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Abstract: An adaptive moving grid method is developed to solve the time-fractional integrodifferential
governing equations of viscoelastic nanofluid. The momentum equation is derived based on a dual-
parameter fractional Maxwell constitutive relation, and the energy equation employs a generalized
Cattaneo heat conduction relation. To improve solution accuracy, a monitor function based on the
equidistribution principle is constructed, and an adaptive mesh redistribution strategy is developed in the
spatial domain. The temporal fractional-order operators are approximated by the L1 algorithm and the
weighted-shifted Griinwald difference method. Numerical experiments demonstrate that the adaptive
grid achieves 77.6-88.4% higher accuracy compared to uniform grids at the same grid scale, along with
enhanced stability in convergence. Parametric analysis indicates that increasing the fractional-order
derivative in the energy equation results in a thickening of both the velocity and thermal boundary
layers. Furthermore, the dual-fractional Maxwell model exhibits a thicker velocity boundary layer than
its classical single-parameter counterpart. The proposed method offers an efficient and robust approach
for simulating complex viscoelastic nanofluid systems with memory effects and multi-field coupling.
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1. Introduction

Viscoelastic fluids, as a subclass of non-Newtonian fluids, are widely encountered in numerous
industrial applications, such as cosmetics, polymer manufacturing, coatings, printing technologies,
biological systems, and so forth [1]. These materials exhibit complex rheological behaviors due to
the nonlinear stress—strain relationship [2]. To accurately capture their memory-dependent behavior,
classical viscoelastic models (e.g., Maxwell, Oldroyd-B, and Jeffreys models) have been effectively
generalized using fractional calculus [3—6]. This development has significantly promoted the modeling
of viscoelastic fluids and improved the understanding of their heat and mass transfer mechanisms.
For instance, Zhao et al. [7] established fractional boundary layer equations for viscoelastic fluids by
incorporating a fractional Maxwell constitutive model across a vertical plate. Liu et al. [8] investigated
laminar boundary-layer flow using a distributed-order time-fractional Maxwell model. Feng et al. [9]
introduced a fractional Kelvin—Voigt constitutive relation to systematically derive the temperature
boundary layer equations for nanofluids.

Optimizing convective heat transfer is a critical requirement in industry. Newtonian heating, owing to
its exceptional heat transfer characteristics, has attracted increasing attention in petroleum engineering,
energy systems, and mechanical processes [10]. Additionally, Newtonian heating has been introduced
into the study of convective heat transfer of nanofluids. Aleem et al. [11] examined the unsteady
magnetohydrodynamic nanofluid flow through a porous medium with an accelerating vertical plate,
accounting for Newtonian heating and chemical reaction effects. Mao et al. [12] derived fractional
integrodifferential governing equations using a dual-parameter fractional Maxwell model to investigate
transient, free convection of viscoelastic nanofluids subject to Newtonian heating. The Newtonian
heating boundary condition is classified as a Robin boundary condition in heat transfer analysis, which
leads the solutions to exhibit singular perturbation behavior in the boundary layer. Classical numerical
methods employing a uniform mesh cannot adequately resolve the sharp gradients within the boundary
layer, leading to solution inaccuracies and numerical instability, especially for long-term simulations.

In recent years, considerable attention has also been devoted to the development of analytical and
numerical techniques for fractional differential equations arising in complex physical systems. Various
semianalytical and computational approaches have been proposed to investigate nonlinear fractional
models, including the homotopy-based method [13-15], the perturbation technique [16], the finite
difference method [17, 18], the finite element method [19], and the spectral method [20]. Nevertheless,
accurately capturing the dynamics of boundary layers with sharp gradients requires robust numerical
schemes to ensure reliable solutions. This characteristic necessitates the use of nonuniform grids to
locally refine regions where the solution exhibits sharp variations. Nonuniform grids, as a useful tool
for improving computational efficiency and accuracy, have been studied in fluid mechanics and heat
transfer problems [21-23]. Early methods, such as algebraic grids [24], optimized the discretization
by statically refining high-gradient regions, but they rely on prior information of the solution behavior
within the boundary layer. In contrast, adaptive grid methods dynamically adjust mesh density based
on the evolving solution, providing enhanced flexibility and accuracy. In recent years, adaptive grids
have demonstrated significant advantages in numerically solving singular perturbation problems (see,
e.g., [25-28]). Mao et al. [29] developed a robust adaptive grid method to solve singularly perturbed
Fredholm integrodifferential equations, utilizing a posterior error estimation and mesh equidistribution
principles. However, few studies have employed adaptive moving grid methods to solve the boundary
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layer governing equations of nanofluids. Motivated by the adaptive grid method for singularly perturbed
convection—diffusion systems with Robin boundary conditions [30] and the adaptive mesh strategy
for unsteady nanofluid heat transfer [31], this study develops an adaptive grid algorithm based on the
equidistribution principle to solve fractional integrodifferential equations of viscoelastic fluids.

