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Abstract: In this paper, we propose a linearly implicit scheme that preserves the local energy
dissipation property for the generalized nonlinear wave equation. By employing the energy
quadratization approach, we reformulated the original equation into an equivalent form. A semi-
discrete structure-preserving system was constructed via finite difference discretization in space.
Subsequently, we derived a fully discretized scheme using the Crank-Nicolson method combined
with the extrapolation technique, ensuring the preservation of local energy dissipation law. Under
appropriate boundary conditions, such as homogeneous Dirichlet or periodic boundary conditions,
the proposed method also maintained the global energy dissipation law. Furthermore, the unique
solvability, fast implementation, and convergence theorem of the discrete scheme were analyzed
rigorously. Numerical experiments are presented to validate our theoretical results, demonstrating
that the proposed scheme outperforms traditional methods in terms of stability and efficiency.
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1. Introduction

The generalized nonlinear wave equation refers to a form of wave equation that incorporates
nonlinearity, typically in the form of nonlinear terms that modify the standard wave equation. These
nonlinearity terms can arise from various physical effects such as nonlinear material properties, large
amplitude wave interactions, or other complex phenomena in fields such as fluid dynamics, acoustics,
or elastodynamics [1–5]. A general form of a nonlinear wave equation can be written as in [6].

utt − ∆u + βut + f (u) = 0, x ∈ Ω, 0 < t ≤ T, (1.1)
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with the initial value conditions

u(x, 0) = η(x), ut(x, 0) = ϕ(x), x ∈ Ω, (1.2)

where Ω = (xL, xR) × (yL, yR), η and ϕ are given smooth functions and β represents the nonnegative
damping force. f (u) is a nonlinear source term that depends on the wave field u, which satisfies
f (u) = F′(u), and |∂u f (u)| is bounded.

By setting ut = v, the original second-order system can be expressed equivalently as

ut = v, (1.3)
vt = ∆u − βut − f (u). (1.4)

Proposition 1.1. The nonlinear wave equation (1.1) conserves the following local energy
dissipation law (1

2
v2 +

1
2

(u2
x + u2

y) + F(u)
)

t −
(
(uxv)x + (uyv)y

)
= −βv2 ≤ 0. (1.5)

Proof. By multiplying Eq (1.4) by v, we obtain

vvt − ∆uv + f (u)v = −βv2. (1.6)

Applying the continuous Leibniz rule and using Eq (1.3), we get

vvt =
1
2

(v2)t, f (u)v = f (u)ut = (F(u))t. (1.7)

For the term ∆uv, we can rewrite it as

∆uv = (uxv)x + (uyv)y −
1
2

(u2
x + u2

y)t. (1.8)

Combining the results from Eqs (1.6)–(1.8), we derive the local energy dissipation law given by
Eq (1.5).

Denote ∥u∥ :=
√

(u, u) =
√∫
Ω

u2dx. With appropriate boundary conditions such as homogeneous

Dirichlet or periodic boundary conditions, it holds that
∫
Ω

(
(uxv)x+(uyv)y

)
dx=0. Therefore, by applying

the local energy dissipation law (1.5) across the spatial domain yields the corresponding global energy
dissipation law, namely

dH
dt
= −β∥v∥2 ≤ 0, t ∈ [0,T ], (1.9)

where the Hamiltonian energy functionalH(t) is defined as

H(t) =
∫
Ω

(1
2

v2 +
1
2

(u2
x + u2

y) + F(u)
)
dx. (1.10)

In particular, the energy of model (1.1) is conserved when β = 0, it preserves the local energy
conservation law ( 1

2v2 + 1
2 (u2

x + u2
y) + F(u))t − ((uxv)x + (uyv)y) = 0, and maintains the global energy

conservation law H(t) ≡ H(0) (t > 0) under appropriate boundary conditions such as homogeneous
Dirichlet or periodic boundary conditions.
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The generalized nonlinear wave equation typically involves highly nonlinear terms that
substantially increase the complexity to the behavior of system. These nonlinearities can lead to a
wide range of dynamic phenomena, such as shock waves, pattern formation, and multiscale
interactions, making the derivation of analytical solutions particularly difficult. To address these
challenges, numerical methods have been developed for solving the generalized nonlinear wave
equation such as the finite element method for spatial discretization coupled with implicit
time-stepping schemes [7, 8], the pseudo-spectral method for high-accuracy solutions in complex
domains [9, 10]. And, Zhao and Gu [11] proposed a low-rank solution method for the strongly
damped wave equation. Luo et al. [12] constructed a Bernoulli-barycentric rational matrix collocation
method for two-dimensional evolutionary PDEs. These approaches provide efficient tools for
capturing the intricate dynamics of the generalized nonlinear wave equation under boundary and
initial conditions. Energy dissipation is a fundamental characteristic for many physical systems,
particularly in scenarios involving damping or friction. This is crucial for elucidating how energy is
progressively lost and for evaluating long-term stability [13, 14]. Precise modeling of energy
dissipation is vital to ensure numerical methods accurately replicate physical behavior, especially in
studies of wave attenuation and thermal diffusion [15, 16]. However, many numerical methods fail to
adequately preserve the discrete energy dissipation law, which can result in unrealistic long-term
behavior and inaccurate representation of damping effects.

Structure-preserving algorithms, particularly symplectic integrators, are designed to preserve key
properties of dynamical systems during simulations [17–21]. These methods are especially useful for
Hamiltonian systems, which arise ubiquitously in molecular dynamics, celestial mechanics, and fluid
dynamics, where maintaining energy, momentum, or other invariants over long time periods is
essential [22–24]. There have been substantial advancements in the development of
structure-preserving methods, such as the discrete gradient method [25], averaged vector field method
(AVF) [26], and Crank-Nicolson scheme [27, 28]. For nonlinear wave equations, Jiang et al. proposed
a high-order structure-preserving scheme based on the AVF method [14]. Macı́as-Dı́az and his
colleagues introduced an energy function for the nonlocal wave equation with the Riesz fractional
derivative, and analyzed a series of energy-dissipation (or conservation) schemes [29–31].
Additionally, the researchers in [32–34] constructed some dissipation-preserving finite difference
schemes for wave equations. Other related structure-preserving methods are detailed in Refs. [35, 36].

