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Abstract: In this paper, we mathematically analyzed a chemical reaction-based dynamical model
to investigate codimension-two and codimension-three Bogdanov–Takens (BT) bifurcations and their
impact on system dynamics. Generalized eigenvectors were first computed using normalization
techniques to derive unfolding parameters for codim-two BT bifurcation. A codim-three BT bifurcation
case was then obtained, with its unfolding parameters determined with the aid of the seven-step
method. A control technique based on anonymous parameters and updated law was used to control
oscillations in our considered dynamical system. Analytical results were validated through numerical
simulations, highlighting the role of autocatalytic reactions 2D1

α4
−→ D2 and 2D1 +D2

α5
−→ 3D1 in system

behavior. These bifurcations generated oscillations, bi-stability, and excitability, behaviors essential for
understanding and controlling complex chemical and biological systems.

Keywords: chemical reaction system; codim-two BT bifurcation; codim-three BT bifurcation;
normalization; stability; updated law

1. Introduction

Chemistry, a field depending on chemical reactions, has a direct link with mathematics, especially
while performing the balancing of chemical reactions before implementation in a laboratory. The
dynamical and stability analysis of chemical reactions has attracted the attention of several researchers.
A dynamical system designed from the chemical reaction of dioxide-iodine-malonic acid was studied by
Din et al., [1] to identify Neimark-Sacker bifurcation and its control. In 2024 [2], the existence of Hopf
bifurcation and its stability in an enzyme-catalyzed was discussed in the absence of spatial diffusions.
Khan and Din [3] considered a fractional order autocatalator chemical reaction system for bifurcation
analysis. The dynamics of fractional order Lorenz-based chemical chaotic system with its stability is
discussed in [4]. Moreover, the higher codimension bifurcation of a modified Brusselator system in
connection with strong resonances was part of a discussion in [5].
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Although there are dynamical systems designed using chemical reactions, such as those by
Huang et al., [6, 7], the enzyme-catalyzed reactions in [8], auto-catalytic glycolysis in [9], those by
Belousov-Zhabotinsky [10], a chemical reaction system with single nonlinearity in [11], and the
oregonator [12], and much more, two-species chemical reaction systems have shown a significance
role in ecological and bio-chemical models. These models are used as a tool for providing a foundation
in the advancement of medicines, environmental managements, and for the interactions between
components, such as gene regulation and protein-protein. In the field of chemical engineering,
two-species reaction systems play a role as an optimizer during a chemical reaction to achieve a
desired product with minimum waste.

Figure 1. Schematic view of a two-species dynamical system.

A two dimensional autonomous dynamical system of kinetic differential quations [13] was designed
using the schematic diagram given in Figure 1 and the chemical reactions E

α1
−→ D2, D1

α2
−→ E, D2

α3
−→ D1,

2D1
α4
−→ D2, 2D1 + D2

α5
−→ 3D1  dx̃

dt̃ = −α2 x̃ − 2α4 x̃2 + α3ỹ + α5 x̃2ỹ,
dỹ
dt̃ = α1 + α4 x̃2 − α3ỹ − α5 x̃2ỹ.

(1.1)

The system describes two species, D1 (represented by x̃) and D2 (represented by ỹ), interacting
through a set of chemical reactions: E

α1
−→ D2, the environment E produces D2 at rate α1. In D1

α2
−→ E,

D1 degrades back to the environment at rate α2, and in D2
α3
−→ D1, D2 is converted into D1 at rate α3.

2D1
α4
−→ D2 shows the two D1 molecules combining to form D2 at rate α4, whereas in 2D1 +D2

α5
−→ 3D1,

a tri-molecular reaction occurs, where D2 catalyzes the production of D1 at the rate of α5. The number
of free parameters is further reduced in system (1.1) by transforming into the non-dimensional form
Eq (1.2). This transformation process is obtained through the rescaling of time, state variables, and
involved parameters. Suppose the original dimensional variables are denoted by x̃ and ỹ (having units of
concentration), and time by t. The chemical reactions and their rate constants αi > 0 are given in the
schematic diagram (Figure 1). We introduce dimensionless variables:

x =
x̃
K
, y =

ỹ
K
, t = α3t̃,

where K is a reference concentration scale. Selecting K ≈
√
α3
α5

, then system (1.1) reduces to the

Networks and Heterogeneous Media Volume 21, Issue 2, 349–367.



351

dimensionless form:  dx
dt = −ax − 2x2 + by + x2y,
dy
dt = c + x2 − by − x2y.

(1.2)

The detailed relationship between the original rate constants αi and the dimensionless parameters a,
b, c are given in Table 1.

Table 1. The transformations of dimensional rate constants into dimensionless parameters.