In many practical applications, the surface heat flux varies linearly with the local temperature,
corresponding to the Newtonian heating condition. Building on the above studies, this work examines
the transient, free convective flow of incompressible nanofluids along a vertical infinite plate under
Newtonian heating and thermal radiation. The constructed fractional integrodifferential equations
for viscoelastic nanofluid flow are solved numerically on an adaptive moving grid. The main novel
contributions of this work are as follows:

e An adaptive moving grid method based on the equidistribution principle is developed to solve
the time-fractional integrodifferential boundary layer equations of viscoelastic nanofluids subject
to Newtonian heating boundary condition. This approach efficiently refines the mesh in regions
with steep velocity and thermal gradients, providing a stable and accurate framework for capturing
complex viscoelastic flows.

e Numerical experiments demonstrate that the adaptive grid achieves 77.6—88.4% higher accuracy
with enhanced convergence stability compared to uniform grids at the same grid scale. Grid points
gradually cluster within the boundary layers, effectively capturing sharp gradients and thereby
highlighting both computational efficiency and physical reliability.

e Parametric analysis reveals that the fractional derivative order @ and the fractional integral index
[ have opposing influences on the velocity profile. Specifically, raising a or lowering S leads
to a thicker velocity boundary layer, with the effect of 5 being more pronounced. These results
highlight how the fractional model captures memory-dependent viscoelastic behavior.

e A comparison is conducted among four constitutive models: the classical Newtonian model,
the ordinary Maxwell model, the single-parameter fractional Maxwell model, and the dual-
fractional parameter Maxwell model. The results reveal that the dual-fractional Maxwell model
exhibits the thickest momentum boundary layer, reflecting the enhanced historical dependence and
memory effects, whereas the single-parameter fractional Maxwell model lies between the classical
Newtonian and ordinary Maxwell models. Moreover, the fractional Cattaneo model produces a
thinner thermal boundary layer than the ordinary Cattaneo model, highlighting the influence of
fractional heat conduction on thermal transport.

This study provides an efficient numerical framework for simulating the transient, free convective
flow of viscoelastic nanofluids under Newtonian heating, which is relevant to many heat transfer
processes in engineering applications. The novelty of this work lies in combining fractional viscoelastic
governing equations with an adaptive moving mesh scheme, which not only improves the resolution of
sharp boundary layer gradients but also captures the intrinsic memory and nonlocal effects of fractional
models. However, the present study is restricted to the vertical plate configuration and mainly focuses
on the numerical implementation of the proposed scheme. A complete theoretical analysis of stability
and error estimates is not provided here; it will instead be investigated in future work.

The structure of this work is as follows. Section 2 derives the fractional integrodifferential governing
equations using a dual-parameter fractional Maxwell model and the generalized Cattaneo constitutive
equation. The discretization scheme is established by using the finite difference method in Section 3. In
Section 4, the adaptive grid is constructed based on the equidistribution principle of a monitor function.
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Numerical simulations and validation of the adaptive algorithm are presented in Section 5. Finally, the
main conclusions are summarized in Section 6.

2. Mathematical formulation

This study examines the natural convection flow and heat transfer of an incompressible nanofluid past
an infinite vertical plate subjected to Newtonian heating and thermal radiative flux ¢,. Figure 1 provides
a schematic of the physical configuration: the x-axis is oriented vertically upward along the plate, and
the y-axis is perpendicular to it. Because the plate extends infinitely in the x-direction, all physical
quantities governing the fluid flow depend solely on y and ¢. Initially, the plate and the fluid remain
stationary, maintaining a constant ambient temperature 7,,. For ¢ > 0, the local surface temperature
T varies linearly with the heat transport from the plate to the fluid in accordance with the Newtonian
heating condition. The fluid velocity is expressed as U = u(y, t)e,. The fluid is a CuO-water nanofluid,
and the corresponding thermophysical properties are summarized in Table 1. The assumptions made to
idealize the proposed model are as follows:

(1) Nanoparticles and the base fluid are in local thermodynamic equilibrium;

(i1) Nanoparticles are uniformly sized and identical in shape;

(ii1) The thermophysical properties of the nanofluid remain constant, except for variations influenced
by the nanoparticle volume fraction;

(iv) The plate is impermeable, and viscous dissipation effects are neglected.
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Figure 1. Schematic representation of the physical model.

