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Abstract: In this paper, we first study the complex center and complex isochronous center problems
for a complex quartic polynomial differential system. More precisely, by calculating and decomposing
the variety of the ideal generated by the singular point quantities (resp. complex period quantities), we
obtain the necessary conditions for the resonant elementary equilibrium (resp. complex center) of the
system to be a complex center (resp. a complex isochronous center). Using time-reversibility and the
Darboux integrable theory, we rigorously prove that these conditions are also sufficient. Furthermore,
when the coeflicients and the variables of the system are complex conjugates, we not only derive the
necessary and sufficient conditions for the center-type equilibrium to be both a center and an isochronous
center, but we also give the parametric conditions under which the center-type equilibrium of the system
becomes a weak focus of order 10. In this case, although the independence of the focal quantities is not
satisfied, we still prove that there exist parametric conditions under which 10 limit cycles can bifurcate
from this weak focus.

Keywords: quartic polynomial differential system; center; isochronous center; limit cycle;
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1. Introduction and the main results

Consider planar complex differential autonomous systems with a 1 : —1 resonant elementary
equilibrium at the origin O : (0, 0) as follows:
E=Z+§:Z:a 2w d—W:—w—iZb wo (1.1)
dr aff s dr af ’

k=2 a+p=k k=2 a+p=k
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where z, w, T, a,g, bos € C. The first problem that needs to be solved for such systems is to determine the
parametric conditions under which the resonant elementary equilibrium becomes a resonant center, also
called a complex center, which will be explained later. Following Dulac [1], the origin O of system (1.1)
is a complex center if and only if there exists an analytic first integral of the following form

Hizw)=2w+ Y . (1.2)

J+k>3

It follows that the complex center problem for System (1.1) is reduced to find parametric conditions
under which the system has a analytic first integral of the form (1.2). This problem goes back to Dulac [1],
who gave a complete classification when System (1.1) is a complex quadratic polynomial system. For
System (1.1) with n = 3, only the homogeneous case was completely solved by Sadovskii [2], and also
by Liu and Li [3] independently, but the general case remains open. However, there are fewer specific
polynomial families for System (1.1) with cubic polynomials being studied, as seen in [4-8] and the
references therein. For System (1.1) with quartic polynomials, it remains open for the homogeneous
case, with no mention of the general case, as seen in [9, 10] and the references therein.

The second problem that needs to be solved for System (1.1) is to determine the parameters conditions
under which the system can be reduced to the linear one & = £, 77 = —n by means of the formal change
of variables &€ = z + o(|(z, w)|), 7 = w + o(|(z, w)|); in this case the resonant elementary equilibrium is
called as a complex isochronous center, which will be explained later. For the complex isochronous
center problem of System (1.1), the quadratic and cubic homogeneous cases were completely solved by
Christopher and Rousseau [11]. The time-reversible and Lotka—Volterra complex cubic systems were
studied by Chen and Romanovski [12], and Giné and Romanovski [13], respectively. However, the
general complex cubic systems remain open. Moreover, limited work has been done on the complex
isochronous center in complex quartic systems, as seen in time-reversible and Lotka—Volterra complex
quartic homogeneous systems ( [14] and [15], respectively, and the references therein).

In short, the complete classification of the complex center and complex isochronous center for
complex quartic polynomial systems remains open. Therefore, the first main goal of this paper is to
discuss these two problems in the following complex quartic polynomial systems

dz .
ar =1 -id)z+ a3013 + a21z2w + alzzwz + a31z3w + a3ozzw2 + nzw’,

(1.3)
dw

I = —(1 +id)w — (b30w3 + by W22 + bowz’ + byw’z + byow?z® + nwz3),

where a;;, b;; € C, b;; = a;j, and 6,n € R. By calculating and decomposing the ideal generated by the
singular point quantities, denoted by 4, (equivalently, focal quantities, denoted by vy.1), we derive the
necessary conditions for the complex center of System (1.3) at the origin. Then, using time—reversibility
and the Darboux integrable theory, we prove that these conditions are also sufficient. The following
theorem, whose proof is given in Section 3, provides a complete classification for the complex center of
System (1.3) at the origin.

Theorem 1.1. Assume that 6 = 0. For System (1.3), the origin is a complex center if and only if one of
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the following seven conditions is satisfied

Ci: ay =by, a3 =b3 =az =bz =0,
Cy: ay=by, a3=b3x=0, app=>bpn, a3 =D>b3y, a3byn#+0,
Cy: ay = by, ax =by=a3 +ayby +bi, =0, apby =azbpn, aybyn#0,
Cs: azy = by, az =bzx=n=0, a12a§1 = b12b§1, az bz # 0,
Cs: ay = by, apn=bp, a3 =bsy, az=Dby, aby#0,
Cs: ay = by, anazy = bpby, axpas = bybsy, a3, +aby + b3, =0, axbs # 0,
C7: ax1 = by, apnaz = bbb, azasz; = bybsi, 2apaz; = b(an + bi),
2b1ab3y = azo(biz +az), n=0, azbsapbi #0.

Based on Theorem 1.1, the following theorem, whose proof is given in Section 4, gives the
classification for the complex isochronous center of System (1.3) at the origin.

Theorem 1.2. Assume that 6 = 0. The origin of System (1.3) is a complex isochronous center if and
only if one of the following five conditions holds

Iy: ay =by =ap=bn=ax=>by=a =by =n=0,

Iy : ayy=by =ap=byp=a3=byy=az —byy =b3yy +n=0,n+0,
I3:a21:b21:a12:b12:a30:b30:a31—(ai\/gai):b31—(a¢\/gai):n—ZaZO,ath,
Iy a=by=n=0, ap=bpn=a3 =bsy =-a3=-by#0,

Is:ay=by=n=0, ap=as=-by=-b+ V3bi, by=by =—-ay=-b— V3bi, b=20,
where a,b € R.