The energy quadratization (EQ) method [37–40] has been developed to construct linearly implicit
energy-stable schemes for gradient flows. By integrating the extrapolation technique, symplectic
Runge-Kutta (RK) method [41, 42], and EQ approach, efficient and high-accuracy schemes for
conservative/dissipative systems have been achieved [43, 44]. However, these schemes are limited to
preserving global energy, which is dependent on boundary conditions such as periodic boundaries. In
the absence of such conditions, their effectiveness is considerably diminished. To overcome this
limitation, Wang et al. [45] introduced the idea of local structure-preserving methods. This approach
extends the conserved structures from global methods to local regions, ensuring that these structures
are maintained in any local area or point within the time-space domain, which eliminates the need for
specific boundary conditions. Local structure-preserving methods have gained significant attention in
the study of Hamiltonian PDEs [46–48].

However, most nonlocal structure-preserving algorithms are fully implicit schemes, which require
nonlinear iterations in long-term numerical simulations and thus incur substantial computational
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costs. Linear implicit schemes exhibit exceptional computational efficiency in numerical simulations.
Nevertheless, to the best of our knowledge, linearly implicit schemes that preserve local energy
dissipation laws for the generalized nonlinear wave equation have not been explored. Moreover,
establishing a convergence theorem for such a method without imposing a time-space grid ratio
constraint remains a significant challenge. In this paper, we aim to develop a linearly implicit scheme
based on the EQ technique that preserves local energy dissipation for the system (1.1). The major
contributions of this study are as follows:

• We construct a new linear, second-order scheme for the generalized nonlinear wave equation
based on the energy quadratization strategy, Crank-Nicolson method, and extrapolation technique.
• The discrete scheme preserves the local energy dissipation law as the continuous mode, and also

maintains the global energy dissipation law under appropriate boundary conditions.
• A thorough analysis of the proposed method is established, including unique solvability, fast

implementation, and the unconditional convergence theorem.

This paper is structured as follows: In Section 2, we introduce a new auxiliary variable to derive an
equivalent system that includes local and global modified energy dissipation laws as a continuous
model. In Section 3, a linearly implicit scheme is proposed, which utilizes the extrapolation technique
and finite difference methods to discretize time and space variables. Additionally, a fast solver for the
scheme is developed. In Section 4, we offer a thorough analysis of the proposed scheme, including
unique solvability and convergence results. In Section 5, we present numerical experiments that
validate our theoretical analysis. Finally, in Section 6, we summarize the major findings and provide
key insights.

2. Model reformulation

In this section, we use the EQ approach to obtain an equivalent system for the nonlinear wave
equation. Following the ideas proposed in [37–39], we introduce an auxiliary variable

r(u, t) =
√

F(u) +C0. (2.1)

Here, C0 > 0 is a constant that ensures the well-defined nature of r(u, t), i.e., F(u) + C0 > 0. Then,
systems (1.3) and (1.4) can be reformulated as a new equivalent system, namely

ut = v, (2.2)

vt = ∆u − βut −
f (u)

√
F(u) +C0

r, (2.3)

rt =
1
2

f (u)
√

F(u) +C0
ut, (2.4)

with

r0 :=
√

F(u0) +C0. (2.5)

Next, we study the energy dissipation properties of the rephrased EQ systems (2.2)–(2.4). To this
end, the following modified energy function E(t) is introduced as

E(t) =
∫
Ω

(1
2

v2 +
1
2

(u2
x + u2

y) + r2)dx. (2.6)
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Theorem 2.1. The EQ systems (2.2)–(2.4) possesses the modified local energy dissipation law

(1
2

v2 +
1
2

(u2
x + u2

y) + r2)
t −

(
(uxv)x + (uyv)y

)
= −βv2 ≤ 0. (2.7)

Under appropriate boundary conditions, such as homogeneous Dirichlet or periodic boundary
conditions, EQ systems (2.2)–(2.4) also preserve the modified global energy dissipation law

dE(t)
dt
= −β∥v∥2 ≤ 0. (2.8)

Proof. By multiplying Eq (2.3) by v, we obtain

vvt − ∆uv +
f (u)

√
F(u) +C0

rv = −βv2. (2.9)

Multiplying Eq (2.4) by 2r can yield

d
dt

r2 =
f (u)

√
F(u) +C0

rut. (2.10)

In view of Eqs (1.7), (1.8), (2.9), and (2.10), we can derive the modified local energy dissipation
law (2.7).

With appropriate boundary conditions, including homogeneous Dirichlet or periodic boundary
conditions, integrating Eq (2.7) across the spatial domain indicates the corresponding global energy
dissipation law

dE(t)
dt
=

d
dt

∫
Ω

(1
2

v2 +
1
2

(u2
x + u2

y) + r2)dx = −β∥v∥2 ≤ 0. (2.11)

We complete the proof.

Remark 2.1. We mention that when β = 0, the equivalent systems (2.2)–(2.4) preserves the modified
local energy conservation law

(1
2v2 + 1

2 (u2
x + u2

y) + r2)
t −

(
(uxv)x + (uyv)y

)
≡ 0. Besides, the modified

global energy conservation law dE(t)
dt ≡ 0 also holds under homogeneous Dirichlet or periodic boundary

conditions.

3. Construction of the linearly implicit and local structure-preserving scheme

In this section, we construct a linearly implicit local energy-dissipative scheme. First, some
fundamental concepts and definitions are introduced, which will be used in the subsequent proofs. Let
Ωh = {(xi, y j) | xi = xL + ihx, y j = yL + jhy; 1 ≤ i ≤ Nx − 1, 1 ≤ j ≤ Ny − 1} represent a partition of Ω
with the mesh sizes hx = (xR − xL)/Nx and hy = (yR − yL)/Ny, where Nx and Ny are given
even numbers.
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For a positive integer N, let Ωτ = {tn | tn = nτ; 0 ≤ n ≤ N} be a uniform partition of [0,T ] with a
time step τ = T/N. Then, Ωτh = Ωh ×Ωτ, and let zn

i, j be a mesh function defined over Ωτh. We denote

δtzn
i j =

zn+1
i j − zn

i j

τ
, ρtzn

i j =
zn+1

i j + zn
i j

2
, ẑn

i j =
3zn

i j − zn−1
i j

2
,

δ±x zn
i j = ±

zn
i±1, j − zn

i, j

hx
, δ2

xz
n
i j =

zn
i+1, j − 2zn

i, j + zn
i−1, j

h2
x

,

δ±y zn
i j = ±

zn
i, j±1 − zn

i, j

hy
, δ2

yzn
i j =

zn
i, j+1 − 2zn

i, j + zn
i, j−1

h2
y

.

