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Abstract: In this paper, a higher order nonsymmetric interior penalty Galerkin (NIPG) method on a
Bakhvalov mesh is developed for a weakly coupled system of singularly perturbed reaction-diffusion
equations. At first, by selecting special penalty parameters at different mesh points, the supercloseness
of the k+ % order of our proposed method is derived, where k is the degree of polynomials space. Then,
an optimal order of uniform convergence analysis in a balanced norm is performed. Finally, some
numerical experiments are given to support our theoretical findings.
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1. Introduction

In this paper, we develop a nonsymmetric interior penalty Galerkin (NIPG) method for the following
weakly coupled system of singularly perturbed reaction-diffusion equations

2, N
Lii = —32% + Al
X

=f xeQ=(01),
i#0)=0, (1) =0,

(1.1)

where 0 < & < 1 is a perturbation parameter, i := (u;(x), ur(x))7, f = (fi(x), fz(x))T, and

X:( ay(x), ap(x) )

a1 (x), an(x)

Assume that a;;(x),fi(x), i, j = 1,2 are sufficiently smooth functions and there exists a constant 5


https://https://www.aimspress.com/journal/nhm
https://dx.doi.org/10.3934/nhm.2025053

1231

such that

a1 (x) > lap()|, an(x) > lay(x)|, aip(x) <0, a(x) <0, YxeQ, (1.2)

melgle {an(x) + apn(x), ax (x) + an(x)} > g > 0. (1.3)

Singularly perturbed problems are characterized by the presence of a small parameter 0 < £ < 1
which multiplies the highest-order derivative in the differential equation. This leads to the formation
of thin boundary layers near the domain boundaries where the solution rapidly changes. Outside these
layers, the solution typically varies smoothly. The multi-scale nature of these problems poses
significant challenges for numerical approximation, as standard methods on uniform meshes often fail
to capture the sharp transitions in boundary layers, unless an impractically large number of mesh
points is used.

The study of singularly perturbed problems is motivated by their widespread occurrence in applied
sciences and engineering, including the following examples: Convection-dominated flows in fluid
dynamics, where € represents the inverse of the Reynolds number; semiconductor device modeling,
where the small parameter arises from the Debye length; chemical reaction-diffusion systems with
fast and slow reaction rates; and problems in elasticity and plasticity with small hardening parameters.
Therefore, it is important to develop robust numerical methods for such problems.

When standard numerical methods (such as finite differences or finite elements on uniform
meshes) are applied to singularly perturbed problems, they often produce non-physical oscillations
that pollute the numerical solution throughout the domain. This phenomenon occurs when the mesh is
not fine enough to resolve the boundary layers. To obtain reliable results, the mesh size 4 must satisfy
h < &, which becomes computationally prohibitive for very small . This limitation necessitates the
development of specialized numerical techniques that can accurately capture the multi-scale behavior
of the solution without requiring excessive computational resources.

Layer-adapted meshes, such as the Bakhvalov and Shishkin meshes used in this work, provide an
effective solution to this challenge. These meshes are specially designed to be fine within boundary
layers and coarse in the smooth regions of the solution. This nonuniform refinement allows for an
accurate resolution of the sharp transitions in boundary layers while maintaining the computational
efficiency. The Bakhvalov-type mesh employed in this paper is particularly advantageous as it
typically leads to optimal convergence rates without the logarithmic factors that appear in Shishkin
mesh analyses.

The numerical solutions of various systems of singularly perturbed differential equations have been
considered by several authors in the recent research literature; see [3,4] for surveys of these results. In
particular, finite element methods were used to solve systems of reaction-diffusion equations in [4-7];
however, the analyses were carried out in the standard-weighted energy norm associated with Eq (1.1),
which is too weak to recognize the features of the layers. In recent years, researchers have addressed
this issue by introducing balanced norms that can better capture each layer of components. To the
best of our knowledge, most of the current studies on the balanced norm are limited to the scalar
reaction-diffusion equations on Shishkin meshes, such as [8—13]. At the same time, Liu et al. [14-16]
analyzed the supercloseness properties of the scalar reaction-diffusion equations on the balanced norm.
However, for the systems of reaction-diffusion problems, there is only [17], which proved that the
classical finite element method (FEM) using quadratic C! splines is an order of O(N~'InN) in the
balanced norm.
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As is stated in [18], the standard Galerkin method may be unstable even on the layer adapted
mesh. It is very necessary to study more stabilization FEMs on layer-adapted meshes for singularly
perturbed problems. To the best of our knowledge, the nonsymmetric interior penalty Galerkin (NIPG)
method, which was proposed in [19], is a stabilization FEM. It employs penalty parameters to solve the
discontinuity of finite element functions across the element interface, and allows the construction of
high-order schemes in a natural way to approximate the exact solution. Recently, in [20], the authors
developed a nonsymmetric interior penalty Galerkin (NIPG) method to solve a singularly perturbed
convection-diffusion equation with two small parameters and proved the supercloseness in a balanced
norm of the proposed method.