Note that when the coefficients and the variables of System (1.1) are complex conjugates, i.e.,
W=2Z, byg=asp a=20, 20, a+p2>2, (1.4)

and then by the change of variables

N Y
p= W oW = VOO (1.5)
2 2
the system is reduced to the following
d d
T = EX@). T =xt Y, (1.6)

where x,y € R, and X and Y are polynomials of a degree at least 2. In this case, we say that
System (1.6) is the concomitant real system of (1.1), and System (1.1) is the complexification of the
real System (1.6). Therefore, finding the parametric conditions of center (resp.isochronicity) of
System (1.6) is equivalent to finding the parametric conditions of resonant center (resp. linearizability)
of the complex System (1.1). Note that this is the reason we refer to the resonant
center (resp. linearizability) of the complex System (1.1) as the complex center (resp. the complex
isochronous center).
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Note that the origin O of System (1.6) is a center-type equilibrium. Therefore, the next step is
to distinguish between a center and a focus, which is an important task in the qualitative theory
of differential equations. According to the Poincaré—Lyapunov theorem [16, 17], the necessary and
sufficient condition for the origin O of System (1.6) to be a center is that one can find the first integral
of the following form .

Hx,y) = +y+ ) Py,

Jj+k=3

where the series converge in a neighborhood of the origin. Remark that the first integral H (x,y)
can be directly obtained from (1.2) using the change of variables (1.5). The center problem of (1.6)
is completely solved in quadratic polynomial systems [18], and in cubic homogeneous polynomial
systems [19]. However, the general real cubic polynomial remains open, and fewer specific polynomial
families for System (1.6) with cubic polynomials were studied, as seen in [4,5] and the references
therein. For real quartic polynomial systems, limited work has been done on the center problem for
such systems. For instance, the center problem for real quartic homogeneous polynomial systems was
completely solved by Fercec, Giné, Liu, and Romanovski in [10]. However, the center problem of the
general real quartic polynomial systems remains open.

A further question in the study of centers is isochronicity, which deals with the synchronicity of all
oscillations. By the definition in [20], a center is isochronous if all surrounding closed orbits near the
center have the same period. An earlier result on isochronous centers was given by Loud [21] in 1964,
who completely classified isochronous centers for the quadratic polynomial differential systems. Five
years later, Pleshkan [22] gave necessary and sufficient conditions for the cubic polynomial differential
systems with homogeneous nonlinearities having an isochronous center at the origin. Although the
1sochronous center problem of the general cubic polynomial systems remains open, some of specific
cubic polynomial systems were studied, as seen in [7, 12] and the references therein. In the case
when both X and Y are quartic polynomials, the problem was only solved in the homogeneous and
time-reversible cases (see [23] and [14] respectively), as well as in some specific cases (see [24,25]).
However, the general case is still far from being solved.

In summary, the complete classification of the center and isochronous center for real quartic
polynomial systems remains open. Thus, the main goal of this paper is to study these two problems for
the concomitant real system of (1.3) at the origin. More precisely, by setting w = Z and
bij = a;j = A;j+1iB;; (ij = 30,21,12,31) with A;;, B;; € R, and together with the change of
variables (1.5), System (1.3) can be transformed into its concomitant real system as follows:

dx
a =0x—y— (B + By + B30)?C3 + (A — Ay — 3A30)x2y

— (B1a + Bay — 3B30)xy” + (A1 — Ay + Azg)y” — (B3 + B3p)x*

— 2(A3; — )X’y — 2B3px’y* — 2(A3; — n)xy’ — (Bsp — B3)y?, 17
d )
d_)t) =X+ 06y + (A + Ay + A3)xX> + (B — By — 3B3)x’y

+ (A1 + Ay — 3A30)xy” + (Bia — By + B3)y® + (Asg + Az; + n)x*
— 2B3,X°y + 2A30x°y* = 2B31xy° + (A30 — Az — n)y*,

where 6,n € R. We can directly derive the center and isochronous center conditions, which are given
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in Corollaries 1 and 2, for System (1.7) at the origin by substituting b;; = a;; = A;; +iB;; (ij =
30,21, 12, 31) into the conditions of Theorems 1.1 and 1.2.

Finally, we study the limit cycles bifurcation for System (1.7) at the origin. As indicated in [26,
Theorem 1.3.4, p.16], the first non-vanishing focal quantity vy.,; of System (1.7)|s5-0 and the first
non-vanishing singular point quantity g, of System (1.3) at the origin satisfy the following relation

Vopet = dmpp, k=1,2,--- . (1.8)

It follows that we can determine the highest order for the center-type equilibrium of System (1.7)
at the origin to be a weak focus; then we discuss the maximum number of limit cycles that bifurcate
from the weak focus. The following theorem, whose proof is given in Section 5, presents the parametric
conditions under which 10 limit cycles can bifurcate from the weak focus.

Theorem 1.3. For System (1.7), there are ten small-amplitude limit cycles bifurcating from a weak
focus at the origin when the system parameters are perturbed as follows,

6 = —3.9270631957 x 10'%¢%,

B = —1.9696143106 + 141.2368933207€> + 38917.8125355654€",

Azy = —0.5462851325 — 509.2252922536¢€,

Ay = —3.6208506663 + 2.1431386629 x 10~ € + 4099.7455358899¢*
—888619.6356280381€° + 7.3232245633 x 107€®,

By = —1.1502243431 x 10'€'8,

A = —0.1092570265 — 101.8450584507€* + 5.8554736737 x 107€'°
+5.4582398737 x 10'%'?,

Bi» = 0.3939228621 — 28.2473786641€> — 7783.5625071131¢€*
—2.1111730955 x 10%€'® + 1.5138777560 x 10'%¢'?
+4.1714887184 x 10'2€' + 2.5264892267 x 10 €',

Az = —1.6388553976 — 1527.6758767607¢* — 7.3193420921 x 10%€¢'°
—6.7368775156 x 10" €'? + 8.0093378406 x 102,

Bs; = 5.9088429317 — 423.7106799620€> — 116753.4376066961€*
+2.6389663694 x 10%€'? + 2.2021375112 x 10" ¢!
—5.0088760458 x 103",

n=—-2.4792533315 + 1.0715693314 x 10™%¢* + 20498.7276794495¢*
—4.4430981781 x 10°€°,

where 0 < € < 1. Remark that the parameters are retained with a precision of 10 decimal places here
and in Section 5 for brevity, and that higher precision values are available from the authors.

