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Abstract: This article introduces a novel numerical method for solving a singularly-perturbed
convection-diffusion problem with mixed type boundary conditions. The approach begins by
transforming the second-order boundary value problem into a system of first-order differential
equations. The stability result of its corresponding differential operator vector is obtained although
the system of equations is in a special form. The transformed system is approximated through a
hybrid difference method, followed by a posteriori error analysis that relies on the stability result of the
differential operator vector. A posteriori mesh and approximation solution are derived by designing
a solution-adaptive algorithm derived from the a posteriori error bound. Finally, the second-order
uniform convergence of the novel numerical method is corroborated by numerical experiments.
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1. Introduction

The present article deals with the following singularly perturbed convection-diffusion problem
having mixed-type boundary conditions [1]:

{ e’ (x) + a(x)u'(x) — b(x)u(x) = f(x), xew=1(0,1),

ou(0) — g1’ (0) = y1, u(l) =7ys,, (1.1)

where 0 < € < 1 is a small parameter, a(x), b(x), and f(x) are sufficiently smooth functions satisfying
a(x) >a>0and B > b(x) > B> 0for x € @, ¢y, ¢1,7Y1, and y, are constants, and ¢, # 0. Under the
given assumptions, the singularly-perturbed boundary value problem (1.1) possesses a unique solution
u(x) € C*(w) N C! (@) that exhibits a weak boundary layer at x = 0 (see [1] for details). Singularly-
perturbed problems featuring mixed-type boundary conditions were also studied in [2,3]. This class of
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equations is well-suited for modeling the diffusion and migration of chemicals, pollutants, and other
substances in fluids (see, e.g. [4-6]).

Owing to the presence of boundary layers or inner layers in singular perturbation problems, classical
numerical methods typically encounter difficulties in obtaining satisfactory numerical solutions. One
effective method for solving the singular perturbation problems is to make use of the special meshes
which are very fine in the boundary layers or internal layers [6, 7]. This type of mesh can be divided
into two categories: a priori meshes and a posteriori meshes. The construction of a priori meshes have
to use a priori information of the exact solutions [8]. However, in many cases, a priori information of
the exact solutions is often unattainable or difficult to achieve. The construction of a posteriori meshes
is achieved through a solution-adaptive algorithm that utilizes an a posteriori error bound, enabling
automatic adaptation to the singularity of the exact solution in the absence of a priori information.
Hence, the a posteriori mesh method has more extensive application (see, e.g. [9—14] and references
therein). However, most a posteriori mesh methods for solving second-order singularly perturbed
boundary value problems achieve only first-order convergence. Kopteva [15] put forward a four-point
difference method on an a posteriori mesh for second-order singularly perturbed convection-diffusion
equations, demonstrating its second-order accuracy. Linf3 and Kopteva [16] formulated a second-order
defect-correction method for such equations on an a posteriori mesh. Linf3 and Radojev [17] enhanced
a first-order upwind difference scheme to second-order accuracy through Richardson extrapolation
on an a posteriori mesh. More recently, Cen et al. [18] introduced a three-point difference scheme of
second-order accuracy on an a posteriori mesh for a singularly perturbed convection-diffusion equation.

In this article, we first transform the second-order boundary value problem (1.1) into a system of
first-order differential equations. The stability result of its corresponding differential operator vector is
derived out, although the system of equations is in a special form. The transformed system is
approximated through a hybrid difference method, followed by the deduction of a posteriori error
analysis for the discretization method on an arbitrary mesh by using the stability result of the
differential operator vector. Subsequently, an a posteriori mesh and approximation solution are
derived by designing a solution-adaptive algorithm derived from the a posteriori error bound. Finally,
the second-order uniform convergence of the method is corroborated by numerical experiments.

Our method has two main advantages. First, our method can obtain the approximation solutions
of the exact solution and its derivative simultaneously. Second, our method is to derive a posteriori
error analysis of the second-order discretization method for the system of first-order equations, which
makes a posteriori error analysis easier compared to the methods given in [15, 18], which directly
perform a posteriori error analysis for the second-order discretization method of the original second-
order differential equation (1.1).

This article is structured as follows. It begins with an exposition of some properties of the
continuous problem in Section 2. This is followed by a description of the discretization method and
the accompanying a posteriori error analysis in Section 3. The presentation concludes with numerical
experiments in Section 4, which serve to validate the theoretical findings.