The commutative law states that:

δtδ
±
x zn

i j = δ
±
xδtzn

i j, ρtδ
±
y zn

i j = δ
±
y ρtzn

i j, δ+xδ
−
x zn

i j = δ
−
xδ
+
x zn

i j = δ
2
xz

n
i j, δ+y δ

−
y zn

i j = δ
−
y δ
+
y zn

i j = δ
2
yzn

i j.

The discrete Leibniz rule includes:

(a) δt(zn
i jv

n
i j) = ρtzn

i jδtvn
i j + δtzn

i jρtvn
i j,

(b) δt(zn
i jv

n
i j) = δtzn

i j · v
n
i j + zn+1

i j δtvn
i j,

(c) δt(zn
i jv

n
i j) = δtzn

i j · v
n+1
i j + zn

i jδtvn
i j.

The above rules are also applicable for the operators δ+x and δ+y .
To simplify notation, let zn

i j = z(xi, y j, tn), and denote zi j and zn
i j as the numerical approximations of

z(xi, y j, t) and z(xi, y j, tn), respectively. Let

Zh := {z | z = (z1,1, z2,1, · · · , zNx−1,1, · · · , z1,Ny−1, z2,Ny−1, · · · , zNx−1,Ny−1)T }

be the space of mesh functions on Ωh that satisfy periodic boundary conditions. For any u, v ∈ Zh, the
discrete inner products are defined as

⟨u, v⟩ = hxhy

Nx−1∑
i=1

Ny−1∑
j=1

ui, jvi, j,

and

⟨δθu, δθv⟩ = hxhy

Nx−1∑
i=1

Ny−1∑
j=1

δθui, jδθvi, j,

where θ = x, y indicates the spatial directions. The discrete L2-norm of u ∈ Zh and the norms of its
difference quotients are given as

∥u∥ =
√
⟨u,u⟩, ∥δ+x u∥ =

√
⟨δ+x u, δ+x u⟩, ∥δ+y u∥ =

√
⟨δ+y u, δ+y u⟩.

We further define the discrete H1
h-norm and L∞-norm as:

∥u∥H1
h
=

√
∥u∥2 + ∥δ+x u∥2 + ∥δ+y u∥2, ∥u∥∞ = max

0<i<Nx
0< j<Ny

∣∣∣ui, j

∣∣∣ .
For simplicity, the componentwise product u · v is given by

u · v =
(
u1,1v1,1, · · · ,uNx−1,1vNx−1,1, · · · ,u1,Ny−1v1,Ny−1, · · · ,uNx−1,Ny−1vNx−1,Ny−1

)T
.
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3.1. Local energy-dissipative space semi-discretization

Structure-preserving schemes have been developed for solving the nonlinear wave equation.
However, the local energy-dissipative scheme associated with spatial discretization has received less
attention. In this section, we employ the conventional finite difference method for spatial
discretization and demonstrate that the resulting semi-discrete system precisely maintains the
semi-discrete local energy dissipation law.

By applying the finite difference method to the spatial discretization of systems (2.2)–(2.4), we
obtain the following semi-discrete system

dui j

dt
= vi j, (3.1)

dvi j

dt
= δ2

xui j + δ
2
yui j − βvi j −

f (ui j)√
F(ui j) +C0

ri j, (3.2)

dri j

dt
=

1
2

f (ui j)√
F(ui j) +C0

dui j

dt
. (3.3)

Theorem 3.1. The space semi-discrete systems (3.1)–(3.3) conserves the modified local energy
dissipation law

d
dt

(1
2

v2
i j +

1
2
(
(δ+x ui j)2 + (δ+y ui j)2) + r2

i j

)
−

(
δ+x (δ−x ui j · vi j) + δ+y (δ−y ui j · vi j)

)
≤ 0. (3.4)

Furthermore, with appropriate boundary conditions such as homogeneous Dirichlet or periodic
boundary conditions, the semi-discrete systems (3.1)–(3.3) also possesses the following modified global
energy dissipation law

dE(t)
dt
≤ 0, (3.5)

where E(t) is given

E(t) =
1
2
⟨v, v⟩ +

1
2
(
⟨δ+x u, δ+x u⟩ + ⟨δ+y u, δ+y u⟩

)
+ ⟨r, r⟩. (3.6)

Proof. By multiplying Eq (3.2) by vi j, we obtain

dvi j

dt
vi j = (δ2

xui j + δ
2
yui j)vi j − βv2

i j −
f (ui j)√

F(ui j) +C0
ri jvi j. (3.7)

Next, multiplying Eq (3.3) by 2ri j yields

d
dt

r2
i j =

f (ui j)ri j√
F(ui j) +C0

dui j

dt
=

f (ui j)√
F(ui j) +C0

ri jvi j. (3.8)

Using the discrete Leibniz rule, we can derive the following results

δ2
xui j · vi j = δ

+
x (δ−x ui j · vi j) − (δ+x ui j · vi+1, j − δ

+
x ui j · vi, j)

= δ+x (δ−x ui j · vi j) − δ+x ui jδ
+
x vi, j
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= δ+x (δ−x ui j · vi j) − δ+x ui jδ
+
x

dui j

dt

= δ+x (δ−x ui j · vi j) −
1
2

d
dt

(δ+x ui j)2. (3.9)

Similarly, we have

δ2
yui j · vi j = δ

+
y (δ−y ui j · vi j) −

1
2

d
dt

(δ+y ui j)2. (3.10)

From Eqs (3.7)–(3.10), we can obtain the local energy dissipation law

d
dt

(
1
2

v2
i j +

1
2
(
(δ+x ui j)2 + (δ+y ui j)2) + r2

i j

)
−

(
δ+x (δ−x ui j · vi j) + δ+y (δ−y ui j · vi j)

)
= −βv2

i j ≤ 0. (3.11)

Under homogeneous Dirichlet boundary condition, based on the discrete summation-by-parts
identities it can be deduced that

Nx−1∑
i=1

Ny−1∑
j=1

(
δ+x (δ−x ui j · vi j) + δ+y (δ−y ui j · vi j)

)
= 0.