The rest of this paper is arranged as follows. In Section 2, we introduce the algorithm to calculate the
singular point quantity, and the definition of the complex center and the complex isochronous center;
moreover, we present the relation of the complex center and the complex isochronous center for a
complex polynomial system, and the center and the isochronous center for its concomitant real system.
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In Section 3, we first summarize the expressions of the first twelve singular point quantities, and then
discuss the complex center problem for System (1.3) at the origin. Based on the center conditions given
in Section 3, we further investigate the complex isochronous center problem of System (1.3) at the origin
in Section 4. Finally, using the Relation (1.8), we derive the parametric conditions for the origin of
System (1.7) to be a weak focus of order 10, and then prove that there exist parametric conditions under
which 10 limit cycles bifurcate from this weak focus. Furthermore, we present a numerical example
of System (1.7), which has exactly ten limit cycles bifurcating from the weak focus at the origin. It
i1s worth mentioning that since the independence of focal quantities is not satisfied, the method used
here to prove the existence of 10 small-amplitude limit cycles is different from the one based on the
independence of focal quantities.

2. Focal quantity, singular point quantity, complex center, complex isochronous center

First, we introduce the relation between the focal quantity and the singular point quantity. From [27,
p.70], we know that by using normal transformations, the real normal form of System (1.6) is of the
following form:

it =—v=VR(r") = uG(r),  V=u+uR(r’)-vG(r),

where 2 = > + v, G(r?) = Y vapr?, and R(r?) = Z paur*. If there exists an integer N such that
k=1

Vak—1 = 0, vayy1 # 0 for k < N, then the origin of System (1 6) is referred to as a weak focus, voy 41 1s the
Nth focal quantity, and the number of N is called the order of this weak focus. In particular, the origin
of System (1.6) is a center if v,;,; vanish for any positive integer k.

Now, we turn to introduce the concept of the singular point quantity. For System (1.1), Amelbkin,
Lukashevich, and Sadovskii [28] proved the following result, which was also given in [26, Theorem 1.8.1,
p.40].

Lemma 2.1 ( [28]). For System (1.1), one can uniquely derive the following formal series
§:Z+ Z ijZij, n=w-+ Z dkjWij,
k+j=2 k+j=2

where ¢y j = di1x =0, k=1,2,---, such that

¢ 1+;p,<fn> = 1+;q,-<§n> .
Definition 2.2 ( [3,29]). Letuo = 0, ix = px — Gx» Tx = Px + qi» k = 1,2,---. ;. and 74 are called
the k-th singular point quantity and the k-th complex period constant of the origin of System (1.1),
respectively. Moreover, the origin of System (1.1) is referred to as a weak singular point of order N if
there exists an integer N such that y; =y, = -+ = upn_1 = 0, uy # 0.

The algorithms to calculate the singular point quantity u; and the complex period quantity 7, at the
origin of System (1.1) are provided in [29, Theorem B] and [29, Theorem 3.1], respectively. Moreover,
as indicated in [26, Theorem 1.3.4, p.16], the first non-zero focal quantity v,;,; of System (1.6) and the
first non-zero singular point quantity x; of System (1.1) at the origin satisfy the Relation (1.8).
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Lemma 2.3 ( [3,29]). The origin of System (1.1) (or System (1.6)) is a complex center (or a center) if
and only if u, = 0 for any positive integer k, and it is a complex isochronous center (or an isochronous
center) if and only if u;, = 7, = 0 for any positive integer k.

The following result gives the relation between the center and the isochronous center for System (1.6)
and the complex center and the complex isochronous center for System (1.1) with Eq (1.4).

Lemma 2.4 ( [3,29]). If the variables and the coefficients of System (1.1) satisfy Eq (1.4), then
System (1.6) has a center (resp. an isochronous center) at the origin if and only if its associated complex
System (1.1) has a complex center (resp. a complex isochronous center) at the origin.

3. Proof of Theorem 1.1

In this section, we provide a detailed proof of Theorem 1.1. First, we deduce the expressions of
the first twelve singular point quantities of System (1.3)|s- at the origin, which can be derived by
the recursive formulas of [29, Theorem B] via the computer algebraic systems. Then, we derive the
necessary and sufficient conditions for the first twelve singular point quantities vanishing. Finally,
we provide a complete classification for the origin of Systems (1.3) (resp. Eq (1.7)) to be a complex
center (resp. a center).

Lemma 3.1. Assume that 6 = 0. The first twelve singular point quantities of System (1.3) at the origin
are given as follows:

M1 =ay — by,
M2 = — aipazy + biabso.

Case 1 aszp = b30 =0,

4
w3 =0, M4 = §(a31b12 — apbsz)n.
Case 1.1 az) = b31 = 0,
Ms =He ="+ =pp=0.
Case 1.2 az31b31n # 0, aj, = pas;, by = pbsy,

1
s =— E(aSI — b31)(@5, + asibs; + b3,)p(25np — 12by)),

1
He :%(031 = b3)(@3, + azibsi + b3)p(25a31b1p* + 48D3)).

Let p = 0; then, we have the following

w7 =(az; — by))(az, + az bs + b3, )nby,
Hg = —5(az — bsl)(a§1 + az b3 + bil)nbzl,

1
Ho :Z(aal — b3))(d3, + az by + b3))n(5as by — 6n%),
H1o =H11 = 0,

67
Hi2 :%(031 = b3)(@3; + ayby + b3n’.
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Case 1.3 a31b51 #0,n =0,
us = (anas; — biab3, )by
Case 1.3.1 ap = I’lb%l, b12 = ha%l

Mo =+ =pip=0.
Case 1.3.2 ajpa3, — biabs, # 0, by =0,
1 2 2
He = §al2b12(a12a31 — bppby)) # 0.
Case 2 a3oby # 0, ain = gbso, b1z = gas,
M3 = —azoaz + byobs;.

Let az; = sbyy, by = sazy, then, we get the following
pa = (azo — b3o)(@3y + azobso + b3)(1 + g — 2gs).
Let 1 + g — 2gs = 0; then, we have the following
Hs = é](aw — byo)(a3 + asobso + big)n(l + 5¢)(1 — 5¢).
Case 2.1 (as) — bs) (a2, + asobso + b)) n £ 0. g = 1,

1
pe ===(azo — b3o)(a@3, + azobsp + b3g)n(—125 + 8n — 40by,),

25
M1 =3 6(1)00 (azo — b3o)(a3y + asobso + big)npro(n, azo, by),
Hg = — m(aw - b30)(a§0 + azobso + bio)nugo(n, aso, bso),
Ho =m(030 — byo)(a3 + azobso + b3g)npoo(n, az, by),
Hio = — 4354561000000 (aso — b30)(a§0 + aszobso + bgo)n/lloo(n, aso, bso),

where the expressions of pujy(k =7,8,9, 10) are given in Appendix.