Given the aforementioned assumptions, the governing boundary-layer equations describing the
laminar hydromagnetic free convection flow of nanofluids are expressed as

ou(y,t) 0o

Poi— 2+ (0Br)uglT (v, ) — T, 2.1)
t dy
or (v.t) _ 9q(y,1)

(pcp)nf ot - 8)7 P (22)

where p,r denotes nanofluid density, o, represents shear stress, (87),; 18 the volumetric coefficient of
thermal expansion, g denotes the gravitational acceleration, (C),),r represents specific heat capacity, and
q is heat flux, respectively. In numerous engineering applications, Newtonian heating is widely adopted
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in the design of heat exchange systems, where surrounding surfaces absorb thermal energy from solar
irradiation or other sources. Most existing investigations on nanofluid flows have commonly imposed
either prescribed wall temperature or specified heat flux as thermal boundary conditions. In this work, a
Newtonian heating boundary condition is employed to characterize the convective heat transfer between
the wall and the fluid. This thermal interaction is characterized by the heat transfer coefficient 4 and the
thermal conductivity k. Far from the wall, the velocity and temperature are assumed to approach their
ambient values, indicating an undisturbed quiescent fluid. Thus, the initial and boundary conditions are
specified as

u(@,00=0, T(,0 =T, (2.3)
T h
wo,n=0, SO _ Mrgy, 2.4
ay o k
lim u(y,t) =0, Iim T (y,t) =T,. (2.5
y—+00 y—+o00

This study focuses on nanofluids containing spherical nanoparticles, for which the thermophysical
properties are expressed in terms of their constituents [32]:
Hi

ks + 2k — 20 (kg — k)
nf = = 52> nf = 1- + Ss kn =k s
Hnf (1- 90)2.5 Pt = ( @) s+ @p f f ke + 2k + ¢ (ki — ko)

(pCy). = 1= @) (0C,). + ¢ (pCp).» (OB = (1 =) (0Br); + ¢ (0Br)s -

Here, ¢ represents the nanoparticle volume fraction, and the subscripts “nf”, “f”, and “s” correspond
to the nanofluid, base fluid, and nanoparticle, respectively. Based on the aforementioned assumptions,
the governing fractional nanofluid equations incorporating Newtonian heating and thermal radiation are
developed below.

Table 1. Thermophysical properties of the base fluid and nanoparticles.

Base fluid/ 3 5 3
Nanoparticles ©(K8/7)  CoU/KgIK) k(W)m/K) - Br x 10° (1/K) - i 10° (kg/m/s)
Water 997.1 4179 0.613 21 1.0019

CuO 6320 531.8 76.5 1.8 -

2.1. Preliminary knowledge

We first recall the definition of fractional calculus, which plays a fundamental role in modeling
the viscoelastic behavior of nanofluids. The Caputo fractional derivative is adopted because it aligns
naturally with the initial conditions, which are expressed using integer-order derivatives.

Definition 1. [33] For any function f € L' (D), the left-sided Riemann-Liouville fractional integral of
order a > 0 is defined as

1 !
I?f(t)=@f0 t—n)*" £ dn,

where L' (D) denotes the space of Lebesgue integrable functions on D = (0,t), and T' () is the
gamma function.
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Definition 2. [33] For any function f € L' (D) andn -1 < a < n, n € N, the left-sided Caputo
fractional derivative of order « is defined as

1 !
D0 = 171" )= s [ =0 0 G

2.2. Momentum equation

The classical single-parameter fractional Maxwell model can be derived from a mechanical analog
consisting of a dashpot connected in series with a fractional viscoelastic element. The dashpot follows the
constitutive relation oy = uD,&; , and the fractional element satisfies o, = E»17°D[?&,,0 < a, < 1 [34].
Here, 0y and o, denote the stresses, €, and &, are the corresponding strains, u is the viscosity, and
E, and A, represent the shear modulus and relaxation time of the fractional element. By enforcing
stress equivalence (oo = 0y = 0) and strain additivity (¢ = €| + &;), the single-parameter fractional
Maxwell constitutive relationship is obtained. However, this model has limitations in capturing complex
rheological behaviors, particularly when multiple relaxation mechanisms are involved. To better describe
the memory-dependent and nonlocal characteristics of viscoelastic nanofluids, we use a dual-parameter
fractional Maxwell model, where both elements are replaced with fractional elements:

(o] (t):El/l(lllD?]S] ([), O<a; <1, (26)

oo (1) = Ez/lgzD;mSz (H, O<am<l. 2.7
This leads to the dual-parameter fractional Maxwell model

o)+ 217D 0 (1) = EAY'D"e (1), 0<ap,a <1, (2.8)

1/(a1—a2) . . .
where A = (Elxl(l“ /Ez/lgz) " and E = E (1,/0)* . Without loss of generality, taking @ = a; — a3,
B = a1, Eq (2.8) can be rewritten as [35]

o)+ 2°Deo (f) = E¥XDPe(t), O<a<pB<l. (2.9)

From the perspective of mechanical construction, the dual-parameter fractional Maxwell model
inherently implies the condition « < B, thereby avoiding the unphysical phenomenon of an increasing
relaxation function [36] when @ > 8. Compared with the single-parameter fractional Maxwell model,
the dual-parameter fractional Maxwell model introduces two fractional orders that provide greater
flexibility in characterizing viscoelastic memory effects. For @ = 8 = 1, the model (2.9) reduces to the
classical Maxwell model, whereas for @ = 0 and 8 = 1, it recovers the classical Newtonian viscosity
law. The derivative on the right-hand side of Eq (2.9) is represented by a fractional integral form [37],
yielding the constitutive relation for nanofluids:

