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Abstract: This work focused on the analysis of a nonlinear wave equation of Hartree-type that
includes a distributed delay term, where the delay effects are governed with fractional conditions. Such
a formulation allows the model to incorporate long-range memory effects and anomalous dissipation
phenomena, which are characteristic of complex media. The model captures complex memory and
nonlocal interaction effects that arise in various physical systems, such as quantum mechanics and
nonlinear optics. In particular, the fractional delay mechanism provides a more accurate description
of hereditary effects than classical integer-order delay models. We worked under a framework that
allows for initial data with negative energy and imposed suitable assumptions on the kernel functions
and nonlinear terms. Using energy methods and a concavity argument, we rigorously proved that the
solution to the system cannot exist globally in time and must blow up in finite time. Compared with the
classical Hartree wave equation without delay or fractional effects, our results show that the combined
presence of distributed delay and fractional damping significantly enhances the instability mechanism.
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1. Introduction

In this work, we address the problem of a Hartree-type wave equation incorporating nonlocal
nonlinearity and distributed delay. Such equations arise naturally in the modeling of wave propagation
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phenomena in complex media, where long-range interactions and memory effects play a crucial role.

5]
Uy — Au+ ayu, + f a (DO u(x,t — )dA=Fu), 0<t,xe0U,

141

u(x,t) =0, 0<tx€e00, (1.1)
M(x, O) = MO(X)’ ut(x’ O) = l/ll(X), X € U’
M[(.x, _t) = f()(x, t)a re (O, l2)7-x € U.

The function F is defined as

1
Fw) = (gl
BT

1 p
S ful? = f lu(y)l _dy
| v b=y

The Hartree term (ﬁ * |u|2)u is generalized by the equation F(u). This nonlocal convolution structure

where

models long-range interactions and appears prominently in quantum mechanics, nonlinear optics, and
many-body physics.

The domain U is bounded in R”, n > 5, and its boundary dU is of class C? and sufficiently smooth.
Moreover, the coefficients satisfy a;,b > 0,1 < p < %, a, € L”,and 0 < #; < t,. The distributed
delay term accounts for the influence of past states over a finite time interval, reflecting hereditary
effects in the evolution process.

The generalized fractional Caputo derivative of order 0 < u < 1 [1,2] is denoted by &/ ? and is

defined by
1 !
6“;’5u(t) = r(1—m f (t—s) ey (s)ds, 6>0,
- 0

where
9u(r) = I' (1), (1.2)

and
1

L)
Here I*9 represents the exponential fractional integral operator and I' denotes the Euler gamma
function. The presence of the exponential kernel allows the fractional operator to capture fading
memory effects, which are more realistic in many physical applications than classical integer-order
derivatives.
Finally, Eq (1.1) is associated with the stationary problem

!
I*Ou(t) = f (t — sy e y(s)ds, 6=0.
0

—Au+ V(x)u = (# s Iul”)lul”_zu, (1.3)
where the condition ? <p< % holds. This stationary equation highlights the intrinsic connection
between the dynamic model and the classical Hartree-type elliptic problem, providing additional
insight into the underlying nonlocal structure. The stationary problem (1.3) reduces, in the special
case (n, p) = (1,2), to a model describing the helium atom. This particular case is one of the earliest
and most celebrated applications of the Hartree equation in quantum mechanics. For further physical
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background, we refer to [3]. Picard [4] also interpreted this equation as a model arising in the
quantum theory of stationary polarons. Related developments can be found in the pioneering works of
Choquard and Lieb [5], where the nonlocal interaction structure was first rigorously analyzed. For
other parameter ranges, we refer the reader to [6] and the works of Petrovsky [7]. Hartree-type
equations naturally appear in several branches of applied sciences and physics, including acoustics,
optics, plasma physics, and quantum many-body systems.