Notation. We introduce a generic positive constant C, which is independent of the parameter &
and the computational mesh. Note that C may assume distinct positive values at different instances.
Furthermore, for a function g defined on @, we use the notation g; to stand for the function value g(x;).
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2. The continuous problem

The second-order singularly-perturbed convection-diffusion problem with mixed-type boundary
conditions, given in Eq (1.1), admits an equivalent reformulation as the following system of
first-order equations:

Liu(x) = uj(x) — ux(x) =0, xX€Q,
Lyu(x) = eu(x) + a(xX)ux(x) — b(x)u;(x) = f(x), x€Q, 2.1
ur(0) = 4, ux(0) = (pod — 1) /o1,

where u(x) = (u;(x), u2(x))’,Q = (0,1], and A is a constant determined by the right boundary
condition in (1.1) that will be obtained by using a shooting method based on the secant iterative
method. For details on the equivalence and the shooting technique, we refer the reader to
Osborne [19] and Keller [20]. In the following, system (2.1) instead of the second-order differential
equation (1.1) will be discretized.

The system of Eq (2.1) is in a special form, which brings certain difficulties to the derivation of the
stability result. First, we apply the method of proof by contradiction to prove the differential operator
vector L = (L, L,)" admits a maximum principle.

Lemma 2.1 If ©,(0) > 0, u,(0) > 0, Lyu(x) > 0, and Lru(x) > 0 for x € Q, then we have u(x) > 0
for x € Q.

Proof. We prove this lemma by using a similar technique given in [21,22]. Let s(x) = (s;(x), s2(x))"
be the vector function defined by

@e—ﬂ*(l—xvs

ﬁ*
It is straightforward to observe that L;s(x) > 0 and L,s(x) > 0 for the small parameter &.
Assume the lemma is false, and let

A1)z

s1(x) = , s =e

& = max {ma_x (=ui/s1) (x), max (—uz/s2) (X)} .

x€Q x€Q

Then, we easily know & > 0 and
u(x) +&s1(x) 20, up(x) + &s2(x) 2 0.

Since the functions u;(x) + &s;(x) and u,(x) + £s,(x) are continuous on Q, there exists a point x* € Q
at which the function u;(x) + £s1(x) or us(x) + £s,(x) reaches its minimum value 0. Also, since the
functions u;(0) > 0 and s¢(x) > 0 for k = 1,2, x* is not equal to O.

Case I: (u; + &sp) (x*) = 0 for x* € Q. This means (u; + £s1) (x) reaches its minimum at x*. Hence,
we have

O<Li(u+&s)(x") =(uy +&s1) (&) = (up + €55) (x) <0,
which leads to a contradiction.
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Case II: (up + &s,) (x*) = 0 for x* € Q. This means (u, + £5;) (x) reaches its minimum at x*. Hence,
we have the following result:

0<Ly(u+&s)(x") = &(ur +&s2) (x) + alx") (uz + £52) (x7) = b(x") (w1 + &51) (x) <0,

which also leads to a contradiction.
From the preceding analysis, it follows that u(x) > 0 for all x € Q.

By using the above lemma with a barrier function vector W(x) = (W;(x), W,(x))! defined as
Wi() = C-e 1= max (s (O)] o), max |Lyu(0), max [Lu()
ﬁ* xeQ xeQ
Wa(@) = Ce =9 max {juy O), ux(O), max [Lyu() max [Lou(ol ),
XE X€E

we obtain the following stability result concerning the differential operator vector.
Lemma 2.2 (Stability). A positive constant C exists such that

GOl < € max {lus O) lx(O)], max |Lyu(0)l, max [Lau()
where [uC)| = max,cq (ju (0], (D))
3. Discretization scheme

In this section, we present a hybrid difference method on a posteriori mesh for system (2.1). First,
we construct an arbitrary mesh Q" = {0 = xy < x; < --- < xy = 1} with mesh sizes h; = x; — x;_; for
1 <i<N.