Dimensionless Transformation Physical interpretation
a α2

α3
Ratio of degradation to conversion rate

b α1
α3K Environmental production rate of D2 (E → D2)

c α4K
α3

Auto-catalytic dimerization rate ( 2D1 → D2 )

K =
√
α3
α5

Elimination of α5

System (1.2) has been considered by several researchers for various purposes in the literature.
In 2000, Erle [14] proved that stable closed orbits in a two species model does not exist with a condition
if there are no additional reaction steps beyond the number of reactants. Azimi et al., [15] investigated
the multi-stability and limit cycles using the numerical approach in system (1.2). The necessary and
sufficient conditions, using symbolic computation to determine limit cycle bifurcates from a stationary
point, are given in [16], whereas two nested limit cycles of the two species model is illustrated by Nagy
et al., [17]. In 2023, the considered kinematic chemical reaction system gained importance as part of
discussions in chemical reaction networks [18] and was shown to exhibit Hopf bifurcation with at least
three species and four irreversible reactions, respectively. Din and Saeed [13] in 2023 discussed the
existence of Hopf bifurcation and stabilized it with the aid of a control method.

The changing topological structure of a given dynamical system with the changes in the involved
parameters is called bifurcation, and the parameter due to which such types of changes occur is known
as the bifurcation parameter. Bifurcation theory is not only limited to mathematical purposes but has
potential applications in other fields [19–22]. Although there are several types of bifurcations, the
categorization with codim has made it more feasible in bifurcation theory. Higher codim bifurcations
include cusp [23] and bautin [24], but the BT bifurcation has received the most attention from researchers
for its enriched dynamics around the bifurcation point.

The condition of satisfying zero eigenvalues with multiplicity two is the leading step toward the
existence of codim-two bifurcation cases. Among the above-mentioned codim-two bifurcations, several
researchers have studied BT and derived analytical formulas for its practical computations. In 2005,
Kuznetsov [25] used the center manifold theorem and derived analytical formulas for the computation
of normal forms of codim-two and codim-three BT bifurcations. While the work is essential and easy to
use for achieving normal forms, the way of finding unfolding parameters was not discussed. In 2010,
Carrlio et al., [26] provided a technique to calculate the unfolding parameter for BT bifurcation but
with the limitation that the study was confined to codim-two only, which Liu and Liu [27] used in the
computation of BT bifurcation on the Hindmarsh-Rose model. Similarly, Peng and Jiang [28] derived
analytical formulas for the practical computation of BT bifurcation but with the same limitation. A
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developed technique, namely the seven-step rule [29, 30], has been important in the computation of
normal forms and unfolding parameters.

However, the BT bifurcation has a great record in the literature, starting from the work of Takens [31]
and Bogdanov [32] in 1974∼1981. In 2016, Liu et al., [33] investigated a predator-prey model for the
possibility of BT bifurcation using normal form theory. The different topological cases of BT bifurcation
are discussed by Lu et al., [34]. In 2022, Wang and Yu [35] proposed a novel predator-prey model
and derived several parametric conditions to explore codim-two and codim-three bifurcations. The
application of this bifurcation is not limited to specific models but is found in a variety of potential
applications [36–38].

The existence of bifurcations, while beneficial, can be problematic in sensitive real-life models
such as chemical reactions, building structures, and aerodynamics. Therefore, control in such systems,
particularly for bifurcation parameters, is essential. There are several control techniques in the literature
such as robust and optimization [39], event-triggered [40], hybrid [41], active and passive [42], and
sliding-mode [43] techniques.

To the best of our knowledge, no researcher has investigated the physical impact of higher
codimension bifurcations, particularly BT bifurcation, on the two-species chemical reaction
system (1.2), nor has implemented any control strategy to regulate bifurcation at specific parameters.
The BT bifurcation is significant in chemical systems as it governs transitions between stable steady
states, oscillatory, and excitable dynamics. In this paper, we address the gap by analyzing codim-two
and codim-three BT bifurcations in system (1.2) using practical computation and the seven-step
rule, respectively.

The remainder of the paper is organized as follows: In Section 2, we provide the computation
and discussion of codimension two and three Bogdanov-Takens bifurcations. In Section 3, the two
bifurcation parameters are considered anonymous, and we use Lyapunov theory to discuss the stability
in the two species-based chemical reaction system. The paper is concluded in Section 4.

2. BT bifurcation analysis in a two species chemical reaction system

In this section, the dynamics of chemical system (1.2) is further enhanced with the study of codim-
two and three Bogdanov-Takens bifurcations. The analytical technique [26, 27] for codim-two case is
utilized, while codim-three bifurcation is obtained with their unfolding parameters using the seven-step
rule [30].

