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Abstract: In this study, we investigate two mathematical models, formulated using delay differential
equations, to capture HIV-1 transmission dynamics. Both models incorporate CD4*T cells and
macrophages as target cells and saturated non-linear infection transmission terms. The first model
introduces a discrete time delay, while the second employs a distributed delay to reflect more realistic
biological insights. Our theoretical analysis explores key properties such as the basic reproduction
number, non-negativity, boundedness, and the existence of equilibria. The global stability analysis
of the disease-free and endemic equilibrium are analysed using the LaSalle invariance principle by
proposing Lyapunov functions. We conducted sensitivity analysis to find the significant parameters
related to the infection dynamics. Numerical simulations are performed to validate our theoretical
results and visualize the behavior of the system under different parametric conditions. This study
shows the critical role of time delays in shaping HIV-1 infection dynamics. Incorporation of such
delays into mathematical models are essential for accurately capturing the progression of the disease
and proposing effective intervention strategies for HIV-1.

Keywords: HIV-1 infection; macrophages; sensitivity analysis; discrete and distributed delays; global
stability; LaSalle invariance principle; numerical simulations

1. Introduction

A key challenge in the transmission dynamics of the human immunodeficiency virus (HIV) is that
it leads to the acquisition of the acquired immune deficiency syndrome (AIDS). This is due to the viral
infections that cause the reduction or destruction of the immune system [1]. In the past, there has been
significant modeling of the dynamics of the infections caused by the human immunodeficiency virus
type 1. This has emerged as a core key area in mathematical biology [2]. On the other hand, there
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has also been a focus on models involving delays, which has proven valuable in accurately modeling
aspects of the infection dynamics [3, 4].

A number of studies have examined delay-induced models of HIV-1 dynamics in relation to
CD4*T cells [5, 6]. Such models make allowance for biological aspects like inflammatory cytokines,
cell infection by HIV, immune reactions, and time delays for a deeper understanding and treatment
approach for HIV [7, 8]. For example, a particular study stresses the importance of inflammatory
cytokines and cell infection in modeling the dynamics of HIV-1. It puts particular emphasis on
the significance of time delay for viral reproduction as well as for treatment [9]. Another study
examines the global stability and growth of a Hopf bifurcation for delayed models for HIV. It helps in
understanding the effect of a hidden reservoir and immunities [10].

Studies on the role of the CD4*T cell homeostatic proliferation include the effect of intracellular
delays on stability at equilibrium [11]. To expand this, mathematical models are formulated for
studying HIV-1 dynamics with both CD4*T cells and macrophages [12, 13]. Such models helps
in gaining insights into viral persistence, immune reactions, and possible treatments. In [14], the
authors investigated the proliferation of CD4*T cells and macrophages, discovering intricate behaviors
including bistability, tristability, and bifurcations. Raezah et al. [15] formulated a more realistic model
including viral and cellular transmissions, immune reactions, and time delays to analyze stability,
treatment via drugs, and viral parameters. Some studies [16, 17] investigated the global stability for an
HIV infection model with cytotoxic T lymphocyte (CTL) immune response and distributed time delays,
explaining how immune reactions determine disease progression. In [14], the authors assumed both
virus-to-cell and cell-to-cell transmission mechanisms in HIV-1 infections, especially with macrophage
contributions. Chen and Zhao [18] presented a model with a discrimination mechanism for intercellular
versus viral infections. They determined the global behavior of the system and studied the role of
intercellular infection.

Saturated infection terms are often introduced in epidemic models to account for situations where
the number of infected individuals becomes very large. Instead of using the standard incidence term
BS I, the modified form % is employed to capture saturation effects. This adjustment reflects the
biological reality that contact rates cannot increase indefinitely as infections grow, making the model
more realistic during large-scale outbreaks [19, 20]. In the context of HIV modeling, incorporating
saturated infection rates acknowledges that viral replication and target cell infection do not rise without
bound as viral load or target cell availability increases [21]. These processes naturally approach
a biological maximum due to limitations such as receptor availability and immune regulation [22].
Ahmed et al. [23] studied an HIV-1 model that included saturated virus—target and infected—target
incidences, together with CTL immune response and two types of intracellular delays. They analyzed
the global stability of equilibria using Lyapunov functionals, focusing on the basic reproduction
number and CTL activation. In this paper, we also consider the role of saturated infection terms.
Specifically, our work examines delayed HIV-1 dynamic models that incorporate both saturated viral
and cellular infection rates, while distinguishing between CD4* T lymphocytes and macrophages as
key target cells.

Distributed delay models assume a continuum of time lags instead of fixed time lags, providing
further detail on the dynamics of HIV transmission [24]. Herein, these delays reflect both biological
and behavioral processes, representing, for example, the time taken by infected cells to produce new
virions and an individual cell’s time to change behavior in response to HIV prevalence [25]. Distributed
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delay has commonly been used to model incubation periods or lagging immune responses [26], as is
suitably applied to capture time-lagged effects in viral replication, immune activation, and treatment
response [27]. In this work, we incorporate both discrete and distributed delays to model the main
biological time lags, such as between viral entry into target cells, replication, and production of virions,
and lagged immune activation, essential to accurately simulate the course of HIV-1 infection and, thus,
treatment effects.

The model introduced in [28] describes five interacting populations: uninfected CD4" T cells,
uninfected macrophages, infected CD4* T cells, infected macrophages, and free HIV-1 virions.
Notably, this model did not incorporate time delays. Raezah et al. [12] extended the model of [28]
by including cell-to-cell transmission mechanisms. In this paper, we extend the model proposed
in [12] by introducing four discrete and distributed time delays, along with saturated infection terms.
Accordingly, we formulate two mathematical models: One incorporating discrete delays and another
incorporating distributed delays. We derive the basic reproduction number and apply stability theory
to establish conditions ensuring the global stability of the disease-free and endemic equilibrium.
Furthermore, we conduct sensitivity analysis to identify key parameters that significantly influence
HIV-1 transmission dynamics. Finally, numerical simulations are performed using dde23 solver in
Matlab (R2016a) to illustrate the dynamic behavior of the models and to validate the analytical results.

The remaining sections of this article are organized as follows. Section 2 introduces the formulation
of the HIV-1 dynamic model, incorporating discrete time delays and saturated infection rates. We
also present a comprehensive mathematical analysis of the delayed model including the identification
of equilibria and the investigation of their stability under both delayed and non-delayed conditions.
Section 3 contains the formulation and analysis of the model with distributed delay. Numerical
simulations are provided in Section 4 to illustrate and support the analytical findings. Finally, Section 5
concludes the research with a discussion of the key results and their implications for future research
and therapeutic strategies.

2. Mathematical model formulation

In our model, there are five populations, namely the uninfected CD4*T cells T;(f) (target
cells), uninfected macrophages T,(¢) (another target cell type), infected CD4*T cells I;(¢), infected
macrophages I,(t) and free HIV-1 virions, V(r). We propose the following system of ordinary
differential equations (ODE) without delay:

. % B, T1
Ty =4 —wnT - AT, - il _1 1 s (2.1)
1+/.11V 1+/1111
T,V B, T,1
= |2 B (2.2)
1+,LllV 1+/.1111
- BTV BTl
T =1 — vy, T — — , 2.3
2 2 = Y21l2 1+mV  1+mh (2.3)
% B>T>I
= pal> + P2 _22 — 0215, (2.4)
1+/.12V 1+/.12[2
V: b16111 +b25212 —QDV (25)
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The short descriptions of the model parameters are presented in Table 1 and the detailed description
of the interactions among the components in the HIV-1 dynamics model (2.5) are provided below:

(i) The HIV-1 virus primarily targets uninfected CD4*T cells and macrophages, which are
represented in this model as 7'(¢) and T,(¢), respectively. These uninfected cells are produced at
constant rates 4; and A, and die naturally at rates y; and v,, respectively. However, these populations
are also decreased through infection by free virus particles V and also by the infected cells /; and 1.

(i1) The infection transmissions are captured using saturated terms with 8, and 3, as the maximum
infection rates of CD4*T cells and macrophages, respectively, by the virus that caused the infected
cells 7; and I,. The infection transmission is modeled using saturated terms with y;, i1;,i = 1,2 as the
saturation constants.

(i11) After getting infected, the uninfected cells transition into the infected compartments /;(¢) and
I,(?). These infected cells die at rates 6; and 65, but before dying, they can produce new virions. The
number of virions produced per infected cell is denoted by b for CD4*T cells and b, for macrophages.
The free virus V decay at a rate .

Table 1. Parameter descriptions for HIV-1 dynamics model (2.1-2.5).

Parameter Description

A recruitment rate of uninfected CD4*T cells (T)
Ay recruitment rate of uninfected macrophages (75)
Y1 natural mortality rate of CD4*T cells

0%} natural mortality rate of macrophages

B infection rate of CD4*T cells by free-virus

Bi infection rate of CD4T cells by infected cells

B2 infection rate of macrophages by virus

B> infection rate of uninfected macrophages by infected macrophages
01 mortality rate of infected CD4*T cells (/;)

02 mortality rate of infected macrophages (1)

by rate of virions production per infected CD4*T cell
b, rate of virions produced per infected macrophage
@ rate of clearance of free virus particles (V)

Wi, i1, i = 1,2 Saturation constants

2.1. Model with discrete delays

We incorporate into system (2.1)—(2.5) the discrete time delays due to the latent periods of the
uninfected cells. We assume that, o and o, represent the amount of time that has passed since both
HIV-1 particles and the infected cells had made contact with uninfected cells before those cells became
infected cells. w; and w, are the maturation times of new virions.

The survival probability of the cells during the latent period [ — o1, f] is governed by e 7!, where
€, > 0; similarly, in the latent period [t — 0, t], the survival probability is e™272, where €, > 0.
The factor e™*'“! represents the survival of the infected cells during the delay period [t — wy, t], where
g1 > 0. The factor e~*“? represents the loss of the infected cells during the latent time [ — w;, t], where
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&, > 0. The model takes the following form:

. T,V B, T,
o= Ay -y T - BTV B L 2.6)
1+/11V 1+/.1111
. T, (t - t— BT, (t— o) I, (t —
j = e [,31 1=V ( 01)+,31 1 ( _01) 1 ( 01)]_5111’ 2.7
L+ V(t—-o) L+, (t—o0y)
; BTV BTl
T = —y, T, — — , 2.8
» = =T T+mV  1+7mh (2.8)
. T,(t—05)V(t— BT (t —03) I (t —
I, = emee [,32 (=0 V( 0'2)+,32 2 ( _0'2) 2 ( 0'2)]_5212, (2.9)
L +uwV(t—03) 1+ folr (t = 0)
V= bléle_glwlll (t—wy) + bzéze_gzwzlz(f —wy) — (,DV (2.10)

We assume the initial conditions as follows. Let I = max{c|, w;, 0", w,} and C be the Banach space
of continuous functions from the interval [/, 0] into Rgo. For the system given by Eqs (2.6)—(2.10),
we consider the following initial conditions:

T1(0) = x1(0), T2(0) = x2(6), 1,(6) = x3(6), 1>(6) = xa(6), V(0) = x5(6),
X020, j=1.---.5 60¢|-L0], (2.11)

where (y((0),...,xs(0) € C ([—f, ()] ’Rio)’ and the norm ”XJ” = sup Lyj(0)| for y; € C,
—I<z<0
j=1,2,3,4,5.
We consider the delay differential system (2.6)—(2.10) with state variables:
X(@) = (T1(0), [1(0), Ta(0), L(0), V(1))
Then the system can be written in the abstract form:
X(1) = F(X(0), X(t = 01), X(t = 02), X(t = 1), X(1 — w2)),

where F : R>"*D — R3 is continuous and locally Lipschitz in its arguments. By the standard existence
and uniqueness theorem for functional differential equations [29, 30], for any continuous initial history
function ¢ € C([-7,0],R) with T = max{o, 0>, w;, w,}, there exists a unique local solution X(¢)
defined on [0, T') for some T > 0.