Therefore, summing Eq (3.11) over spatial grid points leads to the global energy dissipation law

d
dt

(
1
2
⟨v, v⟩ +

1
2
(
⟨δ+x u, δ+x u⟩ + ⟨δ+y u, δ+y u⟩

)
+ ⟨r, r⟩

)
= −β∥v∥2 ≤ 0. (3.12)

For the periodic boundary condition case, a similar conclusion can be established.
This ends the proof of this theorem.

3.2. The fully discrete linearly implicit and local energy-dissipative scheme

Now we derive a fully discrete scheme by applying the linearly implicit structure-preserving time
discretization to the semi-discrete systems (3.1)–(3.3), which is denoted as the LILED scheme, namely

δtun
i j = ρtvn

i j, (3.13)

δtvn
i j = δ

2
xρtun

i j + δ
2
yρtun

i j − βρtvn
i j −

f (ûn
i j)√

F(ûn
i j) +C0

ρtrn
i j, (3.14)

δtrn
i j =

1
2

f (ûn
i j)√

F(ûn
i j) +C0

ρtvn
i j. (3.15)

Remark 3.1. The LILED scheme described in Eqs (3.13)–(3.15) is a three-level method. For the initial
step, we calculate u1

i j, v1
i j and r1

i j using u0
i j instead of û0

i j as shown in Eqs (3.14) and (3.15). Although
this scheme is presented for the two-dimensional nonlinear wave equation, it can be extended to one-
dimensional and three-dimensional cases.
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Theorem 3.2. The fully-discrete LILED scheme (3.13)–(3.15) conserves the modified local energy
dissipation law

δt

(1
2

(vn
i j)

2 +
1
2
(
(δ+x un

i j)
2 + (δ+y un

i j)
2) + (rn

i j)
2
)
−

(
δ+x

(
ρtδ
−
x un

i j · ρtvn
i j

)
+ δ+y

(
ρtδ
−
y un

i j · ρtvn
i j

) )
= −β(ρtvn

i j)
2 ≤ 0.
(3.16)

With appropriate boundary conditions such as homogeneous Dirichlet or periodic boundary
conditions, the discrete LILED scheme also preserves the modified global energy dissipation law,
namely

EN ≤ EN−1 ≤ · · · ≤ E0, (3.17)

where

En =
1
2
⟨vn, vn⟩ +

1
2
(
⟨δ+x un, δ+x un⟩ + ⟨δ+y un, δ+y un⟩

)
+ ⟨rn, rn⟩, n = 0, 1, · · · ,N. (3.18)

Proof. By multiplying Eq (3.14) by ρtvn
i j, we obtain

ρtvn
i jδtvn

i j = ρtvn
i j(δ

2
xρtun

i j + δ
2
yρtun

i j) − β(ρtvn
i j)

2 −
f (ûn

i j)√
F(ûn

i j) +C0

ρtrn
i jρtvn

i j. (3.19)

Then, multiplying Eq (3.15) by ρtrn yields

ρtrn
i jδtrn

i j =
1
2
δt(rn

i j)
2 =

1
2

f (ûn
i j)√

F(ûn
i j) +C0

ρtvn
i jρtrn

i j. (3.20)

Using the commutative law and the discrete Leibniz rule, we can derive

δtvn
i j · ρtvn

i j =
1
2
δt

(
vn

i j

)2
, (3.21)

δ2
xρtun

i j · ρtvn
i j = δ

+
x

(
ρtδ
−
x un

i j · ρtvn
i j

)
− ρtδ

+
x un

i, j · δtun
i+1, j + ρtδ

+
x un

i, j · δtun
i, j (3.22)

= δ+x
(
ρtδ
−
x un

i j · ρtvn
i j

)
− ρtδ

+
x un

i, j · δ
+
xδtun

i, j (3.23)

= δ+x
(
ρtδ
−
x un

i j · ρtvn
i j

)
−

1
2
δt

(
δ+x un

i j

)2
. (3.24)

Following similar analysis, we obtain

δ2
yρtun

i j · ρtvn
i j = δ

+
y

(
ρtδ
−
y un

i j · ρtvn
i j

)
−

1
2
δt

(
δ+y un

i j

)2
. (3.25)

Therefore, we can conclude from Eqs (3.19)–(3.25) that

δt
(1
2

(vn
i j)

2+
1
2
(
(δ+x un

i j)
2+(δ+y un

i j)
2)+(rn

i j)
2
)
−
(
δ+x

(
ρtδ
−
x un

i j · ρtvn
i j

)
+δ+y

(
ρtδ
−
y un

i j · ρtvn
i j

) )
=−β(ρtvn

i j)
2 ≤ 0.

(3.26)
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The modified global energy dissipation law (3.17) can be obtained by combining the local energy
dissipation law (3.16) and boundary conditions. Under homogeneous Dirichlet or periodic boundary
conditions, by using the discrete summation-by-parts identities, it holds that

Nx−1∑
i=1

Ny−1∑
j=1

(
δ+x

(
ρtδ
−
x un

i, j · ρtvn
i, j

)
+ δ+y

(
ρtδ
−
y un

i, j · ρtvn
i, j

) )
= 0.

Accordingly, summing Eq (3.16) over spatial grid points gives the global energy dissipation law

En+1 − En = −τβ
〈
ρtvn, ρtvn〉 ≤ 0, n = 0, 1, · · · ,N − 1. (3.27)

Thus, we have completed the proof.

