

Proposition 4.4. We have

ﬂAiryk(I)z{fecV(f) . f<0onT}.

k>0

Proof. Let f € (o0 Airy,(Z). Fixa < bin I and t € [a, b]. For each k > 0,

@) < arap(0) f(@) + Bras(t) f(D).

By Lemma 2.3, @ 4,(f) = 0 and Sy ,»(t) — 0 as k — oo (for fixed a < b, t € [a, b]). Letting k — oo
in the preceding inequality gives f(¢) < 0. Since a < b and ¢ € [a, b] were arbitrary, we conclude f < 0
on 7.
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t—a

Moreover, Lemma 2.3 also yields ay ,,(f) — g and Brqp(1) = % ask — 0. Passing to the limit
k — 0" in the same inequality gives

t—a
b-a

b —
f@) < 7= fla)+ 1 f(b)
—da

Since a < b and t € [a, b] were arbitrary, we conclude f € CV(Z). Consequently,

ﬂAiryk(I)c{feCV(I):stOnI}.

k>0

We now prove the reverse inclusion. Let f € CV(Z) with f <0Oon 7. Fixk > 0,a < bin 7, and
t € (a,b). By Lemma 2.3 and the monotonicity of the Airy weights in k (Lemma 2.2 (vi)) ,

r—a
b —

%w@ﬁb_, Brap(®) <
—da

Since f(a), f(b) < 0, decreasing the nonnegative coefficients increases the linear combination; hence

t

b— _
Wap(t) f(@) + Brap(®) f(D) = b—t fla) + —< f(b).
—a b-a

By convexity of f,
t—a

0 < =2+ =2 o,

Combining the last two displays yields

J@O) < arapt) f(@) + Bras(?) f(D).

As [a,b] C T and t € (a,b) were arbitrary, f € Airy,(Z). Since k > 0 was arbitrary, f €
MNiso Airy,(1). Consequently,

{feCVT): f<0onT}cC ﬂAiryk(J).

k>0

This completes the proof.

In what follows, 7 c (0, co) denotes an open interval.

Theorem 4.1 (Gradient-type inequality). Let k > 0 and f € Airy,(I) N C'(I). Then, for every x,y € I,
fO) > m(Ai(ky) Bi'(kx) — Ai’(kx) Bi(ky)) f(x) + %(Ai(kx) Bi(ky) — Ai(ky) Bi(kx)) f'(x). (4.1)
Proof. Let x,y € 1. If x =y, then Eq (4.1) holds with equality, since
n( Ai(kx) Bi'(kx) — Ai’(kx) Bi(kx)) = 7 W(Ai, Bi)(kx) = 1
and Ai(kx) Bi(kx) — Ai(kx) Bi(kx) = 0.
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Assume now that x < y. Define, for ¢ € [x, y],

_Ai(kr) Bi(ky) — Ai(ky) Bi(kr) Ai(kx) Bi(kt) — Ai(kt) Bi(kx)

" Ai(kx) Bi(ky) — Ai(ky) Bi(kx) JO ik Bi(ky) — Ai(ky) Bi(kx) J)-

8():
Since f € Airy, (1), the k-Airy convexity inequality (3.1) with a = x and b = y yields
f() <g@) forall ¢ € [x,y].

Note that g(x) = f(x) and g(y) = f(y) by construction. Hence, for x <7 <y,
fO-fx) _ g0 - g(x).

t—x N t—x

Since f € C!'(Z) and g is C' on [x, y], letting t — x* gives
f(x0 < gx). (4.2)
On the other hand, for every ¢ € [x, y],

) k Ai’ (kt) Bi(ky) — k Ai(ky) Bi’ (kf)
gm=

(o 4 KARDBI kD) - kAT kD Bitke)
Aitkn) Bithy) — Ai(ky) Bitkn) & Aitkn) Bithy) — Ai(ky) Bitkn) O

Evaluating at r = x gives

) k( Ai’ (kx) Bi(ky) — Ai(ky) Bi’(kx))
g =

k( Ai(kx) B (kx) — Ai’ (kx) Bi(kx))
Ai(kx) Bi(ky) — Ai(ky) Bi(kx) NS Bi(ky) — Ai(ky) Bi(kx)

By the Wronskian identity (2.1),

J.