2.2. Nonnegativity of the solution

Lemma 1. Any solution to system (2.6)—(2.10) that adheres to the initial conditions specified in
Eq (2.11) remains nonnegative and is eventually bounded.

Proof. We have Ti|r,-o = A1 > 0 and T»|7,—9 = A > 0; hence, T(¢) > 0, T»(t) > 0 for all t > 0 (see
Proposition B.7 of [31]). From Eqgs (2.6)—(2.10), we have

t

1 (1) = x3(0)e ™" + &1 f (01 [

0

,31T1(Z—0'1)V(Z—0'1)+BlT1(Z—0'1)I1(Z—O'1)

dz,
1+ V(z=07) 1 +plh (z—0y)
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t

12 (t) :X4(0)e—62t + 6—820'2 fe—éz(t—z)[

0
t t

V(t)=xs0) e + f e #bi61e7 ] (2 — wy) dz + f e #10by50e L (2 — wy) dz.
0 0

BoT>(z—02)V(z—02) +,32T2(Z—02)12(Z—02)

dz,
1 +uV(z—03) 1+l (z—03)

V.

These show that I, (f) > 0, I,(#) > 0 and V(r) > O for all # € [0, /] [32]. Hence, by recursive
argumentation, we obtain that I, (f) > 0, I, (¢) > 0and V (r) > O for all > 0.

We now proceed to show that all components T4, 7>, I, I, and V are ultimately bounded. From
Eqgs (2.6) and (2.8), we have tli)rg sup Ty (¢) < %, and tllg supT, (1) < %

Next, let us denote F; (t) = ¢ 99T (t — o)) + I, (¢) and F, (t) = e 22T (t — o) + L, (), then,

dF, (t)
dt

=1 —y1 e T (t—0) — 611, (2)

<1 e 7 — 0y (e Ty (t— o) + [, (1) < A1 — 01 Fy (1),

where 0; = min {y,0,}.
Similarly,

dF, (1)
dt

= e 7 = e T (t — 02) = 621 (1)

< 6797 — 0, (€722 L (1 — 00) + L (1) < b — 0,F5 (1),

where 0, = min {y,, §,}. Hence, lim sup Fi(0) < J1, lim sup Fr(t) < J2, Where j; = 2_: and j, = =y
t—00 t—0o0

02

Thus, we get lim sup /; (#) < j; and lim sup I, (¢) < j, for all £ > 0. On the other hand,
t—o00 t—o00

V(t) = b1516—81w111 (t—wy) + b262€_82w212 (t—wy) — (,DV ()
< b161€77 ji + badae™ jo — @V (1) < bi01j1 + b2 jo — @V (1) .

— b + by02j2
¢ v

From the above analysis, we can conclude that all solutions of the system (2.6)—(2.10) are
non-negative and ultimately bounded.

Thus, lim sup V (¢) < j3, where j3
—o00

According to Lemma 1, we demonstrate that the domain

A . A . .
® = {(Ty, 1, To, I, V) € C3 : |ITH ] < y—‘ LI < i Tl < )72,”12” < jo VIl < j3)
1 2

is positively invariant for system (2.6)—(2.10).
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2.3. Egquilibria

In order to determine the equilibria of the system (2.6)—(2.10), we solve the following system of
equations:

ATV BT

0=21, -y T, - - , 2.12
! yiti 1+/,l1V 1+/._1111 ( )
T,V BT,
0 = e | Pi1 -+ﬁ1}1 — 814, (2.13)
1 +,L11V 1 +/.1111
BTV BTnly
0=A —y, T, — — , 2.14
2722 1 +/12V 1 +ﬁ212 ( )
% B,T>1
0= gan |12 -kﬁQEQ — 6,15, (2.15)
1 +,L12V 1 +,l1212
0 =016, "'} + b5 221, — V. (2.16)

Solving the system (2.12)—(2.16), we found two equilibria for the mathematical model in
Eqgs (2.6)—(2.10) listed below:

(i) the infection-free equilibrium (IFE) I, = (T?, 0,73,0, 0) , where T = ;—:, T) = %, and
(i1) the infection-present equilibrium (IPE) 1= (Tl, 1, 1>, D, ‘7),

where
- A1+ V)X + g 1y)
1 = v v v v — v v
Y +wV)A +u h) + VA + ) + B LA+ 1 V)
. _El + ﬂé% —414161
= 24 ’
1 v _y 2.17
. (1 + V(1 + k) &1
2 = v Y v Y — v v
Yo(1 + VYA + o) + B V(L + iy o) + Br (1 + pp V)
. —Ez + ﬂég - 414262
2A,
where

A =61 ((nian+B1) (1+ V) + VBi)
Ezl == ((e—flav'l[gl/ll - 51')/1)(1 +,u1‘7) - ‘7’31 (6, — /llﬁle—ﬂo'l)) ,
¢

. T . . (2.18)
Ay =6 ((72/12 +,32) (1 + ,UzV) + VBaita),
B, = - ((6_6202,32/12 - 5272) (1 + ﬂzV) — VB (62 - /lzﬁze_em))’
5y = —e 2V Ay,
and V satisfies the following equation:
OV = b161e75 | + bydre 2], (2.19)
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2.3.1. The basic reproduction number R;,

We calculate the basic reproduction number Rj of system (2.6)—(2.10) by implementing the
next-generation-matrix method.
We consider the infected compartments X(7) = [I;(2), [(¢), V(¢)]", where I, and I, denote infected
cells, and V denotes the virus population. At the disease-free equilibrium (DFE), we have
A _ A

L=L=V=0, Th=—, T

) (2.20)
Y1 Y2

The system can be decomposed as
X =FX)-V(X),

where F(X) = [Fy,Fy,, Fy]" represents new infections and V(X) = [V, V., Vy]" represents
transitions out of infectious compartments. For our model and considering the equation for I, I,
and V, we get

.V B, TI
FII = e 97! ﬂl 1 + ﬁl _1 1 s VI] = 6111,
1+,L11V 1+/1111
- BTV BTl
Fj = e ¥ . V=6,
b ¢ (1 +,Ll2V 1 +ﬂ2]2 h 22

and
Fy = b]éleﬁglwlll + b262€782w212, Vy = (IDV

Let us denote the Jacobian of F(X) at the DFE ¥ and the Jacobian of V(X) at the DFE by V. Then
the next generation matrix is given by
K=FvV"

Considering Eq (2.20), ¥ and V are derived at the DFE as below:

R ,—€o0170 -0 70
ﬁle ! IT] 0 ,816 ! 1T1

F = 0 Bre 22 Tg Pre 272 Tg
0 0 0
and
04 0 0
(V = 0 62 0.

b]éle_glwl b262€_82w2 @
The basic reproduction number is given by
o = P(K),

where p(K) denotes the spectral radius (largest eigenvalue) of the matrix K. Thus, we obtain the basic
reproduction number as

R 1 BlT?e—elm ~ b]ﬁ]T?e—(ﬂo’wslm) . BzTé)e—szo'z bZﬂZTge—(szo-ﬁszwz)
02 g 4 () ¥
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1 B] T?e_ﬂ(rl bIIBI T?e—(61r71+£|w1) EzTge—QU'z bzﬁzTge—(62<Tz+£zw2) 2
T2 - + -
2 61 - 5 ;
1
4]91,31 T?e—(am +e1w1) bz,BzTge_(€N2+€2w2) 3
¢ @

We have derived the basic reproduction number for the system with discrete delay. Now, we
discuss the existence of feasible endemic equilibrium IT using the following propositions by finding
the condition for a positive value for V using the following proposition.

(2.21)

.. n TO —€10] b TO 7(510'14“910)1) n TO —€0) b TO 7(520'2+52w2)
Proposition 1. Assume that R > 1. Ik 1; 4 Db e . <1, 2 2(:2 4 bplhe . <1,
bipy 70 (C11e101) bopy 10 (202+2202)
then M = Elﬁfﬂ_qal + Bzrgi_qaz > 1.
I-— -5
Proof. Let
. Bl T?e—ﬂm . b]ﬁ]T?e_(ﬂ(Tl-'—glwl)
=, U = ,
51 ()0
5 ﬂ TOp€02 . bzﬁzTOe—(Ezcrz+8zwz)
=2 W= > : (2.22)
62 @
U:q}1+02/\/2, W:%+%.
Hence, U < 1 and W < 1, and R, takes the form
ool oy e 2 VN
7%0:5(U+W)+E [U-W| +42275) . (2.23)

v v.12 Y
Following the same technique of Lemma 2 [12], and Since R > 1, we have [U - W] + 490, >
v v \\2 v v v v v v v v
(2-(U+W))" . then U+ W — UW + %4%5 > 1. Since | = % > 0and 1 — #; > 0, we get

Uy + W — U5 — UL W

1,
(-2 i-7)
which leads to
G(1-7)+ A(1-)

(=) 7)

Therefore, M > 1.
Proposition 2. Suppose that R, > 1, then an endemic equilibrium I1 exists for the system (2.6)—(2.10).

Proof. Any equilibrium must satisfy Eqs (2.12)—(2.15). For the equilibrium denoted by I1, we assume
V # 0. Then, using Eq (2.16), we obtain

b] 51 €_glw1[1 " b2(52€_82w2[2
1 1

-V=0

Networks and Heterogeneous Media Volume 21, Issue 1, 276-323.



285

By substituting the expressions from Eqs (2.12)—(2.15) into the equation above, we derive

(@i Eo) (51/11 B b171T1) 4 pl@rrien) (bzflz B b272T2) _v=o
@ p @ Y

Since T4, I, T,, I, depend on V through Eqs (2.17) and (2.18), we can define the function

GV(V) - e—(61(71+s1w1) (bl/ll _ bl')’lTl(V)) n e—(€20'2+82w2) (bz/lz _ bz’szz(V)) _v

¥ ¥ ¥ ¥

which is continuous on [0, o) and differentiable on (0, o). Now consider

. bidje"@oireion  p ), e (@0atew)
V= + > 0.
¥ ¥

Substituting V = V* into Eqs (2.17) and (2.18) implies that T,(V*), I;(V*), To(V*), L(V*) are all
strictly positive, and

by T, (‘v/*)e_(fla'l"'é‘lwl) bz,szz(‘V/*)e—(ezo'2+82w2)

G(V*) = <0.
¥ ¥
Hence G attains negative values. Furthermore we obtain

. Uy B 2

G(0) = 2_7’1,31_ (1 _ v _ )
Bi(yifi + 1) 2-(1-2%)+11 -]
b, (1 B 2 )

Byafa + B\ 2= (=) + 11 = A

and ) ,
Gv'(()) — _e—(6101+81w1)1771T1(0) _ e—(6202+82w2)27y2T£(0) ~1.

As the behavior of G(0) depends sensitively on the values of % and #;, we classify the analysis
into six cases according to their values:

(1) % = 1and #; < 1: G(0) = 0 and lim G’(0) = +oo.

02/1—)1
(2) % < 1and #; = 1: G(0) = 0 and lim G’(0) = +co.
-1

(3) % < 1and #; < 1: G(0) = 0 and G’(0) = M — 1 > 0 (Proposition 1).
4) % <1land #; > 1:

G0y = 2P (%f1)>0.
Bo(yafiz + B2) \ #

(5)5221>land7/V1S1:

G(0) = — 1B (%f1)>o.
By +B)\
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) = %7131 (?/Vl—l)_i_ %7252 (%—1)>0
B +B)\ % Bo(vaio + B\ #,
Thus,
G(0) >0,

and in cases (1)—(3) with R; > 1 : G'(0) > 0.
Define H(V) = |G(V)| on [0, V*]. Since H is continuous, it achieves a minimum at some V; € [0, V*].

value, contradicting the sign change. Therefore,

Because G(0) > 0 and G(V*) < 0, the function G takes values of opposite sign on [0, V*]. Hence
there must exist ¥ € (0, V*) with G(V) = 0; otherwise H would be bounded below by a strictly positive

G(V)=0 forsome 0<V <V

From Egs (2.17) and the condition R}, > 1, the corresponding values satisfy
T] > O,

i1>0,

Tz > 0,
Thus the endemic equilibrium

L >0, V> 0.