In this section, we introduce a hybrid difference method on an a posteriori mesh for system (2.1),
beginning with the construction of an arbitrary mesh with the corresponding mesh sizes given by

h; = x; — xi_1, i = 1,...,N. On this mesh Q", we propose the following discretization scheme
LYU; =0, LU = f, i=12 N, a.1)
Uio =4, Uzyp = (pod —y1) /1, '
where U = (U, U,)" represents the approximate solution of the exact solution u = (u,, )T,
_ Usio1 + Uy, .
YU, =D Ul,,.—%, i=1,2,--- N, (3.2)
— 1 1 aj—
LIZVU, _ 8D_U2,i + 3 (Cli—l U2,i—1 + aiUz,,-) 3 (bi—l Ul,i—l + biUl’,') y hﬁ, > Tf, (33)
eD"U,y;+a;Uy; — b;Uy,, otherwise,
_ Uni—Uiict 2 L+ f), £>19%L,
DU,=—"——"F"""— fi=172 2 3.4
b h; J { fi otherwise. (3-4)

The system of difference equations (3.1) is also in a special form. By applying the method of

contradiction as that in Lemma 2.1, we can prove that the difference operator vector LV = (L’]V , L’ZV )T
admits a discrete maximum principle.

Lemma 3.1 (Discrete maximum principle). If U;o > 0, U, > 0, LYU; > 0, and LYU; > 0, then
U;>0forall0 <i<N.
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Proof. Lets; = (s1,, sz,,-)T > ( be the vector function defined by

28 _giy Qe .
—_ _e_ﬁ (l—xz)/g’ S2,i — e‘ﬁ (l—x:)/g’ O S i S N

ﬁ*

It is straightforward to observe that L]IV s; > 0 and LIZv s;>0forl <i<N.
Assume the lemma is false, and define

S1,i

n = max {gg&g} (=Uvi/s10), max (_UZ,i/SZ,i)} :
Then, we easily know 1 > 0 and
Uri+ns1;20, Uyi+nsy; 20, 0<i<N.
It is immediate from the definition of 7 that there exists an i* such that
Uy +ns1 =0, 0<i" <N,
or
Uy +nsp =0, 0<i*"<N.

Since Uiy > 0 and s, > 0 for k = 1,2, i* is not equal to 0.
Casel: Uy + s = 0 for 1 <i* < N. This means (U, ; + ns;;) reaches its minimum at i*. Hence,
we have the following result

(Upjiomt +n82,0-1) + (Upr +115250)

0<LY Uy +nsp) =D (Upp +ns1) — >

<0,

which leads to a contradiction.
Case II: U,;- + nsp;» = 0 for 1 < i* < N. This means (U,; + 17s5;) reaches its minimum at i*. If

£ > %=L then we have
1

1
0<LYUp+nsp) = eD” (Upp +1ns2,0) + 3 [ai—1 (Uzp—1 + ns2o-1) + @i (Upe + 152.)]

1
—= b1 (Uy oot +m81021) + b (U o + m5140) |
2

€ ap 1
- U -1 T *-1) — < bi*_ U R e
(hi* > )( 2401+ 11S2,-1) 2[ 1 (Unieo1 +181,0-1)
+bi* (Ul,i* + Usl,i*)] S O,

a;*

5+, then we have

which is a contradiction. If hi <

0< szv (Ul* + nSi*) =eD™ (UZ,i* + 77S2,l‘*) + a;- (U2,i* + T]SQ,,'*) — bl'* (Ul,i* + 7]S1,l‘*) < O,

which also leads to a contradiction.
From the preceding analysis, it follows that U; > O forall 0 <i < N.
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Following the approach employed in Lemma 2.2, we establish the following stability result of the
discretization scheme (3.1) by applying the above discrete maximum principle.

Lemma 3.2. A positive constant C exists such that
where ||U||qv = maxg<ij<y {|U1,i , |U2,,~|}.

We now proceed to perform an a posteriori error analysis pertaining to the discretization
scheme (3.1), conducted on an arbitrary mesh QV. As that in [12, 18, 23], we define a piecewise

Uiy

b

Ul < Cmax{|U1,o

, max |L’1VU,-| , max |L’2VU,-
I<i<N I<i<N

quadratic interpolation function vector U(x) = (U (), l_]z(x))T as

U1(x) = 3 (x = xi2) (x = x) DD Uy + (x —x) DUy + Uy, (3.5)
Ux(x) = 3 (x = xi2) (x = x) D™D Uy + (x — x) D™ Uy + Uy, '
forx e [xi_;,x]Jandi=1,...,N, with
D Uy — D Uy,
D Uw=0, D DU,=—= - aiy k=1,2
We then derive the following results without difficulty:
Ui(x;) = Uy, Us(x;) = U, (3.6)

for x € [x;_1, x;] and
[Ul(x)] =(x—-Xxi_12)D"D U, ; + D Uy, [Uz(x)] = (x = Xi—12) D" D Uy; + D" Uy, (3.7)
forx € [xi_1,x]and 1 <i <N, with x;_1p = (x,-; + x;) /2. We also define

p(x) = a(x)Ux(x) = b(x)U (x),  p'(x) = pi + (x = x) D™ p;, (3.8)
fl)=fi+(x—x)D f, x € [xi—1, xi] (3.9)

forl1 <i<N.