In recent years, a growing body of literature has been devoted to the qualitative analysis of Hartree-
type wave equations; see, for instance, [8]. In that work, the authors investigated the equation

- Au = ( . |u|”)|u|p_2u, (1.4)

| xln—l
posed on a bounded smooth convex domain with homogeneous Dirichlet boundary conditions. They
established local existence of solutions by means of the semigroup theory and derived conditions for
global existence of weak solutions using the potential well method. Moreover, by employing the
convexity argument and potential well theory, the authors proved finite-time blow-up results for
solutions corresponding to both negative and nonnegative initial energy levels. These results provide a
fundamental reference point for the analysis of more complex Hartree-type models.
In [9], the authors considered the following Hartree-type Petrovsky equation:

2+ Az — Az = ( ‘ IZI”)IZIP‘ZZ, (1.5)

| xln—2
and proved the global existence of weak solutions by applying the potential well theory. Furthermore,
they investigated the finite-time blow-up behavior of solutions under both nonnegative and negative
initial energy conditions. Compared with these classical models, the presence of distributed delay and
fractional damping in our setting introduces additional memory and dissipation mechanisms, leading
to richer and more delicate blow-up dynamics.

Many natural and engineering processes depend crucially on delay effects, which may appear in the
form of constant, time-varying, or distributed delays. Such delay phenomena reflect the fact that the
present state of a system is influenced not only by its current configuration but also by its past history.

Concerning distributed delay, which is incorporated into the present work, we refer to the seminal
contribution of Nicaise et al. [10], where the authors investigated the problem

02
Uy — Au+ au, + f ax(Su(x,t —s)ds = 0.
01

Under suitable assumptions on the delay kernel, they established well-posedness and general
decay results for the corresponding solutions. This work clearly demonstrates the stabilizing or
destabilizing influence that distributed delays may exert on the long-time behavior of solutions.
Following this pioneering study, many authors have incorporated distributed delay terms into various
evolution equations and analyzed issues related to well-posedness, general decay, blow-up,
exponential growth, and global existence; see, for example, [11-13].

Several investigations have employed different analytical techniques, such as the energy method
combined with semigroup theory and the Faedo—Galerkin method, which are particularly effective
for treating nonlinear and nonlocal problems. These approaches have proven to be powerful tools in
capturing the delicate interplay between damping, delay, and source terms.
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In [14], the authors studied a nonlinear viscoelastic Kirchhoff-type equation with a variable
exponent and distributed delay. Under appropriate hypotheses, they proved the occurrence of
finite-time blow-up solutions. When the source term is absent, general decay estimates were obtained
by means of an integral inequality due to Komornik; see also [15—-18]. These results highlight how
memory effects induced by viscoelasticity and delay can significantly influence the stability
of solutions.

Fractional derivatives in partial differential equations have attracted considerable attention in
recent years. They provide an efficient mathematical framework for modeling anomalous diffusion,
hereditary properties, and long-range temporal memory effects. Fractional boundary conditions and
initial value problems have been successfully employed to describe various physical processes; see,
for instance, Magin [6]. The theory of fractional calculus and several of its applications are
comprehensively presented by Tarasov [19]. Further applications to the dynamics of particles, fields,
and media can be found in the context of fractional dynamics, where systems with fractal structures,
spatial nonlocality, and long-time memory are modeled. Such features cannot be adequately captured
by classical integer-order models. Fractional calculus has been used to solve scientific and
engineering problems since the nineteenth century; see Valério et al. [20].

Regarding nonlinear source terms, including logarithmic nonlinearities, several related results have
been established for wave-type equations. In [21], the authors analyzed a nonlinear viscoelastic plate
equation with a variable exponent and logarithmic source term. They proved global existence and
general decay results using Komornik’s method, and also showed that solutions with negative initial
energy blow up in finite time. We also refer the reader to [22, 23] for further developments in this
direction. These studies further motivate the investigation of blow-up phenomena in wave equations
combining memory effects, nonlinear sources, and nonlocal interactions. Additionally, a nonlinear
viscoelastic Kirchhoff-type equation with delay, Balakrishnan-Taylor damping, and logarithmic
nonlinearity was studied in [24]. Under suitable assumptions and positive initial energy, the authors
established exponential growth and finite-time blow-up of solutions. This work illustrates how the
interaction between delay effects, strong damping mechanisms, and nonlinear sources can
significantly influence the stability properties of wave-type systems. Similarly, [25] focused on a
Kirchhoft-type equation for elastic membranes incorporating nonlinear viscoelastic behavior with
distributed delay, logarithmic nonlinear effects, and Balakrishnan—Taylor damping. The occurrence of
blow-up solutions under appropriate conditions was also confirmed; see [26].