Theorem 2.1. System (1.2) undergoes a codim-2 BT bifurcation for the reaction rates b = 1
4(4a − a2),

c = −a2

4 with a2b2 , 0.

Proof. Consider the semi-trivial equilibria E+(x∗, y∗) of system (1.2), so that the Jacobian matrix at
E+ is

J(E+) =
(
−a + 2x∗y∗ − 4x∗ b + x2

∗

−2x∗(y∗ − 1) −b − x2
∗

)
. (2.1)

A two dimensional system exhibits double zero eigenvalues by solving the trace and determinant of
the Jacobian matrix (2.1) at the corresponding equilibrium point equaling zero, simultaneously. Further,

Networks and Heterogeneous Media Volume 21, Issue 2, 349–367.



353

the equilibria E+ can be computed by solving−ax∗ − 2x2
∗ + by∗ + x2

∗y∗ = 0,
c + x2

∗ − by∗ − x2
∗y∗ = 0.

(2.2)

The trace and determinant of the matrix are TrJ(E+) = −a − b − x2
∗ + 2x∗y∗ − 4x∗ and DetJ(E+) =

(a + 2x∗)(b + x2
∗). Solving Tr J(E+) = Det J(E+) = 0, along with Eq (2.2) to get b = b∗ = 1

4(4a − a2)
and c = c∗ = −a2

4 as the BT bifurcation parameters. Moreover, substituting b∗ and c∗ into Eq (2.2), the
equilibrium point of system (1.2) becomes E(−a

2 , 0), at which the Jacobian matrix of the system is

J(E) =
(

a a
−a −a

)
. (2.3)

Both eigenvalues of the matrix (2.3) are zero. Therefore, there are four real linearly independent
(generalized) eigenvectors, p0,1 ∈ R

n, q0,1 ∈ R
n, such that Jq0 = 0, Jq1 = q0 and JT p1 = 0, JT p0 = p1.

Solving these relations for the vectors, we get the following left and right generalized vectors:

q0 =

(
1
−1

)
, q1 =

(1
a
0

)
, p0 =

(
0
−1

)
, p1 =

(
a
a

)
that satisfy the orthogonality conditions ⟨p0, q0⟩ = ⟨p1, q1⟩ = 1 and ⟨p0, q1⟩ = ⟨p1, q0⟩ = 0. The inner
product ⟨·, ·⟩ is defined as the standard Euclidean inner product in R2. Further, we rewrite system (1.2)
as dX

dt = F(X, µ) *, where X = (x, y)T , µ = (a, b, c)T and

F(X, µ) =
(
−ax − 2x2 + by + x2y

c + x2 − by − x2y

)
.

The complete BT bifurcation set of system (1.1) is

BT = {(X0, µ0)|X0 = (−
a
2
, 0), µ0 = (a, b∗, c∗)}. (2.4)

According to the formulas given in Appendix A for ā, b̄, we get

ā = a2 = −a, b̄ = b2 = 2a − 4. (2.5)

To avoid confusion, we use a2 and b2 as the parameters of the normal from. Now, using the theorem
in [26], we have that system (1.2) is locally topologically equivalent to dζ1

dt = ζ2,
dζ2
dt = β1 + β2ζ1 + a2ζ

2
1 + b2ζ1ζ2.

(2.6)

System (2.6) is the normal form for the codim-2 BT bifurcation truncated at quadratic order. Higher-
order terms are eliminated through smooth, near-identity transformations and do not affect the local

*The formulas from [26] used in this analysis depends on F(X, µ). This vector field must be sufficiently smooth (at least C4 ) in a
neighborhood of (X0, µ0). Moreover, the non-degeneracy condition āb̄ , 0 must hold, and the map from the original parameters to the
unfolding parameters should satisfy the regularity condition; i.e., the Jacobian matrix should be non-singular at µ=µ0.
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topological equivalence, as guaranteed by the Center Manifold Theorem. If we choose λ1 = b − b∗ and
λ2 = c − c∗ as bifurcation parameters, then

λ1 = b −
1
4

(4a − a2), λ2 = c +
a2

4

The following unfolding parameters are obtained using the formulas given in Appendix A

β1 = aλ2, β2 = −
a(λ1 + λ2)

a − 2
.

Now, using the change of variables by

ζ1 =

(
−a

(2a − 4)2

)
η1, ζ2 =

(
−a2

(2a − 4)3

)
η2, t =

(
2a − 4

a

)
t1

Figure 2. Generic local curves of the system (2.7) around BT bifurcation point [25].

We obtain  dη1
dt1
= η2,

dη2
dt1
= µ1 + µ2η1 + η

2
1 − η1η2,

(2.7)

where

µ1 = −
16λ2(a − 2)4

a2 , µ2 = −
4(a − 2)(λ1 + λ2)

a
.