In this paper, the supercloseness in a balanced norm of a NIPG method for a weakly coupled system
of singularly perturbed reaction-diffusion equation is studied on a Bakhvalov-type mesh. For this
purpose, we use a locally weighted L? projection outside the layer, and a GauB Lobatto projection
inside the layer. On that basis, we derive the supercloseness of the k + % order and prove an optimal
order of uniform convergence in a balanced norm. Here, “superclosenes” means that the convergence
order for the error between some interpolation of the solution u and the numerical solution " in some
norm is greater than the order for # — #" in the same norm.

The paper is organized as follows: In Section 2, we present a priori information of the solution,
describe the Bakhvalov-type mesh suitable for the problem, and on the basis of that, the NIPG method
for the singularly perturbed problem is introduced; in Section 3, we design a new interpolation and
obtain the corresponding interpolation error estimate; in Section 4, the main conclusion about
supercloseness in the balanced norm is presented; finally, numerical tests are performed to verify our
proposed theoretical results.

Notations. Throughout this article, the notations C and C; denote the generic constant and the fixed
constant respectively, which are independent of € and N.
Assumption 1. In our following analysis, we shall assume that e < CN~!.

2. Decomposition of the solution

Similar to [21], the continuous solution i of (1.1) can be divided into the smooth part S = (S1,8)7
and the boundary layer part E = (E\, E»)", which is given by the following:

ii=S+E. (2.1)
Note that these two parts satisfy the following two boundary value problems, respectively,

LS=f on Q and S=A"f on 0Q, (2.2)
LE=0 on Q and E=i#-S on 0Q. (2.3)

Fork=0,1,--- ,4and i = 1,2, one has the following:

|| <C. vxeQ, (2.4)
|EP ()| < Ce™D(x), Vx € Q, (2.5)

where D.(x) = exp(—Bx/e) + exp(=L(1 — x)/&).
Proof. The proof can be found in [21].
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3. The discretization method

3.1. The Bakhvalov-type Mesh

In order to construct the Bakhvalov-type mesh (see [22]), we first define the following mesh
generating function:

~2 In(1 - 4(1 - &)0), t €[0,1/4],
x =) =d,(t - 1/4) + do(t — 3/4), te[1/4,3/4], 3.1)
1+ % In(l - 4(1 - &)(1 - 1), t€[3/4,1],

where o > k+ 1 and d,, d; are used to ensure the continuity of /(¢) at = 1/4 and ¢ = 3/4, respectively.
Then for a given integer N > 8 divisible by 4, let x; = y(j/N) for 0 < j < N. Setty = {I; =
[xj-1,x1,j=1,2,...,N}. The length of I; is defined by h; = x; — x;_; and a generic subinterval by /.

Remark 3.1. The Bakhvalov-type mesh defined by Eq (3.1) can be viewed as a specific instance of
a more general class of layer-adapted meshes constructed via mesh-generating functions. The core
idea is to utilize a function y(t) that is steep in the boundary layer regions (x € [0,7] U [1 — 7,1])
and relatively flat in the regular region (x € 1,1 — 7]), where T is a transition point often chosen as
O(eInN).

The convergence analysis presented in this paper, particularly the interpolation error estimates
(Lemma 4.2, Theorem 4.5) and the subsequent supercloseness analysis (Section 5), relies on key
properties of the mesh, such as the estimates provided in Lemmas 3.2 and 3.3. These properties can be
guaranteed for a general mesh-generating function Y(t) that satisfies conditions such as the following:

e J'(t) = O(e) for t in the layer regions,
e J/'(t) = O(1) for t in the regular region,
o The transition points are located att = Tt andt = 1 — T with T = O(gIn N).

Therefore, the methodologies and results established herein can be extended to such a general
framework, which leads to a unified convergence theory for the NIPG method on a broad class of
layer-adapted meshes.

Lemmas 3.2 and 3.3 provide some important properties of the Bakhvalov-type mesh. The reader is
referred to [23] for the detailed proof.

Lemma 3.2. For j = 1,---,N, the mesh steps h; of the above Bakhvalov mesh (3.1) satisfy the
following estimations:

Cie<hj<Cye, 1<j<N/4-1, (3.2)
Csz& < hyjy < C4N7', (3.3)
CsN™' <hj<CeN™', N/4+1<j<N/2, (3.4)
xXnja-1 = 1 = x35/441 2 CoeIn N, xyu =1 — x3y4 > Coeln(1/e). 3.5