Among studies closely related to the present work, we highlight [27], where the authors investigated
the problem

Yu — Ay + 8}y = [yl 2y,

They proved exponential growth of solutions. Concerning well-posedness and finite-time blow-up,
the authors in [28] studied the equation

Uy — Au+ ayu, + axu(x, t — o) = | 2uln |ult,

where well-posedness was first established and blow-up in finite time was subsequently demonstrated.
Subsequently, Aounallah et al. [29] considered the problem

Vi = Ay + a8yt — 0) + azy, = yI" 2y,
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and employed the energy method to prove the existence and uniqueness of solutions. They also
established global existence together with general decay results and obtained blow-up phenomena
under suitable conditions. These results emphasize the significant role played by fractional damping
terms combined with delay effects.

The incorporation of fractional conditions in Timoshenko-type systems was examined in [30],
where the Faedo—Galerkin method was used to prove the existence and uniqueness of solutions,
followed by general decay estimates. More recently, [31] extended this line of research to a
viscoelastic wave equation with internal fractional feedback and time-delay:

f
Wy — Aw + f f(t =) Aw(g)dg + ayw, + azéf’ﬁw(t -0)=0.
0

Using a combination of the energy method and the Faedo—Galerkin approach, the authors proved
global existence of solutions under specific assumptions. They also demonstrated that suitably
constructed Lyapunov functionals yield general decay results. These contributions further underline
the effectiveness of fractional feedback mechanisms in controlling the long-time dynamics of
wave equations.

The study in [24] also addressed a wave equation with fractional boundary conditions and acoustic
coupling through delay and source terms, given by

uy — Au+ Rou, + Rou(t — o) = [ulPu,
0
u = —Ba’:’dl/{ +)(t,

ov
u+ Py + Q) = 0.

Under appropriate hypotheses, the authors proved global existence of solutions and established
general decay results by constructing suitable Lyapunov functionals. In a related framework, the same
authors studied a nonlinear viscoelastic Kirchhoff-type equation with logarithmic nonlinearity, delay,
and Balakrishnan-Taylor damping, where exponential growth and blow-up results were obtained for
positive initial energy.

Motivated by the above works, and in contrast to existing results that treat either fractional effects
or delay mechanisms separately, the present paper considers the combined influence of a distributed
delay and a fractional damping condition in a Hartree-type wave equation. This coupling leads to new
analytical challenges and richer blow-up dynamics. The main objective of this paper is to investigate
the finite-time blow-up behavior of solutions under suitable assumptions, even in the presence of
negative initial energy.

The structure of the paper is organized as follows. In Section 2, we introduce the necessary
functional setting, assumptions, and preliminary results, and define the associated energy functional.
Section 3 is devoted to establishing the finite-time blow-up result for solutions of the considered
problem. Finally, Section 4 presents concluding remarks together with perspectives for future work.
In particular, we briefly discuss possible extensions of the present analysis to global existence and
decay results under different assumptions on the initial energy and damping mechanisms. Throughout
the paper, the notations ¢ and C denote generic positive constants, whose values may change from line
to line.
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2. Preliminaries

This section is devoted to the preliminaries required for the analysis of our problem. We introduce
the notations and assumptions used throughout the paper and establish several auxiliary lemmas that
will play a fundamental role in the proofs of our main results.

Lemma 2.1. [32]

Consider a number p with condition +00 > p > 1 when N = 1,2 or x*g >p=>1when3 < N.
Then, there exists a positive constant C, = B, > 0 such that

llullp1 < C.lIVulla, Yu € Hy(D).

Lemma 2.2. (Hardy-Littlewood-Sobolev inequality) [33, 34]

Suppose that ¢, p > 1 and n > a > 0 along with % +2+ % =2, fe L\ R")and h € L*(R"). There is
a sharp constant C(g, n, @, s); independent of f, h such that

h
;[ TOO) 4y < €6, IFIGIA- @.1)
R’

rr X =)l

For all u € H'(R"), fRn fRn ‘”ﬁ?_';%dxdy is well defined by 2”,—1_“ <ps ™ ==

From Lemma 2.2, for u € Hé(U), we define u(x) = 0 by x € R"/U.