= (.1,T5,L.V)
is well defined and strictly positive whenever Rj; > 1.
Based on these results:

(1) If R} < 1, then the system admits only the disease-free equilibrium ITy;

(i1) If R > 1, then both the disease-free equilibrium I and the endemic equilibrium IT exist.
2.4. Global stability

For the system described by Eqgs (2.6)—(2.10), we aim to establish the global asymptotic stability of
both equilibria Iy and I1. Our analysis proceeds according to the approach outlined in [33, 34].
Let I : denote the largest invariant subset of

[Tk

. d
Fi = {(Tlall’TZ’IZ’ V) .

i:@,isz
where =, is a Lyapunov function candidate. Furthermore, let

5|
~

O(y) =y—1-In(y).
Clearly ®(1) = 0 and ©(y) > 0 for y > 0.

(2.24)
To demonstrate global stability, we employ the following lemma:

Lemma 2. Assume that R < 1. Then:
(i) % <1, %<1, <1, W< 1;
(ii) 0 <M < 1 where M =U + W — UW + 2% %5.
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Proof. (i) Let R < 1, then
(U+W)+|U—W| <2,

S

hence max{U ,W} < 1. Therefore Z, < 1, % <1, #; <1, #; < 1.
(ii) The inequality R;, < 1 is equivalent to

which leads to

[\]

= &
SN
%o
v v

(@)

W v W v 2 \'4 W
U+ W+ \/(U—W) + AW, < 2,
hence
U+W<2.

Furthermore,

\/(U—W)2 4T, <2 — (1T + ),
Squaring both sides and using 2 — (U + W) > 0 yields
(U-W) + 4275 < (2- O+ W)
UWs < 1— (U +W—TUW).
Now substitute
U=%+%, W=W+W,
and we get
U+ W -0W = % + W1 — W+ U~ Wi = Ws) + Wa(l = D).
From (i), we have
-7 - >0, 1-%2 > 0.
Because all terms are positive,
U+W-0W > % + ¥, - UH,,
and therefore,
UANs < V= (T + W = UH).
Hence,

M =%+ W = U+ UHs < 1.

Because all quantities ?/Vl,%vz, V/V, and 7/2 are strictly positive, each term in M is positive and
therefore M > 0. Hence, 0 < M < 1.

Theorem 1. For the system defined by Eqs (2.6)—(2.10), if R, < 1, then the disease-free equilibrium
1y is globally asymptotically stable.
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Proof. Suppose that R: < 1. Now, we formulate a function éo(Tl, L, T,,1,,V) as follows:

o Lo (T L aoy | (BTG =-OVE=8) BTi(-HL(-§
“°"“[T1®(T?)” h +'“fo( +mVi-8  1+mh-9 )df
0o (T2) . oy | [C(BT-OV@=8 BL-HL-§)
Tz@(Tg)” 1””2[0( 4@V (-8  1+mht-£ )df
+ 173 (191516_81“'[ I (l‘—f)d§+572526_82‘"2fm I (f—f)d§)+ﬁ3‘/,
0 0
where

+1

i1 = 610:b1” T = A, iy = 6162bae” @1 - ),
i = 610,(1 = 20)(1 = #)).

(2.25)
Clearly, Z¢(T}, I, T2, I, V) > O forany Ty, I, T2, I, V > 0, and Eo(T?,0, T9,0,0) = 0. We calculate
dz, s
dt
d= T\ . :
=i |1 — =2 | T + e 0
dr 771( T, 1 T 1ie 1
oy BTV BTit-oc)V(i-o) BT _BlTl(f—le)Il(l—O'l)
T 1Ty v L+ V(-0 1+ a1,
TY\ . .
+ﬁ2 R — T2+7726620—212
T,

I+l (t—oy) )

+1

BT,V BTt —0n)V(i—02)
1+ wV 1+,Lt2V(l—0'2)

BTl _ BTy (t —0p) I (1 - 0'2))
1+/._12]2 1+/._12[2(t—0'2)

+173 (b16,e75 (1) = 1) (t — w))) + badae > (I, — I (t — wy))) + 715 V.
Using Egs (2.6)—(2.10), we find

d=, 0

T T,V B,TI
= :ﬁl(l_%)(ﬂl_m_ BTV BT
1

1 +wV 1+ﬂ111)
T Hiyea (e_ﬂ"l [IBITI (t—0o)V(t—0) +,31T1 (ftffl)ll (f—Ul)] _5111)
L+ V(t—-o) L+, (t—o0y)
(BT BT -0V (-0
"\1T+pVv

N BT 1 _BlTl(f—O'l)Il (t—o1)

1+/.11V(t—0'1) l+/7111

T? T,V  B,T,I

+ﬁ2(1_72)(/12—'}/2T2— :82 2 _ﬁZ 242
2

L+l (1=0) )
1+,L12V 1+,L_1212)
+ ]\7 6620'2 (e—EZ(TZ |:ﬁ2T2 (t - 0-2) V(t - 0-2)

2

BTy (t — 02) L (1 — 072)

+ — —(52[2
1+/12V(l—0'2) 1+/1212(l—0'2)
L (BT, BT (t-0) V(i -0,) BTl _Bsz(l‘—O'z)Iz(l—O'z)
N1+ wv L+ mV (t—0>)

1+,l7212 1+ﬁ212(t—0'2) )
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+ 173 (016177 (I} = I, (t — w1)) + badre 22 (I, — I (1 — wy)))
5 (1S e

289
+ 13 (b oie Slwlll(l —wi)+ b262€_82w212(l —wy) — QDV) . (2.26)
Using Eq (2.25), we get
2 2
i (n-m) o (n-1) o OBy e g p
dr i —T1 272 T 1+ 1,1, 11301 m 1
52/._12 _ 616290
+ 13020292 — f,e2 1-M)V
T+ o1, (b L - v a sy M
1% . . . . 5
T AT my (BT = ihapusz) + (Bt TS = itsepnr) = itsrirpiaV)
2 2
(1, - 17) (T-T9)  b2opeas .
= — 1] — 1] - 1 - DUTL;
my Yy Y ( D
T " 5,0
B 222,“_2 (1_%1)%15_ 102 (1-M)V
1 +u,h (I +w V) + V)
01020 Y x V
1 -2+ (1-0)1 =%
T+ V) (L +mV) (ﬂl( )( 1) ,Uz( )( 1))
01020 1 - Z)(1 - #,; 2.27
Trav (g Wil =20 - 7)) (2.27)
As a consequence, we have dd‘(’ < 0 whenever Rj
Furthermore, equality holds, i.e. 42

1, for all T, 1,,V € (0,00), with £ = 1,2.
. =2 =0, when Ty(r) = T}, I,(r) = 0, and V(r) = 0 for all £, and for
both £ = 1, 2. Therefore, the trajectories of system (2.6)—(2.10) converge to the largest invariant subset
Iy, which is given by lv"g) = {Ily}. By invoking LaSalle’s invariance principle (LIP) (see [35-38]), we

conclude that I is globally asymptotically stable.

Theorem 2. For the system defined by Eqs (2.6)—(2.10), if R > 1, then the endemic equilibrium 11 is
globally asymptotically stable.

Proof. Formulate a function él(Tl, L, T,,1,,V) as

T T:t-&€V(-
of :7]1[7‘1(9(]:1) E“"I@(Il)] UlﬁlTl f o 1t-&V( 8( + ) de
T, I 1+ V TV +mV(t-§)
L MBI f ! @[n (- 9n - (1 +ﬂli1)]df
1+,U111 I (1 + iy (1= 8)
TV (7 (Ta(t=EV(E—&)(1+mV
m(?) 52021®(12)]+nzﬁszYf ®( 2 OVE-O 1+ )]dg
T, 15 1L+ uV Jo V(L +wV(-9)
| BBDD f o Ty (t =€) h(t-&) (1 +fah) )
1+,Uz]2 1.
+ b6, [ f“” @(Il (tv_ &)
0

b (1 + o (= ©))
Y @2 (L(t—
)df + bgdzlze_gzwz f @( 2 ( g)
I 0
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where

M= ble-mwo( , BT +M1V))

BT VA + 1)
,32T212(1 +ﬂ2V))
BTV + iplh)

It is clear that i](T],I], Tz,lz, V) > ( for all T],I], Tz,Iz, V> 0, and é](T],i], Tz,iz, ‘V/) =0
Calculatlng -+ along system, we get

d=, T BTV BT\
=i (1= 2|4 =T - - —
dt T, 1+,U]V 1+,u]I]
I —anT (t— o) V(- Bie Ty (t— o) I (t —
+ﬁleﬂm(1__1)(/31€ (=) V=) A" T =o) (=) _M)
I, L+ V(t—-oy) 1L+, (t—0oy)
(1+/.11‘V/)T1V (1+/,t1‘7)T1(t—0'1)V(l—0'1)
A+ TV A+wVE-o)T\V
BT 1 (1+ﬁ11v1)T111
U+l | (U + @) T
_(1+'L_“IV1)T1 (t_o-l)ll(t_a-l)+ln((1+ﬁ111)T1 (t-—o) (l—O'l))
(1+ﬂ111 (l'—O'l))Tlil (1+/-_1111 (t_o—l))Tlll
T, BTV BTl
t (1= 24 = 9T - -

T e (1 Ivz) (ﬁze_QUsz (t—02) V(t—02) N Bae 7T (t = 0y) L (t — 0y)
2 - - -
15 1+ wV(t-o0,) 1+ i1, (t = 0)

@+MWQV (1+mV) T2t - o) V(= 02)

(1 + V)T,V (1 +wV (it -o02) T2V

N B T>1 (1 +ﬂ2i2) Il
L+l | (1 + aoly) Tol,

iy = bye™(@72+e202) ( (2.28)

7]1,31T1
1 + iV

+ln((1 +u V)T, (f—O'l)V(f—O'l))
T+mViE-o)T\V

2

- 5212)
772,32 %

1+,L12V

+ln((1 +/12V)T2(f—02)V(f—U2))
(I +wV(Et—-0) TV

_(1 +'a2[v2) Iy (t-0) bt -02) N ln((l +ih) T (t—0o) L (1 - 0'2))
(1+ b (t— o) oL (1 + folr (1 — 02) To 1y

i L L@- I (t - 9 L L-
+ b6, [ e 5 [71 _ | (t—wy) +1n( 1 ( - (J)l))] + bySyhre [72 _ > (t— wy)
1

I I
L (t— \%

( 2 I wz))] + (1 - \_/) (b161e " 11t = w1) + brdae” P (1 — wy) — pV).
2

> I

v

+1In

Thus,

d=, _ T _(BTV o BTL BTV BT
= |l - — (/11 Ty —m + — — - —
dl 1+,U]V 1+,U]I] 1+/11V 1+,Lt]I]
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+ _1(,31T1 t—o)V(t-o) +BIT1 (t—o)(t-0y) s

L+ V(t—oy) L+, (t—o0y)
BTG -—o)Vie-oh BTiG-0o)L (-0l +em,151[v1)
l+wVie-o) I l+mli(t—0oy) I
+ 7y BTV BT, (I—O'l)V(f—O'l)+ ,31T1‘7v 1n((l‘|',UlV)T1 (l‘—O'l)V(l—O'l)))
L+mV L+wuV(t—o0) 1+ V (I+mV@E-o) TV
+ i BIT_III _BITI (ft0'1)11(l‘—0'1)+ BITIIVIV ln((l"‘ﬁlll)_Tl(l‘—O'l)ll (1—0'1)))
L+l L+l (t—oy) 1+l A+l (¢ —o)Ti1,
(1= 2t mm - E05 B2E - BR0 - B20)

o (BT (1 = )V (t = 03)  Boe™ T, (t — 0) L (1 — 072)