Note, hj = hy_j, for j=1,--- ,N/2.
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Lemma 3.3. For the Bakhvalov-type mesh (3.1), we have:

h“ma}xDa(x) <Cé'N*forj<N/Ad—1and0<u<k+1,

j X€j
max D,(x) < CN~*D for j > N/4.
x€j
3.2. NIPG Method
For each element /;, j = 1, ---, N and a nonnegative s, let H°(Q,7y) = {u € L*(Q) : ul;; €
H*(I;)),¥j=1,2,---,N} be the broken Sobolev space of order s. The corresponding norm and semi-

norm are defined by the followings:

]
I

5 N N N N
2 2 2 2 2
o= D MR+ > Wl @ = Yl + > lwal?
j=1 j=1 =1 j=1

J

where |||l and ||, are the usual Sobolev norm and semi-norm in H*(I;), respectively. It is worth
noting that |||, and (-,-); are usually used to represent the L>(I)-norm and the L*(I)-inner product,
respectively. In the case of I = Q, the subscript will be removed from the notation. Then, on the
Bakhvalov-type mesh, the finite element space can be defined by the followings:

VE = {ue LXQ) s uly, € B(I)), ¥j=1,2,--- ,N),

where Pi(/;) represents the space of polynomials of degree at most k on /;.

It should be pointed out that the functions in VI’f, are completely discontinuous at the boundaries
between two adjacent cells. Therefore, we define the jump and average of the trace of u at the interior
node x; by the followings:

(VD +v(x)) Vj=1,--- N-1,

SR

[v(xp)] = v(x}) = v(x;), {v(x)} =

where v(x;.r) and v(xj‘.) are the values of u at x;, from the right cell and the left cell of x;, respectively.
Additionally, for the boundary nodes x; and xy, we provide the definitions as follows:

[v(x0)] = v(xg), (v(x0)} = v(x5), [v(xm)] = —v(xy), {(v(xn)} = v(xy).

Based on the above definitions, the NIPG finite element method of (1.1) reads as follows: Find a

. . T
numerical solution ity = (ujlv by ) € V& such that

a(l/_iN’ \7N) = al(l/_iN’ \7N) + ay(ily, \7N) = L(Vy), YWy = (Vllv, VIQV)T € Vk, (3.6)
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where
N N
m@mm:£ZjﬁﬁmWWM+éZGﬂmnmwn4ﬁm%mmn
i=1 Y1 =0
N : N'j
+mewwmwhm+Z]ﬂmmﬁm+mm@mﬁﬁwL
=0 i=1 Y1
' N ' N
@@mw:éZj}%m%WM+éZGﬁmnmmﬂ4ﬂmﬁmmn
j=1 Y1 j=0
N
+ Zp(x,)[u2 EDINENEDY f (a2 (0 () + an(oyud () v (v)dx,
0 i=1 Y1
. J= J
LG = ) [ e + Ao
j=1
Here, for j = 0,1,--- , N, p(x;) represent the corresponding penalty parameters associated with the

node x;, which are defined by the followings:

eN?>, 0<j<N/4-2,3N/4+2<j<N-1,
p(x;) = (&N, j=N/4-1,3N/4 +1, (3.7)
£, N/4 < j<3N/4.

Lemma 3.4. Let ii be the solution of problem (1.1) and iiy be the corresponding NIPG finite element
solution.  Then, the bilinear form a(-,-) defined in Eq (3.6) has the following Galerkin
orthogonality property:

a(il — ity, ¥y) = 0, Viy € Vi, (3.8)

Proof. The proof is similar to [24, Lemma 3.1].

For any ¥ € V¥, define the following energy norm and balanced norm:
N ) N
2 =2 > )+ 8 3 (il + i)
J=1 ' j=1

N N
£ pGpE)E + Y peplva(xP,

Jj=0 j=0
2 al 2 N
2
”‘7”17 = 82 ‘( 5 1.)+ﬁ § ||V1||1 + ||V2||1
J
Jj=1 j=1

N
+memm#+2mmmmw.
=0 =0

(3.9)

(3.10)

Then, by simple calculation, we obtain the following coercivity
v < aGitv, ), ity € V5. (3.11)

Based on the Lax-Milgram lemma, our proposed NIPG scheme (3.6) has a unique solution ify.
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4. Interpolation error analysis

4.1. Interpolation

In this section, we first introduce a new interpolation operator IT as follows:

(L), 1<j<N/4-1and3N/4+2< <N,

4.1
(P,  N/4<j<3N/4+1, D

mmmz{

where (Lii)| 1; 1s the k-degree Gaul3 Lobatto interpolation on /;, and (Pﬁ)l,j is the locally weighted L?
projection on /;.