Therefore, for u € H'(R"), i.e., for a general field, for u € LS(R") and U € L*(R"), we find the
Hardy-Littlewood-Sobolev inequality as follows:

(6)
j:[%ﬁi¥M@scmmm&mwmwm (22)
(6}

v lx=yl

and if 252 < p < 22 then [ [ MOICOR gxdy is well defined for u € H)(D).

[x=yl*

Hence, for u € Hy(U), applying the Sobolev embedding theorem and the Hardy-
Littlewood-Sobolev inequality (2.2) gives

()P |u(y)I?
fleLﬁ;d@<QMRmMm<QWW“ 2.3)
U JO

|x — y"=2 )

Here C, = Ci(n,p, U)cf” , where C; and c, are the Hardy-Littlewood-Sobolev and the Sobolev
embedding constants, respectively. Next, by applying the Sobolev embedding theorem,

n+2 n+2
<p< .
n n—2
Theorem 2.3. [35]
Consider a function « defined by
o) =101", 1>u>0,{eR. 2.4)
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Then, we can get
0=1"U,

which expresses the connection between U and O of the system below:
Op(x, A, 0, 1) + (% + OW(x, L, L, 1) - U(x, A, Da() =0, t>0,6>0, L €R,

‘//(Xa 4, g’ 0) =0,

sin

O, . 1) = SO f ) W(x, 4,2, DaQ)de, £ € R, A€ [01,04], 1> 0.

T

Lemma 2.4. [36] Forallt€ Ds . ={t€C:Rer+5>0U{reC:Imr+0)}

+00 2
AT:f L COR S Sy

w THO+? sin(u)

In order to proceed our analysis, we have take the assumption on a, as:
(H1) a : [t1, ] — R is a bounded function that holds the condition below:

5]
a, > 2bA0f lax(A)|dA.
n

As in [10], we set the transformation of variables as:
z2(x,w, A, 1) = u(x, t — Aw),
where
xX,w,,H)eD:=0Ux(0,1)x(,H) XR,,
it holds that

/th(X, w, ﬁ, t) + Z(/.)(x7 w, ﬁ, t) = 0
Z(xa 09 /la t) = ul‘(-x7 t)'

Therefore, by virtue of system (1.2) together with Theorem 2.3, we deduce that

Uy — Au+au, +b f2 f ) ar (DY (x, ¢, A, Ha()didA = F(u),

OW(x, £, 4,0 + (% + OW(x, L, 4,1 — z(x, 1, A, Da(d) = 0,
AZ(x, 0, A, 1) + 7,(x, w, A, 1) = 0,

u(x,1 =0, x € 00,

u(x, 0) = up(x), u,(x,0) = u(x),

72(x, w, 4,0) = folx, Aw), A€ (0,1),

where

p= S AneD. and £eR.
T

(2.5)

(2.6)
(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

We now state the well-posedness result for system (2.12), which can be determined by means of the

energy approach, combined with the approaches of [28,29,37], with the necessary changes.

Networks and Heterogeneous Media Volume 21, Issue 1, 243-260.



250

Theorem 2.5. Assume that inequality (2.10) holds, and then, for any (ug, uy, %o, fo) € H, I a weak
solution (u, Y, z) of the system (2.12) such that

u,u; € C(0, T[, Hy(U)) N C'(10, T[, L*(V)),
uy € C(10, T[, L*(V)),

¥ € C([0,T]; L*(U X R X (11, 1)),

2 € C([0,T]; LX(U x (0, 1) X (11, 1)),

where
H := Hy(U) x L*(U) X LX(U xR X (t;, 1)) x L*(U x (0, 1) X (t;, 12)).

Next, we introduce E, the energy function of system (2.12), with a definition and proof.