Case 2.2 (613() - b30) (a%o + a30b30 + b%o) n # O, q= —é’

He = — %(6130 — byo)(a3 + asobso + b30)n(250 + n + 30by),

1= = 3000 (azo — b30) (@3 + asobso + big)nfzo(n, azo, by),

M8 =~ 225000 (azo0 — b30) (@3 + asobso + b3 )nfiso(n, azo, by),

Ho = — m(%o — byo) (a3 + asobso + big)ntoo(n, az, b),
Hio =— m(aw - b30)(a§0 + aszobso + bio)nﬁloo(n, aso, b3o),

3.1)

where the expressions of Ljo(k = 7,8,9, 10) are given in Appendix. Remark that every py, is deduced

frompu, =---=w_1=0,k=2,3,---,12.
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Next we discuss the center problem of System (1.3). From Lemma 3.1, we have the following result.

Lemma 3.2. For System (1.3)|s5-0, the first twelve singular point quantities at the origin vanish if and
only if one of conditions C(i = 1,2,---,7) is satisfied, where C; is given in Theorem 1.1.

Proof. The sufficiency of the lemma can be directly obtained from Lemma 3.1, therefore, it suffices
to prove the necessity of the lemma. For the case of Case 1.1 in Lemma 3.1, we derive condition C,
when y; = up = --- = uy, = 01is satisfied. For the case of Case 1.2 in Lemma 3.1, we can obtain either
condition C», or condition C3 when p; = up = --- = ujp = 0 is satisfied. Otherwise, one can conclude
that the origin of System (1.3) is a weak singular point of an order at most 12. For the case of Case 1.3
in Lemma 3.1, we can obtain condition C4 when u; = u, = --- = ujp = 0 is satisfied. Otherwise, the
origin of System (1.3) is a weak singular point of order at most 6.

For the case of Case 2 in Lemma 3.1, we can obtain either condition Cs, condition Cg, or condition
C; when u; = up = -+ = uyp = 0 is satisfied. Otherwise, we claim that the origin of System (1.3) is
a weak singular point of an order at most 10 when Cases 2.1 and 2.2 are satisfied. For our purpose,
we only need to prove that polynomials 79, tgo, foo, and piop (resp. tro, o, Moo, and tgo) do have
common zeros for the case of Case?2.1 (resp. Case2.2). Remark that b3y = azg, azo = Az + Bioi
and b3y = Azg — B3pi. Applying the command of “GroebnerBasis[{t70, 30, 490, H100}, {A30, B3o, 1}]” in
MarHemATICA yields the following

GroebnerBasis({x70, (g0, 190, 100}, {A30, B3o, n}] = {1}.

It follows from [30, Theorem 1.3.10], which described that a given polynomial system

p1(x1, %2, -+, x,) = pa(xy, X0, -+, Xx,) = -+ = ps(x1, X2, -+, X,) = 0 does not have a solution in C if
and only if the reduced Grobner basis for < py,ps,---,ps > with respect to any term order
[x1, X2, -+, x,] equals 1, that polynomials u;o(j = 7, 8,9, 10) do not have common zeros. Similarly, we

can also demonstrate that polynomials y;0(j = 7,8, 9, 10) do not have common zeros. Therefore, the
claim is completely proven, and the necessity of the lemma is completed.
In summary, we complete the proof of Lemma 3.2.

Proof of Theorem 1.1. For the necessity of Theorem 1.1, it is directly derived from Lemma 3.2. Next
we give a proof for the sufficiency of Theorem 1.1. If condition C; holds, then using the Darboux

integrable theory [31,32], we can construct an integrating factor of the form — because in this case

System (1.3) has two invariant curves, z = 0 and w = 0. It follows that thez<v)vrigin of System (1.3)
is a complex center. Similarly, we can prove that under condition C7, the origin of System (1.3) is a
complex center. Combined with the Case 2 of Lemma 3.1, it follows that Condition C7 is equivalent to
the following conditions:

1+ 1+
axi = by, an =qby, bin=gqayn, a3 = 2qu3o, by = 2qqa3o, azobyq #0, n=0.
(3.2)
Under Condition 3.2, System (1.3) has an integrating factor of the following form:
Zzﬁ, for g+1=0,
49-5
(i + 12+ gty e+ 2w gL for g 20
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Before proving the sufficiency of condition C,, we first present the necessary and sufficient conditions
for the time reversibility of the following complex quartic polynomial differential systems,

dz
2 2 4 2.2
a =7+ a30z3 + an 7w+ apiw” + asn + Cl31Z3W + apiw+ 6113ZW3,
dw 3.3)
E = -w - (b30W3 + bz]WZZ + b12WZ2 + b40W4 + b31WSZ + b22W2Z2 + b13WZ3) .

Using the algorithm provided in page 7 of [33], we obtain that System (3.3) is time reversible if and
only if the Sibirsky ideal /g of System (3.3) vanishes, where

Is :=(a — ba1, a12a30 — bi2bso, di3by, — diabis, atzasobt, — aiybisbsg, ajzazebia — anbizhs,
afgaio - b%bio, ananbiz — aizbiaba, arbizbyy — aizazpbas, 61136122%2 - 6%2513[?22,
a13a0a30b12 — 12b13bybg, a3ands, — bisbnb3y, ds,biy — abs,, as,az — bi,b,
aizbls - alsbiz, 0%26131[913 - 611319%21931, a2a31b13b30 — ayzazobi2bsy, a31b13[9§o - 6113a§ob31,
a3az b1y — apbi3bsy, azazoasy — bi3biobsi, apazi1by — axpbiabsy, azibybyy — axazobsi,
611361315%2 - a§2b13b31, anpaz; — bybsy, a12a§1 - blzbgp a§1b30 - 03019%1, 61130%11922 - azzbl3b§1,
a13a§1 - b13b§1>.