Moreover, under the conditions of Theorem 2.1, system (1.2) undergoes a Bogdanov-Takens
bifurcation of codim-two if and only if a , 2. Let b = 1

4(4a − a2) + λ1, c = −a2

4 + λ2, and a , 2, then
system (1.2) is locally topologically equivalent to dη1

dt1
= η2,

dη2
dt1
= −

16λ2(a−2)4

a2 −
4(a−2)(λ1+λ2)

a η1 + η
2
1 − η1η2,

(2.8)

which has the following local representations of the bifurcation curves in a small neighborhood around
the semi-trivial equilibria E+
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(1) Saddle-node bifurcation curve:

S N = {(λ1, λ2)|λ2 = 8a − λ1 + (4 − 2a)
√

a2 − 4a + λ1 + 4 − 2a2 − 8}.

(2) Hopf bifurcation curve:

H = {(λ1, λ2)| −
16λ2(a − 2)4

a2 = 0,
(a − 2)(λ1 + λ2)

a
> 0}.

(3) Homoclinic bifurcation curve:

HL = {(λ1, λ2)|λ2 = σ2 − λ1 −
25a

3
+

25a2

12
− σ1 +

25
3
+ o(|λ1, λ2|

2),
(a − 2)(λ1 + λ2)

a
> 0},

for σ1 =
25a

√
a2−4a− 24λ1

25 +4

12 and σ2 =
25

√
a2−4a− 24λ1

25 +4

6 .

Figure 2 shows the local topological structure, characterized by the equilibria, the generation of
limit cycles through Hopf bifurcation, and their disappearance with homoclinic loops, and is robust
for parameter values that move the overall dynamics of the system into the positive quadrant. As the
parameters (b, c) are varied away from (b∗, c∗), the relevant dynamics (such as a stable limit cycle
or a region of bistability) can move into the positive quadrant, becoming observable in a chemically
realistic regime.

The BT bifurcation diagram for the local bifurcation curves is given in Figure 2, where four regions
can be observed. Starting from region 1, the BT bifurcation is associated with a saddle-node bifurcation,
where two equilibrium points collide and annihilate each other. In this region, bi-stability shows that the
trajectory remains even if the parameters are changed slightly until a critical point is reached, where
it abruptly switches to the second regime. The trajectory then jumps into the second region where it
satisfies the Hopf bifurcation condition. Finally, the trajectories of system (1.2) enter region P, where
the BT bifurcation can lead to homoclinic orbits, and the trajectories spend more time near an unstable
equilibrium before transitioning into a different state. This whole cycle from region 1 to region 4 creates
a phenomenon of appearance and disappearance of the limit cycle.

(a) (b)

Figure 3. (a) Two-parametric bifurcation diagram and its (b) Lyapunov exponent determining
the dynamics of system (1.2).
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The multi-parameter bifurcation diagram and Lyapunov exponents [44] have a significant role in
providing detailed information around the high codimension bifurcation point. In Figure 3(a), the BT
bifurcation parameters are to generate its bifurcation diagram, where the periodicity of bifurcation
from lower to higher is shown in the range of [1,9]. Figure 3(b) is the highest Lyapunov exponent for
parameters b and c in our considered chemical model, completely covering the dynamics shown in its
bifurcation diagram.

2.1. Chemical feasibility and biological interpretation of the bifurcation point

The BT bifurcation point (X0, µ0) identified in Theorem 2.1 is at the equilibrium E
(
−a

2 , 0
)
. For

the model to be chemically meaningful, the concentrations must satisfy x ≥ 0 and y ≥ 0. The x-
coordinate of this point imposes the condition a ≤ 0. Given that the original model parameters αi are
positive, the non-dimensional parameter a is also positive, implying −a

2 < 0. Therefore, the BT point
E lies outside the chemically feasible positive quadrant for the nominal parameter range of interest.
According to real conditions, the system exhibits codim-1 bifurcations, such as Hopf, but is not suitable
for higher codimension bifurcations. Consequently, the bifurcation set BT = {(X0, µ0)} should be
understood mathematically.

Physically, system (2.8) interprets, in the first region, the concentration rates; i.e., D1 and D2 remain
constant, and the transition to a state oscillate or diverge as a result. This collapse of steady states can
disrupt the balance of chemical reaction pathways, leading to unpredictable behavior in the production
and consumption of D1 and D2. In region 1, the BT bifurcation can lead to bistability, where the system
has two stable steady states for the same set of parameters and the reaction pathways can settle into
two distinct regimes with the higher concentration of D1 and lower concentration of D2 in first regime
and vise versa in the second regime. Entering the second region, the concentrations of D1 and D2 begin
to oscillate. This situation occurs due to the presence of pure imaginary eigenvalues exhibiting Hopf
bifurcation. Moreover, the conversion rate of D1 to E (α2) and D2 to D1 (α3) vary periodically.The
autocatalytic steps 2D1

α4
−→ D2 and 2D1 + D2

α5
−→ 3D1 also exhibit periodic behavior, leading to

fluctuations in the production and consumption of D1 and D2. Consequently, small perturbations in the
concentrations of D2 could lead to a sudden spike in D1 production due to the autocatalytic reaction
2D1 + D2

α5
−→ 3D1 and vice versa.