Lemma 2.6. Suppose (u, ¥, z) is the solution of system (2.12), and then, we have the energy function

given by
E@) = 3l + 5 IVull - i f fU %dxdy
f f f (DI, 4, 4, DPdLdAdx
+bA, LL f Ala( Dz (x, w, 4, 1) |2d/1da)dx, (2.13)
which satisfies
E'(r) < —C0||Mt||§ - g j(; j:z j::o |az(/1)|({2 +0)W(x, ¢, A, t)|2d{d/ldx <0, (2.14)

where

15)
Co=a — 2bA0f |612(/l)|d/1 > 0.
n

Proof. To begin, we multiply Eq (2.12); by u, and integrate over U. Using integration by parts,

this yields
153 +00
f Uglt, — f Auu,dx + ay|lu|3 + b f u, f ar(Q) f a(OW(x, &, A, )dédAdx
U (6) [6) t —00

= f F(u) u, dx.
U

Therefore
d[1 ()P |u(y)|P
R Vulp - — R dxd
dt [2Hut”2 Ivul 2p fufu -2

+a1||u,||§+bfu,f az(/l)f ooa({)tﬁ(x,{,/l,z‘)dg“dxldx:0. (2.15)
[0) I —0
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Next, we multiply Eq (2.12), by bla,(4)|¢ and integrate over U X (¢, t) X (=00, +00), and we find

bd 1) +00 X
2dt fu ft f _ |l £, 4, D dgdadx

+bf fz f+°° laa (DI + Slw(x, &, A, HFdedAdx
U Vi —o00

—bf f2 lax(D)z(x, 1, A, t)f ) a(OY(x, L, A, t)dldAdx = 0.
0 Jn —0

(2.16)

After that, we multiply the Eq (2.12)3 by zla,(4)| and integrate over U X (0, 1) X (#1, £,) by utilizing

Eq (2.11),, and we find

1 15
ibAO f f f Aar (D) (x, w, A, )dAdwdx
dt U JO 151

%) 15}
= DA f lax(D)ld A5 — bAg f laz(Dlllz(x, 1, 4, Dl3dA.
151 n
Utilizing the Cauchy-Schwarz inequality, we deduce

Q)

(%)

Subsequently, the utilization of Young’s inequality yields

bfleaz(/l)lz(x,l,/l, 1) f+°° a(OY(x, ¢, A, HdldAdx
U Jny —00

5]
< bA, f laa(Dllz(x, 1, A, H)|*dAdx
O Jn

b 15} +00
4 fu f f lax (DI + SW(x, £, A, ) dddAdx.

Moreover, by Young’s inequality, we deduce

b f f ax(Du, f AOW(x, ¢, A, 0dCdAdx < A f a2V 2
U Jh —00 t

b 1) +00
+1fuf f lax (DI + O)y(x, £, A, HPdLdAdx.

From Eqgs (2.15)—(2.19), we deduce Eq (2.13) with

d "2
SE@) = —(al—szo |a2<ﬂ>|dﬂ)||u,||§

1

_g f f | f I + O, ¢ 4, DPdZdAdx <.
0 Jn -0

+00 1/2 +00 1/2
[ a@uencandes ([ 58 ([ @ owieanta)

(2.17)

(2.18)

(2.19)
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Taking condition (2.10) into account, it follows that

15}

Co=a; — 2bA0f lar(A)|dA > 0. (2.20)
n

This leads to Eq (2.14).

Consequently
E0) > E(2). (2.21)

We now introduce the following lemmas, which will be particularly useful in the subsequent
sections for proving our main results.

The proof of these lemmas is based mainly on the reference [28] with some basic changes.

Lemma 2.7. There exists 0 < c(O), such that

Pl -\ ()P ua(y)I” )
(L) = [ [ mipsrae )

forall 2 < ¢ < 2p, provided that [}, [ "M gxqy > 0,

[x—y-2
Lemma 2.8. There exists c(O) > 0, such that

| ()P |u(y)I?
i < c(bf‘ WO ey + 19l
0 JU

|x — y|=2

for all u € L**(U) and provided that fu fu dedy > 0.

be—yl*2

Corollary 2.9. There exists c¢(O) > 0, such that

PP\ %
Cc (L dex ) + ||VM|| ],

provided that f f MO xdy > 0.

|X }l” 2

Lemma 2.10. There exists c(O) > 0, such that

2
llull; <

2 2
lulls, < c{llully, +IVully),
P P

forallu € L**(0) and 2 < ¢ < 2p.
Before proving the blow-up results, we introduce the following functional:

p p
H(r) = -E(t) = ——llufllz IIV u(nll; + pr U%

——fj f a2, ¢, A, DPdCdAdx
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1 153
—bA, f f f Aax( DIz (x, w, A, 1) |PdAddwdx.
0 JO I

Hence

H'(1) 2 Collull> + ff f lax (DI + ) (x, ¢, A, )P d{dAdx.