5[0
T+ 1Dy = P (—”) (2.10)
dy
By combining Eqgs (2.1) and (2.10), the fractional integrodifferential momentum equation is
formulated as

2
(14 2opry 210D _ e o8 (02;;2,») + g By (1 + 2°D%) [T (v, 1) — T, @.11)

ot

where v¢ = (1/p)nr represents the kinematic viscosity of the nanofluid.
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2.3. Energy equation

Based on the Rosseland approximation, the radiation heat flux can be written as

4o, OT*

, 2.12
3k, Oy (2.12)

qr =
where o, is the Stefan-Boltzmann constant, and k, denotes the absorption coeflicient. By applying a
first-order Taylor expansion to T* about T, the net radiation heat flux absorbed by the nanofluid can be
approximated as

160, T3 OT

SB™ a

. 2.13
3k, Oy (2.13)

qr =

Combining this with Fourier’s law of heat conduction g, = —kVT, the effective conduction—radiation
heat flux g.q is expressed as

160,73\ T oT
CIeff:CIc"i'Qr:_(k'i'&)_E_ eff 7> (2.14)
3k, ay ady
where the effective thermal conductivity kg is defined by
160, T
keg =k + ——. (2.15)

3k,

In the extension of Buongiorno’s approach [38], the generalized Cattaneo constitutive relation
incorporates a memory-dependent fractional-order derivative to capture the anomalous thermodynamic
behavior of viscoelastic fluids, which accounts for the nonlocal heat flux history and finite propagation
speed of thermal waves. Accordingly, we develop the energy equation for nanofluids using the
generalized Cattaneo constitutive relation, incorporating the effective conduction-radiation
heat flux [39]:

or 0<y<l, (2.16)

gest + TyDtyqeff = _keffa_, =
y

where 7 represents the temperature relaxation time. For y = 0, the model (2.16) recovers the classical
Fourier law, accounting for both conduction and radiation; for y = 1, it reverts to the ordinary Cattaneo
model with an effective heat flux combining conduction and radiation effects. Substituting Eq (2.16)
into Eq (2.2) yields the following governing energy equation:

T (v.t) ke O°T (y,1)

(1+7'D))
at (pcp)nf 3)’2

(2.17)

2.4. Nondimensionalization

To maintain dimensional consistency, the following dimensionless variables are introduced:

Gr!/4
L

3k

y

3k *

U= ———u
) VasGri/i2’ T, ’

" vnfGr‘/Zt L T-T,
y’ = =
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v Gr'/? v Gr'/? L3 T,
=" =2 g Gr:%,
L L Vi
Pr— :unf(Cp)nf, e 160'SBT2, Pry = Pr ’
knf 3knth 1 + N}’

where Gr represents the thermal Grashof number, Pr denotes the Prandtl number, and Nr is the thermal
radiation parameter. The characteristic length is taken as L = k/h, which arises naturally from the
Newtonian heating boundary condition and represents a thermal length scale associated with the balance
between conductive and convective heat transfer. This choice simplifies the dimensionless boundary
condition and does not affect the physical boundary layer thickness.

Substituting the nondimensional variables into the model and omitting the superscript “*”, we obtain

& ﬁu _ 1 1-8 8214 @
(1+A DI)E—ﬂIt (6__))2 +(1+A DI)T, (2.18)
oT 1 T (4,0
1+7'D))— = — 2.19
(L+77D;) ot Prg 0)? (2.19)
along with the nondimensional initial and boundary conditions
u(y,00=0, T(,0) =0, (2.20)
oT (y,t
u(0,1) =0, 00 _ Gy [1+T(0,0], (2.21)
ay y=0

lim u(y,t)=0, lim T (y,t) =0. (2.22)

y—+00 y—+o0

Because the plate and the nanofluid are initially at rest and maintained at the ambient temperature, the
initial acceleration and thermal rate are assumed to vanish, that is, du/dt (y,0) = 0 and 0T /0t (y,0) = 0.
Together with initial conditions (2.20), the term D%(u/dt) is equivalent to D*"'u, ensuring that the
systems (2.18)—(2.22) is well posed and admits a unique solution.

3. The discretization scheme

To construct our numerical scheme, we first consider an arbitrary nonuniform grid
M
Q7 ={yil0=yo<yr < <yy-1 <ym =1L},

where M is a positive discretization parameter. The spatial steps are given by h; = y; — y;-1 (1 < i < M).
For the temporal domain, we define the mesh points as ¢, = nAt (n = 0,1, ..., N), where At = tiy1 /N
denotes the uniform temporal step size. For any grid function u! = u(y;, t,) and T!" = T(y;, t,), we
introduce the following notations:

n__ ,n no_ . n
_a WU v Wi Y _ hi+ hig
Du'=——"FL prr=—tl i po :
h; his 2
no_ 40 n _ ,n—l1
Du" Uiy — U vy — u; —u
i = ’ tU;
h At
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We discretize the governing Eqs (2.18) and (2.19) at the grid point (y;,t,). The integer-order
derivatives are approximated as follows:

i T (y; 2T (v,
8u(yz,tn)zvtu,_1+0(m) 0 (y”t"):VtTMO(At) 0°T (yi, tn)

7 , : o , : G " DDT}' + O((Ay)?).