Theorem 2.2. Consider a = 2 in Eq (2.5), then system (1.2) undergoes the codim-3 BT bifurcation.

Proof. In Theorem 2.1, b and c are computed as bifurcation parameters for the calculation of codim-2
BT bifurcation, whereas a = 2 results in the a2b2 = 0, which shows the possibility of codim-3 BT
bifurcation. Hence, starting with the substitutions of, a = 2+r1, b = 1

4 (4a−a2)+r2, and c = −a2

4 +r3 into
system (1.2), where r1, r2, and r3 are arbitrarily small parameters. However, there are several practical
computation methods designed so far but the seven-step method has shown much importance among all.
For this, we translate the equilibrium point (−1, 0) to the origin (0, 0), and system (1.2) becomes

dx
dt
= r1 + 2x − r1x − 2x2 + 2y + r2y − 2xy + x2y,

dy
dt
= r3 − 2x + x2 − 2y − r2y + 2xy − x2y. (2.9)

Now, with the aid of the seven-step method, the following calculations are obtained: In each step R1,
R2, · · · , R6 obeys the property given in Eq (2.17).
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Step 1: Let u = x, v = r1 + 2x − r1x − 2x2 + 2y + r2y − 2xy + x2y, and carry out a Taylor expansion at
the origin to obtain

du
dt
=v, (2.10)

dv
dt
= − r1uv − 4r1u + 2r1 − r2uv − r2v − 2r3u + 2r3 − u4

− u3v + 2u3 +
u2v2

2
− 3u2v − 2u2 − v2 + R1(u, v, r).

Step 2: Set u = 1
2Υ1x2 + x, v = Υ1xy + y, a near identity transformation for (u, v) near the origin, for

the elimination of v2 in Eq (2.10). A Taylor expansion of the system is performed with Υ1 = −1 and
considers only the first few terms to transform system (2.10) as

dx
dt
=y, (2.11)

dy
dt
= − r1xy − 2r1x + 2r1 − r2xy − r2y + 2r3 −

5x4

2
+ 2x3y + 2x3 − 3x2y − 2x2 + 2xy2 + R2(x, y, r).

Step 3: We let x = 1
6Υ2u3 + 1

2Υ3u2v + u, y = 1
2Υ2u2v + Υ3uv2 + v to remove xy2 and y3, where Υ2

and Υ3 are the coefficients of eliminating terms, respectively. We get Υ2 = 2 and Υ3 = 0 after some
calculations, and system (2.11) is transformed into

du
dt
=v, (2.12)

dv
dt
= − r1uv − 2r1u + 2r1 − r2uv − r2v + 2r3 + 2u3v + 2u3 − 3u2v − 2u2 + R3(u, v, r).

Step 4: In this step, we eliminate u3 in system (2.12) by considering the transformation set u =
x3( 3Θ2

2
16Θ2

1
−
Θ3
5Θ1

)− Θ2
4Θ1

x2+ x, v = y, where Θ1, Θ2 and Θ3 are the coefficients of u2, u3, and u4. System (2.12)
is transformed in the following form with Θ1 = −2, Θ2 = 2 and Θ3 = 0

dx
dt
=y, (2.13)

dy
dt
= − r1xy − r1x + 2r1 −

3r2xy
2
− r2y + r3x + 2r3 − x3y − 3x2y − 2x2 + R4(x, y, r).

Step 5: Considering x = u, y = 1
36Θ

2v3 + 1
3Θv2 + v to transform system (2.13) into the following form

du
dt
=v, (2.14)

dv
dt
=

r1uv
2
− r1u − 3r1v + 2r1 −

3r2uv
2
− r2v −

3r3uv
2
+ r3u − 3r3v + 2r3 − u3v − 2u2 + R5(u, v, r),

by eliminating x2y. In particular, the coefficient ratio Θ is given by Θ = Θ4
Θ5

, where Θ4 = −3 and Θ5 = −2
are the coefficients of x2y and x2.
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Step 6: In this step, we make the following changes of variables u = Θ
1
5
6Θ
− 2

5
7 x and v = Θ

4
5
6Θ
− 3

5
7 y,

with the time re-parametrization t = Θ−
3
5

6 Θ
1
5
7 τ, where Θ6 and Θ7 are the coefficients of u2 and u3v.