Remark 3.2. We mention that when β = 0, the fully-discrete LILED scheme (3.13)–(3.15) preserves
the modified discrete local energy conservation law

δt

(1
2

(vn
i j)

2 +
1
2
(
(δ+x un

i j)
2 + (δ+y un

i j)
2) + (rn

i j)
2
)
−

(
δ+x

(
ρtδ
−
x un

i j · ρtvn
i j

)
+ δ+y

(
ρtδ
−
y un

i j · ρtvn
i j

) )
≡ 0.

Besides, the modified discrete global energy conservation law also holds under homogeneous
Dirichlet or periodic boundary conditions, namely

EN = EN−1 = · · · = E0.

3.3. A fast solver for the proposed scheme

In this section, we aim to design an efficient algorithm tailored to solve the proposed numerical
scheme for improving computational performance, making it more practical and effective for real-
world applications. First, one can observe that

ρtvn = δtun =
un+1 − un

τ
=

2ρtun − 2un

τ
, (3.28)

and

δtrn =
rn+1 − rn

τ
=

2ρtrn − 2rn

τ
. (3.29)

According to Eq (3.15), we have

ρtrn = rn +
1
4
B

(
un+1 − un

)
, (3.30)

where

B := diag
(
φ(ûn

1,1), φ(ûn
2,1), · · · , φ(ûn

Nx−1,1), · · · , φ(ûn
1,Ny−1), · · · , φ(ûn

Nx−1,Ny−1)
)
, (3.31)

where φ(z) = f (z)
√

F(z)+C0
. Substituting the above results into Eq (3.14) yields

2un+1−2un

τ
− 2vn

τ
= Dρtun − β

un+1 − un

τ
− B

(
rn +

1
4
B(un+1 − un)

)
, (3.32)
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which can be further arranged as(
2I −

τ2

2
D + τβI +

τ2

4
B2

)
un+1 = Kn :=

(
2I +

τ2

2
D + τβI +

τ2

4
B2

)
un + 2τvn − τ2Brn, (3.33)

where I is the Nx × Ny identity matrix and the matrixD represents the second-order central difference
discretization δ2

x + δ
2
y . Denote

A := 2I −
τ2

2
D + τβI +

τ2

4
B2. (3.34)

We can derive from Eq (3.34) that matrix A is a real symmetric and strictly diagonally dominant
M-matrix, which means that it is positive definite and consequently invertible.

Next, we introduce a fast iterative solver to efficiently compute un+1. To this end, we rewrite
Eq (3.33) equivalently as (

2I −
τ2

2
D + τβI

)
un+1 = Kn −

τ2

4
B2un+1. (3.35)

Denote

Ã := 2I −
τ2

2
D + τβI. (3.36)

In this way, we can use an iterative method to solve the linear system (3.35), namely,

Ãun+1(s+1) = Kn −
τ2

4
B2un+1(s). (3.37)

The initial value for the iterative process can be set as un+1(0) = un. The differential matrix D can
be decomposed as D := F −1ΛF , where F and F −1 are the discrete Fourier transform matrix and its
inverse matrix, respectively. The diagonal matrix Λ contains the eigenvalues ofD as its entries. Using
this decomposition, the coefficient matrix Ã can be rewritten as

Ã = F −1DF , (3.38)

where

D = 2I −
τ2

2
Λ + τβI. (3.39)

Moreover, the inverse matrix of Ã satisfies

Ã−1 = F −1D−1F . (3.40)

The computational cost of Ã−1 is negative since D is a diagonal matrix. Therefore, un+1(s+1) can
be efficiently determined by Eq (3.37). The iteration process stops once the difference between two
successive iteration values is less than a specified, very small threshold. Consequently, we set un+1 =

un+1(s+1), then we further obtain vn+1 and rn+1 by Eqs (3.13) and (3.15), respectively.

4. Unique solvability and convergence of the LILED scheme

In this section, we explore the unique solvability and convergence of the LILED scheme presented
in Eqs (3.13)–(3.15).
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4.1. Unique solvability

Building upon the discussions in subsection 3.3, we promptly reach the following conclusion.

Theorem 4.1. The developed LILED scheme (3.13)–(3.15) has a unique solution.

Proof. SinceA is invertible in subsection 3.3, multiplying Eq (3.33) withA−1, we can obtain

un+1 = A−1Kn.

Thus, we have completed proof.

4.2. Convergence analysis

Through the application of the energy method, in this subsection, we formulate an optimal error
estimate for the proposed scheme. First, we revisit some initial findings that hold a crucial significance
in error analysis.

Lemma 4.1. (Grönwall inequality [49]). Suppose that the discrete function
{
un|n = 1, 2, · · · ,N; Nτ =

T
}

is nonnegative and satisfies the inequality

un ≤ Ã + τ
n∑

k=1

B̃kuk,

where Ã and B̃k (k = 1, 2, · · · ,N) are nonnegative constants. Then

max
1≤n≤N

|un| ≤ Ã exp

2τ N∑
k=1

B̃k

 ,
where τ is sufficiently small such that τ

(
max

k=1,2,··· ,N
B̃k

)
≤ 1

2 .

Lemma 4.2. Based on the fact that the function f (u) satisfies the Lipschitz condition, namely |∂u f (u)|
is bounded, then we further have

|φ(u)| ≲ C, |∂uφ(u)| ≲ C,

here and in the follow-up of the article, C denotes a constant that may vary depending on the context.