The Caputo time-fractional derivatives are approximated by the L1 algorithm for orders a € (0, 1)
and @ + 1 € (1,2), as described in [12]. For the coupled temporal fractional-order integral and
spatial derivative in the convective term I,1 -+ (0%u(y, 1)/0y*), we employ the weighted-shifted Griinwald
difference scheme [40]

o[ 8Pu(yi, 1) L1+ ) ,8 -

1-B i>°n _ 1-B (1,3) —nk (lﬂ) —nkl

I (—ay2 ) = (Af) [ § DDy — 2 E DD u
k=0

= (AD)' BZ)/@DD‘ 0 (A0 + (Ay)), (3.1)
where ' = (=1 (%) v = 1 + oy P /2. y? = A+ o P12+ (1 - PP 12, k> 1.

Using the above approximations, we obtain the upwind finite difference scheme of the
governing equations

n—1

ﬂ“(At)‘ (@ (@) (@) k_ (@ g 0
V! + Vil — E V.u; — V.u;
tul F(Z a/) Z (a —k—1 an_k) tul an_l ,I/tl
_ _ . (A" <
= (A E yODD u ™ + ) + E Y (3.2)
e F(2 )
(A o 'ZH » D\ Tk — g7 v 70
vV.T'+ ———— V.T! - V.T; V. T | = DD™T?”, 33
Tre-p| k:l(”’” VT AV = o DD (3

where u;! = u? — Atdu(y;, 0)/0t, T;' = T® — AtdT(y;,0)/dt, and @ = (k+ 1)'™ — k', ¢ = .y,
k=0,1,2,...,n—1, and the truncation errors of the scheme are of order O (At + (Ay)z).

The discretization of the dimensionless initial and boundary conditions is presented as
0, T? 0, 0<i<M, (3.4)
=0, D -Grr'*[1+Ty], uy =0, T}, =0, 1<n<N. (3.5)

u;

o3 o

u

Remark 1. The L1 algorithm and the weighted-shifted Griinwald difference scheme are usually
derived under certain regularity assumptions on the exact solution. However, solutions of time-fractional
differential equations often exhibit weak singularities near the initial time # = 0, which may deteriorate
the accuracy of numerical schemes on uniform time meshes. To address this issue, nonuniform time
discretization strategies, such as graded meshes or adaptive meshes, can be employed [41-43]. The
development and rigorous analysis of such techniques are beyond the scope of the present paper.
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4. Adaptive grid algorithm

Adaptive moving grids have been widely employed in singular perturbation problems [44—47] due to
their capability to accurately resolve boundary layer structures and regions with sharp gradients. To
capture the steep gradients in the nanofluid velocity and thermal boundary layers effectively, an adaptive
grid method is implemented in the spatial domain. The adaptive grid QM is constructed through the
equidistribution of a positive monitor function M(y) satisfying

Vi Vi+1
M (y)dy = M(y)dy, i=1,---M-1. 4.1)

Yi-1 Yi

Equivalently, Eq (4.1) can be expressed as

Vi 1 L
f M (y)dy = —f Mydy, i=1,---,M. 4.2)
Yi-1 M 0

For a quasilinear, one-dimensional convection—diffusion equation solved by the upwind finite

difference method, the arc-length function M(y) = /1 + (¢’ (y))2 is widely adopted, where ¢(y) is the
exact solution of the problem [48]. Motivated by the work of Liu et al. [30] on an adaptive moving grid
for coupled convection-diffusion equations, the following monitor function is employed in

practical computations:
O, 1)\ (0T, 1)\
M (y,t,) = 4[1 2, ), 4.3
1) +y2%%[( dy )( dy )l @)

where u(y,t,) and T(y,t,) represent velocity and temperature solutions at time f#,. The discrete
counterpart is given by

1>

M (y)

2
’

M; = M (yi, 1,) = \/ 1 + max [(D—u;’) (D—Tl.")z

. 4.4)

To construct this adaptive grid and obtain the associated numerical solution, the following iterative
algorithm is employed:

Step 1: The initial grid is taken as a uniform grid Q¥ = { yEO)| W=iM0<i<M } Set
termination threshold y* > 1.
Step 2: For iteration k, solve governing equations (3.2)—(3.5) on current grid

M M
QM® = { yl(.k)| 0<i<M } to obtain solutions {ufw’(k)}i_o and {TiM,(k)}i—o' Define the grid step sizes as
B = y® — % and compute M.
Step 3: Set Lf)k) =0 and LE") =) h§k>A7[§.k) fori=1,2,---, M. If the stopping criterion
j=1
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holds true, continue to Step 5.