Since System (1.3) is a subfamily of System (3.3), we can deduce that the Sibirsky ideal I§1.3) of
System (1.3) is of the following form

157 = (i foo fos fos fo foo 1),
where
JSi = ax — by, fo=n*(b), —aiy), fs =nlajyas — bi,bay),
fa=nlazibp —anbs), fs =n(a, —b3), fo =ana;, —bibj,, fr =az, — b3
Now, we are in a position to prove the sufficiency of condition C,. When condition C, is satisfied,
one can check that I§1‘3 ) vanishes. Similarly, we can verify that I§1‘3 ) also vanishes when conditions C;,

i =3,4,5,6 are satisfied. Thus, System (1.3) is time reversible when conditions C;, i = 2, 3,4, 5, 6 hold.
In short, the sufficiency of Theorem 1.1 is proven. Therefore, we complete the proof of the theorem.

At the end of this section, we provide the center conditions for System (1.7) at the origin.

Corollary 1. For 6 = 0, the origin of System (1.7) is a center if and only if one of the following seven
conditions holds
Ci1: By =A3 = By = A31 = B3 =0,
Ca: A3 = B3p = By = B2 = B3;1 =0, A3in # 0,
Cs: Aso = By = By =343, — B}, = AnB3) — A3 B, = 0, n(A3, + B)) #0,
Cy: Asg =By =By =n=0, A} B + 2A12A3By; — BiuB3, = 0, A3, + B3, #0,
Cs: By =Bia=B3 = B3 =0, A3 # 0,
Cs: By =0, A3Biy + A1pBsg = A3 By + A3By = 343, — B3, = 0, A}, + B3, %0,
C7: By =0, A3oBia + A1aByo = A31B3o + A30B3 =n =0,
2A10A31 — A3o(Arn + Asg) + By — Bio(Bg + 2B3)) = 0,
Az0(Biy — 2B3g) — 243 B1y — A1p(B3o + 2B31) = 0, (A3, + B3))(AT, + BT,) # 0.
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4. Proof of Theorem 1.2

Having determined the origin of System (1.3) to be a complex center, in this section, we focus on
finding the parametric conditions under which this center can be a complex isochronous center when the
condition C; (i = 1,2,---,7) is satisfied. The key to finding the parametric conditions for the origin of
System (1.3) is to deduce the expressions of the complex period quantity (equivalently, period quantity),
and to decompose the variety of the ideal composed of these complex period quantities.

Proof of Theorem 1.2. First, we prove the necessity of the theorem. When condition C; in Theorem 1.1
holds, by using the recursive formulas of [29, Theorem 3.1], we can derive the first three complex period
quantities for System (1.3) as follows

T = 2b2], Ty = —26112[?12, T3 = —2112.

Taking by, = ay; into account, we have by; = a; = by, = n = 0bysetting 7, =17, =73 = 0.
Furthermore, in this case, we have 7; = 0 fori = 4,5,---,9. It follows that if condition 7 in
Theorem 1.2 holds, then the origin of System (1.3) is a weak center of an order at least 10.

When condition C, holds, combining with the Case 1.2 of Lemma (3.1) shows that condition C; is
equivalent to the following condition:

ay = by, az =b3 =0, ap=pay, bp=pby, a3 =bz, azybyn#0.
Therefore, the first three complex period quantities for System (1.3) are as follows
71 =2by, Ty =-2b3p%, T3 =2b3 —n)(bs +n).

It follows from 71 = 7, = 73 = O that either (i) by = p = b3; —n=0o0r (ii) byy = p=b3; +n=0.
For the case of (i), we obtain that 7, = --- = 73 = 0, 79 = —8n® # 0 because bs;n # 0 in condition C,.
It means that the origin of System (1.3) cannot be a complex isochronous center. For the case of (ii),
we obtain that 7; = 0 fori = 4,5,---,9. Hence, we also conclude that the origin of System (1.3) is a
weak center of an order at least 10. Similarly, we can also deduce that condition 75 in Theorem 1.2 is a
candidate complex isochronous center condition under condition Cs.

When condition Cjy is satisfied, we claim that the origin of System (1.3) cannot be a complex
isochronous center. Under condition Cy, let a;p = hb%l, by = hagl, and the first three complex period
quantities for system (1.3) are as follows

— _ 2 12 12 _
T = 2b21, Ty = —20311931]1 . T3 = 261311?31.

Taking a3 b3, # 0 in condition C,4 into account, we obtain that 73 # 0. Therefore, the claim is proven.
Similarly, we can conclude that the origin of System (1.3) can not be a complex isochronous center
when condition C holds.

When condition Cs holds, combining with the Case 2 of Lemma (3.1) yields that condition Cs is
equivalent to the following condition

ax =by, ap= 611730, by = qaszp, dsp = sbyy, b3 = saz, az =bsy, azbs #0.
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Furthermore, the first two complex period quantities for system (1.3) are as follows
71 =2by, Ty = —2b3q(1 + q).

Together with b3 # 0, we have either (i) by = g =0or (ii) b,y =g+ 1 =0when 7t =7, =0.
For the case of (i), we calculate the following three complex period quantities, yielding the following

2
73 = 2(=2b3, — n* — b3ys + b3ys%), T4 = §1950(31930 + 8n — 12b395),

1
Ts = _ﬁbgo(—l%bgo + Thson — 42n* — 66b3s — 48b3gns + 90b3s%).

1
Taking 74, = 0, we obtain that n = §(12b30s — 3b3p). Using this condition to simplify 73 and 75,

we have
1
_ 2 _
T3 = — 530730, T5 =

32

1
- 3@ bg‘oTso 5
where

T30 := 137 — 85 + 8052, Tsg 1= —6545 + 3125 — 24485°.

Let 730 = O; then, s = %(1 + 6 V19i). Substituting these values into sy yields 75, # 0, which
indicates that 73 and 75y do not have common zeros. It follows that 73 and 75 do not have common
zeros, which implies that the origin of System (1.3) cannot be a complex isochronous center in this case.

For the case of (ii), we calculate the following two complex period quantities, yielding the following

T3 = =22b3, + 1 + b3ys — b3ys?), T4 = —4b3,(3b3g + 4n + 3b3s).

Since b3y # 0 in condition Cs, we have n = —%b3o(1 + 5) by solving 74 = 0 for n. Using this condition
to simplify 73, we get

1
73 = gb§0(1 +5)(41 = 7s).