Theorem 3.3 Denote by u(x), U, and U(x) the exact solution of Eq (2.1), the approximate solution
of Eq (3.1) on QV, and its piecewise quadratic interpolation defined in Eq (3.5), respectively. Then,
the bound

[0C) ~u@y < Cmaxhi[1+|D7UL|+|DUs| +|D"DUL|+ DD,
+|D"D" (aUy)| + D™D~ bUY)| + D7D ]|
holds, where |[U(x) — u(x)|, = max g {|U1(x) = u1(x)], [Ua(x) = ua(0)]}.

Proof. Given x € (x;_1, x;), the following deduction can be derived:

1000 - L] = ([0 - Ox()

|(X - X,'_l/z) D D™ Ul,z' + D™ Ul’,'

Networks and Heterogeneous Media Volume 21, Issue 2, 387—401.
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IA

1
~13 x=xie)(x=x) D" D" Uy; + (x —x;) D"Uy; + Uy,

1

~13 (x=xi-)(x=x) D"D"Us; + (x — x;) D_UZ,i]
1 o o

'—5 (x=xi-)(x=x) D" D Uyp; + (x = Xi212) D™ (D"Uy; = Usy)

1 1
'_5 (x=xi-)(x=x) D" D Uy, - 3 (x = xi_12) D™D Us;

Uy — Uiy

(X - x,'_l/z) D D™ Ul,i - )

Ch D™D U, (3.10)

where we have used the first equation in Eq (3.1) and Egs (3.5)—(3.7).
For the case where x € (x;_1, x;) and £ > 25l the following deduction can be derived:

|L,0(x) — Lou(x)|

IA

IA

2

|e03(x) + p(x) = f(x)

|3 [(x = xi_12) D"D™ Uz + D™ Uy;] + p(x) — f(x)|

e [(x = Xi_12) D™D Us; + D™ Usy] + p'(x) — f(x)
+(p) - p'@) - (F0) - 1)

|3 [(x = xi212) D"D™Uy; + DUy + a;Uy; — iUy — f;
+(x=x) D™ (aly); — (x = x) D™ (bUy); = (x— x) D f;
+(p(0) - p') = (f&) - f10)

e(x—xi-12) D™D Uy, + % [D™ (aU>); = D™ (bU,); — D™ fi]
+(x = x)[D™ (aUy); — D™ (bUy), - D™ ]

+(p) - P'@) - (f) = £1(x))
|(x = xi12) D™ (D" Uy + a;Us; — bUy; — f)
+(p) - P'@) - (f) = £1(x))

1
‘E (x = Xi_12) hi [D”D™ (aU,); — D™D (bU,), - D™D f;]

+(p) - p'®) - (f0) - £ ()
Ch? [|D"D" (aUy)| + |D"D~ wU,| + D™D £]]

+|p@) = P’ + |0 - 1)

Ch} [1+|D"Uy| +|D Us| + |D"DU, | + D™D U, |

+|D7D™ (aly),| + |D™D™ (bUY),| + D™D £] (3.11)

where we have used the second equation in Egs (3.1), (3.5)—(3.9), and the following linear interpolation

Networks and Heterogeneous Media
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remainder formula:

lg(x) - &' )

[xi-1,xi]

1
< Ehf sup g (x). (3.12)

XE(Xj-1,X;)

For the case where x € (x;_1, x;) and i < “"T*‘, the following deduction also can be derived:

L0 - Lu)| = [e05x0) + p(x) = f(0)]
= |£ [((x = xi_12) D"D"U,; + D" Uy,| + p(x) — f(x)|
= |8 [(x = xi-1/2) D"D"Us; + D™ Us] + p'(x) = f1(x)
+(p(0) - p') = (F&) - f10)
= |e[(x = xi_12) D™D Us; + D™ Usj] + aiUs; — biUy; — f
+(x—x;) D™ (aUy); — (x — x) D™ (bUy); — (x — x;) D™ f;
+ (P - p'®) = (F0) - £1(x)
= |e(x=xi1p) DD Uy + (x = x) D™ (aU, - bU; - f);
+(p) - P'®) - (f(0) - £ ()
= |8 (x=xi212) DD Uy + €(x— x;) D"D™ Uy,
+(p@) =~ p'@) = (f00) - ()
Ch} (1+|D7Uy | +|D Uy +|D"D7U, |
). (3.13)

where we also have used the second equation in Egs (3.1), (3.5)—(3.9), and (3.12).
Therefore, by combining Eqs (3.10) and (3.11) with Eq (3.13), the desired result follows from
Lemma 3.2.