Ai(kx) Bi'(kx) — Ai’(kx) Bi(kx) = W(Ai, Bi)(kx) = 7lr’

hence

, . k(Ai'(kx)Bi(ky) — Ai(ky) Bi'(kx)) k J()
80 = = o Bithy) — Ay Bitkn)* ™ T 7 Altkn) Bitky) — Aithy) Bitkn)”

Then, by Eq (4.2), we have
k( Ai’(kx) Bi(ky) — Ai(ky) Bi’(kx)) k f)

F'® < =00 Bity) - Aty By’ T % Atk Bithy) - Aithy) Bitka)’
Equivalently,

k f) k( Ai(ky) Bi’(kx) — Ai’(kx) Bi(ky)) ,

7 A Bitky) — Al Bitky) = Aitkx) Bitky) — Aitoy) Bitkn) 7 T /-

Since the denominator Ai(kx) Bi(ky) — Ai(ky)Bi(kx) > O for 0 < x < y (see Lemma 2.2 (iv)),
multiplying both sides by %( Ai(kx) Bi(ky) — Ai(ky) Bi(kx)) yields Eq (4.1).

The case x > y is analogous. Indeed, applying the same argument on the interval [y, x] (or,
equivalently, interchanging the roles of x and y in the construction of g) yields (4.1). This completes
the proof.

Networks and Heterogeneous Media Volume 21, Issue 2, 476-495.



486

Remark 4.1. Let x,y € 7. By Eq (2.1) we have
klir(r)1+ (Ai(kx) Bi'(ky) — Ai’(ky) Bi(kx)) = Ai(0) Bi’(0) — Ai’(0) Bi(0) = W(Ai, Bi)(0) = —

Moreover,

m Ai(kx) Bi(ky) — Ai(ky) Bi(kx)
k—0* k
= kll)r(r)l+ [x Ai’(kx) Bi(ky) + y Ai(kx) Bi'(ky) — y Ai’(ky) Bi(kx) — x Ai(ky) Bi’(kx)]

= x( Ai’(0) Bi(0) — Ai(0) Bi’(0)) + y( Ai(0) Bi’(0) — Ai’(0) Bi(0))
y—x

= (y — x) W(Ai, Bi)(0) =

Therefore, as k — 0F, the gradient-type inequality (4.1) reduces to the classical gradient inequality
for convex functions:

JO) = fO)+G=x) ().
Similarly, if f € Airy;(Z) N C'(Z), we obtain the following gradient-type inequality.
Theorem 4.2. Let k > 0 and f € Airy;(I) N C'(X). Then, for every x,y € 1,

) < n(Ailky) B’ (kx) — Ai’ (kx) Bi(ky)) f(x) + %(Ai(kx)Bi(ky)—Ai(ky) Bi(kx)) f/(x).

The following lemma will be invoked in the proof of the subsequent theorem.

Lemma 4.1. Fix k > 0 and let a < b be points of I. For every F € C*([a,b]) and every t € [a, b), the
following identity holds:

F(t) = arap(DF (@) = Brap(DF(D) = M(k, 1) f N(k,s) (F"(s) = K’s F(s)) ds

kM(k )[ @3

+ N(k, 1) f M(k, s) (F"(s) — K’s F(s))ds|,
where (1), Brap(t) and M(k,t), N(k,t) are defined in Eqs (2.3) and (2.4), respectively.
Proof. Set

yi(x) := Ai(kx), y2(x) := Bi(kx), M (x) := M(k, x), Ni(x) := N(k, x).

By Eq (2.1),
W1, y2)(x) = k W(AL, Bi)(kx) = =

Since
Mi(x) = y1(x) y2(b) — y1(b) y2(x), Ni(x) = yi(a) y2(x) — y1(x) y2(a@),
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the bilinearity of the Wronskian gives
W(My, No)(x) = (y1(a)y2(D) = y1(b)y2(a)) W(y1, y2)(x)

k
= ]_'( (yl(a)yz(b) - yl(b)yZ(a))’

that is, M
a
WM, N () = 1, (4.4)
Moreover, by Lemma 2.2 (v),
M (x)-ExM(x) =0,  N/(x)—kxNi(x) = 0. 4.5)

Let F € C?([a, b]), and define

R(@) :=

[Mk(t)f Nu(s) (F"(s) = kK’s F(s)) ds + Nk(t)f M (s) (F"(s) = ks F(s))ds|,
kMk( )

for t € [a, b]. Since M (b) = 0 and N;(a) = 0, we have
R(a) = R(b) = 0. (4.6)

Differentiating R via Leibniz’s rule, we obtain

R()=—-—— [M ) f Ni(s) (F”(s) = ks F(s))ds + N (1) f M(s) (F"(s) = k’s F(s))ds
kMk( )
and
R'(t) = T )[M"(r) f Ni(s) (F"(s) = k’s F(s))ds + N/ () f Mi(s) (F"(s) = ks F(s))ds
Ka

- (F"(t) - k3tF(t)) W(M,, Nk)(t)].