+ ije + — —020h
1+ wV(t—o0,) L+ fip 15 (t — 072)

Bre e Ty(t—o) V(-0 h Bre Ty (t-o)Lh(t—oa) Y )

- = - — — + 00,
1 +uV(t—02) I 1+ jip 1, (1 = 0) L
( PV phi-c)Vi-o) TV m(“ + V) To (t = 0) V (1 - 0'2)))
1+ wV 1+ .V (t—o07) 1+ wV (1 +mV(t—-0) LV

Tz (t—0oy) L (t—o07)(1 +#212)))
(I + i1y (t — 02)) T 1

I (f—wl)))

47 ( BTl  BoTa(t—02) L (1 — 0'2) ,32T212
2 — — —
I+ @1, L+ iy (t = 02) 1 + /1212

+ (b151€_€1wlll b16,e” 51, (t—w)+b (511]6’ glwi ln(

L (t—
(b252€ 82(02]2 - b252€ gzwzlz ([ - a)z) + b252]28—82w2 1 2 ( 0)2)))
+ b]éle_glwlll(l —wp) + b262€_82w2[2(l —wy) — (,DV
_ 1% _ /2.
—b61e €1w1[1(t - wl)‘—/ — byb6%e Szwzlz(l - wz)‘—/ + V. (2.29)

Simplify Eq (2.29). We then have

d=, _ T _ (BT BT _
— =i (1 - = —wnT)+ + —me70,1
dr 771( Tl)(] Y1Th) 771(1+MV 1+l me 111
_ ﬁlTl(t_O-l)V(t_O-l)il BlTl(f—Ul)Il(f—O'l)il o< ¥
—mM — + — — =€ 51[1
1+,U1V(f—0'1) I L+l (t—0oy) I
771,31T1 ln((l +m V)T, (f—O'l)V(f—U'l))+ BT 1, ln((l +m)T (-0 1, (f—O'l))
A+muVE-o) TV 1+l A +p i (t=0o)Th 1

1+,U]V
_ 7> _( BTV BTl
+ i |1 = = (1 — Y1) + +
772( Tz)(z v2T5) n2(1+ﬂ2V 1+ il
_ (ﬁsz(t—O'z)V(f—O'z)Ivz+BzT2(f—0'2)12(f—0'2)iz eEZ‘TZcSIV)
- — — - - 21,
l+wV(t—0y) b L+l (-0 b
772,32Tz ln((l + V)T (t—0o) V(= 0'2)) N B Tr 1 ln((l + i) Tr (t—o02) I (t - 0'2))

) — 17,6%720,15

1 +,qu (I +wV(t—-02) TV 1 +ﬂ2j2 (I + i1y (t = 02)) T 1
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Y I (- v L (t—
+ b151€_81w111 + b]éllle_glwl In (—1 ( ] CU])) + bzéze_gzwzlz + b26212€_82w2 In (—2 ( ] 0)2))
1 2

v

1 Voo
— QDV — b1616—81w111 (t— (1)1)‘—/ - bzéze_szwzlz(f — (1)2)‘—/ + (,DV (2.30)
Applying the equilibrium conditions for IT:
TV  BTI
A=y + BTV +,81_11”
1 +/.11V 1 +/.1111
T,V T, I
/12:2T+’822 BT, I
1 +/.12V 1 +/.12[2
y T,V T\I
sy = o (BT Bk
1 +,Ll]V 1 +,Lllll
y T,V T>1
O, =e 97 ( P2V ﬁz 22 )
1 +,leV 1 +/1212
. v v T,V T,V
oV = b1 + bysyhhesn = WALV | TapaTs
1 +,u1V 1 +u2V
— ble—(suw1+em>(5lT1 , AT )+b2e‘(sz‘“2+€2‘”)( PloV -, Paloh )
l+y1V 1+,u111 1+wV 1+ p,0,
and reducing Eq (2.30), we get
5 v \2 ‘i .
= (1, -T) o (ﬁlTl BT )(1 7\ ) mp v ((1+mV)V »
=-mYi|—— I v -
dt T, L+wV 1+l T) 1+wmV\A+muWV)V

14 (L+wV(t-o) T VI,
771,31T1[1 (1+/_111v1)11 o I (1+ﬂ11vl)T1 (t—o) ] (t—o01)
1+ﬂ111 I+ I A+ml t—o) T,
ln((l +,U111)_T1 t—o)(t— 0'1))) N fhﬁlflf/ (1 B VI (tv— wi) N ln(ll (t - wl)))
I+l (t—o)T1, 1+uV (%28 I
)
_ (T2 B T2) _ [ BTV ﬁszlz Ty\  mpT2V
-yl |+ I-—|+ %
T, 1 +/.12V 1 +/.12[2 T, 1 +ﬂ2V

v (1+mv )Tl(t—o'l)v(t_o'l)ll+ln((l+,u]V)T1(t—0'1)V(t—O'1))
(I+mV@E-o)TV

(1+mV)V
(A +wV)V

v (1+mV)Te-o) V-0l . ln((l W) T (t— o) V (¢ - az)))

Vo (+wVi-o))ThVh (1+ V(= 02) ToV
772,32T212 (1 +/_121v2) I | L (1 +ﬂ21v2) I,(t—-02) L (t—02)
— 41— 2 - X
1 + b \(1+ b I 14 (I + foly (1 — 02)) 1215
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+11’1((1 +,Et212) T, (I— 0'2)12 (l— 0'2))) + f]zﬁsz‘V/ (1 _ ‘V/Iz (l - (.1)2) + 11’1(12 (f— a)g)))

(I + fia 1y (t — 02)) T 1, 1+ u,V vi, Vi3
2.31)
Use the following equalities for all £ = 1, 2:
ln((1 +,ugV)Tg(t—<Tg)V(t—Ug)) B ln(T€)+ln (1 +M€‘7)Tf(t—0'€)v(l‘—0'e)lve
A +uV(t—o)TV T, A +uV@e—o)T, VI
LV 1+ uV
+ln(f )+ln( ,va)’

gV 1 +,U[V

1 ((1+ﬁ{31£)T€(t—0'{3)1€(f—0'f)) ! (Tt’ 1 (1+'aflv")T€(t_0-‘))I€(t_O-[)
n =In[—]+In .
(L+gely (t — o) Tel, T, (L+gele (t — o) Tel,
ol (1 +,Ue[vc),
L+ faely
I (t - I (t—w)V Iv
ln(u) - 1n(w)+1n( Q). (2.32)
If VI[ IgV
Equation (2.31) becomes
L \2 . y
d=, _ (TI_TI) mpi TV @(Tl) o (1+M1V)T1(t—0'1)v(t—0'1)11
= — — = — | + —

a " T 1T+mv | \T, A +mV(i—-o)TWVI,

v

1+/.11V

v

v\2
+®(11<t—wl>V)+®(1+uIV)+ m(V—V)V
(1+u1V)(1+;11V)V

B Th I T L+ )Tyt —o) I (t— o) 1+ ad
_mpiTil ®(_1)+® ( )_ ¢ +®( + Iy 1)
(I+a (= o) 11,

.\2 . \2

H (11—11) . (Tz—Tz)
—mY2| ——

+
(1"',17111)(1"‘/7111)11 I

BTV (T L+ V) Ta(t =) V-0 b VI (-
_772,32 2v ®(_2)+® ( ) _ +®( 2(Vw2))
1+ wV T, 1+ wV(t—0y)TLVIL Vi,

v

(1 +mV)(1+mV)V

y o \2
(1+[1212)T2(l‘—0'2)12(t—0'2) @(1+p212) ﬁ2(12—12)
_ + + - —1.
(I + fi 1y (t = 02)) T 1 (1 +,l_1212)(1 + i) I

v\2
o (V-7 BTl (T
+®(1 +,U2‘v/) N ( ) 3 ﬂzﬁszfz (® (2)
1 +,L12V 1 +ﬂ212 T,

+0

1+ b
As a result, we have dd—ét‘ <Oforall 7\,1,,T,,1,,V > 0. Moreover, equality holds, i.e., % =0, if
and only if
(T1(2), I (1), Tr(1), I,(1), V(1)) = (Tl’ I, T, 1, V)
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for all ¢. Therefore, the trajectories of system (2.6)—(2.10) converge to the largest invariant subset fi =
{IT}. By applying LaSalle’s invariance principle (LIP), we conclude that IT is GAS when Ry > 1.

3. Model with distributed delays
This section contains the formulation and analysis of the model with distributed delays.

3.1. Model formulation

In this section, we extend system (2.1)—(2.5) by incorporating distributed time delays. The
formulation in this system includes distributed delays to explain how viruses infect cells and make
new viruses. This method is a natural extension of the discrete-delay framework, which lets the model
take into account how long the eclipse phase lasts and how long it takes for the virus to be released. The
distributed-delay structure incorporates a range of potential delay times, illustrating that infected cells
do not advance through their life cycle at a consistent rate; rather, they display a variety of maturation
times. This approach captures the natural variation in delay times while still keeping the main ideas of
the discrete-delay model. In turn, the continuous-delay system offers a more flexible and biologically
realistic view of the infection process. The resulting model is expressed as follows:

BTV BiTh I

Tv=A-nTi- 1+wV 1+ml’ -1
L IR
fo= et 220 - 220 =
N
V = b, f0h3 g1 (1) 611 (t — T)dT + by j:u 82 (1) 02 L(t — 1)dT — ¢V, (3.5)

where, in each integral, T denotes the delay variable with probability density fi(7), f2(7), g1(7), or
g>(7), supported on the interval [0, h,]. Here, £ = 1,...,4 indexes the corresponding delay, and /4, > 0
represents the maximal (upper bound) delay duration.

We make the following assumptions:

(I) The probability that an uninfected CD4" T cell or an uninfected macrophage exposed to HIV
at time ¢ — 7 remains alive for 7 units of time and becomes infected at time ¢ is given by the
expressions fi(7)e " and f,(1)e” <7, respectively.

(IT) The probability that a newly produced immature HIV particle present at time ¢ — 7 survives for T
time units and matures at time ¢ is represented by g(7)e”®'" and g,(1)e™**".

Let us assume that f; (7) and g, (7) satisty f; (r) > 0, g () > 0; £ = 1,2 and
h/ h€

Je(@dr =1, fr (@) e ""dw < oo,
0 0
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L) Nesn
f ge(mdr =1, f gc (@) e dwm <0, €=1,2,
0 0

where 9 > 0. Denote s, = [ fy () e dr and 0 = [ g () e dr, €= 1,2, and 0 < &, < 1,
thus 0 < ¢, < 1 [39, 40].

The initial conditions for system (3.1)—(3.5) are taken to be the same as those given in Eq (2.11). In
this setting, we define v = max{h, hy, h3, hs}.

3.2. Properties of the solution

The nonnegativity and boundedness of the solution of system (3.1)—(3.5) are established by the
following Lemma:

Lemma 3. The solutions (T, (t),1,(t),T, (1), (t), and V (t)) of model (3.1)—(3.5) with initial
conditions (2.11) are non-negative and are ultimately bounded.