System (2.14) becomes

dx
dτ
=y, (2.15)

dy
dτ
= −

r1xy
2 × 22/5 −

r1x
2 × 21/5 −

3r1y
23/5 −

r1

22/5 +
3r2xy

2 × 22/5 −
r2y
23/5 +

3r3xy
2 × 22/5

+
r3x

2 × 21/5 −
3r3y
23/5 −

r3

22/5 + x3y + x2 + R6(x, y, r)

with Θ6 = −2 and Θ7 = −1, where R6(x, y, r) has the property (2.17).
Step 7: We let x = u − σ1

2 , y = v, and σ1 = −
r1−r3
2×21/5 for the coefficient of x in system (2.15). The final

transformation is  du
dτ = v,
dv
dτ = ξ1 + ξ2v + ξ3uv + u2 + u3y + R(u, v, r),

(2.16)

where

ξ1 = −
r1 + r3

22/5 , ξ2 = −
3r1 + r2 + 3r3

23/5 , ξ3 = −
r1 − 3r2 − 3r3

2 × 22/5 ,

and

R(u, v, r) = y2O(|u, v|2) + O(|u, v|5) + O(r) × (O(v2) + O(|u, v|3)) + O(r2)O(|u, v|). (2.17)

The final form given in system (2.16) is obtained after a sequence of near-identity transformations
and is truncated to include terms up to cubic order, which is necessary to capture the dynamics of the
codim-3 bifurcation. The determinant of the Jacobian matrix D(ξ1,ξ2,ξ3)

D(r1,r2,r3) =
1

22/5 of system (2.16) for small r
is non-zero. Therefore, local bifurcation curves are possible.

Figure 4. Phase portraits of local bifurcation curves in codim-3 BT bifurcation.
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In Figure 4, limit cycles are plotted in which the black is obtained using the Hopf bifurcation
(HB), the blue colored limit cycle is generated with the help of Homoclinic loop (HL) bifurcation, the
generalized Hopf bifurcation (GH) can be seen in red, and the degenerate case of homoclinic bifurcation
(DHL) curve surrounded within HB abd GH is shown as green trajectories. Mathematically, all the
possible local bifurcation curves are calculated using the analytical formulas for their corresponding
critical surfaces given by Zeng et al., [30];

1. Saddle-node bifurcation occurs:

S N = {(ξ1, ξ2, ξ3) | ξ1 = 0} .

2. Hopf bifurcation at the critical surface:

HB =
{
(ξ1, ξ2, ξ3) | ξ1 < 0, ξ2 = (ξ3 − ξ1)

√
−ξ1

}
.

3. Homoclinic loop bifurcation occurs from the critical surface:

HL =
{

(ξ1, ξ2, ξ3) | ξ1 < 0, ξ2 =
5
7

(
ξ3 −

179
11
ξ1

) √
−ξ1

}
.

4. Generalized Hopf bifurcation occurs for ξ1 < 0 from the critical curve:

GH =
{
(ξ1, ξ2, ξ3) | ξ2 = −4ξ1

√
−ξ1, ξ3 = −3ξ1

}
.

5. Degenerate homoclinic bifurcation occurs for ξ1 < 0 from the critical curve:

DHL =
{

(ξ1, ξ2, ξ3) | ξ2 = −
70
11
ξ1

√
−ξ1, ξ3 =

81
11
ξ1

}
.

6. Double limit cycle bifurcation occurs from a critical surface, which is tangent to the HB on the
critical curve GH, and tangent to the HL on the critical curve DHL.

The condition a2b2 , 0 (with a2 = −a, b2 = 2a−4 ) and the subsequent nondegeneracy conditions for
the codim-3 case ensure that this organizing center is not degenerate, and, thus, the predicted bifurcation
scenarios are generic and can manifest in the feasible region for appropriate parameter choices. The
numerical simulations in Figures 3 and 5, which show dynamics in the positive quadrant, serve as a
validation of this principle.

Physically, the codimension-three BT bifurcation in the chemical system leads to several critical
dynamical changes with significant chemical implications. The saddle-node bifurcation (SN) results
in the sudden loss or creation of steady states, causing abrupt transitions in the concentrations of D1

and D2, which can disrupt the balance of the autocatalytic reactions 2D1
α4
−→ D2 and 2D1 + D2

α5
−→ 3D1.