Using Eq (4.5) to replace M'(r) and N/'(¢) by kK*tM,(f) and k*tN,(¢), and substituting Eq (4.4),
we obtain
R'(1) = K’tR(t) = F"() - Kt F(1). 4.7

Now define the interpolation error

M (1) Ni()

H() := F(1) — ax(OF (a) = Br(F (b) = F(1) — Mia )F( a) - Nk(b)F(b)'
Then
H(a) = H(b) = 0. (4.8)
Differentiating twice and using Eq (4.5), we find
H'() - KtH(t) = F'(1) - Kt F(t). (4.9)
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From Eqs (4.6)—(4.9), the functions H and R satisfy the same boundary value problem:

ya) = y(b) = 0.

By the uniqueness of the solution (see Protter and Weinberger [24]), it follows that H = R. Hence,
Eq (4.3) holds.

{y”(t) —kBty@®t) = F"(t) - kK’tF(t), a<t<b,

The following result characterizes k-Airy convexity by the pointwise differential inequality f” —
KBt f >0.

Theorem 4.3. Let k > 0 and f € C*(X). Then the following are equivalent:

(i) f € Airy, (D).
(ii) f satisfies the second-order differential inequality

/() -kt f@) = 0, tel. (4.10)
Proof. (1) = (ii). Let f € Airy,(Z). Assume, seeking a contradiction, that
f"(t) = K10 f(10) < 0
for some 7y € 7. By continuity, there exists ¢ > 0 such that
f'(s)—ksf(s) <0  forall se (tp—6,ty+06) C I.
Choose a,b withty — 6 < a <ty < b <ty + 9. Since f € Airy,(J), for every ¢ € [a, b] we have

f@) < ap()f(@) + Bras(®) (D). (4.11)
Applying the identity Eq (4.3) (Lemma 4.1) with F = f on [a, b], we obtain

T

F®) = aarOF (@) = frar®f ) = =

[M(k, ) f [ Nk, 5) (f"(s) = K>s f(5)) ds
¢ (4.12)

b
+ N(k, 1) f Mk, s) (f"(s) = ks f(s))ds|.

On [a, b] C (0, ), we have (see Lemma 2.2 (i1))—(iv)) M(k,-) > 0 and N(k,-) > 0, with M(k,a) > O.
By the choice of a, b, the integrand f”'(s) — k*s f(s) in Eq (4.12) is strictly negative on [a, b]. Therefore,
for any interior point ¢ € (a, b), both integrals are strictly negative, so the bracket is < 0; since the
prefactor —nr/(k M(k, a)) is negative, we conclude that

J@) = axap(Df(@) = Brap®Of(b) > 0 (1€ (a,b)),
which contradicts Eq (4.11). Consequently, Eq (4.10) holds on 7.
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(i1) = (1). Assume f satisfies Eq (4.10). Fix a < b in 1 and ¢ € [a, b]. Applying the identity Eq (4.3)
with F = f on [a, b], we obtain

F(8) = anOf(@) = Bras®f(b) = - %[M(l@ ) f Nk, 5) (f(s) — ks f(5)) ds

b
+ N(k, t)f M(k, s) (f"(s) = ks f(s))ds|.
t
Assumption (ii) gives f”(s) — k>s f(s) > 0 for all s € [a, b]. Since M(k,-) > 0 and N(k,-) > 0 on
[a, b], and M(k,a) > 0, we deduce that

SO < arap(Df(@) + Brap(Df (),
thatis, f € Airy, (7).

Hence, both implications hold, and the proof of the theorem is complete.

Similarly, we obtain the following result.

Theorem 4.4. Let k > 0 and f € C*(X). Then the following statements are equivalent:

(i) f € Airy(D).
(ii) f satisfies the second-order differential inequality

/() -kt @) < 0, tel.
Example 4.1. Consider the concave function
fO=1-72,  t> V3.
Then f”(f) = 2. Since r > V3 implies 1 —* < =2 < 0, and 7 > 1, we have
(1-)<1-7£<=2=Ff"@.