Proof. We have Ti|r,-o = A1 > 0 and T»|7,—o = A > 0; hence, T(¢) > 0, T»(t) > 0 for all > 0 (see
Proposition B.7 of [31]). From Eqgs (3.2), (3.4), and (3.5), we have

t h 5
_ bt - [ e |BiT1z=D)V(z—1) BiTi(z-1)(z—71)
L()=e )(2(0)+f0 e ) fi(t)e VD = P e dr dz,
t h 5
_ bt - [ o | BTz —T)V(z—1) BTz —1)h(z— 1)
L(t) = e x4(0) + ﬁ e ) fr(1)e TR e = G drdz,

! 3 n
V(t) = e y5(0) + f e~#=o [bl f g1(1)6,e7 "I (z — T) d7 + by f 2:(1)02 2 L(z — 7) dr] dz,
0 0 0

which yield that 7, () > 0, I,(#) > 0, and V (¢) > O for all + € [0,7*] [32]. Hence, by recursive
argumentation, we obtain that 7, (#) > 0, I, (t) > 0 and V (t) > O for all > 0.
Now from Eq (3.1), we have
Ti(t) < Ay =i T(0),

which yields

Pl
0<Ti() <= =My,  foralls>0.
Y1

. 1 .
Since lf#x < for x > 0, and using 7', (t) < My,, we have

ﬁlTl(t_T)V(l_T)<ﬁ_lMT ’BlT](t_T)Il(Z_T)<&MT.

L+ V(t—1) H I+ mdi(t—1) i

Next we consider the infected cells ;(¢) using Eq (3.2):

] )
i < (@J_i)MTI () e dr - 5,1(1)
M ,l_ll 0
= (ﬁ—l+€—l)MT1§‘1—5111(f)-
M
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Hence, i
Iy(0) + 61110 < (@ " @) My,
M1 M
Thus, i
M
0 < I,(r) < max {1] (0), (@ + ﬁ—l) —T} =M,
M1 fn) 6

Similarly, by applying the same argument to Eqgs (3.3) and (3.4), we get

A B\ M
0<Toh) <M==, 0< L)< M, = max {12«)), (ﬁ—z + @) . }
72 2 o) 62

Next, from Eq (3.5), using boundedness of /; and I,
h3 Ny
V(t) < b6, M, f g1(1) e dt + b6, M|, f g(1) e™Tdt — pV(2).
0 0

Then,
V() + V(t) < b161My,63 + b6, M, 64.

Solving this inequality gives

b6 B M, + br6,B-M
OSV(t)SmaX{V(O), i Wbt ’2}::MV.

@
Therefore, the variables T'((¢), I;(¢), T»(t), I5(t), and V() are ultimately bounded.

3.3. Equilibria
Model (3.1)—(3.5) consistently possesses an infection-free equilibrium (IFE), denoted by
II, = (T?,O, Tg, 0, 0), where T? = %, Tg = ’;—z, which represents the state where no infection
persists in the system. In addition to Iy, the model also admits a positive infection equilibrium (IPE),
which corresponds to the persistent presence of the infection in vivo 1= (T1 i, 15, b, \7), where
7o (1 +m VA + 1)
1 = ~ o~ ~ o~ — ~ ~ 9
nd+uV)A + L) + VA +p L) + B L+ V)
B _Bl + 1,3%—41&161
L = i ,
1 - . 3.6
- D1+ V)1 + i) (36)
2 = ~ o~ ~ o~ — ~ ~_ 9
Yo(1 + VYA + b)) + B V(1 + o) + Br (1 + 2 V)
—Bz + ﬂ,E% - 4A2€2

h= 24, ’
A, =6 ((71/11 +B]) (1 +,U1‘7) + Vﬂlﬂl),
1?1 = —((5:1,31/11 - 5171)(1 +,u1‘7) — Vi (6, - /hﬁﬁl)),
C:l =-—aVhdi, o (3.7)
Ay =6, ((72ﬁ2 +ﬁ2) (1 + ,U2V) + Vﬁzﬁz),
ng == ((52,32/12 - 52’}’2) (1 + M2‘7) — VB, (62 - /lzﬁzS‘z)),
2 = =V,
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and V satisfies the following equation:

oV = 6301611 + suba6> 1. (3.8)

3.3.1. The basic reproduction number

Using simila methodology as in Section 2.3.1, we determine the basic reproduction number as

Ry = %(U+W+ \/(U—Wf +4%%], (3.9)
where

@:%+%2, Wz%"'%a

_ BT . bBTY

7, = By 15‘1’ 7, = 181 15‘15‘3’ (3.10)
01 4

_ BT ~ bypBT?

s = B 25‘2, 7, = 2B 25‘25‘4.
02 @

In the next lemma, we identify a condition that guarantees the existence of a positive solution for V.
Proposition 3. Assume that Ry > 1. If U < 1 and W < 1, then the expression
U, [z
+

M= = ~
1-% 1-%

satisfies M > 1.
Proof. The proof follows the same reasoning as in Proposition 1.
Proposition 4. If Ry < 1, then the infection-present equilibrium (IPE) 11 exists.

Proof. Any equilibrium must satisfy

TV BT

0=A; —yT; — - , 3.11
1= Yl T+mV  1+ml ( )
T,V BT, 1
_g | BLY BT g (3.12)
1+,Ll]V 1+,Ll]I]
T,V BT T
0= 4 —yoT, - P22V _ Polals (3.13)
1+/12V 1+,l1212
TV B,T,1
0= | L2V | Plal |5 (3.14)
1+IL12V 1+/.12]2
0 = 63010111 + 64by0,1, — V. (3.15)

For the equilibrium 1, we assume V # 0. From Eq (3.15), we obtain

bi61s31, . babogaly
"2 "2

V=0
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Substituting the expressions from Eqs (3.11)—(3.14) into the equation above yields

b, binT byds by T
S163 7— + §2G4 __T

J-v-o

Since Ty, I, T», and I, are functions of V, we define the function G(V) as

- b A by T brA by, T
G(V):g1g3( 14 01y 1)+§2g4( 242 D2y 2)—V,
® @ @ ®

where T, I, T», and I, satisfy Eqs (3.11)—(3.14).
To demonstrate the existence of a positive root, consider the value

- b by
7 = 1116163 + 2426264 S
@ ®

0.

AtV = V*, we have T1(V*) > 0, [,(V*) > 0, T»(V*) > 0, and I,(V*) > 0. Evaluating G(V*) gives

b Ti(V)s153  byyaTa(V¥)sasy -
¥ ¥

To determine the behavior of the function G(V) near V = 0, we first compute G(0) and its derivative
as follows:

- b A b brA b
G(0) = 163 (# - ‘—”n«») 626 (ﬁ - Z—”MO))
"2 ("2 ("2 "2

G(V*) = 0.

_ Uy By (1 _ 2 )+ HyoBs (1 B 2 )
B +B)\ 2= =%)+ N =21 Brfa+B)\ 2= =) +1- 7
Differentiating G(V) at V = 0 gives

N b b
G'(0) = —¢i63 (%T{(O)) — 664 (27” 5<0>) -1

The expressions for G(0) and G’(0) depend on the threshold quantities % and #;, giving rise to the
following cases.

Case 1. If %, = 1 and #; < 1, then G(0) = 0, and

lim G’(0) = +co.
?/1—)1

Case 2. If 7, < 1 and #; = 1, then G(0) = 0, and

lim G’(0) = +co.
Wi—1

Case 3. If %, < 1 and ¥, < 1, then G(0) = 0, and by Proposition 3,

G0)=M-1>0.
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Cased4. If 7, <1 and #; > 1, then

G(0) =

%7’232 (7/1 - 1) >0
Bo(yafia + B\ H '

Case 5. If %, > 1 and #; < 1, then

G(0) =

Uy, (0221—1)>0
By + B\ %

Case 6. If 7, > 1 and #, > 1, then

Uyy\B, (?21—1) Way:Bs (%—1)>0

G(0) = ——— — | + = _
Bi(yii + B1) U Bao(yafiz + 32) 4

In Cases 1-3, the function G(V) is increasing in a right neighborhood of V = 0, while in Cases 4-6,
we have G(0) > 0. Since G(V) < 0 for some sufficiently large V > 0, it follows that when Ry > 1,
there exists a root

Ve,V suchthat G(V)=0.

By Egs (3.6) and (3.7), the corresponding equilibrium satisfies
T, >0, I, >0, 7, >0, L >0, V>0,
if Ry > 1.
From above, we can conclude that (i) if R, < 1, then there will be only one equilibrium Ily; and (i1)

if Ry > 1, then there will be two equilibria I1, and I.

3.4. Global stability

To analyze the global asymptotic stability of both equilibria IT and IT for system (3.1)—(3.5), let f;
be the maximal invariant subset of

dE.
=i_ol i=1.2
dr } !

fi = {(T17 Ila T27 IZ’ V) :
and we need to present the following lemma:
Lemma 4. Assume that Ry < 1. Then:

(i) % <1, %<1, " <1, < 1;
(i) fM =0 +W - OW + %75, then 0 < M < 1.

Proof. The proof follows the same structure as that of Lemma 2.

Theorem 3. For system (3.1)—(3.5), if Ry < 1, then the disease-free equilibrium Tly is globally
asymptotically stable.
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Proof. Assume Ry < 1, and define the Lyapunov candidate function Eo(T\, 1, T2, I, V) as:

h t P,
M BTOVE BTEOLE
timer | Sime f,(lle(E) YL © )df‘”

h t P,
(" o [ (BT OVE BT OLE
tihe | LD f( T4V @ | 1 +mh@)

1

= T -

-7

) dédr

+ 12

0
1
T
0 2 -1
h3 ! Ny !
+773(19151f gl(T)e_ale Il(f)dfd"'+b252f gz(T)e_ngf Iz(f)dfd‘r)"‘th,
0 t—1 0 -7

where

m= 0102b16163(1 — %), = 0102b26264(1 — ?Zl),
iz = 6102(1 = )1 = ). (3.16)

Clearly, Zo(T, I}, T2, I, V) > O for all Ty, I, T, 1, V > 0, and Z¢(T?, 0, 72,0,0) = 0. We calculate
d=

as

dt

d= ( T?). s
=i |l —=|T1+is, |

dr m T, 1 +ms; 4

o™ e[ BTV BT t-DV(e-1) BTy, BT -0 (-1
+ 1716, fite 1 - + — — - dr
0 +uV L+ V(e-1) L +u L+l (t—7)
0
+ i (1 - —2) T> + 265" I
T,
B2T2V _ﬁsz (I—T)V(I—T) N BszIz _Bsz (t—T)Iz (t—T)
1+/,l2V 1+M2V(I—T) 1+ﬁ212 1+/._12[2([—T)

ho
+ihsy | A@e® (
0

h3 /’l4
+173 (b151 f g1 (M e (I =1 (1 = 1) dt + b6 f M e* (L -L(t-1) dT) +13V.
0 0

From system (3.1)—(3.5), we find
d= T? TV BT\l
—O:fhl——l /‘L1—7’1T1—'Bll —'81_11
dt T, l+/,11V 1+,Ll1]1
ﬁlTl(f—T)V(l—T)+BlT1(l_—T)11(f—T) dr— 81,
L+ V(E-1) I+l (t—1)
h1 T,V T, (t-1)V(t— BT\, BT (t—-1)I (-
+1~71§1_1( fi(m)e 131 1 _ﬁl 1= V( T)+ ,31_11 _,31 1(_ )1 ( T)]d‘r)
0 + .V 1+ V(-1 I +u 1 1+ (t—1)
79 T,V B,T>1
N R /12—)’2T2—ﬁ2 2 —'8232
T, 1+/12V 1+/1212
T,(t-1)V(t—- BT (t—71) 1 (1 —
BT (1 —1)V( T)+,32 z(t_ )L (t-7) dr— 6ol
1+ wV(E-1) 1+l (t—1)
BTV BTa(-DV(i-1) BDLL _BLE-Dbe-1)|
1 +[12V 1 +/12V(l— T) 1 +/7212 1 +,[l212 (t—71)

hy
+ fhs*]l( fi () 66”[
0

/)
+f]2§2_1( L 6_517[
0

h
+ 7265 ( fH@)e T
0
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Iy ha
+ 173 (5151f gi(me™ (I -1 (f—T))dT+b25zf e@Me™ (L -1 (l—T))dT)
0 0

+ 3 (b1 f(;hl g1 ()01 1 (t — T)dT + by f:u 82 (1) 02 L(t — T)dT — goV) . (3.17)
After performing further calculations, Eq (3.17) becomes

d= N (T1 B T10)2 - (TZ B Tg)z S (. = 1\ 2
W:—m)’lT—Uz)’z 2 + T+, ('73515‘3—7715‘1 )11

"1 fgfb (ibass =Mz} = +u1(1511)5(2;0+ vy LY

+ 1+ ,uIV)l(l L) (ﬁlﬁlT?ﬂz +7oB2 Topy — s (U1 + i + ,Ltl,UzV)) v

_ 70\ _ 70\? _
== 77171% — Y2 (T2 Tsz) + 6%16?,;71“ (1 - %) whI;
2 -
611%1?;;2#2 (1 B %) Hilz - (1 +ﬂ1(‘5/1)5(2i0+ u2V) (1=
e (1 A7) (1~ D) (1= ) 1))V

0102001112 ~ ”
A+ V) (1 +uV) (1=2) (1 -7V

Consequently, we conclude that 1~"6 = {ITo}, and by invoking LIP, it follows that the disease-free
equilibrium I, is globally asymptotically stable.