Step 4: Construct interpolation nodes Yl.(k) = iLg’;) /Mfori=0,1,---,M. (Yf"), yf.k“)) is interpolated
linearly to (Ll(.k), ygk)), which leads to the generation of a new grid QM*+1) = { yfk“) | 0<is<M } Let
k =k + 1 and return to Step 2.

Step S: Store the final grid and solutions

M M M M
My _ oM.k M,*} _ { M,(k)} { M,*} _ { M,(k)
Q Q K {ui i=0 U i=0’ Ti i=0 I } ’

then terminate the iteration process.

Furthermore, to enhance the reproducibility of the adaptive grid implementation, we give the
following pseudocode:

Algorithm: Adaptive moving grid algorithm

1: Input: Initial uniform grid y1 € RM*1 time steps N, spatial intervals M, threshold y*
2 Output: Qc R(M+l)><(N+l)’ Uc R(M+1)><(N+1)’ T € R(M+1)><(N+1)

/| Step 1: Initialization
3: ygl)(_i'ymax/M, iZO,l,,,_,M

4 QC, 1) «yb

509"« 1.1
6: fork=2toN+1do
7: converged « false
8: yO — Q@ k—1)
9: while not converged do
/| Step 2.1: Compute grid spacing
10: fori=1toMdo
i hi < yio =y
12: end for
/| Step 2.2: Solve governing equations
13: [u®, T®] « SolveEquations(U, T, y»)
/| Step 3.1: Compute arc-length monitor function
14: fori=1to Mdo
Is: 19 2+ W, - )2
16: (0 12+ (@8 - Ty
17: l; « max{l", 1"}
18: end for
/| Step 3.2: Compute cumulative arc-length
19: Ly 0
20: fori=1toMdo
21: Li—L_+1
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22: end for
/| Step 3.3: Compute mesh adaptation indicator

23: Yo — m . lmgeslz{li}
24 if yo < y* then
/| Step 5: Store the final grid and solutions
25: Q(:, k) « y®
26: UG, k)« u®
27: T(,k) < T®
28: converged « true
29: else
/| Step 4.1: Construct interpolation nodes
30: for j=1toM + 1do
31: Yi—(G-1)-Ly/M
32: end for
/| Step 4.2: Linear interpolation to obtain new grid
33: for j=1toM + 1do
34; yi.k) « Interpolate(L — y®, ;)
35: end for
36: end if
37: end while
38: end for

39: return Q. U, T

5. Numerical results and discussion

Numerical experiments are conducted for the fractional nanofluid models (2.18)—(2.22), and the
maximum errors and convergence orders of uniform and adaptive grids are compared. Next, the
influences of fractional orders a, 3,y on the dimensionless velocity and temperature distributions are
graphically displayed and analyzed in detail. Finally, we present a comparative analysis of different
models to highlight the memory effect of fractional nanofluids. All numerical computations were
implemented in MATLAB R2016a using a LENOVO laptop equipped with an AMD Ryzen 5 3500U
CPU operating at 2.10 GHz and 8 GB RAM.

5.1. Error and convergence analysis

Because the analytical solution of the model is unavailable, the following formula is utilized to
compute the error and convergence order:

In (6,11” JexM )

In2 °

M _
) pn_

where u?™ represents the value corresponding to the original grid in the numerical solution obtained
from the refined grid Q** = QM U{(y;+y1)/2}¥5" at £,. The maximum pointwise error and convergence
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order of the numerical solution are given by

M M M ln(eM/eZM)
e’ = max e,, p  =-———"

n=0,1,,N In2

In the calculation, the parameters used in the model are set as follows: A =7 =0.2,a = 0.2, = 0.8,
v =0.5,¢=0.05 Gr =64, Prg = 5.8, and f,,zy = 30. The termination threshold y* in the algorithm is
1.1. The performance of the adaptive grid method is evaluated through numerical experiments, with
results summarized in Table 2, which lists the errors and convergence orders for both velocity and
temperature. For fixed At = 1/100, the error decreases to approximately half as M doubles and the
convergence order in the spatial direction reaches first order. The adaptive grid method maintains stable
convergence across M, though a slight decline in order occurs at finer grids (e.g., M=1024).

Table 2. Maximum errors and convergence orders of u(y,t) and T(y,t) on the proposed
adaptive grid.

u T

M Error Order Error Order
64 3.0768 x 107! 1.057 6.4983 x 107! 1.072
128 1.4792 x 107! 0.996 3.0918 x 107! 1.011
256 7.4186 x 1072 1.050 1.5346 x 107! 1.039
512 3.5818 x 1072 0.994 7.4701 x 1072 0.997
1024 1.7989 x 1072 0.979 3.7419 x 1072 0.993
2048 9.1291 x 1073 - 1.8799 x 1072 -

Table 3. Maximum errors and convergence orders of u(y, t) and T (y, t) on the uniform grid.

u T

M Error Order Error Order
64 2.6484 1.457 5.2531 1.532
128 9.6471 x 107! 1.206 1.8162 1.239
256 4.1819 x 107! 1.098 7.6947 x 107! 1.114
512 1.9534 x 107! 1.048 3.5556 x 107! 1.056
1024 9.4476 x 1072 1.024 1.7107 x 107! 1.027
2048 4.6469 x 1072 — 8.3920 x 1072 -