Assuming (u, v, r) is the exact solution of the equivalent systems (2.2)–(2.4), then (un
i j, v

n
i j, r

n
i j)

satisfies following fully-discrete equations

δtun
i j = ρtvn

i j + (θn
1)i j, (4.1)

δtvn
i j = δ

2
xρtun

i j + δ
2
yρtun

i j − βρtvn
i j −

f (ûn
i j)√

F(ûn
i j) +C0

ρtrn
i j + (θn

2)i j, (4.2)

δtrn
i j =

1
2

f (ûn
i j)√

F(ûn
i j) +C0

ρtvn
i j + (θn

3)i j. (4.3)
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Assuming u ∈ C4
(
[0,T ], L2(Ω)

)
, v ∈ C3

(
[0,T ], L2(Ω)

)
, and r ∈ C3

(
[0,T ], L2(Ω)

)
, then using the

Taylor formula, we can obtain

|(θn
k)i j| ≤ C(h2 + τ2) for n ≥ 1, |(θ0

k)i j| ≤ C(h2 + τ), k = 1, 2, 3, (4.4)
|δx(θn

1)i j| + |δy(θn
1)i j| ≤ C(h2 + τ2). (4.5)

Define the following error vector functions

εn
z = zn − zn, z = u, v, r, for 0 ≤ n ≤ N, with e0

z = 0. (4.6)

Then subtracting Eqs (3.13)–(3.15) from Eqs (4.1)–(4.3), we obtain error equations

δtε
n
u = ρtε

n
v + θ

n
1, (4.7)

δtε
n
v = δ

2
xρtε

n
u + δ

2
yρtε

n
u − βρtε

n
v − φ(ûn)ρtrn + φ(ûn)ρtrn + θn

2, (4.8)

δtε
n
r =

1
2

(
φ(ûn)ρtvn − φ(ûn)ρtvn

)
+ θn

3. (4.9)

Theorem 4.2. Assuming u ∈ C4
(
[0,T ], L2(Ω)

)
, v ∈ C3

(
[0,T ], L2(Ω)

)
, and r ∈ C3

(
[0,T ], L2(Ω)

)
,

un, vn, rn, are the numerical solutions of the proposed LILED scheme (3.13)–(3.15), respectively. Then
for sufficiently small τ, we get

||un − un||H1
h
+ ||vn − vn|| + ||rn − rn|| ≤ C(h2 + τ2). (4.10)

Proof. We first estimate ∥ε1
u∥H1

h
, ∥ε1

v∥ and ∥ε1
r∥. To this end, computing discrete inner product of

Eqs (4.7)–(4.9) for n = 0 with ε1
u, ε1

v , and ε1
r , respectively, we have

||ε1
u||

2 =
τ

2
⟨ε1

v , ε
1
u⟩ + τ⟨θ

0
1, ε

1
u⟩, (4.11)

||ε1
v ||

2 + ||δ2
xε

1
u||

2 + ||δ2
yε

1
u||

2 = −
βτ

2
∥ε1

v∥
2 − τ

〈
φ(û1)ε1

r , ε
1
v

〉
+
τ

2

〈
θ0

2, ε
1
v

〉
− 2τ

〈
δ2

xε
1
u + δ

2
yε

1
u, θ

0
1

〉
, (4.12)

||ε1
r ||

2 =
τ

4

〈(
φ(û0) · ε1

v , ε
1
r

〉
+ τ⟨θ0

3, ε
1
r ⟩. (4.13)

Through direct calculations, we can derive from Eqs (4.11)–(4.13) that

∥ε1
u∥H1

h
+ ∥ε1

v∥ + ∥ε
1
r∥ ≤ Cτ(∥ε1

u∥H1
h
+ ∥ε1

v∥ + ∥ε
1
r∥) +Cτ

(
h2 + τ1

)
. (4.14)

Therefore, when Cτ ≤ 1
2 , it further indicates

∥ε1
u∥H1

h
+ ∥ε1

v∥ + ∥ε
1
r∥ ≤ C

(
h2 + τ2

)
. (4.15)

Subsequently, the error estimate Eq (4.10) is valid for n = 1.
Now taking discrete inner product of Eqs (4.7)–(4.9) for n > 1 with ρtε

n
u, ρtε

n
v , and ρtε

n
r , respectively,

we can obtain

1
2
δt||ε

n
u||

2 = ϑn
1, (4.16)
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1
2
δt||ε

n
v ||

2 +
1
2
δt||δ

2
xε

n
u||

2 +
1
2
δt||δ

2
yε

n
u||

2 = −β∥ρtε
n
v∥

2 + ϑn
2, (4.17)

1
2
δt||ε

n
r ||

2 = ϑn
3, (4.18)

where

ϑn
1 = ⟨ρtε

n
v , ρtε

n
u⟩ + ⟨θ

n
1, ρtε

n
u⟩, (4.19)

ϑn
2 = −

〈(
φ(ûn) − φ(ûn)

)
· ρtrn + φ(ûn) · ρtε

n
r , ρtε

n
v

〉
+

〈
θn

2, ρtε
n
v

〉
−

〈
δ2

xρtε
n
u + δ

2
yρtε

n
u, θ

n
1

〉
, (4.20)

ϑn
3 =

1
2

〈(
φ(ûn) − φ(ûn)

)
· ρtvn + φ(ûn) · ρtε

n
v , ρtε

n
r

〉
+ ⟨θn

3, ρtε
n
r ⟩. (4.21)

Applying Lemma 4.2, along with the Hölder inequality and the Cauchy mean value theorem,
we derive

||
(
φ(ûn) − φ(ûn)

)
· ρtrn|| ≤ ||ρtrn||∞||φ(ûn) − φ(ûn)|| ≤ C||ε̂n

u|| ≤ C(||εn
u|| + ε

n−1
u ||), (4.22)

and

||
(
φ(ûn) − φ(ûn)

)
· ρtvn|| ≤ ||ρtvn||∞||φ(ûn) − φ(ûn)|| ≤ C||ε̂n

u|| ≤ C(||εn
u|| + ε

n−1
u ||). (4.23)

A similar discussion can yield

∥φ(ûn) · ρtε
n
v∥ ≤ C(||εn

v || + ε
n+1
v ||), (4.24)

and

∥φ(ûn) · ρtε
n
r∥ ≤ C(||εn

r || + ε
n+1
r ||). (4.25)

These results with Eqs (4.19)–(4.21) indicate that

ϑn
1 ≤ C

(
||εn

u||
2 + ||εn

v ||
2 + ||εn+1

u ||
2 + ||εn+1

v ||
2 + (h2 + τ2)2), (4.26)