Theorem 4. For system (3.1)—(3.5), if Ry > 1, then the endemic equilibrium 1 is globally
asymptotically stable.

Proof. To establish global stability of I1, we construct a Lyapunov functional él(Tl,Il,Tz,Iz, V)

defined as:
- - T I
Tl Il

a (T @EOVE 1+ V
G (M f @( LOVE(1+m )]d "
0 t

1+ 1V -7 (1+/-11V(§))T1V
¢ (T @@L E 1+ ]
nlﬁlTlll _1 fl (T)e_EITf @[ l(é:) 1('5)( + 1))d§d7
0 -7

1+,u]Il (1 + iy (&) Th 1

(T n (R
T2®(T2) Y Iz@(iz)]

h 4 T \% 1 Vv
1 + 2V 0 -t (L +wVE) TV

+1n
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(T, ()1 1 + ol
—n2ﬁ2T212 ;! fz (r)e " f C) 2@ f(g)( +~'uz~ 2) dédr
I+ 212 0 -t (I + 1, (6) Tr 1,

~ B N3 I
+V®(‘T/)+b15111f0 g (r)e-slff” (llﬁf))dgd

n
+ b6, f g (1) e ™7 f (12 ('f))dfd
0 -7 12

BT (1 +/~11‘7))

BTV + )

BoTol(1 + uyV

B> ~2~2( /_12~)). (3.18)
BTo V(1 + o)

It is clear that ;1(T1, Il, Tz, 12, V) > () for all T1, 11, T2, 12, V> 0 and él(Tl, il, Tg, iz, ‘7) =0
Calculatmg = along the trajectories of Eqs (3.1)—(3.5), we get

dg, T BTV BTl
=l - = |t —nT - -
dt T, 1+,LllV 1+/.1111

where

in = b1611,63 = bis153 (1 +

m= b252i2§4 = by6264 (1 +

. I e [BTI (=D V(-1 BT (-1 (1—7) B
sy (I_E)( filoe [ L+mVi-0  1+mh-1 ]dT 511‘)
BTV (1+mV)miv (1w Tie-nVE-1)
— — ¢ fi(t)e ™" —
1+,ulV (1+,Ll1V)T1V 0 (1+IL11V(t—T))T1V

_ _ 1+wuWT -1 V(I-1)
1 617‘1

<, e n( A+mVi-—TV )d
(1+/._11[~1)T111 " hy (1+ﬂlil)T1 (I—T)Il (f—T)

— - fi(@)ye e _ _
A+pl)T L 0 Jo (1+ml ¢ —0) T,

A+mI)T, -], (t—T))d
I+, (¢ —1)T11,

BTV BTl
1 +/12V 1 +ﬂ2[2

BT,
1+l

Ny

+67! fi(t)e " In (
0

. T,
+m |1 = = || — 712 -
T,

T AV e[ =D V(-1 BLE-DL0-D]
+ 162 (1_1_2)( (e [ T+mVi—1 1+mh-1 ]dT ‘5212)
L mBToV (1+wV)nv e  (1+mV) -0 V-1
— - | p@eeT —
1+/.12V (1+/12V)T2V 0 (1+,L12V(I—T))T2V

h
R cor [T+ V)T -1) V(i —7)
52 h@e ln( A +mLV(i-1)TV )d
(1 +/._121~2) T212 ha (1 +,a2i2) T2 (t_T)I2 (t_T)

— — - H@e = -
(1 + iap15) Tzlz (I + i1 (t — 7)) Ty

Uzﬁszlz
1 + il
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(" _ T+ T, (t-1) L (@ -1)
1 (x4
6 0 2m)e ln( (I + i, (t = 1) 1o 1, )dT]

1% hs "
(1 - —) (b ] f g1 (M) e I(t — T)dt + by, f 25 (1) e Iy( — wy)dr — (pV)
0

~ I h3 I (t — h3 I (1 —
+ b16111 [§3Tl - f g1 (T) e e 1 ( )dT + f g (T) ¢ 7 1n ( 1 ( )) ]

L ha L(t- ha L(t-
+ by 1, [ S4= — f g (1) e_ezTMdT + f g (1) e In (M) dT] .
L Jo 15} 0 I4)

Thus,

d=; T, BTWV BT BTV BT
— =i |l - = | =T - - -
dt T, 1+,ulV 1+/111] 1+/,l1V 1+/,t111
. _
! T\(t-1) V(- T,(t—71)1 (t -
f g f()eer BT (t—1)V( T)+,31 1 ( h ) (-1)
1+, V(-1 1+, (t—1)

]dT - (51[1

h
! e [BTI =D V(=1 BT (-1 (1—7) I =
fi(me [ 1+;11V(t—‘r) T YL -1 ]dTll 5111)
BTV . —qB T =)V (t-1)
1 1+ﬂ1V_gl fl(T)e T+ V(-1 dr

,31T1 ol car [T1@=D)V(@E-7) (A +1V)
PR e 1( A+ V-V )‘”]

,31T111 ool f (D)e _El‘rBlTl -1 (t-1)
! 1+_I S1 ! 1+ﬁ111(t—7’)
,31T111 ¢! car (T @=Lt —1)(1 + iy ]y)
1+,11111 0 fl(T) tn ( (I+ady (t—71)T11, )dT]

T,V BTl T,V BTol
+7721——(/12—72T2)— Pals +ﬁ2_22_,822 _'82_22
T2 l+wV  1+mph 1+wV 1+

dr

f _
o [ e [P - V(-7 BTLe-1)he-7)|
R ( , POe [ L+mVi-0 | 1+mh-1 ]dT ok
\ g
’ cor (B -DVi-1) BLIE-0Lt-0| b .
hme [ T+mVi-1 1+mh-1) ]dT 5212)

N BZTZV -1 & f (T) e—elTBZTZ (t - T) V(t - T)
MNamv 2 ), 2 T+ LV (i-1)
,32T2V = 2 ot (Tz(f—T)V(t—T)(1+ﬂ2V)) ]

2" 1n
1 ,UzV 0 hme T +wVE-1)TV dr
| BToL _ f (1)e BTt =)L (t - 1)
2 1+ _212 52 2 1 +/12]2 (t - T)

,32T212 = cery (T2 L -1)(1 +/_1212)) ]
2T
1 +/1212 0 fZ(T)e n( (1 + i lr (t = 1)) T 1o dr

dr

dr
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hs ha
+ b0, f g1 () e "I (t — T)dT + by f 2 (1) e L(t — wy)dt — ¢V
0 0

" v . Voo
_ bldl f g1 (T) e_8|7'11(t _ T)dTV _ b252f 2 (T) €_€2T12([ _ CUz)dT‘—/ " QOV
0 0
13 I
; I (t— : I (t —
+ b151]1§3 - b151 f g1 (T) Pl 1 (I~ T)dT n b151 f g (T) e E1T ll’l( 1 (I T))d‘['
0 1 0 1

LG- T)) dr.
14}

e L(t—1) e
+ b26212§'4 - bzég f £ (T) e_szTTdT + b2(52 f £ (T) e T ln( (319)
0 2 0

Simplify Eq (3.19). Then we have

dé] T]
— =in (1= = = nT) +5
dt 771( T})(l viTy) 771(

BTV N BT\
1+,u1V 1+/_1]Il
BT G—T)V(-1) A

1+/.11V(t—T) I

i B T (t 2)] (t Z) I
< 1 —grP141 1 1
lgl ﬁ( ) 1+u111 (I_Z) I]

) - 7\7151115‘1_1 + f71§1_1511~1

hy
_7\715,1—1 fi(n)e
0

/31T1V _1 et Ty¢t-n)V(iE-o)(+u1V)
Sl 3 Ui 1( TV {4V (- 1) )dT

. BT\ ¢! car (T @=Lt —1) (1 + i 1y)
MG 1+,ulll 0 fl (Ne™in ( LA+ pd(t—1) )dT

B.T>V N B>l
1 +,L12V 1 +,L_1212
—oBTa -1V (—71) T;
1+ ,LlQV(l -7) I
o BT (t—T) L (1 —7) T;
1+/._12]2(I—T) I

. T . . R
+ 12 (1 - ?2) (A2 —2T2) + 772( ) — 620265 + ndabsy!
)

ha
+ 65 fH)e
0

ho
+inss' | fA@e
0

BTV = cor (2= V(-7)(1 +wV)

v o @ ( TV (L + V(- 1) )d
ﬁszlz = 2 —or (Tz t-L-701 +/_1212))
1+ ,uzlz 0 f@e™ Tzlz (I + i1 (t = 7))

3 iy ‘7 B
— @V = b6, f g1 (M) e (1 - T)dT‘—/ — by5y f & (1) e hL(t - wz)dT‘—/ +¢V
0 0

s I (t -
+b1(5111g3+b1(51f 2 (T)e_g”ln( 1(1 T))dr
0

1

ha L(t-
+ bySylacy + brds f 2 (1) e In (%ﬂ) dr. (3.20)
0 2

By organizing the components of Eq (3.20) and substituting the equilibrium values associated with
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I1, we proceed with the analysis.