Therefore, we have

H' (1)

v

2
Collusll; > 0

H' (1) gffzf m|a2(,1)|(§2+5)|¢(x,§,/l,t)|2d§d/ldx20.
U Jy —00

\%

From Eq (2.21), we have

0<HO) <H@® < — f f dedy.
2p Ju Ju

|x — y|=2

3. Blow up

(2.22)

(2.23)

(2.24)

(2.25)

This section is devoted to proving the blow-up of solutions to system (2.12), specifically in the case

of negative initial energy.

Theorem 3.1. Suppose that Eq (2.10) and 0 > E(0), and then the solution of system (2.12) will blow

up in finite time.

Proof. To begin the proof, we define

R(@t) = H'™(@) + 8f uu,dx + | f u’dx,
v 2 Js

where 0 < £ > denotes a small parameter, whose value will be specified later, and

-1 -1 p-1
Pl b=l p
p

< 1.
2p p

Multiplying Eq (2.12), by u and taking the derivative of Eq (3.1), we deduce

R({) = (1—wH*H )+ ellull; + & f F(u)udx — &l|Vull;
(6}

—8bfuf2a2(/l)f wa({)gﬁ(x,{,/l, Ndl{dAdx.
[0) 1 —0

By applying the Cauchy-Schwarz and Young inequalities, we get for 6 > 0,

Joo < &6bAg f laz(D)ld A ull3

ff f lax (DI + O)l(x, ¢, A, DPd¢dAdx.

3.1

(3.2)

(3.3)

(3.4)
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By substituting Eq (3.4) in Eq (3.3) and recalling Eq (2.10), we find

P P
R = (1—wH H () + &llul; + sf Ma’xdy
vJuv =y
—&l|Vull; — £6bA, f laz(D)ldAllull3
—£55 f f f las (DI + O (x, £, A, )P d{dAdx. (3.5)
For the second case, ¢ is selected in the following appropriate way:

1

— = 9H™(1).

26 ®

By taking Eq (2.24) and substituting in Eq (3.5), we get

R(1) > [(1-p)— edHPH (1) + sllu|? + & f f dedy
[6)

v |x =yl

bAH*(t 2
~ellvu} - o 22 f sl )l (3.6)
1

Next, from the system (2.22) and for 1 > a > 0, we deduce
()P lu(y)l? ()| lu(y)l?
ff WO g ff WO vy + ep(1 = )l
lx =yl lx =yl
+2ep(1 — a)H(?) + ep(1 — a)IIVuII% (3.7)
153 —+00
sep-ab [ [ [ g doPdzdids
U Jh —00

1 15
+2ebAop(l — a) f f f Aar( D)z (x, w, A, 1) PdAdwdx.
U JO n

By substituting in Eq (3.6), we get the following estimate
, o bAH (1)
R() > 1(1- 0= et HE @ - o 5 [ a1l
3|

f f MMy + o 1 = -+ 1)

|x — y|2

+8(p(l -a)— 1)||VM||2 + 2ep(1 — a)H(r)
+ep(l — a)b f f 2 f ) lar (Dl (x, £, A, DPdedAdx
0OJn -0

1 15
+2ebAyp(1 —a)ff f Aar(Dlz (x, w, A, 1) *dAdwdx. (3.8)
U JO

According to Eq (2.25) and Corollary 2.9, together with Young’s inequality, it follows that

P V4 M
Bop < fU dexdy) lull

|x — |2
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IA

Pl S Pl
C(flg X — yMZ‘“@J +(f ———7;;dcwwwmb]

P

PRI ()Pl :
ff|xw2 ff|xw2m” wwq

By Eq (3.2), this yields

IA

2 2
2 <2up+1)<2p and 2 < ”pl <2p.
p —
Thus, Lemma 2.7 yields
|u(x)|P|u(y)|?
H O} < c( f f T dxdy + ||Vu||§). (3.9)
sJu x—)l

Combining Egs (3.8) and (3.9), we get

R() > {(1 - sﬂ}H‘“H’(t) ; s{p(l —a)+ 1}||u,||§

A P P
+8(a _b OC) f WO WO 4ty + 26 p(1 — ayHi(r)
29 v =y
bAyc
+a{ N Ivulg

+8p(1—a)bff2f oo|a2(/1)||¢(x,§,/1,;)|2d§d/ldx
U Jy —00
1 15
+28bA0p(1—a)ff f Aar( Dz (x, w, A, 1) PdAdwdx. (3.10)
U JO0 n

We now fix 0 < a sufficiently small such that
m=(1-ap-1>0.