For comparison, the schemes (3.2)—(3.5) is also applied to the model on a uniform grid, defined as
QM = {y,|y; = i/M,0 < i < M}. As shown in Tables 2 and 3, the adaptive grid method provides higher
accuracy than the corresponding uniform mesh, with the error reduced by at least 77.6% (T, M = 2048),
up to a maximum of 88.4% (u, M = 64). Figures 2 and 3 illustrate the pointwise error distributions of
the velocity and temperature fields, with subfigures (a) and (b) representing adaptive and uniform grids,
respectively. Overall, the adaptive grid yields lower errors within both velocity and thermal boundary
layers compared to the uniform grid, with the most significant reduction observed near y = 0. As shown
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in Figure 2, the adaptive grid captures sharp peaks and fine structures near boundaries, whereas the
uniform grid produces smoother results. Similarly, the temperature field on the adaptive grid exhibits
steeper thermal gradients and sharper localized features compared to the uniform grid, as demonstrated
in Figure 3. Figure 4 displays the maximum pointwise errors of the fractional nanofluid model on
logarithmic scales for both adaptive and uniform meshes. It can be seen that the adaptive grid reduces
errors by approximately one order of magnitude compared to the uniform mesh. Although both meshes
achieve roughly first-order convergence, the adaptive grid’s orders are more consistent, whereas the
uniform mesh exhibits greater fluctuation, particularly for sufficiently small M.

0.3 3~

(a) Adaptive grid (b) Uniform grid
Figure 2. Pointwise error distribution of velocity field with M = 64 and N = 30.

(a) Adaptive grid (b) Uniform grid

Figure 3. Pointwise error distribution of temperature field with M = 64 and N = 30.
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Figure 4. Maximum pointwise errors of log-log plot for fractional nanofluid model.

The behaviors of the numerical solutions on the adaptive grid are presented in Figure 5. Significant
variations in both velocity and temperature solutions occur within the boundary layer near y = 0,
subsequently asymptotically approaching zero. Figure 6 displays the grid movement process when
solving the model using the adaptive grid algorithm. Over time, the grid nodes progressively concentrate
toward the boundary layers, demonstrating the algorithm’s capability to automatically refine the regions
with drastic changes.

Yi

(a) Velocity distribution (b) Temperature distribution

Figure 5. Numerical solutions with M = 64 and N = 30.
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Figure 6. Evolution of the mesh with M = 64 and N = 30.

5.2. Effects of fractional parameters on the velocity and temperature fields

Figure 7 depicts the impact of the fractional derivative order a and integral index § on the velocity
distribution. For different « values, the velocity of the nanofluid first rises and then slowly decays,
reflecting the subdiffusive behavior of viscoelastic fluids. Higher values of @ lead to a reduced maximum
velocity, with the peak position further away from the plate. Notably, the velocity distributions with
varying « values intersect at a specific point, beyond which the trend reverses; that is, a smaller «
corresponds to a faster velocity decay. Consequently, the velocity boundary layer thickens as « increases.
In contrast, the effect of S is entirely opposite and more pronounced (see Figure 7(b)). Specifically,

a smaller S is associated with a lower peak velocity, whereas an increase in S results in the velocity
increasing and decreasing more rapidly.

—3=03

a=04 B=05
——a=06 4r —3=07|
a=08| | B=09

0 2 4 6 8 10 12 14 16 18 20

0 2 4 6 8 10 12 14 16 18 20
Y

Y

(a) Effects of a (b) Effects of 8

Figure 7. Velocity distribution for the fractional derivative order a (8 = 0.8) and the
fractional integral index 8 (@ = 0.1) for fixed r = 0.2,y = 0.5, Preg = 5.7, and Gr = 8.7.
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Figure 8 presents the variations in velocity and temperature fields due to the fractional derivative
order y. As depicted by Figure 8(a), the velocity profile exhibits increased peak values with higher vy,
indicating enhanced acceleration in the nanofluid flow. An increase in y gradually raises the temperature
of the nanofluid, which is shown in Figure 8(b). It can be seen that increases in vy lead to thicker velocity
and thermal boundary layers.

—=01 —=02

=03 =04
——=06 8f — =061
3r =09 =08

0 2 4 6 8 10 12 14 16 18 20
Y Y

(a) Effects of y on u (b) Effectsof yon T

Figure 8. Velocity and temperature distribution for the fractional derivative order y, where (a)
1=02,a=02,and 8 =0.8; (b) 7 =0.2 and Preg = 5.7.