Equivalently,
(O -tf()>0, t> V3.

By Theorem 4.3, it follows that f € Airy,(( V3, 00)).
Example 4.2. Let k > 0 and consider

1
f(o) =t exp(;), 0<t<k?P.
A direct computation gives
7 1)1 -3.-5/13
fr@) =expl— |5 =kt (Kt (D).

Hence, if 0 < t < k73/° (equivalently, 1> > k), we have f”(f) > K°t f(1), i.e.,
f'() -kt f©) > 0, 0<t<k?35,

By Theorem 4.3, it follows that f € Airy((0,k77)).
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Proposition 4.5. Let k > 0 and f, g € C*(I). Assume that

fOg'®O+2f g > 0, tel. (4.13)
Then:

(i) Ifg > 0 and f € Airy (), then fg € Airy, ().
(i) If g < 0 and f € Airy;(T), then fg € Airy,(I).

Proof. We use the product rule

(fe)' —Kt(fe) =g (f" - ktf) + (fg" +21'¢). (%)

(i) If g > 0 and f € Airy, (1), then f” — k¢ f > 0 on I (Theorem 4.3). By Eq (4.13), fg”’ + 2f’g’ > 0.
Hence, the right-hand side of (x) is > 0, so (fg)” — K’t(fg) > 0, i.e., fg € Airy, ().

(i) If g < 0 and f € Airy;(Z), then f”” — k’t f < 0 on I (Theorem 4.4). Since g < 0, the first term in (*)
satisfies g (f” — k3t f) > 0. With Eq (4.13), the second term is > 0. Therefore, (fg)” — kK*t(fg) > 0, so
fg € Airy,(1).

Proposition 4.6. Let k > 0 and f,g € C*(I). Assume that
fOg’®O+2f (g <0, tel. (4.14)
Then:

(i) Ifg > 0 and f € Airy (), then fg € Airy. (D).
(i) If g < 0 and f € Airy,(I), then fg € Airy (D).

Proof. Set f := —f. By (4.14),
fe'+2f ¢ =~(fg"+2f'¢) = 0.

() If g > 0 and f € Airy;(1), then f = —f € Airy,(Z). By Proposition 4.5 (i) (with f in place of f),
fge Airy, (7). Hence, —fg € Airy, (1), that is, fg € Airy, (7).

(i) If g < 0 and f € Airy,(Z), then f = —f € Airy;(J). By Proposition 4.5 (i) (with f in place of f),

fg € Airy, (). Thus, —fg € Airy, (1), that is, fg € Airy, (7).
5. An application to Airy—eigenvalue problems

As an application of the preceding results, we consider the Airy—eigenvalue problem

—(f"0) -1 f(1) = A¢(t) f1),  teT, (5.1

where k > 0, 4 > 0, and ¢ € C(Z) is a nonnegative, nontrivial function. Our goal is to derive a lower
bound for the eigenvalue A.
In the special case k = 0, Eq (5.1) reduces to

—f"(®) =16 f(0), rel. (5.2)
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By a classical inequality of Lyapunov [25], if f satisfies Eq (5.2) and ¢, 1, € 1 are two consecutive

zeros of f, then
-1

4 2
A > (f o(1) dt) . (5.3)
t2 - tl n
Our main result is the following.

Theorem 5.1. Let f € C*(I) be a solution of Eq (5.1) and let t|,t, € I be two consecutive zeros of f.

Then |

Ak/m 2 -

ndt| . 54

Ai(kty) Bi(kt,) — Ai(kt,) Bi(kt,) (ft: o) ) (>4)

Proof. Without loss of generality, we may assume that
f() >0, Hh<t<t.

Integrating Eq (5.1) over (#;, t;), we obtain
') - () +k3f 1 f()dt = Af ¢(n) f(1) dt. (5.5)

Let ¢ € (1, 1;) be such that
f(c) = max f(1).