ϑn
2 ≤ C

(
∥εn−1

u ∥
2 + ∥εn

u∥
2
H1

h
+ ∥εn+1

u ∥
2
H1

h
+ ||εn

v ||
2 + ||εn+1

v ||
2 + ||εn

r ||
2 + ||εn+1

r ||
2 + (h2 + τ2)2

)
, (4.27)

ϑn
3 ≤ C

(
∥εn−1

u ∥
2 + ∥εn

u∥
2 + ∥εn

v∥
2 + ∥εn+1

v ∥
2 + ∥εn

r∥
2 + ∥εn+1

r ∥
2 + (h2 + τ2)2

)
. (4.28)

For convenience of convergence analysis, we further define χn as

χn := ||εn
u||

2
H1

h
+ ||εn

v ||
2 + ||εn

r ||
2. (4.29)

By combining Eqs (4.16)–(4.18), and taking into account Eqs (4.26)–(4.28), we obtain

δt

(
∥εn

u∥
2 + ∥δxε

n
u∥

2 + ∥δyε
n
u∥

2 + ∥εn
v∥

2 + ∥εn
r∥

2
)

≤ C
(
∥εn−1

u ∥
2 + ∥εn

u∥
2
H1

h
+ ∥εn+1

u ∥
2
H1

h
+ ∥εn

v∥
2 + ∥εn+1

v ∥
2 + ∥εn

r∥
2 + ∥εn+1

r ∥
2
)
+C

(
h2 + τ2

)2
.

(4.30)
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This inequality can be equivalently expressed as

χn+1 − χn ≤ Cτ
(
χn+1 + χn

)
+Cτ∥εn−1

u ∥
2 +Cτ

(
h2 + τ2

)2
. (4.31)

By summing Eq (4.31) from 2 to n, we derive from Eqs (4.15) and (4.31) that

χn ≤ χ1 +Cτ
n∑

l=1

χl +Cτ∥ε0
u∥

2 +C
(
h2 + τ2

)2

≤ Cτ
n∑

l=1

χl +C
(
h2 + τ2

)2
. (4.32)

Applying the Grönwall inequality as described in Lemma 4.1 to system (4.32), it holds that

∥εn
u∥

2
H1

h
+ ∥εn

v∥
2 + ∥εn

r∥
2 ≤ Ce2Cτ

(
h2 + τ2

)2
, (4.33)

which further implies that

∥εn
u∥H1

h
+ ∥εn

v∥ + ∥ε
n
r∥ ≤ C

(
h2 + τ2

)
, n = 1, 2, · · · ,N, (4.34)

where time step τ is taken sufficiently small such that Cτ ≤ 1
2 .

Thus, we have completed proof.

Remark 4.1. It should be particularly noted that local energy dissipation law is an inherent property
of the nonlinear wave equation, whose validity is independent of boundary conditions. However, in
the construction of fully discrete numerical schemes, it is necessary to select appropriate spatial
discretization methods according to different boundary conditions, such as the finite element method,
finite difference method, and pseudospectral method. Despite the differences in discretization methods
for spatial direction, consistent theoretical results can still be obtained, and the numerical example
results further verify the correctness of the theoretical analysis.

5. Numerical examples

In this section, we present numerical results to demonstrate the energy stability, efficiency, and
accuracy of the proposed method.

Example 5.1. We begin by testing the accuracy of the proposed scheme for the one-dimensional
nonlinear Sine-Gordon model

utt − ∆u + βut + sin(u) = 0, x ∈ Ω, (5.1)

with the initial conditions u(x, 0) = 0 and v(x, 0) = 4
γ
sech

(
x
γ

)
for x ∈ Ω = (−10, 10).

We set β = 0 and apply periodic boundary condition. The analytical solution is given by

u(x, t) = 4 tan−1
[
ψ(t; γ)sech

(
x
γ

)]
,

where the function ψ(t; γ) takes different forms based on the value of γ, as follows
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• For γ > 1:

ψ(t; γ) =
sin(γ−1

√
γ2 − 1t)√

γ2 − 1
,

• For γ = 1:

ψ(t; γ) = t,

• For 0 < γ < 1:

ψ(t; γ) =
sinh(γ−1

√
1 − γ2t)√

1 − γ2
.

To evaluate the performance of the newly developed scheme, we compare it with local structure-
preserving schemes of the same order in both space and time directions.

• SM: The symplectic midpoint finite difference scheme as described in [50, 51].
• MSB: The multi-symplectic box scheme, detailed in [52].
• EP: The energy-dissipation finite difference scheme proposed in [45].

First, we select β = 0 and γ = 1.5 to test the accuracy of these schemes. Table 1 summarizes the
numerical errors and convergence orders of four schemes, LILED, EP, MSB, and SM, at T = 1. It
presents L2-errors and L∞-errors along with their corresponding convergence orders. For each
scheme, the errors decrease as the grid resolution (h) and time step (τ) are refined, indicating that
these schemes exhibit second-order convergence in temporal and spatial directions. Among the
schemes, MSB demonstrates the highest convergence orders for both L2-errors and L∞-errors, closely
followed by SM, which also performs well in terms of accuracy. The LILED and EP schemes
achieve reliable second-order convergence, while showing slightly lower error reductions compared to
MSB. Figure 1 compares the CPU time for four schemes using different mesh sizes
(h = 1/10, 1/20, 1/40) and a fixed time step τ = 0.01. The CPU time is shown on a logarithmic scale
to highlight the differences in computational efficiency. The results indicate that our method has
higher computational efficiency than other schemes.
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Table 1. The numerical errors and convergence orders of four schemes at T = 1.