BTV ﬁlTlll

1 +;11V 1 +/,1111

BT,V ﬁszlz

1 +,qu 1 +/.12[2

BT,V ﬁlTlll )

1 +u]V 1 +,u]I]

B.T>V N B.T>1 )

l+wV  1+@wh)’

771,31T1V P TV
1 +/11V 1+ uV

A =T+

b =yTr+

5171 = 5‘1(

&b =¢ (

<P‘7 = b151i1§3 + b252i2§4 =

_ BTV ,31T111 B>V ,32T212
= bi16163 = + 26264
1+,u1V 1+/1]Il 1+,ll2V 1+,l1212
we get
~ i~ 2 ~ ~ —_— ~ ~ ~
d=, | (Tl _Tl) /Y BT T,
= —iny1I————+1n -+ ——|[1-—
dt T, 1+/11V 1+,Lll[1 T,

BV o (" e (1+mV)v v T -0V i-0(1+wmV)];
T - - _
771 ﬂlV 1 (I+wmV)Vv 1% A+mVEe-o)T\VI
(1+/71i1)11
A+mI

T] (t_T)V(t_T)(1+#1V) N ﬁlTlll —1 —611'
”n( A+ @V a—NTiV ))d”m AL 0f<) (

L Te-he-o(sml) ln(n (=D)L - +ﬁ111))]dT

_Z_ A+l -7 Ti1, L+l (¢t —71) T 1,
T,V s L(t-1)V I (1 -
+in BiT) ~S‘3_1f g (T)e_S‘T( 1 ( ~T) +ln( 1 ( T)))
1+ V 0 VI, I
L \2
R (T2 - TZ) . BTV /32T212 Tz
Y2t 12 1 -
T, 1+/12V 1+,le[2 T2
. ﬁZTZ _1 hzf() e (1+/12V)V+1 4 Tz(t—T)V(l‘—T)(l-l—/JzV)iz
v s A+mV)V % A+ mV(-1)TVh

(1 + /_lziz) I
(1 + b)) b

T,t-D V-1 +um;V) . BTob .
+ln( (1 +wV(@E-1)TV ))dT+'721 /Jzizgz fz(T) (

_h_TU-nhe-n(+mh) n(Tz(l—T)Iz(t—T)(l +ﬁ212)) ]
b (1 + wolr (t = 7)) To1, (I + i, (t — 7)) o1,

A e A LI 21
+1 1+ﬂ2v ; & (e VI, A dr. (3.21)
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Using the following equalities, for all £ = 1,2, we get
Te) Te(t-1)V(t-1)(1+ V)
+ —
(I +peV(e-1)T VI

(Tg(t—T)V(t—T)(l+,ugV)) (
In =In
A +uVE-1NTV

1n(Tg(t—‘1')15(1‘—7')(1 +,L_lglg)) _ ln(ﬁ) +ln[Tf(t—T)Ie(t—T)(lj-/:tfif)]

(I +fely (t —1)Tel, T, (A + el (t—71) Tl
1 (1 +ﬁﬂ[)
1+ fiel,
I (t - L(t-7)V I
m( t T)) - m(m_pv) + ln(&). (3.22)
I, ¢ I

Equation (3.21) becomes
~ 'n 2 ~ ~ ~
@Z—f)y (Tl_Tl) _i (,31T1 ,31T111 )®(£)
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As a result, we have % < Oforall T\,1;,T,,I,,V > 0. Moreover, equality holds, i.e., % =0,
if and only if (T,(2), 1,(t), T»(?), L(t), V(1)) = (Tl,fl, T,, D, ‘7). This implies that the trajectories of
system (3.1)—(3.5) converge to the invariant set I'; = {IT}. Applying LaSalle’s invariance principle, we

conclude that the endemic equilibrium IT is globally asymptotically stable whenever R, > 1.
4. Numerical simulations

We use dde23 solver in Matlab (R2016a) to simulate the model with discrete delay. To simulate
the system with distributed delay, we use quadrature approximation to replace the continuous delay
integral with a finite weighted sum of discrete delays. The delay kernel is discretized into selected
points with associated quadrature weights, and the distributed delay term is approximated as a linear
combination of past states at those points. This transforms the original distributed delay model into
a system of delay differential equations with discrete delays, which is solved efficiently using dde23
solver.

We firstly simulate the model with discrete delay, then simulate the model with distributed delay in
the following subsections.

4.1. Simulation of the model with discrete delay

In this section, we have provided a detail numerical investigation of system (2.6)—(2.10), focusing
on sensitivity analysis and illustrating the implications of Theorems 1 and 2. Furthermore, we have
explored the influence of time delays on the system’s dynamic behavior. The simulations are carried out
using the parameter values sourced from the established studies in HIV-1 modeling, as given in Table 2.

Table 2. Parameters and their corresponding values of system (3.1)—(3.5).

Parameter Value References Parameter Value References Parameter Value References
4 10 (41, 42] A 0.03196  [43] €l 0.2 [44, 45]

Y1 0.01 [41] V2 0.01 [46] €& 0.2 [47]

0 0.5 [44, 47] o 0.1 [44] &1 0.2 [48]

b, 6 [49] b, 6 [49] & 0.2 [44]

) 2 [41] Bi 2x 107 [41,42] B 4x107% [41,50]

4.2. Sensitivity analysis

Determining which parameters most strongly influence infection control is a central objective
in infectious disease modeling. A widely used method for this purpose is sensitivity
analysis—particularly forward sensitivity analysis—which evaluates how variations in model
parameters affect disease dynamics and transmission potential [51].

The normalized forward sensitivity index of the basic reproduction number Rj with respect to a
parameter x is defined by:

R* i 8R3

Sy’ = —+—. 4.1
0 o @1
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This index is computed for each parameter contributing to ;. For instance, the sensitivity of R
with respect to §; is given by:

Ry _
B

B OR; 1

R 9B 2R

*

+
PO =W+ AU

Figure 1 and Table 3 present the computed sensitivity indices of R}, based on the parameter values
listed in Table 2, along with the specific values: oy = 0, = 0.7, w1 = w, = 0.2, B; = 0.00002,

B> = 0.00002, B,

= 0.0004, and 3, = 0.00001.

A -
1 B:
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@ © 0000010
206 L
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F 2 0000005
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H Y1 51 €] & 01 W ¥ n €2 & 02 w
= 0 ] - = == o 6 0 - —
3 BT E 2 [
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2 4 = -0.000005
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-0.6
-0.000010
-08
Parameters Parameters
Figure 1. Forward sensitivity analysis of the parameters using K.
Table 3. Sensitivity index of Rj.
Parameter  Sensitivity index Parameter  Sensitivity index Parameter  Sensitivity index
4 0.999 Ay 1.447 x 1073 €& -2.025x 1076
7 -0.999 ¥ ~1.447 %1075 & —2.689 x 1073
Bi 6.723 x 1072 B> 1.446 x 1073 & ~5.784 x 1077
B 9.328 x 107! B> 5.394 x 107° o -1.399 x 107!
01 -9.328 x 107! 02 -5.394x107° o) -2.025x 1076
by 6.723 x 1072 b, 1.446 x 1073 w1 -2.689 x 1073
¢ —6.724 x 1072 € ~1.399 x 107! w> ~5.784 x 1077

The results indicate that the sensitivity indices for 4y, 4>, 81, ﬁz,ﬁl,ﬁz, by, and b, are all positive.
Among these, A; has the highest impact, while 3, contributes the least. This suggests that increasing
any of these parameters—while keeping others constant—Ieads to a rise in R, thereby enhancing the
potential for disease persistence.

Conversely, parameters such as yy,v,,01,02, 9, €, €, €1, &,01,072,w;, and w, exhibit negative
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sensitivity indices. This implies that increasing these values contributes to a reduction in R}, thereby
promoting infection control.

The sensitivity analysis performed in this part is local. The sensitivity indices were obtained by
varying one parameter at a time around its baseline value given in Table 2, while all other parameters
were held constant. This procedure measures how small changes in individual parameters affect the
basic reproduction number Rj; near the chosen reference values.

4.3. PRCC: Global sensitivity analysis

To study how uncertainties in the model parameters affect the infection dynamics, we perform a
global sensitivity analysis based on the partial rank correlation coefficient (PRCC) method combined
with Latin hypercube sampling (LHS). This technique is well suited for nonlinear delay models and
allows us to assess the influence of each parameter over a wide range of possible values.

In the LHS procedure, the range of each parameter is divided into intervals of equal probability, and
representative samples are drawn to ensure a good coverage of the parameter space. For every sampled
parameter set, the delay model is solved numerically and relevant outputs—such as the peak or final
value of the infected CD4* T-cell population /,(f)—are recorded. PRCC values are then calculated
using rank-transformed data, which makes the analysis robust to nonlinear effects and isolates the
impact of each parameter while accounting for the presence of the others.

The resulting PRCC values are displayed as bar charts in Figures 2 and 3. Parameters with positive
PRCC values (for example, A; and §;, i = 1, 2) tend to increase infection levels when their values grow,
whereas parameters with negative PRCC values (such as y; and v,) are associated with a reduction
in infection. The absolute size of the PRCC indicates the strength of the parameter’s influence, with
larger magnitudes corresponding to stronger effects and values close to zero indicating a minor role.

PRCC with respect to I PRCC with respect to I; (zoomed)

0.15

0.1

0.05

PRCC
PRCC

-0.05

-0.1

-0.15

S NS (3)\ o ™ ¥ Q D P QW ﬁg\,m R I N LA A L g
Parameters Parameters

Figure 2. PRCC analysis of the model parameters with respect to the infected CD4*T cell
population /; for model (2.6)—(2.10).
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PRCC with respect to I, PRCC with respect to I, (zoomed)

PRCC
PRCC

> N S D >
Parameters Parameters

Figure 3. PRCC analysis of the model parameters with respect to the infected macrophage
population /, for model (2.6)—(2.10).

4.4. Numerical stability of the equilibria

While HIV disease progression occurs over years, the intracellular viral replication and maturation
processes represented by the delay terms take place on a much shorter timescale, typically ranging from
several hours to about one—two days. Accordingly, the delay parameters are chosen within biologically
plausible ranges consistent with these intracellular dynamics [41, 44, 45, 47, 48].

In this subsection, we use MATLAB solver dde23 to numerically investigate the dynamic
behavior of model (2.6)-(2.10). We take into account the following factors when performing the
numerical simulation:

(i) We choose the parameters as 0y = 0, = 0.7, w; = w, = 0.2, yuy = up = fi; = 1, = 0.0001, and
pick three different initial conditions for system (2.6)—(2.10):

L1: (T (&), (£, T2(&), L (£, V(£ =(900,8,2.5,0.008, 17) ;

L2: (T (), (£, T2 (&), (&), V() = (700,6,2,0.05,15) ;

L.3: T, 1. T, L&),V () = (500,4.3,1.5,0.07,11), where

¢ € [-max{oy,0;,w1,ws},0]. By choosing different parameter values of the infection rates
B1.B28,, and B,, we have the the following outcomes:
Scenario 1 (Stability of II;): We select the parameters 8, = 0.00002, B8, = 0.0004,
B, = 0.00002, and B, = 0.00001, which yield R; = 0.0868 < 1. In this environment, the
solution that solves system (2.6)—(2.10) tends towards the infection-free equilibrium state (IFE)
I, = (1000, 0, 3.196, 0, 0) for all # — oo. As noticed from Figure 4, while the amounts of all
infectious components tend towards zero, the amount of healthy and uninfected CD4+ T cells and
uninfected macrophages tends towards safe levels 77 = 1000 and T, = 3.196, respectively. This
analysis illustrates that IFE Il remains globally stable and agrees with the theoretical analyses defined
by Theorem 1. In this case, there would be an eradication.

Figure 5 depicts a forward bifurcation occurring at R = 1, distinguishing the transition between
disease-free and endemic equilibria. The figure indicates that the system remains disease-free when the
infection rate is below a critical threshold, and becomes endemic only when this threshold is surpassed.
If we can regulate the rates (such as A, 4, etc.) using drugs, the disease can be managed.
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Figure 4. The numerical solutions of model (2.6)—-(2.10) for g; = 0.00002, B, =
0.0004, 5, = 0.00002 8, = 0.00001 with three different initial conditions. The infection-free
equilibrium Il = (1000,0,3.196,0,0) is globally asymptotically stable where R; =
0.0868 < 1.
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Figure 5. Forward bifurcation: Steady state values of infected populations are plotted with
R;- We have varied g; to plot this figure. The rest of the parameters are the same as in

Figure 4.

Scenario 2 (Stability of f[): To achieve R} = 1.2829 > 1, we use the parameter values ; = 0.0003,
B> = 0.002, B, = 0.0003, and 8, = 0.0002. The system (2.6)—(2.10) then converges to the
infected persistent equilibrium (IPE) 1 = (782.1368,3.788,1.52,0.1457,5.5013). The stability and
existence of IT are supported by Proposition 2 and Theorem 2, as shown in Figure 6. This equilibrium
characterizes the state of an individual living with HIV-1, indicating ongoing infection. Therefore, the
infection rate plays a crucial role in determining disease progression and control.
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In Figure 7, phase trajectories are plotted for three different initial conditions. All trajectories
converge to the same steady point. This shows the nonlinear stability of the endemic equilibrium.