IA

+|D"D Uy + |D"D f;

Theorem 3.3 implies the following corollary.
Corollary 3.4 Suppose that the condition

1 [1+|DUy| +|D"Us| + |D"DU, | + D™D U, |
+|D"D" (aUy)| + D™D bUY)| + D7D f|| < CN2 (3.14)
for 1 <i < N is met. Then, the bound
||I_J(x) - u()c)”g-2 <CN™?

can be established, where C is a sufficiently large constant independent of € and N.
By implementing the adapted de-Boor algorithm [11,23-26], the a posteriori adapted mesh can be
generated through the solution of the equidistribution problem
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where the discrete monitoring function M; is specified as follows:

|1/2 |1/2

M, = 1+pu,|”+|p v, +|p DU,
Py p D wun|” +|p D

+|DDUs,
e 172

+|D"D™ (aUy),| |

This means that if max;<;<y hisz < CN7? is satisfied, then the condition (3.14) of Corollary 3.4
can also be satisfied. Therefore, when the termination condition (3.15) is met, it can be inferred from
Corollary 3.4 that the error of the approximation solution on an a posteriori adapted mesh is second-
order and e-uniformly efficient.
Algorithm:

Step 1. Initialization mesh: The uniform mesh Q¥© = {xgo) | xgo) =i/N,0<i<N } serves as an
initial iteration mesh for k = 0. N

Step 2. Numerical solution: The solution {ng)}i—o is computed by addressing the discretization

problem (3.1) on the kth iterative mesh QV® = {xgk) |0<i<N }, where the mesh size is defined as
hgk) = xl(.k) - xgli)l. Meanwhile, the notations ng) = hf.k) Mgk) and Il.(k) = 23:1 Q;k) are introduced, where
Msk) is the discrete monitor function’s value at xl(.k) and M(()k) =M Ek).

Step 3. Test mesh: If the user-defined constant C > 1 meets the termination condition

max {0} < CI/N, (3.15)

1<i<N

proceed to Step 5; otherwise, continue to Step 4.
Step 4. New mesh: Denote Z\” = iI'/N; a new adapted mesh QV*+D = {xl(.k”) 0<i<N } is

(k+1)
i

obtained by linearly interpolating (ka),x ) to (Ifk),xfk)); proceed to Step 2 by incrementing k to
k+1.

Step 5. Final adapted mesh and approximation solution: Q"* = QM® js designated as the final a
N

N
posteriori mesh, and {U:‘ } = {ng)}- 0 1s designated as the final approximation solution.
=l

i=0

4. Numerical experiments

This section presents numerical experiments designed to verify the accuracy and efficiency of the
proposed method, with error estimates and convergence rates illustrated through the following
two examples.

Example 4.1. We examine the following second-order singularly perturbed convection-diffusion
problem with mixed type boundary conditions:

eu’(x) + u'(x) —u(x) = f(x), x€(0,1),
{ u(©0) - w(0) =5-2e(1+e?), u(1)=0,

where the selection of f(x) should ensure that the exact solution satisfies
w(x) =2(1 - &) - x(1 +x-28) + 2e (e - £71).

Example 4.2. We examine the following second-order singularly perturbed convection-diffusion
problem with mixed type boundary conditions:

e’ () + (1 +x)u'(x)—Q2-sinx)u(x) =1+2sinx+x(1 —x)+e%, xe(0,1),
2u0) - (0)=2(1+¢), u(l)=1+¢gel/e.

Networks and Heterogeneous Media Volume 21, Issue 2, 387—401.
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Table 1. Numerical results of Eq (3.1) on a posteriori and Shishkin meshes for Example 4.1.