Scheme (h, τ) L2-error order L∞-error order

( 1
10 , 1

10 ) 2.1692 × 10−2 - 1.4317 × 10−2 -

LILED ( 1
20 , 1

20 ) 5.5039 × 10−3 1.9786 3.6306 × 10−3 1.9794

( 1
40 , 1

40 ) 1.3830 × 10−3 1.9926 9.1158 × 10−4 1.9937

( 1
10 , 1

10 ) 1.8237 × 10−3 - 1.1171 × 10−3 -

EP ( 1
20 , 1

20 ) 4.5729 × 10−4 1.9956 2.8188 × 10−4 1.9866

( 1
40 , 1

40 ) 1.1442 × 10−4 1.9987 7.0588 × 10−5 1.9975

( 1
10 , 1

10 ) 3.3718 × 10−3 - 2.9440 × 10−3 -

MSB ( 1
20 , 1

20 ) 8.4184 × 10−4 2.0019 7.3485 × 10−4 2.0023

( 1
40 , 1

40 ) 2.0962 × 10−4 2.0004 1.8261 × 10−4 2.0006

( 1
10 , 1

10 ) 2.3650 × 10−3 - 1.4000 × 10−3 -

SM ( 1
20 , 1

20 ) 5.9209 × 10−4 1.9979 3.5235 × 10−4 1.9903

( 1
40 , 1

40 ) 1.4809 × 10−4 1.9993 8.8245 × 10−5 1.9974
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Figure 1. CPU time of these schemes with different mesh sizes for T = 1 under τ = 0.01.

Figure 2 shows the energy evolution process for the proposed scheme with h = 0.1, τ = 0.01, and
T = 10 under two conditions: On the left for a conservative system with β = 0, and on the right for a
dissipative system with β = 2. The plot shows the discrete Hamiltonian energy (1.10) as well as the
LILED energy (3.18) over time. In the left plot (conservative system), the Hamiltonian energies
oscillate, and the LILED energy remain nearly constant, indicating the conservation of modified
LILED energy. In contrast, the right plot (dissipative system) shows a steady decrease in the energies
as time progresses, reflecting the energy dissipation due to the damping effect of β = 2. In conclusion,
the proposed LILED scheme is an efficiently structure-preserving method to solve the nonlinear wave
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equation, and has advantages in accuracy, efficiency, and the preservation of energy structure. Its
ability to balance computational cost with numerical stability makes it especially well-suited for
long-term simulations.
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Figure 2. The energy evolution process for the proposed scheme with h = 0.1, τ = 0.01 at
T = 10 for β = 0 (left: conservative system), and β = 2 (right: dissipative system).

Example 5.2. Consider the two-dimensional generalized wave equation with the initial conditions

u(x, y, 0) = 4 tan−1

exp

4 −
√

(x + 3)2 + (y + 7)2

0.436

 ,
v(x, y, 0) =

4.13

cosh
(

4−
√

(x+3)2+(y+7)2

0.436

) , (x, y) ∈ (−30, 10) × (−21, 7).

In Figure 3, we present the LILED energy evolution process of the proposed scheme for different
values of β. The energy, shown on the vertical axis, decreases over time, represented by three curves
for β = 7 (red), β = 3 (blue dashed), and β = 0.5 (blue dotted). The horizontal axis represents time
t, ranging from 0 to 40. The spatial grid size h = 0.1, time step τ = 0.01, and total time T = 40
are set for the experiment. Initially, the energy is high and gradually decays over time. The differing
rates of energy decay for different values of β are illustrated. Figure 4 describes numerical solutions
obtained using the proposed scheme with a grid size of N = 256 and time step τ = 0.1. The plot
displays the isosurfaces of the solution for three values of β (specifically, β = 0.5, β = 3, and β = 7)
at t = 1, 3, 4, and 6. The shapes of the isosurfaces evolve over time, reflecting the dynamic behavior
of the modeled system. This sequence of visualizations demonstrates how the solution changes with
respect to parameter β and time. The different behaviors at each value of β provide insight into the
spatial distribution and temporal evolution of the quantities under study.
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Figure 3. The LILED energy evolution process for the proposed scheme with h = 0.1, τ =
0.01 at T = 40 for β = 0.5, 3, 7.

Figure 4. Numerical solutions obtained by the LILED scheme with N = 256 and τ = 0.1,
the isosurfaces of β = 0.5 (top), β = 3 (middle), and β = 7 (down) at t = 1, 3, 4, 6.

Example 5.3. Consider the two-dimensional sine-Gordon equation with homogeneous Neumann
boundary condition (∇u · n = 0 along the boundary of Ω), and the initial conditions are set as

u(x, y, 0) =4 tan−1
[

exp
(4 −

√
(x + 3)2 + (y + 3)2

0.436

)]
+ 4 tan−1

[
exp

(4 −
√

(x + 3)2 + (y + 17)2

0.436

)]
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+ 4 tan−1
[

exp
(4 −

√
(x + 17)2 + (y + 3)2

0.436

)]
+ 4 tan−1

[
exp

(4 −
√

(x + 17)2 + (y + 17)2

0.436

)]
,

v(x, y, 0) =4.13sech
(4 −

√
(x + 3)2 + (y + 3)2

0.436

)
+ 4.13sech

(4 −
√

(x + 3)2 + (y + 17)2

0.436

)
+ 4.13sech

(4 −
√

(x + 17)2 + (y + 3)2

0.436

)
+ 4.13sech

(4 −
√

(x + 17)2 + (y + 17)2

0.436

)
.

Here, the computational region is selected as Ω = (−30, 10) × (−30, 10). Through mathematical
derivation, we can find that the local energy dissipation law (1.5) and global energy dissipation
law (1.9) hold for the nonlinear wave Eq (1.1) under the homogeneous Neumann boundary condition.
The second-order central difference scheme based on the cell-centered grid is adopted for spatial
discretization [53]. The evolution of the LILED energy over time is plotted on the left side of
Figure 5, which is consistent with the theoretical analysis obtained in Theorem 3.2. Finally, the
surface of numerical solution at t = 2 in terms of sin(u

2 ) is presented on the right side of Figure 5.
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Figure 5. The LILED energy evolution process for different β (left) and surface plot of
numerical solution at time t = 2 for β = 2 (right) with h = 0.2, and τ = 0.01.

6. Conclusions

In this paper, we present a linearly implicit local structure-preserving scheme for solving the
generalized nonlinear wave equation using the energy quadratization method. The scheme is linear,
second-order, and computationally efficient, while ensuring the preservation of local and global
energy dissipation laws. We provide detailed proofs of its energy stability properties and discuss its
unique solvability. A thorough error analysis is also carried out. Numerical examples are included to
demonstrate the scheme’s accuracy, energy stability, and overall effectiveness.
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