On the one hand, we assume that x;_; = #, < #; < --- <, = x; are the Gaul Lobatto points, where
ti, by, -+ , oy are zeros of the derivative of the k-degree Legendre polynomial on /;. For u,, € c(Q)
(m=1,2)and j=1,2,---,N, let (Liu,,)| I be the k-degree Lagrange interpolation at the Gaul3 Lobatto
points {£,}*_,. Then, for u,(x) € H***(I;), we have the following:

k%—@MﬂM%SC%ﬂMm%MW,WGR@) (4.2)

On the other hand, define the locally weighted L* projection Pu,, € P¥(I;) as follows (see [25]):

2
(Z (Pt — ), V)1, = 0, Yv e Pi(ly), j=1,2,...,N. 4.3)

m=1

The well-posedness of the coupled weighted L? projection P defined in Eq (4.3) follows from the
standard finite element theory. For each element /;, Eq (4.3) defines a linear system for the coefficients
of Pu; and Pu, in the polynomial basis.

The uniqueness of the solution can be established as follows: if u; = u, = 0, then for any v € Pi(/)),
we have
j; [a11(xX)Pui(x) + azn(x)Puy(x)] v(x)dx = 0.

J

In particular, taking v = a;; Pu; + ax Pu, (which belongs to Px(1;) since a;; and ay, are smooth and
Puy, Pu, are polynomials), we obtain the following:

f [a11(x)Pui (x) + az(x)Pus(x)]* dx = 0.

1

This implies a;;(x)Pu;(x) + a(x)Puy(x) = 0 on I;. Given that a;;(x) > 0 and ax(x) > 0 by
assumption (1.2), standard arguments in the polynomial approximation theory ensure that
Pu, = Pu, = 0. Therefore, the homogeneous system only has the trivial solution, thus guaranteeing
uniqueness. Since we are dealing with a finite-dimensional linear system, existence follows from
the uniqueness.

Remark 4.1. According to the above definition of interpolation (4.1), we obtain the following:
(U = Litt)(Xy 4-y) = 0 and (w, — Litty)(X3y,4,1) =0, m=1,2.
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4.2. Interpolation error

According to the interpolation theories in Sobolev spaces [26, Theorem 3.1.4], the following holds:

1 k+1-1+1/p—1/ k+1,
v = vVllwiaq, < Ch; P oy, Vv € WM, (4.4)

where p,g > 1, and / = 0, 1. Furthermore, for all v € H*!(I;) and j = 1,2,--- , N, by using the

projection results [27, Lemma 5.1], one has the following:
1PVl < C vl (4.5)
I1PVlLoayy < ClVILeay) (4.6)
v = PVl < CHEF! V8D r=2,00. 4.7)

Ly’

Lemma 4.2. Let 1S and NE be the interpolations of S and E, respectively. Then, for m = 1,2,

we have
et = Tty g0y < CN™E0, (4.8)
N/4-1 N
D Wt = Ll + D it = Lyl < CeN"CD, (4.9)
Jj=1 Jj=3N/4+2
3N/4+1
D Mt = Puylly, < CN7D, (4.10)
J=N/4
N/4-1
D Nt = L) < CoNEEID, 1= 12, @.11)
=1
3N/4+1
7 [t = Pun)®; < Ce N 1= 1,2, (4.12)
j=N/4 !
N
> Mo = Lan)®f; < e N, 1= 1,0, 4.13)
J=3NJ4+2

Proof. First, we begin to prove Eqs (4.8)—(4.10). For j < N/4 — 1, it follows from Eqs (2.2)
and (4.4) that
k1 || g(k+1
1En = LiEnllisay < CRH[ERV]| o

<C (c:_(’“l)illj‘frl max D.(x) (4.14)
x-’:'j

< CN_(k+1),

where we used Lemma 3.3 with y = k + 1. Similarly, for N/4 < j < 3N/4 + 1, by using Eq (4.8) and
Lemma 3.3, the following holds:

NEwn — PEullzoq;) < 1Enll=a,) + IPEnlleq),
< CllEwllz;
< Cmax D.(x)

X€l;

< CN-®+,

(4.15)
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For 3N/4 + 2 < j < N, one has the following:

IEw = LiEpll,y < CN~ D, (4.16)
Collecting Eqgs (4.14)—(4.16), it is easy to obtain the following:

NEw — HE |l ~p0.1) < CN- &+,
Meanwhile, by using Eqs (4.4), (4.6) and Lemma 3.2, the following holds:

IS 1 — TS il sy < CN™HFD.

Therefore, the desirable result (4.8) can be followed from Eq (2.1). Furthermore, we obtain
Eqgs (4.9) and (4.10).

Next, we prove Eqs (4.11) and (4.13):

From Egs (4.4) and (4.7) and Lemma 3.2, for [ = 1, 2, we have the following:

N N
S80SV <€ 3 sl
=1

=1
N 4.17)
20k+3/2-1) || @ (k+1)||2 )
<C 2 ,hj ”Sm ||L°°(1j)
=1

< CN2k+1-D).