The mesh discretization parameter N

20

2—4

2—12

2—20

2—24

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

64
2.1697¢-5
2.020
0.089

2
1.9333¢-5
2.000
4.6447e-4
1.991
1.903

3
3.7720e-3
2.008
7.7863e-4
2.002
3.189

4
3.8602¢-3
1.368
8.9863e-4
2.000
3.681

5
3.8677¢-3
1.368
9.5252e-4
2.029
3.902

8
3.8681e-3
1.368
9.6008e-4
2.010
3.933

12
3.8682¢-3
1.368
9.6552e-4
2.010
3.955

33
3.8682¢-3
1.368

128
5.3485e-6
2.007
0.088

3
4.8331e-6
2.000
1.1681e-4
2.000
1.914

3
9.3786e-4
2.002
1.9437e-4
1.957
3.185

4
1.4959e-3
1.475
2.2462e-4
1.995
3.680

5
1.4984e-3
1.475
2.3340e-4
1.997
3.824

6
1.4986e-3
1.475
2.3837e-4
2.002
3.905

12
1.4986e-3
1.475
2.3978e-4
2.016
3.929

42
1.4986e-3
1.475

256
1.3306e-6
2.007
0.087

3
1.2083e-6
2.000
2.9209¢-5
2.003
1.914

4
2.3415e-4
2.000
5.0072e-5
1.971
3.282

4
5.3807e-4
2.000
5.6362e-5
1.994
3.694

5
5.3912e-4
2.000
5.8478e-5
1.998
3.832

8
5.3918e-4
2.000
5.9503e-5
2.012
3.900

7
5.3918e-4
2.000
5.9293¢-5
2.001
3.886

36
5.3918e-4
2.000

512
3.3105e-7
2.003
0.087

3
3.0207e-7
2.000
7.2864¢-6
2.001
1.910

4
5.8547e-5
2.000
1.2774e-5
1.987
3.349

4
1.3448e-4
1.555
1.4150e-5
1.995
3.709

5
1.3475¢-4
1.556
1.4635¢-5
1.998
3.837

6
1.3476e-4
1.556
1.4756e-5
1.997
3.868

6
1.3476e-4
1.556
1.4809e-5
1.996
3.882

22
1.3476e-4
1.556

1024
8.2567¢-8
2.002
0.087

3
7.5517e-8
2.000
1.8201e-6
2.000
1.909

4
1.4636e-5
2.000
3.2218e-6
1.994
3.378

4
4.5755e-5
1.615
3.5495e-6
1.996
3.722

5
4.5839¢-5
1.615
3.6639¢-6
1.995
3.842

5
4.5845e-5
1.615
3.6968e-6
1.997
3.876

7
4.5845e-5
1.615
3.7120e-6
2.000
3.892

7
4.5845e-5
1.615

2048
2.0618e-8
0.087

4
1.8879¢-8

4.5500e-7
1.908

4
3.6588e-6

8.0900e-7
3.393

4
1.4941e-5

8.8978e-7
3.732

5
1.4968e-5

9.1920e-7
3.855

5
1.4969e-5

9.2603e-7
3.884

9
1.4970e-5

9.2800e-7
3.892

8
1.4970e-5
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Table 2. Numerical results of Eq (3.1) on a posteriori and Shishkin meshes for Example 4.2.