5.3. Comparison with different nanofluid models

As demonstrated in Section 2, setting @ = 0.3, = 1 simplifies the constitutive relation (2.9) to the
single-parameter fractional Maxwell model. Maintaining @ = 0.3 but adjusting 8 = 0.7 transforms it into
the dual-fractional parameter Maxwell model. By incorporating fractional order terms into the ordinary
Cattaneo model with the parameter y = 0.5, the fractional Cattaneo law is established. Figure 9 compares
different nanofluid models with respect to the velocity and temperature fields. In the classical Newtonian
model, the nanofluid attains its maximum velocity and exhibits the sharpest acceleration/deceleration,
as shown in Figure 9(a). For the single-parameter fractional Maxwell nanofluid model, the thickness
of the velocity profile lies between that of the classical Newtonian model and the ordinary Maxwell
model. It is evident that the velocity boundary layer thickness increases with an increase in the fractional
parameter . Furthermore, the velocity boundary layer is thickest in the dual-fractional parameter
Maxwell nanofluid model, which effectively captures the historical dependence and memory effects
of viscoelastic fluids. In terms of the temperature boundary layer thickness, Figure 9(b) presents
a comparison between the proposed fractional Cattaneo nanofluid model and the ordinary Cattaneo
nanofluid model. The fractional Cattaneo nanofluid model exhibits a thinner thermal boundary layer,
highlighting the influence of fractional-order parameters on heat conduction mechanisms.
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(a) Effects of different models on u (b) Effects of different models on T

Figure 9. Velocity and temperature distribution for the different models with 4 = 7 = 0.2,
Prog = 5.7, and Gr = 8.7.

6. Conclusions

This work proposed an adaptive grid method to solve the fractional integrodifferential governing
equations of viscoelastic nanofluid. To capture the complex rheological behavior of viscoelastic fluids,
the dual-parameter fractional Maxwell model and the fractional Cattaneo model were employed,
incorporating memory effects and nonlocal characteristics in the nonlinear fluid model. The governing
equations were numerically solved using an upwind difference scheme combined with the L1 algorithm
and the weighted-shifted Griinwald difference operator. A comprehensive parametric analysis was
performed to evaluate the impact of fractional parameters on velocity and temperature fields.
Additionally, a comparative study was performed between the proposed fractional constitutive model
and other models. The main findings are summarized as follows:

(i) The adaptive grid method is superior to the uniform mesh in accuracy and stability for resolving
coupled velocity-temperature nanofluid model, particularly for long-duration simulations. It can achieve
higher accuracy with fewer grid points, whereas the uniform mesh requires significantly finer meshes
to match the corresponding precision. This advantage stems from the method’s ability to prioritize
computation in regions of high gradient, a capability fundamentally lacking in uniform mesh.

(i1) The fractional derivative order « and the fractional integral index S exert opposing influences on
the velocity profile. Increases in @ or decreases in 8 lead to a thicker momentum boundary layer, with
the impact of S being more pronounced. Both the momentum and thermal boundary layers thicken with
increasing temperature fractional derivative vy, reflecting the memory and nonlocal effects captured by
the fractional models.

(iii) Among the constitutive models, the velocity boundary layer progressively thickens from the
classical Newtonian model to the ordinary Maxwell model, reaching a maximum in the dual-fractional
Maxwell model due to enhanced historical dependence and memory effects. In contrast, the fractional
Cattaneo model yields a thinner thermal boundary layer than the ordinary Cattaneo model, highlighting
the influence of fractional heat conduction on thermal transport.
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In this study, we focused on applying the proposed adaptive moving grid finite difference scheme to
solve the fractional nanofluid model and evaluated its performance through numerical error and
convergence analyses. Although a complete theoretical proof of stability and error is not provided, the
scheme exhibits consistent and reliable behavior across different mesh resolutions. Future work could
involve conducting rigorous stability and error analyses to further strengthen the theoretical foundation,
as well as incorporating fast algorithms, such as the sum-of-exponentials (SOE) approximation [50] and
parallel-in-time (PinT) methods [51], to improve computational efficiency for large-scale simulations.
In addition, adaptive algorithms in the temporal direction will be investigated to further improve
computational efficiency, and the model will be extended to incorporate nanoparticle transport
mechanisms such as Brownian diffusion and thermophoretic effects [52, 53].

Nomenclature Greek symbols
C, Specific heat capacity a,aq,qr Fractional order
D¢ Caputo fractional derivative B Fractional order
E,E;,E, Shear modulus Br Volumetric coefficient of thermal expansion
g Gravitational acceleration y Fractional order
Gr Grashof number v* Termination threshold
h Heat transfer coeflicient £,€1,& Shear strain
A Riemann-Liouville fractional integral A, A, Relaxation time
k Thermal conductivity u Dynamic viscosity
kr Rosseland mean absorption coefficient v Kinematic viscosity
L Characteristic length P Density
Nr Thermal radiation parameter 0,01,02,0x Shear stress
Pr Prandt]l number OsB Stefan—Boltzmann constant
q Heat flux T Relaxation time
qc Conduction heat flux ©® Nanoparticle volume fraction
qr Radiative heat flux Subscripts
T Nanofluid temperature eff Effective
T, Ambient temperature f Base fluid

Nanofluid velocity nf Nanofluid

S Nanoparticle
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