It follows from 73 = 0 and together with b3y # O that either 1 + s = 0, or 41 — 75 = 0. Furthermore,
we have 7; = O fori = 5,6,---,9 when 1 + s = 0 holds, and 75 = —522b%) # 0 when 41 —= 75 = 0
holds. Therefore, condition 7, in Theorem 1.2 is also a candidate necessary condition for the origin
of System (1.3) to be a complex isochronous center. Similarly, we also conclude that condition /5 in
Theorem 1.2 is a candidate complex isochronous center condition under condition Cs.

In summary, conditions 7, i = 1,2,--- ,5 in Theorem 1.2 are the candidate complex isochronous
center conditions for System (1.3).

It what follows, we turn to prove the sufficiency of Theorem 1.2.

When condition J; holds, System (1.3) is reduced to the linear one z = z, w = —w. It follows that the
origin of System (1.3) is a complex isochronous center.

When conditions 7, and 775 are satisfied, System (1.3) becomes:

d d
é = z(1 — nZ?w + nw?), % = —w(l — nw’z + nz’), 4.1
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and

(;1—; = Z(l + (1 + l\/g) az?w + 2aw3) , g—;ﬁ = —w(l + (1 Tri\/g)awzz + 2az3) , 4.2)

respectively. We can check that Systems (4.1) and (4.2) are both subfamilies of the following system,

dz b% 2 3 dw b% 3 2
— =zll+—= - , — =-w|l+—=z2-b ,
a7 Z( PR ar ~ U\ Tt T
which is linearizable as indicated in [14, p.1531]. Thus, under conditions 7, and 73, the origin of
System (1.3) is a complex isochronous center.
When condition 74 holds, System (1.3) becomes:

d

== 4 bad — bsgaw? — by w + by,

gf} (4.3)
T (b30w3 — byywz> — byow’z + b30W222> -

Using the change of variables (1.5) and x = rcos 6,y = rsin 6, System (4.3) is written as:

‘;—: = 2bsor (sin 6 — sin 26), % =1
It follows that the origin is a complex isochronous center for System (4.3), because the origin of
System (4.3) is a center under condition 7,4, which is a subfamily of center condition Cs.
Similar to the proof of the sufficiency of condition 7,4, we can obtain that the origin is a complex
isochronous center for System (1.3) under condition 7.
Thus, the proof of the sufficiency of the theorem is completed, and thus we complete the proof of
Theorem 1.2.

Finally, we provide the isochronous center conditions for System (1.7).

Corollary 2. For 6 = 0, the origin of System (1.7) is an isochronous center if and only if one of the
following five conditions holds,

Il: A30:A21:A12:A31:B30:BZIZBIZZB31:71:0,

Iy: A=Ay =An=B3y=By =B, =B31 =A31+n=0,n#0,

T3: Axg=A;p=Ay =By =By = B, =3A3, - B3, =243, -n=0,n#0,

I4: A21:B30:3212312:B31:n:A12+A3O:A31+ASO:0’A3O¢O’

TIs: Ay =By =n=Ap+Asg= Az + Ay = Biy + By = By + By = 343, — B3, = 0,A3 # 0.

5. Proof of Theorem 1.3

In the proof of Lemma 3.2, we know that in the case of Case 2, the maximal order for the origin
of System (1.3) to be a weak singular point is at most 10. It follows that the maximal order for the
origin of System (1.7) to be a weak focus is at most 10, which means that the maximal number of limit
cycles that bifurcate from the weak focus is at most 10. Therefore, in this section, under the case of
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Case 2, we first derive the parametric conditions under which the origin of System (1.3) becomes a
weak singular point of order 10. Correspondingly, the origin of System (1.7) is a weak focus of order 10.
Then, although the independence of the focus quantities are not satisfied, we will still prove that exactly
10 limit cycles bifurcate from the weak focus of order 10.

Lemma 5.1. The origin of System (1.3) is a tenth-order weak singular point if and only if 6 = 0 and
one of the following two families of conditions is satisfied,

8n — 125 1 1
F'an =by = HT ap = §b30, by, = 5430, azi = 3bs, b3 = 3axo, n+0,
H70(n, aso, bzo) = psgo(n, azo, bag) = poo(n, azp, bzg) =0, azg — bz # 0, a%o + azobs + b§0 # 0,
n+ 250 1 1

7t ax =by =— ap = —§b30, by, = ~3%0, @31 = —2b3y, b3 = —2az, n#0,

30
/770(’1,030, b3y) = ,1780(”, azo, by) = ﬁ9o(”, aso, b3) =0, az — bz #0, a%o + azobs + bio # 0,

where the expressions of jo and (1jo, j = 7,8,9, 10, are given in the Appendix. Correspondingly, when
the variables of System (1.3) are complex conjugates, i.e., w = Z, the origin of System (1.7) is a weak
focus of order 10 if and only if 6 = 0 and one of the conditions ¥\ and F," holds.

Proof. From the proof of Lemma 3.2, we can conclude that conditions ¥, and ¥," are the necessary
and sufficient conditions for the origin of System (1.3), which is a weak singular point of an order at
most 10. In what follows, we claim that this maximal number can be realized. More precisely, one
needs to prove that there exist parametric conditions such that gy = pyp = -+ = ug = pg = 0, and 19 # 0.
As indicated in the proof of Lemma 3.2, the above claim holds for complex domains. In the following,
we will show that the above claim also holds for real domains. To achieve this, we first prove that
70 = Mgy = Moo = 0 and w79 = Hgo = Hoo = 0 have common zeros in real domains. We only present
the detailed proof for 790 = pgo = 9o = 0 vanishing in real domains, and in a similar way, we can
conclude that p179 = 130 = Hoo = 0 vanishing in real domains. Since b;; = a;;, we let asy = A3y + B3l
and b3y = Azg — B3pi. Then, applying the command

NSolve[{u70 == 0, ugo == 0, ugg == 0}, {A3p, B39, n}, 50]

in MATHEMATICA, We get six families of real solutions for Ajz, B3y, and n, one of which for these real
solutions with 50 digits precision is given as follows,

n* = -2.4792533314854845208097125591059376607101481562540,
Az = —0.5462851325293733554214855016826233370635213965266, 5.1
Bsy" = —1.9696143105786187333150807889138760477461373761488.