The HB introduces oscillatory dynamics, leading to periodic variations in species concentrations,
which is crucial for systems requiring rhythmic behavior, such as chemical oscillators. The HL
induces excitable dynamics, where small perturbations in D1 or D2 can trigger large-scale changes
through the autocatalytic pathways, making the system highly sensitive to external influences. The GH
further enriches the oscillatory behavior, potentially leading to multi-frequency patterns in the reaction
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rates, including the autocatalytic steps. The DHL can result in chaotic dynamics, where the system
becomes unpredictable and highly sensitive to parameter changes, particularly affecting the autocatalytic
feedback loops. Finally, the double limit cycle bifurcation creates complex interactions between multiple
oscillatory states, leading to intricate dynamical regimes that influence the autocatalytic production and
consumption of D1 and D2. Together, these bifurcations highlight the system’s sensitivity to parameter
variations and its potential for rich, complex behavior, which is critical for controlling and predicting
the outcomes of the chemical reactions, especially those involving autocatalysis.

3. Stability of chemical reaction system (1.2)

In Section 2, we use analytical formulas to find the normal forms for finding the existence of higher
codimension bifurcation in autocatalytic chemical reaction system (1.2). It has been observed that the
parameters b and c play vital roles in determining BT bifurcation. However, a negligible oscillation
during a chemical process can cause severe damage to the scientist, energy, and cost. Moreover, the
control of such systems at the bifurcation parameters is necessary; therefore, in this section, we use
Lyapunov theory to bring stability in system (1.2) with the assumption that the bifurcation parameters b
and c are anonymous. For this purpose, we rewrite system (1.2) as dx

dt = −ax − 2x2 + b̂(t)y + x2y + ρ1(t),
dy
dt = ĉ(t) + x2 − b̂(t)y − x2y + ρ2(t),

(3.1)

where b̂(t) and ĉ(t) are unknown time dependent parameters, and ρ1(t), ρ2(t) are control inputs that
will be determined using the negative definiteness property of the considered Lyapunov function. We
introduce and differentiate the error terms e1 = x − x∗ and e2 = y − y∗ to get the following error
dynamical system:


de1
dt = −ae1 − ax∗ − 2(e2

1 + 2e1x∗ + x2
∗) + b̂e2 + b̂y∗

+e2
1e2 + e2x2

∗ + e2
1y∗ + x2

∗y∗ + 2e1e2x∗ + 2e1x∗y∗ + ρ1(t),
de2
dt = ĉ + e2

1 + 2e1x∗ + x2
∗ − b̂e2 − b̂y∗ − e2

1e2

−e2x2
∗ − e2

1y∗ − x2
∗y∗ − 2e1e2x∗ − 2e1x∗y∗ + ρ2(t).

(3.2)

To find the suitable controller for system (3.2), we use the Lyapunov function

υL =
1
2

(e2
1 + e2

2 + e2
b + e2

c) (3.3)

satisfying υL(0) > 0 for all time t. Differentiating Eq (3.3), we get

dυL

dt
= e1

de1

dt
+ e2

de2

dt
− eb

db̂
dt
− ec

dĉ
dt
, (3.4)

where deb
dt = −

db̂
dt and dec

dt = −
dĉ
dt . Substituting Eq (3.2) into Eq (3.4) with eb = b − b̂(t) and ec = c − ĉ(t),
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we get



dυL
dt = −ae2

1 − ax∗e1 − 2(e3
1 + 2e2

1x∗ + e1x2
∗) + b̂e1e2

+b̂e1y∗ + e3
1e2 + e1e2x2

∗ + e3
1y∗ + e1x2

∗y∗
+2e2

1e2x∗ + 2e2
1x∗y∗ + ĉe2 + e2

1e2

+2e1e2x∗ + e2x2
∗ − b̂e2

2 − b̂e2y∗ − e2
1e2

2

−e2
2x2
∗ − e2

1e2y∗ − e2x2
∗y∗ − 2e1e2

2x∗
−2e1e2x∗y∗ + e1ρ1(t) + e2ρ2(t) − eb

db̂
dt − ec

dĉ
dt .

(3.5)

In view of systems (3.2)–(3.5), the control inputs ρ1 and ρ2 are selected as


ρ1(t) = −κ1e1 + ax∗ + 2(e2

1 + 2e1x∗ + x2
∗) − be2 − by∗

−e2
1e2 − e2x2

∗ − e2
1y∗ − x2

∗y∗ − 2e1e2x∗ − 2e1x∗y∗,

ρ2(t) = −κ2e2 − c − e2
1 − 2e1x∗ − x2

∗ + be2 + by∗ + e2
1e2

+e2x2
∗ + e2

1y∗ + x2
∗y∗ + 2e1e2x∗ + 2e1x∗y∗,

(3.6)

where κ1 > 0 and κ2 > 0 are control gains. Furthermore, substituting the control inputs Eq (3.6) into
Eqs (3.2) and (3.5), we get the modified error dynamical system

 de1
dt = −(κ1 + a)e1 − ebe2 − eby∗,

de2
dt = −κ2e2 − ec − ebe2 − eby∗

(3.7)

and

 dυL
dt = −(κ1 + a)e2

1 − κ2e2
2 − ec

(
e2 +

dĉ
dt

)
−eb

(
e1e2 + e1y∗ + e2

2 + y∗e2 +
db̂
dt

)
< 0.