Then . .
f @) f(1)dt < f(C)f ¢(1) dt. (5.6)
On the other hand, we have t
K f tf(t)dt > 0. (5.7)
Hence, combining Eqs (5.5)—(5.7), we obtain
[ =) (* o
A > T (L ¢(t)dt) . (5.8)

Furthermore, since 1¢ f > 0, it follows from Eq (5.1) that
ff-Ktf <0, tel,

which implies, by Theorem 4.4, that f € Airy,(J). Then, applying Theorem 4.2 with x = ¢, and y = c,
we obtain

f(c) < n( Ai(ke) Bi'(kty) — Ai’(kty) Bi(ke)) f(t1) + %( Ai(kt,) Bi(kc) — Ai(ke) Bi(kt))) f'(t)).
Since f(t;) = 0, this reduces to

f(o) < %( Ai(kt)) Bi(kc) — Ai(ke) Bi(kty)) f'(1).
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On the other hand,
Ai(kt;) Bi(kc) — Ai(kc) Bi(kt;) > 0.
Consequently, it follows that
k
. . . . fle

n( Ai(kt)) Bi(kc) — Ai(ke) Bi(kty))

Similarly, applying Theorem 4.2 with x = #, and y = ¢ and taking into account that f(z,) = O,
we obtain

ft) =

). (5.9)

fle) < %( Ai(ke) Bi(kt) — Ai(kty) Bi(ko)) [ f"(12)],
which implies that

’ k
AL n( Ai(kc) Bi(kty) — Ai(kty) Bi(kce)) J(©. (5.10)
Summing Eqgs (5.9) and (5.10), we obtain
ft)=fw) |k 1 X 1
f(o) ~ nr | Aikt;) Bi(kc) — Ai(ke) Bi(kt;) — Ai(kc) Bi(kty) — Ai(kt,) Bi(ke) |
Furthermore, using the elementary inequality
I 1 4
-+ -2 , x,y >0,
Xy x4y
we obtain
f) = ft) ak/m (5.11)
f(o) ~ Bi(ke)( Ai(kt) — Ai(kt,)) + Ai(ke)( Bi(kt,) — Bi(kt;)) '

Now, we introduce the function
{(t) = Bi(kt)( Ai(kt)) — Ai(kty)) + Ai(kr)( Bi(kty) — Bi(kty)), Hh <t

Since on [#, ,], Ai(kt)) — Ai(kt,) > 0, Bi(kt,) — Bi(kt;) > 0, and Ai, Bi > 0, we have £(r) > 0. On
the other hand, a straightforward computation gives

£'(t) = Pt () > 0.
Therefore, £ is convex on [#;, t>]. Moreover, a direct evaluation shows that

t(t)) = U(ty) = Ai(kt)) Bi(kt,) — Ai(kty) Bi(kt,).

Hence,
max {(7) = €(t;) = {(t,) = Ai(kt,) Bi(kty) — Ai(kt,) Bi(kt,).
1 <t<ty
Then, by Eq (5.11), we obtain
[ - f') 4k/m

f(o) ~ Ai(kt) Bi(kty) — Ai(kt,) Bi(kt;)
Finally, combining the above inequality with Eq (5.8), we obtain Eq (5.4).

Remark 5.1. By L’Hospital’s rule, one can show that
. k n
lim — . . . = :
k—0* Ai(kt;) Bi(kt,) — Ai(kt,) Bi(kt) h —1
Substituting this limit into Eq (5.4) yields the Lyapunov inequality (5.3).
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6. Conclusions

Motivated by the many applications of Airy functions across science and engineering, we introduced
and studied the class Airy,(Z) of k—Airy convex functions on 7. We also presented an application to
Airy—eigenvalue problems. Further investigations of the class Airy, (1) are possible; a few directions
are listed below:

o If f € CV(Z), then by the Hermite—Hadamard inequality, for every subinterval [t;,1,] C 7,

Hh+n 1 2 f(tl) + f(tZ)
f( > )s tz_tlle fdt < —

A natural question is whether analogous bounds hold for the class Airy,(Z). For background on
the Hermite—Hadamard inequality and its generalizations, see the monograph of Dragomir and
Pearce [26] and the recent works [20,27-29].

e One of the earliest generalizations of the Hermite-Hadamard inequality is Fejér’s inequality (see,
e.g., [26]). It can be stated as follows: Let f € CV(Z) and let g € C(J) be nonnegative and

symmetric with respect to “52, where [#,,1,] C 7. Then

(222) f " edr < f " fswdr < w f " eyt

It would be natural to seek an extension of Fejér’s inequality to the class Airy, (7).
o Further integral inequalities for functions f € Airy,(Z) merit investigation, for example, Jensen-type,
Ostrowski-type, trapezoid-and midpoint-type, and Bullen-type inequalities.
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