For the other coefficients of System (1.3), based on the case of Case 2.1, we can solve y; = y, =
-+ = e = 0 for ayy, ap, b1z, asz, bsi, s, ¢, and by, and their relations of which are expressed in
conditions ¥,". Therefore, we can conclude that there exists parametric values of the parameters of
System (1.3) that satisfies y; = 0(i = 1,2,---,9) and u;o # 0; then, the origin is a tenth-order weak
singular point if condition #," holds. Similarly, the conclusion also holds for condition F,".

Thus, the proof of Lemma 5.1 is completed.
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After proving the reachability of the tenth-order weak focus, we proceed to demonstrate that there
exist parametric conditions under which ten limit cycles can bifurcate from this weak focus.

Proof of Theorem 1.3. To demonstrate that ten limit cycles bifurcate from the origin of System (1.7),
we only need to find the perturbed parameter values of System (1.7) from condition ¥" because the
case of condition #," is similar. As noted in [34], to achieve this goal, we further need to determine
the maximum number of independent sign changes in the displacement function near this weak focus,
which can be obtained by verifying the independence of the focus quantities. More precisely, we
need to verify that under conditions ¥, and ¥,", the Jacobian determinant Jo of v, v3, Vs« ,Vi9
with respect to parameters 0, A3y, B3, A2, B12, A21, B, Az, B3y, and n is different from zero, where
Vi = € vy = imuy, and py is given in Lemma 3.1. However, straightforward calculations show that
Jo = 0 when the conditions ¥ " and F," are satisfied. Therefore, the focus quantities vy, v3, - -+, vi9 are
dependent since J, vanishes under the conditions #* and #,". Namely, the independence condition
is not satisfied. Motivated by the idea of [35], we apply a more systematic method to determine the
maximum number of independent sign changes in the displacement function near this weak focus. First,
we assume that the first ten focal quantities of System (1.7) at the origin are perturbed as follows

vi(2m,€,8) = e = 1+ c,me® + 0(6°), v3(27, €,6) = come'® + o(e'®),

vs(27, €,6) = c3me'® + o(e'®), v, (27, €,6) = cane' + o(e"),
vo(2m, €,0) = csme'? + o(e'?), 127, €,8) = ceme'® + o(e'?),
vi3(27, €,68) = cimed + o(€d), V1527, €, ) = cgme® + o(€%), (5-2)
vi7(27, €,8) = come® + o(€*), Vvio(2, €,8) = ciome* + o(€2),
V2127, €,6) = vaile=o + o(1) = jo + o(1),
where 0 < € < 1 and ¢;(i = 1,2,---,10) are real numbers such that 0 < |vy_1] < |v241| and

Vai-ivair1 < 0. It follows that we have the following displacement function:

d(eh) = r(2m, eh) — €h
(127, €,6) — 1) €h + v, (27, €,0)(€h)* + v3(2m, €,0)(€h)® + - - + vy (27, €, 6)(eh)? + -+ (5.3)
€ hig(h) + €hG(h, )],

where G(h, €) is analytic at (0, 0). Taking the fact that vy, € (v{,v3,- -, vy_1) into account, we have
the following:

1
g(h) =c| + ol + c3h* + cah® + ¢sh® + cgh'® + c7h'? + cgh'™ + coh'® + ¢1oh'® + — joh™. 5.4
by

For the existence of ten limit cycles, the equation g(k) = 0 in Eq (5.4) should have ten positive zeros
of h. Without a loss of generality, we assume that

gh) = }Tjo(h2 = D) = 2)(* = 3)(W* = 4)(h* = 5)(h* = 6)(h* = T)(h* = 8)(h* — 9)(h* — 10).
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Then, taking Eq (5.4) into account, we obtain that

3628800 jy —10628640 j, 12753576 j —-8409500 j,
a=—""—"—" O=F"7T"T"T", Gg="——", =—"T-—",
T b T b
3416930, -902055 jj 157773 j —18150
CGs=—"T—", C6=—T—", =, g = —0),
T b b8 b
13207, ~55J,
Co = , Cio = .
b8 b8

From Egs (3.1), (5.1), and (1.8), we get jo = —67996.2129945366, and the focal quantities vy, in
Eq (5.2) become

v — 1 =K, e&o + 0(6&0), V3 :Kzeg + 0(68), Vs :K3eg + o(eg), V7 :K4eg + o(eg),

12) :K5eg + 0(68), Vi1 :K6eg + 0(63), Vi3 :K7eé' + 0(63), Vis :ngg + 0(63), (5.5
vi7 =Ko€; + 0(6),  vio =Ki060 + 0(€), va1 =Ki1 +o(l), & =€,
where
K, = —2.4674465771 x 10", K, = 7.2270726928 x 10", K; = —8.6719487014 x 10",

K, =5.7181415317 x 10", K5 = —2.3233830007 x 10", K¢ = 6.1336323913 x 10'°,
K; = —1.0727966513 x 10'°, Ky = 1.2341312659 x 10°, Ko = —8.9755001153 x 107,
Ky = 3.7397917147 x 10°, K, = —67996.2129945366.

Next, we present how to determine the perturbations on the parameter values of System (1.7) step by
step. From Case 2.1 of Lemma 3.1, we can linearly solve vi—1 = ¢?®—1 = 0 and y;, = 0(k = 2,3,4,5,6)
for 0, byy, az, b12, as1, b3y, 8, q, and ay;. Correspondingly, we can find proper perturbations on ¢ for vy,
By, for vs, A, and By, for vs, A3y and Bs; for v;, and A, for vi3 in Eq (5.5) using the Relation (1.8) and
bij = a;; = A;j +1B;; (ij = 30,21, 12,31). Thus, we first determine the perturbed parameters n, A3, and
B3 from the equations vs = vi7 = vi9 = 0, where vy = iy, k =7, 8,9, and s are given in Case 2.1
of Lemma 3.1. Without a loss of generality, we assume that

Az = A" + ki€ + ki€ + kg,
B3y = By + ko1& + knp€g + knzeg, (5.6)
n=n"+ksyeg + k32e§ + k33€8,
where n*, A3y*, and Bjo", which are critical values such that vis = v{7; = vi9 = 0 are given in Eq (5.1).