Furthermore, in light of Eq (3.2) and Lemma 3.3 with u = k+3/2-1, [ = 1,2, we find the following:

N/4-1 N/4-1

_ o2 2k+1-1) || pk+1)||2
Z ||(Em LKEm) ||1j <C Z hj ||Em ||Ij
=1 =1
N/4-1 )
2k+3/2-1) || k1)
<C 3 KPP ER Ly,
j=1
N/4-1
<C Y0 D max ()
= xel; © (4.18)

N/4-1 2
<C Z 8—2(k+1) (h('k"'3/2—l) max Da(X))
- J XGIj
j=1
N/4-1
<C Z &2kt 1) G20k+3/2-1) \r=2(k+3/2-1)
j=1
< Ce'UN-26k+1-D

Combining Eqgs (4.17), (4.18), and (2.1), the desirable result Eq (4.11) can be followed. Similarly,
we can prove Eq (4.13).
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Finally, we begin to show Eq (4.12), From a triangle inequality, Eqs (2.5) and (4.15), Lemma 3.2,
an inverse inequality, and & < CN~!, one has the following:

3N/4+1 3N/4+1
2
D EL-PEYIE <C > |E,
Jj=N/4 Jj=N/4
3N/4+1

+C > IPELI

j=N/4+1

2 2
[, + CICPEL I,

X3IN/4+1
< Ce™? f DX(x)dx + Chiy, IPEIR, , (4.19)

XNJ4-1
3N/4+1

+C 0 W IEG -,

j=N/4+1
<C (S_IN_Z‘T +e 'N"2 4+ NZSZ‘T)
< Ce !N~
In a same way, we have the following:
3N/4+1
Z ”(Em _ PEm)//”?j < C8_3N_(2k+l). (420)

Jj=N/4

Combining Eqs (4.19), (4.20), and (2.1), we complete the proof.

Before deriving some error estimations for the interpolation on the element boundaries, we
introduce the following multiplicative trace inequality.

Lemma 4.3. [28, Lemma 4] Let w € Hl(Ij), j=1,---,N. Then,
WP < 285" IR + [iwll, w1l s € = 1, ).

Lemma 4.4. Let n,,(x) = (u,, — Hu,)(x), m = 1,2 and p(x;) is given by Eq (3.7). Then, on the
Bakhvalov-type mesh (3.1), one has the following:

N 4 %
D ()%} | < CePNED, 4.21)
= px;))

Proof. It follows from Lemma 4.3 that

1 1
)Y = 307 () + () < 50,65 ) + 1,677

-1 ’”

, 2
r]m I

2 -1 ’ ’
Wl Wl e+ -
Ilj M I; M I; 1T 1 T i i
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Then, by simple calculation, we obtain the following:

84

N 84 ) N ) o , )
JZ:; p(xj) {nm(xj)Z} < C]Z:; p(Xj) (hjl ”nm I + 77m||1/ |)7m Ij)
NoL g 1 X
' C'Zl p(_xJ) (h;+l ”n;n I i ”n;" Ijs1 m 1j+1)
j=

< CeN™@+D,

(4.22)

where Lemmas 3.2 and 4.2, and Eq (3.7) were used. This completes the proof of this conclusion.

Theorem 4.5. Let 7j = il — I1id. Then under the Bakhvalov-type mesh (3.1), one has the following:

i, < e~

Proof. It follows from the definition of the balanced norm (3.10) that

2 N 2
I, = il +
=1

N
J12
mall,) + B DUl + linali)
)P L

N
+ ) PEIm )P + ()P
Jj=0

=: A1 + Ay + Aj.
Obviously, from Lemma 4.2, it is easy to get
Aj+ Ay < Clee™' N2 + N72EDy < CN72,

According to Eq (4.1) and Remark 1, the following holds:

[ — L) (x)] =0, for m=1,2and 0< j<N/4-20r3N/4+2< j<N.

Furthermore, by using p(x;) defined in Eq (3.7), one has the following:

3N/4
Az = pCanja—)[ W — Tity) (Xnja) + Z PNty — Hutyy ) (x )T
j=N/4
+ (/4 DU — Tiy)(X3n441)]
3N/4
< CPOiNja-1) Mt = Ptllryy + € Y pCE) ity = Pl
J=N/4

2
+ Co(xanyae) lttm = Ptmllzo gy 01
< CeN D for m=1,2.

Substituting Eqs (4.24) and (4.25) into Eq (4.23), we obtain the following:
], < N7,

which completes the proof.