The mesh discretization parameter N

20

2—4

2—12

2—20

2—24

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

a posteriori

Shishkin

64
5.9141e-5
2.022
0.242

3
6.0185e-5
2.000
6.2304e-4
2.038
2.552

3
7.6326e-3
2.000
1.7419¢-3
2.032
7.135

4
8.2048e-3
1.367
2.6240e-3
2.671
10.748

5
8.1951e-3
1.371
1.9247e-3
2.024
7.884

13
8.1942¢-3
1.371
2.1716e-3
2.483
8.895

19
8.1941e-3
1.371
1.8256e-3
2.199
7.478

33
8.1941e-3
1.371

128
1.4560e-5
2.014
0.239

3
1.5047e-5
2.000
1.5168e-4
2.010
2.485

4
1.9086e-3
2.003
4.2604e-4
1.879
6.980

4
3.1819¢-3
1.454
4.1211e-4
1.992
6.752

5
3.1695¢e-3
1.484
4.7339e-4
2.099
7.756

11
3.1684e-3
1.485
3.8853e-4
1.881
6.366

11
3.1684e-3
1.485
3.9757e-4
1.822
6.514

15
3.1684¢e-3
1.485

256
3.6048e-6
2.013
0.236

3
3.7617e-6
2.000
3.7671e-5
2.005
2.469

4
4.7618e-4
2.001
1.1583e-4
2.169
7.591

4
1.1617e-3
2.049
1.0360e-4
1.851
6.790

5
1.1328e-3
2.000
1.1050e-4
1.878
7.242

9
1.1320e-3
2.002
1.0549¢e-4
1.810
6914

13
1.1320e-3
2.002
1.1247e-4
1.911
7.371

24
1.1320e-3
2.002

512
8.9316e-7
2.003
0.234

4
9.4042¢-7
2.000
9.3843¢-6
2.003
2.460

4
1.1899e-4
2.000
2.5751e-5
2.045
6.750

4
2.8065¢-4
1.560
2.8719-5
1.822
7.529

5
2.8322¢-4
1.558
3.0052¢-5
1.957
7.878

7
2.8270e-4
1.560
3.0087¢-5
1.952
7.887

9
2.8267e-4
1.560
2.9904e-5
1.902
7.839

37
2.8267e-4
1.560

1024
2.2283¢-7
2.002
0.234

4
2.3510e-7
2.000
2.3417e-6
2.001
2.455

4
2.9748¢-5
2.000
6.2402¢-6
1.955
6.543

4
9.5187¢-5
1.618
8.1251e-6
1.913
8.520

5
9.6163¢-5
1.615
7.7404e-6
1.965
8.116

7
9.5881e-5
1.618
7.7749¢-6
1.886
8.153

8
9.5863¢-5
1.618
8.0020e-6
2.008
8.391

8
9.5862¢-5
1.618

2048
5.5646e-8
0.233

4
5.8776e-8

5.8482e-7
2.453

4
7.4367e-6

1.6096e-6
6.751

4
3.1015e-5

2.1572e-6
9.048

5
3.1390e-5

1.9820e-6
8.313

7
3.1241e-5

2.1036e-6
8.823

8
3.1232e-5

1.9894e-6
8.344

18
3.1232e-5
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The shooting method based on the secant iterative method is employed to solve the boundary value
problems in Examples 4.1 and 4.2. 7y, and vy, are selected as two initial guesses for A, then A/ is
iteratively computed such that the solution meets the specified right boundary condition U,y = y»
until |/lj - /lj‘1| < 107!9. When the tolerance value for terminating the iteration is small enough, the
iteration error will not influence the numerical results of the discretization scheme. Due to the fact that
the problem under consideration is a linear problem, the iteration termination condition for obtaining
A can be reached with a small number of iterations. The details of the convergence for the shooting
method can be found in Osborne [19] and Keller [20]. For each given A, the solution-adaptive algorithm
given in Section 3 is utilized to solve U.

For Example 4.1, the maximum error is given by

N

e’ = max {|U1,i — |, | Ui — ua },
0<i<N
and for Example 4.2, the maximum error is given by
e = max{|UiVi— ulll, Uy, - U%JZV}
o<isy U7 5 : : ’

Their associated convergence rates are given by
N 2N
N = logz(e /e ),
and the error constants are calculated by
CN =€"/N2.

Tables 1 and 2 present the error estimates, convergence rates, and error constants of scheme (3.1)
on a posteriori meshes for Examples 4.1 and 4.2 under different & values. According to the numerical
results, scheme (3.1) converges with second-order accuracy and realizes the optimal convergence
order under the current discretization scheme. In addition, it is evident that the error constant CV does
not grow substantially with diminishing € or increasing N, demonstrating the scheme’s uniform
convergence in €. The number of iterations K" for generating a posteriori adapted mesh is also listed
in Tables 1 and 2, which indicates that a posteriori adapted meshes can be quickly obtained.

For the purposes of comparison, a Shishkin mesh is adopted in conjunction with the hybrid
difference method (3.1) to solve problem (2.1). The Shishkin mesh is chosen as

oY = {x,. =il 0<i<N/2;x;=1t+(-N/2Dh?, N2 <i< N}

with AV = 20/N,h® = 2(1 = o) /N, and o = min {%, 2elnN } Numerical results obtained with the
hybrid difference scheme on the Shishkin mesh @" are also reported in Tables 1 and 2, respectively.
The numerical results presented in Tables 1 and 2 clearly demonstrate that the a posteriori mesh yields
significantly better accuracy than the Shishkin mesh. Furthermore, our method can obtain the

approximation solutions for both the exact solution and its derivative.
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