Then, we substitute Eq (5.6) into v;s, vi7, and v;9, and obtain that by expanding them in the Taylor series
up to the eg—order as follows:

2 2 2 3 3
Vig = ey +ep1€ +0(&), Vi7 = eyt eye t+ene +o(g), Vis = e3 +e36 teng +eng +o(g),

where ¢;; are functions of n, A3y, and B3, as well as functions of k;;,7, j = 1,2,3. From Eq (5.5), we
equate the coeflicients of corresponding powers of €, yielding the following:
e10(n, Azo, B3o) = ex0(n, Azo, Bso) = e21(n, Az, Bo) = 0,
e30(n, Az, B3o) = e31(n, Aso, B3o) = e32(n, Azo, Byo) = 0,
e11(n, Asy, Byy) = Ky9 = 3.7397917147 x 10°, (5.7)
ex(n, As, Byy) = Ko = =8.9755001153 x 107,
ex3(n, As, Byo) = Ks = 1.2341312659 x 10°.
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Then, substituting Eq (5.6) into Eq (5.7), and then solving them for k;;, we have

kip = ki3 =ky =0, ki = —509.2252922536, ky1 =141.2368933207,
kyy = 38917.8125355654, ki =1.0715693315 x 107,
ks, = 20498.7276794495, ki3 = — 4.4430981781 x 10°.

Therefore, the perturbed values for parameters n, A3y, and B;, are derived from Eq (5.6) as follows

n =—2.4792533315 + 1.0715693314 x 10~%¢,
+20498.7276794495¢; — 4.4430981781 x 10%¢;,
Az = — 0.5462851325 — 509.2252922536¢,
B3y = — 1.9696143106 + 141.2368933207¢, + 38917.8125355654¢;.

(5.8)

Now, we turn to determine the perturbed value for parameter A,; from vi3 = iug and b;; = a;; =
A +iB;; (ij = 30,21,12,31), where yg is given in Eq (3.1). Then, we solve v;3 = 0 for the critical
value, denoted by A,;”, of parameter A,; as follows

A" = =3.6208506663.
Therefore, we assume that
Ay = Agl* + k416() + k426g + k43€3 + k446§. (59)
By substituting Eq (5.9) into v;3 and expanding it in the Taylor series up to the eg -order, we have

— 2 3 4 4
Vi3 = €40 + €41€) + €42€) + €43€; + €44€; + 0(60),

where ¢;; are functions of A,;, as well as functions of k4, j = 1,2,3,4. From Eq (5.5), we equate the
coeflicients of corresponding powers of €, yielding

e =€y =epm=ex3=0, ey=K;=-1.0727966513 x 1010.
Substituting Eq (5.9) into the above equations, and then solving for k4, we have
kat = kip = ka3 =0,  kag = 7.3232245633 x 10.

Thus, A,; can be written as

Ay = - 3.6208506663 + 2.1431386629 x 10~ + 4099.7455358899¢;

X Y (5.10)
— 888619.6356280381€) + 7.3232245633 x 107¢].

Similarly, we can determine the perturbed values for the remaining coefficients of System (1.7)
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as follows,

6 = —3.9270631957 x 10"%¢,°, By = —1.1502243431 x 10''¢,,

By, =0.3939228621 — 28.247378664 1€, — 7783.5625071131¢;
—2.1111730955 x 10%¢) + 1.5138777560 x 10"€’
+4.1714887184 x 1012 1 +2.5264892267 x 10“60,

Ajp = - 0.1092570265 - 101. 845058450760
+5.8554736737 x 107 €] + 5.4582398737 x 10'°€f, (5.11)

B3, =5.9088429317 — 423. 710679962060 — 116753.437606696 1 €;
+2.6389663694 x 10°¢) +2.2021375112 x 10" €®
— 5.0088760458 x 10‘360,

Az = — 1.6388553976 — 1527.6758767607¢, — 7.3193420921 x 10%¢)
— 6.7368775156 x 10" €% + 8.0093378406 x 10'*¢]

By using the Relation (1.8), and the perturbed values of Parameters (5.8), (5.10), and (5.11), we can
derive the perturbed focal quantities of System (1.7) at the origin as follows:

v — 1 = =2.4674465771 x 10" ¢," + o(g,"),
vy = 7.2270726928 x 10" ) + o(g)), vs = —8.6719487014 x 10" €; + o(ey),
v = 5.7181415317 x 10" ¢} + o(€), vg = —2.3233830007 x 10" €5 + o(€y),
v = 6.1336323913 x 10"¢) + o(g)),  vi3 = —1.0727966513 x 10'0¢; + o(ey),
vis = 1.2341312659 x 10°¢) + o(€)), vi7 = =8.9755001153 x 107€; + o(€}),
Vig = 3.7397917147 x 1o6e0 + 0(&), Vo1 = —67996.2129945366 + o(1).

(5.12)

It follows that the maximum number of independent sign changes in the displacement function near
this weak focus is ten. Therefore, the positive zeros of the displacement function d(eh) in Eq (5.3)
are sufficiently close to \/%, k=1,2,---,10. Then, we can conclude that System (1.7) has ten small-
amplitude limit cycles near the circles x> + y* = ke?. Thus, we complete the proof of Theorem 1.3.

Finally, in accordance with Theorem 1.3, we present a numerical example of System (1.7) that has
exactly ten limit cycles bifurcating from the 10th-order weak focus. Let € = = = (e, &= SoOG0000T5)-
Then, the perturbed Values of parameters for 9, A3, B3g, A12, B12, Az1, Ba1, Az, B3y, and n can be derived
by substituting € = into their expressions in Theorem 1.3; we omit them here for simplicity. By

20000 V5

substituting g = into Eq (5.12), we obtain the perturbed focal quantities as follows:

1
2000000000

vi — 1 = =2.4674465771 x 107%2,
v3 = 1.4115376353 x 1077%,  vs = —3.3874799614 x 107,
v; = 44672980716 x 107>*, vy = —3.6302859385 x 107,
vip = 1.9167601222 x 107¢,  v;3 = —6.70497907 x 10728,
vis = 1.54266408 x 107", vi7 = —2.2438750288 x 107!,
V1o = 0.0018698958573, Va1 = —67996.2129945366,
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for which Eq (5.3) has ten positive zeros as follows:

hy = 0.000022361, h, = 0.000031623, hs ~ 0.000038730, hys =~ 0.000044723, hs =~ 0.000049985,
he = 0.000054863, h; ~ 0.000058917, hg = 0.000063642, hy =~ 0.000066767, h;o = 0.000070796,

as expected.
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