(4.23)

(4.24)

(4.25)
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5. Supercloseness

Let f_) = ITid — ily, and recall that 77 = T1iZ — il. Then, it follows from the Galerkin orthogonality and
Eq (3.11) that
|4

2 5 2

2
= a(Ili — i + i — iy, &) = a(7f, &)

2 5 5 . 5.1
= > > T &) =1 ) Tuli, &),
m=1 k=1 k=1
where
N N
Ty (s n) = 8 ) f Mynd, Ta(ms €n) = 8 > 1, (e HEWCE],
j=1 Y1 =0
N N
T30t n) = =& D AECEN], Tas €0) = D pC) M CDIERX)],
=0 =0
N
T5mr ) = ) f (@mT1én + Quomaén) dx
j=1 Y1
and T(7,€) = Tu011, £) + T, £2), k = 1,2,3,4,5.
In order to derive the bound of Hf‘ , we only need to estimate Ty (n,€), k = 1,2,3,4,5.
First, we rewrite T (n,,, &,,) into the following form:
N/4-1 3N/4+1
Ti(ns €m) = ( > f Mndx+ ) f M€ mdX
j=1 1 j=N/4 Y1
(5.2)

N
+ f n;,f,'ndXJ-
j=3N/4+2 V1

For the first term of Eq (5.2), using the Holder inequalities, Eqs (4.2) and (4.17), Lemma 3.3, and
g < N7!, we have the following:

N/4-1
&), [ medx
j=1 Y
N/4-1

‘92 Z f(Sm _LkSm)/gr/ndx
=1 Y1

J

N/4-1

82 Z f(Em_LkEm),é:z,ndx
=1

J

N1 I (NJjA-1 ) 2
< c[ > IS, —Lksmyn%,] [Z & Ifinll,.]

J=1 J=1

< +

(5.3)

N/4-1

+ce ) e, e
J

J=1

I
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1

N/4-1 2
< c{ D, NSy - LkSmYlli] e,

=
1

N/4-1 5 T (NJa-1 ) :
el S, | (3 )
2

i e,
g

Similarly, from the Holder inequalities and Eq (4.12), we obtain

< (N

N/4-1
2(k+1) _—2(k+1) 2
8+C(Z hil?** Ve 2D D2 ()
=1

< Cetneb

&

3N/4+1 3N/4+1 , 3 (3N/4+1 , >

2 2

2y fn;,f;quIsC[Z i ] [z ‘e, ] y
j=N/4 V1 j=N/4 ' j=N/4 (5.4)

< Cer N~k

¢

N
|2 Z fn;nfr’ndeSCeéN_(k%)

j=3N74+2 V1

b
&
and

(5.5)

¢

Substituting Eqs (5.3)—(5.5) into Eq (5.2) and using the triangle inequality, we obtain the following:

&

2
T\GLOI < Y T )] < CaEN"4 Dl . (5.6)
m=1
From the Holder inequalities and Lemma 4.4, we have the following:
N N 84 % N %
&2 > e Em G < [Z f{n;”<xj>}2] [ pj[§m<xj>]}2]
J=0 =0 Pi J=0
1 1
<cotnb ]
Using the triangle inequality, we obtain the following:
2 1 1
T2, 8] < Y 1T201ms £ < CeENCD |l . (5.7)
m=1

Next, according to Remark 1 and the properties of the Gaufl Lobatto interpolation, we have
the following:
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N 3N/4+1
2 2
=& A& M) = |82 > A& M m(x))]
j=0 j=NJ4-1
3N/4
2 2
< |20 CowpaONE, Govpa DN + &2 D [ Cep i€ (x))
J=N/4
2
+ |8 [Um(x31v/4+1)]{f,'n(x31v/4+1)}|
3N/4
2 ’ 2 ’
< C8 ||]7m||Loo(1N/4) ||§m||L°°(IN/4_|UIN/4) + Cg Z ||nm||Lm(Ij) ||§m||L°°(IjUI_,'+|)
j=N/4
2 ’
+Ce ||77m||L°°(I3N/4+1) |§m| L>(I3n/4+1V13n/412)
3N/4 .
2 -1 / 2 -3 /
< CS ||nm||Lw(1N/4)8 ’ ||§m||IN/4,|UIN/4 + Cs Z ||nl’l’l||L°°(Ij) J é‘:m”IjUIjH
J=N/4

’ e
+C8 ||77m||L°°(I3N/4+1)8 2 é‘v:m Binjas1 YN 442

< Cet N gller +CerN"* gl

Inja—1Ulna Bnja+1UBN 442
\ 1
3N/4 2 (3N/4 2
1 2
1 2 E 2” ’
2
+ Ce E ||771n||L°°(1j) |15 LUl
Jj=N/4 J=N/4

< Cotne

4

where the inverse inequality, Lemma 3.2, and Eq (4.8) were used. Using the triangle inequality, we can
obtain the following:
\ﬂ

Similarly, the Holder inequalities and Eqs (3.7) and (4.8) yield the following:

>
&

(5.8)

2
|T5(77, 5)| < Z T3y En)| < C8%N_(k+%)

m=1

&

N 3N/4+1
D PN = | D ) IERCx)]
=0 Jj=N/4-1
3N/4+1 % 3N/4+1 %
SC[ Z p(xj)[nm(xj)]z) ( Z P(xj)[fm(xj)]z)
j=N/4-1 j=N/4-1

3N/4
2 2
< C[p<xN/4_1> Wl + D PCD Wl
J=N/4

‘[

1
2 2

+p(X3N5/4+1) ||77m||L°°(13N/4+1))
4
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Using the triangle inequality, we can obtain the following:

2
T4 < D Tt < CoiN40 (5.9)

In addition, recalling the definition of the locally weighted L? projection (4.3), we have

the following:
NJ4-1

Z f (@mTén + Quomaén) dx
Z f (@1 + At dx

j=3N/4+2

N/4-1 2 N/4-1 :
_C[Z(||771||%j+||772||1 ) (Z ||fm||,]
j=1
v bW !
+c[ > <||m||%j+||n2||%,>] [ > ||§m||%,.)