(3.8)

Equation (3.8) is negative definite, which shows that the error dynamical system (3.2) tends to zero
using the control inputs (3.6), resulting in x → x1, y → y1 as t → ∞. Controller (3.6) depends on
anonymous parameters. Thus, according to Eq (3.8), the updated law becomes

 db̂
dt = κ3eb − e1e2 − e1y∗ − e2

2 − y∗e2,
dĉ
dt = κ4ec − e2,

(3.9)

where κ3 and κ4 are greater than zero.
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Figure 5. State variables x(t), y(t) approaching its desired values as time tends to infinity.

(a) (b)

Figure 6. (a) Error terms approach zero, and (b) shows the unknown parameters b̂ and ĉ
approaching their original parameters b and c, respectively, when time tends to infinity.

Figures 5 and 6 are the qualitative analysis and validation of analytical results given in Eqs (3.1)–(3.9).
In Figure 5, the state variables x(t) and y(t) are shown approaching their desired values (x∗ = 1.514,
y∗ = 8.02). Moreover, in Figure 5, the green and brown colored lines show the desired values, selected
as stable reference points, to confirm that the original state variables, i.e., x(t) (blue) and y(t) (red) of
system (3.1), approach stable equilibria as time (t → ∞). Figure 6(a) confirms the analytical result of
error dynamical system (3.7) with κ1 ≥ 10 and κ2 ≥ 10 in the presence of update law (3.9) shown in
Figure 6(b), where the estimated parameters, i.e., b̂ and ĉ approach their original parameter values at
time (t ≊ 4).

From a chemical reaction perspective, control inputs ρ1(t) and ρ2(t) act as the external actuators
to interpret the external flow of species D1 and D2, respectively, and force the system to converge
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toward the desired states with the aid of error terms, deviating from the desired concentrations of D1

and D2. As the estimated parameters are unknown due to uncertain reaction rates, the controlled system
continuously estimates them. However, system (1.2) measures the concentrations of both species, D1

and D2, and adjust the estimate of original parameters to match the observed dynamics.

4. Conclusions

A dynamical model based on two-species chemical reactions has been considered in this paper.
Researchers have analyzed codimension-one bifurcations and limit cycles for this model, but we have
discussed higher codimension bifurcations and their physical implementation to demonstrate their role
in enhancing system dynamics. The bifurcation parameters b and c have been treated as unknown,
and a control strategy using parameter identification and Lyapunov theory has been employed to
regulate oscillations. First, a Hessian matrix-based technique has been used to ensure the existence of
codimension-two BT bifurcation and has provided unfolding parameters for studying local bifurcation
curves. These trajectories have been plotted in Figure 2 and discussed mathematically. Further analysis
of the BT bifurcation has revealed that codimension-three bifurcation occurs when the non-degeneracy
condition a2b2 = 0 holds. Among available computational methods, a seven-step approach has been used
to derive the normal form and compute the unfolding parameters ξ1, ξ2, and ξ3. Second, a positive definite
function from Lyapunov theory has been applied to unknown and estimated bifurcation parameters to
control solution randomness. The analytical results have been linked to physical interpretations through
qualitative analysis, highlighting their impact on the system for reader clarity.
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Appendix A

The following analytical formulas given in [26] are used to compute the parameter values to check
the existence of codim-2 BT bifurcation

ā ≡
1
2

pT
1

(
q2 • D2F (X0, µ0)

)
p1,

b̄ ≡pT
1

(
q1 • D2F (X0, µ0)

)
p1 + pT

1

(
q2 • D2F (X0, µ0)

)
p2.

If āb̄ , 0, then S 1 and S 2 are used to find the unfolding parameters

S T
1 ≡qT

2 Fµ (X0, µ0) ,

S 2 ≡

[
2a

b

(
pT

1

(
q1 • D2F (X0, µ0)

)
p2 + pT

2

(
q2 • D2F (X0, µ0)

)
p2

)
− pT

1

(
q2 • D2F (X0, µ0)

)
p2

]
× FT

µ (X0, µ0) q1 −
2ā
b̄

2∑
i=1

(
qi • FµX (X0, µ0)

)
pi +

(
q2 • FµX (X0, µ0)

)
p1,

where p0, p1 are the left and q0, q1 are right generalized eigenvectors. Furthermore, if āb̄ = 0, then the
analytical formulas given in this Appendix are invalid to use and indicate the possibility of codim-3
BT bifurcation.
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