1000 15

-=-l2
e | 3

T,

[ .
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
t t t

25

— .1

-=l2
e | 3

3, 0 L
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
t

Figure 6. The numerical solutions of model (2.6)—(2.10) for g; = 0.0003, 8, = 0.002 ,
B = 0.0003, and B, = 0.0002 with three different initial conditions. The infection-present
equilibrium I = (782.1368,3.788,1.52,0.1457,5.5013) is globally asymptotically stable
where R = 1.2829 > 1.
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Figure 7. Global stability: Phase portraits of system (2.6)—(2.10) are plotted with different
initial conditions. Parameter values are the same as those used in Figure 6.
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Impact of saturated infection on model (2.6)—(2.10): We set o7y = 0, = 0.7 and w, = w, = 0.2, and
apply initial condition LI.1 along with the parameter values from Scenario 2. Figure 8 illustrates the
influence of saturation on infection dynamics. The following cases are considered:

Case A: (1 = ur = 0.0000002, 1, = fi, = 0.0000001.
Case B: M1 = My = ﬂl = /._12 = 0.0001.
Case C: u; = iy = 0.001, uy = 0.002, fi, = 0.005.

Case D: y; = 0.01, 1, = 0.02, fi; = 0.02, i, = 0.04.

CaseE: yu; = =y = i =0.2.

As the values of u;, up, i1, and fi, increase, the infection rates decline. This leads to higher
concentrations of uninfected cells and reduced levels of infected cells and free virus particles. Notably,
R}, remains unaffected by these parameters, indicating that saturation does not alter the stability of
equilibria. However, in the presence of infection, saturation significantly influences the population of
infected cells and the equilibrium values of I1.

T,0

950

900

850

800 i

—Case A
— =—CaseB

Case D
Case E

750

700

800 1000

0 200 400 600 800

Figure 8. The numerical solutions of model (2.6)—(2.10) with five different sets of saturation
parameters, with 8, = 0.0003, 8, = 0.002, 5, = 0.0003, 5, = 0.0002, o} = 0 = 0.7, w;
Wy = 0.2.

600 800 1000

Effect of different delays on the system dynamics: Equation (2.21), which determines the
threshold parameter R, is influenced by the time delay coefficients oy, and @, for £ = 1,2. These delay
parameters play a critical role in shaping the stability behavior of the system’s equilibria. To examine
how variations in these coefficients affect the dynamics, we consider the parameter set 8; = 0.0005,
B> = 0.004, B; = 0.0003, and B, = 0.0003. Additionally, we adopt the values of u;, uy, i1, and ji,
from Case B. The parameters o, 03, wi, and w; are then varied to explore different scenarios, as
outlined below:
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Casel:0,=15,0,=12, w; =1, w, = 1.
Casell:0,=2,0,=17, w1 =12, wy =1.2.
Caselll: o7y = 2.5, 0, =22, w; = 1.876, w, = 1.876.
CaselV:0, =3, 0,=2.8, w1 =2.5, w, =25.
Case V: o] = 35, O,) = 32, Wi = 26, Wy = 2.6.

In Case 0y = 0 = w; = w, = 0, R becomes the form given by

P (62,[_31T? + 618,10 N b T + bz,BzTg]
2

0102 @

b

— — 2
I ¢(52,31T10 ~0BTY | BT - bzﬂzTS) | PBBBTITY

t5 2
2 010, ® ¢

and the system (2.6)—(2.10) is reduced to system (2.1)—(2.5).

Using the specified parameter values and initial conditions 1.1, the influence of the time delay
parameters on the system’s behavior is illustrated in Figure 9. In addition, the basic reproduction
number Rj is computed based on these inputs. The corresponding results are summarized in Table 4.

—Case | Case | 3 »‘ ——Case |l

950 = =Casell 15 = —Casell - =Casell
S e casem|| (e Case lll ....... Case lll
900 ¢ KA. Case IV Case IV 25¢ & Case IV
R Case V Case V & Case V

850
= 800 [
=
750
700

650

0 200 400 600 800 1000 0 200 400 600 800 1000
t t t
Case | 20 }' Case |
0.6 = =Casell [ = = Casell
------- Case Il | seeerCase Il
05 Case IV 15 Gase IV
Case V ] Case V

0 200 400 600 800 1000 0 200 400 600 800 1000
t t

Figure 9. The numerical solutions of model (2.6)—(2.10) with five different sets of delay
parameters and with 8; = 0.0003, 8, = 0.002, 8, = 0.0003, B, = 0.0002 and y; = pu, =
[y = i, = 0.0001.

By applying the parameter values listed in Tables 2 and 4, we observe the following outcomes:

(i) When oy > 2.5, 0, > 2.2, and w; = w, > 1.876, the basic reproduction number satisfies R < 1,
indicating that the infection-free equilibrium (IFE) I, is globally asymptotically stable (GAS).

(i1) Conversely, if oy < 2.5, 0, < 2.2 and w; = w; < 1.876, then R} > 1, and the equilibrium I,
loses stability.
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Table 4. Cases of time delay and R; values.

Case o (op) w1 w> Ry

1 1.5 1.2 1 1 1.3711
1I 2 1.7 1.2 1.2 1.2075
III 2.5 2.2 1.876 1.876 1

v 3 2.8 2.5 2.5 0.8367
A\ 3.5 3.2 2.6 2.6 0.7481

These results clearly demonstrate that increasing the time delay parameters leads to a reduction
in Rj, which aligns with the findings discussed in Section 4.2.

In a nutshell, smaller time delays increase the number of infected cells; larger time delays suppress
infection. This is because smaller delays increase the interaction rate between virus-infected cells and
susceptible target cells, quickening the pace of infection. These observations suggest the strong impact
of temporal time delays on the course of infection and that further investigation of time delay effects is
necessary for the understanding of the disease.

4.5. Simulation of the model with distributed delay

Here, we provide the simulations of the model with distributed delay. First, we plotted the global
sensitivity indices of the parameters. Then, we vary the delay parameter to show its impact on the
dynamics of the HIV-1 transmission.

Figures 10 and 11 illustrate the global sensitivity analysis carried out using PRCC in combination
with LHS for model (3.1)—(3.5). In those Figures, the PRCC indices are evaluated with respect to
the infected CD4*T cell population /; and the infected macrophage population /;, as well as the
corresponding results.

The obtained outcomes showed that the parameters related to infection and transmission processes
exhibit positive PRCC values, indicating that increases in these parameters lead to higher levels of
infected cells. In contrast, parameters associated with natural death or clearance, such as y; and 7y;,
show negative PRCC values, reflecting their inhibitory effect on the infection dynamics. Overall, this
analysis identifies the parameters with the strongest influence on the system and highlights the role of
delay-related effects in shaping the behavior of the model.

The numerical simulations of the model system (3.1)—(3.5) are illustrated in Figure 12 for two
distinct values of the delay parameter. The results show that increasing the delay leads to higher levels
of susceptible cell populations, whereas shorter delays promote a stronger infection response and result
in increased infected populations.

Figure 13 demonstrates the global stability behavior of the system. Phase portraits are generated
using various initial conditions, and the trajectories are observed to converge toward a unique
coexistence equilibrium. This confirms that the equilibrium point is globally asymptotically stable.
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Figure 10. PRCC analysis of the model parameters with respect to the infected CD4*T cell
population /; for model (3.1)—(3.5).
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Figure 11. PRCC analysis of the model parameters with respect to the infected macrophage
population 7, for model (3.1)—(3.5).
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Figure 12. Numerical solutions of system (3.1)—(3.5) for different values of delay parameter
7. Parameter values are: 51 = 0.0005, 82 = 0.002, 3; = 0.0003, 3, = 0.0002, 1, = 10,
/7.2 = 003196, Y1 = 001, Y2 = 001, 51 = 05, 52 = 01, bl = 6, bz = 6, ¢ = 2, € = 02,
6 =02,& =02,& =02, 4, =0.002, u, = 0.002, i; = 0.002, i1, = 0.002. Blue lines
represent 7 = 0.2, and red lines represent 7 = 5.
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Figure 13. Global stability: Phase portraits of system (3.1)—(3.5) for different initial
conditions. Parameter values are taken from Figure 6.

5. Discussions

In this study, we aim to show the global stability of the equilibria in HIV-1 models with both discrete
and distributed delays. The discrete-delay model uses a fixed delay for all cells. This makes the model
simple and efficient, but it is less realistic biologically. On the other hand, the distributed-delay model
allows variability by using probability density functions. This makes the model closer to real biological
behavior, but it also adds more mathematical and computational complexity [30, 52].
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We examined the two mathematical models of HIV-1 infection with saturated incidence rates for
two major target cell types: CD4* T-cells and macrophages. The models considered include two types
of transmission mechanisms: virus-to-cell transmission and cell-to-cell transmission. To provide more
realistic models of the biological systems under consideration, four discrete time delays are inserted
into Eqgs (2.1)—(2.5) to give the corresponding equation systems (2.6)—(2.10). Moreover, another model
is developed using Eqs (2.1)—(2.5) into which another four time delays are inserted so as to form the
equation systems (3.1)—(3.5).

We proved that the solutions of the proposed models are bounded and nonnegative. A sensitivity
analysis was done to examine the effect of the parameters on the basic reproductive number Rj. From
the results, a direct relation existed between the parameters A;, A, 81, B2, b1, B2, b1, and b, and the
persistence of the persistence of the disease within the population.

In this research, we prove that for the delayed systems, there exist two equilibrium solutions:
infection-free equilibrium (IFE) and infection-present equilibrium (IPE). The existence of IPE requires
that the basic reproduction number Rj be greater than unity. In this case, Rj becomes an important
threshold quantity for system (1.1) to be asymptotically stable. More precisely, if R, < 1, then IFE
is globally asymptotically stable (GAS), and it implies that infection will be eradicated. Otherwise,
for R > 1, IPE is GAS; that is, infection persists. In addition to these mathematical analyses above,
simulations are employed to verify these findings and examine further effects of delay parameters.

From Figure 4, it is clear that if R} < 1, then the trajectories of this system tend to IFE. Additionally,
it tends to IPE for different initial conditions in Figure 6 if R > 1. This depicts the global stability
of IFE, which denotes the uninfected condition of a cell. This scenario highlights the stability of IPE,
which denotes an uninfected cell. Since HIV-1 infection persists within a cell, its effect upon the cell
manifests. This scenario supports the ongoing effect of HIV-1 within a cell. The effect of saturations
of infection rates within a cell can be observed in Figure 8.

When these saturation parameters, u, i2, i1, and ji, are increased, it shows a reduction in infection
rates, an increase in uninfected cell levels, a reduction in levels of infected cells, and a reduction in
levels of free viral particles. This indicates that higher saturation effects act as limiting factors on viral
replication and spread, thereby contributing to system stability and lowering the basic reproductive
number. This depicts an effect of saturation on an uninfected cell. Moreover, it shows that these
saturation parameters do not affect Rj,. This suggests that IFE and IPE within an uninfected cell are
independent. As indicated in Figure 9 and Table 4 above, it depicts that an increase in time delays
contributes to a reduction in Ry.

Thus, analytical and numerical studies lead us to conclude, in a broad sense, that susceptible
CD4*T cells, macrophages, infected cells, and viral particles interact in an extremely complex
manner. It should be mentioned that HIV-1 replication is supported through target cell infection,
intracellular viral replication, and subsequently produced viral particles, hence ensuring that an overall
infection cycle exists. The further development and maintenance of this particular viral threat in
an infected individual is determined through an extremely complicated equilibrium of cell division,
infectious dynamics, and eventual immune cell loss. Mathematical models describing this process
through discrete and distributed delays have ensured that an appropriate mathematical tool exists for
analyzing these complicated interactions. At the same time, they have managed to offer invaluable
perspectives on potential therapeutic strategies in the form of antiretroviral drugs, which have an ability
to inhibit significant stages of the viral lifecycle, potentially ensuring viral loads and immune system

Networks and Heterogeneous Media Volume 21, Issue 1, 276-323.



319

functionalities remain low.
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