J=3N/4+2 Jj=3N/4+2

|75, Em)l <

< Cetn b

where the Holder inequalities and Eqs (4.9) and (4.10) were used. Using the triangle inequality yields
the following:

IT5(7,8)| < i 1750y En)] < C2N"E42 (5.10)
Finally, according to Eqgs (5.6)—(5.10n;,ZIC)ne has the following:
"< cetyd
which implies the following estimate holds true:
it — iiy|, < Ce2N"0D. (5.11)

Theorem 5.1. On the Bakhvalov-type mesh (3.1), one has the following:
it — iy, < CN*+2,
Proof. Combined with the definition of ||-||, and
”(Hﬁ - ﬁN)’”[O,l] <& ”Hﬁ_ ﬁN”g ’
we can obtain the following:

N
I — ], = (T = i) o, + BT = iy llioy + ) | pCxep) i = iy 1)

Jj=0
< (8 % CS_IN_(2k+1) + CSN_(2k+l) + CEN_(2k+1))l/2
< CN_(k+1/2).
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Theorem 5.2. Let ii and u¥ be the solutions of Eq (1.1) and Eq (3.6), respectively. On Bakhvalov-type
mesh (3.1), one has the following:

it - ity]|, < CN~.

Proof. From the triangle inequality and Theorems 4.5 and Theorems 5.1, we have the following:

-], < - 1], + 12 - ], < N

6. Numerical experiments and discussion
In this section, we verify our presented theoretical results by considering the following test problem:

—szu’l’(x) + 2ui(x) — up(x) = filx), x € Q =(0,1),
—82u’2’(x) —ui(x) + 2u(x) = fo(x), x € Q=(0,1), 6.1)
u1(0) = ux(0) = us (1) = up(1) = 0,

where fi(x), f>(x) are chosen such that

uy(x) =1+ e 16— e — gm(I0/e,

e—x/s + e—(l—x)/s

~2(1-
u2(%) 1 +elie

For all the computations below, we set oo = k + 1.
For a fixed &, u, and N, the balanced-norm errors E& and supercloseness errors Ey, are given by

Ey = @ - iyl

S _ - -
p B = [0 iy

b’

respectively, where i is the exact solution and iy is the NIPG finite element solution of Eq (3.6). Then,
the corresponding rates of convergence are defined by the following:

. InEY —InEJ,
PP=—2 0 5

In2

_ InES —InE3,

In2

S

Fore =107 =3,---,7),N=2/(j=4,---,9),and k = 1,2, 3, we use our presented NIPG method
on a Bakhvalov-type mesh to solve this test problem. The results of the errors and the corresponding
convergence orders are displayed in Tables 1-3. We can observe that under the Bakhvalov-type mesh,
the errors EX display k-order uniform convergence, which is in full agreement with Theorem 5.2.
Furthermore, it is found that the supercloseness errors Ey, can almost reach k + 1. This is a half order
higher than the convergence rate given in Theorem 5.1. Additionally, Figure 1 can demonstrate that
the numerical results satisfy Theorems 5.1 and 5.2.
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Table 1. Errors and rates in the case of k = 1.

N
€ 16 32 64 128 256 512

103 EE 4579e-01  2.283e-01 1.141e-02  5.701e-02  2.850e-02 1.425e-02
1.00 1.00 1.00 1.00 1.00 -

ES,  8741e02  2.001e-02  4.727e-03 1.117e-03  2.644e-04  6.388e-05
2.12 2.08 2.08 2.08 2.07 .

10*  EB 4.564e-01 2.282¢-01 1.141e-02  5.701e-02  2.853e-02 1.426e-02
1.00 1.00 1.00 1.00 1.00 .

ES,  9.788e-02  227le-02  5.487e-03 1.320e-03  3.169e-04  7.544e-05
2.11 2.05 2.05 2.06 2.07 -

105  EE 4556e-01 2.280e-01 1.141e-02  5.705¢-02  2.853e-02 1.426e-02
1.00 1.00 1.00 1.00 1.00 .

ES, 1.045e-01  2.442e-02  5.946e-03 1.457¢-03  3.561e-04  8.661e-05
2.10 2.04 2.03 2.03 2.04 -

10°  EB 4556e-01  2.280e-01 1.141e-02  5.705¢-02  2.853e-02 1.426e-02
1.00 1.00 1.00 1.00 1.00 -

ES 1.088e-01 2.553e-02  6.252¢-03 1.543¢-03  3.808e-04  9.371e-05
2.09 2.03 2.02 2.02 2.02 .