Then we choose # sufficiently large such that

bAoc >0 and m- bAoc

20 29 >V

a —_—
Next, we fixed ¥, a, and we select & sufficiently small such that
(1-p)—ed>0,

and
R(0) > 0.
Hence, estimate (3.8) becomes, for some m; > 0,

R@® > ml{H(t)+|luz||§+IIVMII§+f

(6)

f ()P |u(y)IP dxdy
[6)

lx — |2
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4 f f 2 f DI, £, A DPdLdAd
U Jh —00
1 %)
+ f f f /llaz(/l)llz(x,w,/l,t)Izd/ldwdx}.
U JO0 n

By utilizing the Young’s and Holder’s inequalities, we obtain

1
1,
‘ f uu,dx
v

T L] e
< [||u||2 ] ]

where i + %0 =1.
We set @ = 2(1 — w) to get
0 2
l-pu 20-p -1
which is achieved according to relationship (3.2).

<2p,

After that, estimate (3.12) for s = & = 2(1_—1)_1 gives

L

l_
f uudx
v

Then, Lemmas 2.10 and 2.8 yield

2
< |, + |

1
1

f uu,dx i
()

IA

el + Tl + v
PGP
< c[ f WCPMDE 4ty + e + 170
0O JO

|x = y"=2
Hence,
N . o (s
R&==(1) = (H K+ e uutdx+87 dx)
(0)
| 2
< c(H(r)+| f uu,dx|m+||u||;“)
[6)
2
< oH® +] f x5 + [l
[ COIPlu(y)lP
< el + ll + 1933 + I f f M ddy)
S
Q0P Ju(y)IP
< {0+l + 19wl + f f - yl,fyz dxdy

+fff lax (Dl (x, ¢, A, HPd{dAdx
U Jy —00
1 %)

+ f f f Alar(D|z (x, w, A, 1) |2d/lda)dx}.
U JO0 n

(3.11)

(3.12)

(3.13)

(3.14)
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From Eqgs (3.11) and (3.14), we have
R'(f) > BR™ (1), (3.15)

where B(my, c) > 0.

Finally, integrating Eq (3.15) over (0, 7) gives

u 1
R#(1) 2 — T
R (O) - 8ml
So, R(#) blows up in time
S Sy
r<1"= BuRH1-m(0)’

This completes the proof.
4. Conclusions

In this study, we investigated a Hartree-type wave equation incorporating a distributed delay term
under fractional conditions. By establishing suitable assumptions and allowing for negative initial
energy, we proved that the corresponding solution blows up in finite time. The obtained results
highlight the strong destabilizing effect induced by the combined presence of nonlocal Hartree
interactions, distributed delay, and fractional damping mechanisms. These findings contribute to the
theoretical understanding of wave equations with memory effects and delayed interactions.

Compared with the classical Hartree wave equation without delay or fractional effects, our analysis
shows that the introduction of fractional delay terms can significantly accelerate instability and lead to
blow-up under weaker conditions. This demonstrates that memory and hereditary effects play a crucial
role in the qualitative behavior of nonlinear wave propagation models.

These results extend and complement several earlier works devoted to Hartree-type and related wave
equations. In particular, the present framework generalizes previous blow-up results by incorporating
both fractional-order operators and distributed delay effects within a unified setting.

Possible extensions of this work include the investigation of global existence and decay results
under different sign conditions on the initial energy or stronger damping assumptions. Moreover, by
employing alternative techniques such as semigroup theory, it may be possible to establish the existence
and uniqueness of global solutions in suitable energy spaces. Another interesting direction concerns
the inclusion of additional damping mechanisms or different delay kernels, which may lead to new
stability or decay phenomena. These topics will be addressed in future research.

Finally, numerical simulations illustrating the blow-up dynamics and the influence of fractional
delay parameters could further enhance the understanding of the theoretical results obtained in
this paper.
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