107 EB 455901  2.280e-01 1.141e-01 5.705e-02  2.853e-02  1.426e-02
1.00 1.00 1.00 1.00 1.00 -

ES, 1.118e-01 2.629¢-02  6.457¢-03 1.600e-03  3.968¢-04  9.826e-05
2.09 2.03 2.01 2.01 2.01 -

10°

Error

100

108

1010

Figure 1. The left and right figures represent E% and E3 in the case of & = 107%, respectively.
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Table 2. Errors and rates in the case of k = 2.

N
& 16 32 64 128 256 512
1073 Ef, 9.673e-02 2.140e-02 5.143e-03 1.271e-03 3.169¢-04 7.915e-05
2.17 2.06 2.02 2.00 2.00 -
E]S\, 5.162e-02 6.626e-03 8.512e-04 1.095e-04 1.414e-05 1.865e-06
2.96 2.96 2.96 2.95 2.93 -
1074 Ef, 9.602¢e-02 2.136e-02 5.147e-03 1.273e-03 3.174e-04 7.929¢-05
2.17 2.05 2.01 2.00 2.00 -
E ZS\, 5.196e-02 6.642e-03 8.504e-04 1.077e-04 1.357e-05 1.709e-06
2.97 2.97 2.98 2.99 2.99 -
1073 Ef, 9.553e-02 2.132e-02 5.144e-03 1.273e-03 3.174e-04 7.930e-05
2.16 2.05 2.01 2.00 2.00 -
Ei, 5.223e-02 6.672¢e-03 8.537e-04 1.080e-04 1.357e-05 1.702e-06
2.97 2.97 2.98 2.99 3.00 -
1076 Ef, 9.532e-02 2.130e-02 5.142e-03 1.273e-03 3.174e-04 7.930e-05
2.16 2.05 2.01 2.00 2.00 -
Ei, 5.243e-02 6.694e-03 8.565¢e-04 1.083e-04 1.362e-05 1.707e-06
2.97 2.97 2.98 2.99 3.00 -
1077 Ef, 9.527e-02 2.129¢e-02 5.142e-03 1.273e-03 3.174e-04 7.930e-05
2.16 2.05 2.01 2.00 2.00 -
EIS\, 5.256e-02 6.709e-03 8.584e-04 1.086e-04 1.366¢e-05 1.713e-06
2.97 2.97 2.98 2.99 3.00 -
Table 3. Errors and rates in the case of k = 3.
N
€ 16 32 64 128 256 512
1073 Ef, 1.480e-02 1.780e-03 2.201e-04 2.745e-05 3.429¢-06 4.286e-07
3.06 3.02 3.00 3.00 3.00 -
Ei, 6.221e-03 3.920e-04 2.475e-05 1.570e-06 9.989¢-08 6.591e-09
3.99 3.99 3.98 3.97 3.92 -
10~ Ef, 1.498e-02 1.791e-03 2.210e-04 2.753e-05 3.439¢-06 4.298e-07
3.06 3.02 3.00 3.00 3.00 -
Els\, 7.580e-03 4.730e-04 2.944e-05 1.813e-06 1.121e-07 7.062e-09
4.00 4.00 4.02 4.02 3.99 -
1073 Ef, 1.509e-02 1.795e-03 2.212e-04 2.755e-05 3.440e-06 4.299¢-07
3.07 3.02 3.00 3.00 3.00 -
EIS\, 8.575e-03 5.350e-04 3.438e-05 2.150e-06 1.322e-07 8.252e-09
4.00 3.96 4.02 4.02 4.00 -
1076 Ef, 1.520e-02 1.798e-03 2.213e-04 2.755e-05 3.440e-06 4.299e-07
3.08 3.02 3.00 3.00 3.00 -
Ejs\, 9.185e-03 5.713e-04 3.692¢e-05 2.397e-06 1.510e-07 9.423e-09
4.00 3.95 3.95 3.99 4.00 -
107 EB 1532e-02  1.802e-03  2214e-04  2.755¢-05  3.440e-06  4.299-07
3.09 3.02 3.00 3.00 3.00 -
E% 9.630e-03 5.950e-04 3.830e-05 2.505e-06 1.659¢e-07 1.032¢e-08
4.02 3.96 3.93 3.92 4.00 -
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7. Conclusions

In this paper, we analyzed the supercloseness and uniform convergence properties of the NIPG
method on Bakhvalov-type meshes for weakly coupled systems of singularly perturbed
reaction-diffusion equations. We established a supercloseness result of the order k + % and proved the
optimal uniform convergence of the order k in the balanced norm. The theoretical findings were
supported by numerical experiments that confirmed the predicted convergence rates.
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