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Abstract: In this paper, we focused on studying the number of limit cycles of a class of near-Hamiltonian
systems, whose unperturbed system possesses a degenerate center. Using the first order Melnikov
function, we obtained the lower bound of the maximum number of limit cycles in Poincaré bifurcation
under certain conditions. In addition, we obtained the number of small-amplitude limit cycles that
bifurcate from the degenerate center. We also provided two examples as applications.
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1. Introduction and main results

The latter part of the famous Hilbert’s 16th problem is about the relationship between the number of
limit cycles and the degree of polynomials in a planar polynomial system, as well as the distribution
of these limit cycles. Over the past 100 years, many mathematicians have devoted themselves to the
study of this problem and obtained a lot of achievements, but this problem has not been solved (see
for example [1-4]). Therefore, the problem of the number of limit cycles has always been one of the
important topics in the study of ordinary differential equations, which has posed many challenging
issues. In 1977, Arnold put forward the weakened Hilbert’s 16th problem, which studies the maximum
number of isolated zeros for the first order Melnikov function, namely Abel integral. There have been
many results in the study of the number of zeros of Melnikov function (see [5—10] and so on).

Consider the analytic differential system

X=Plx,y), y=0xy). (1.1)

Assume that system (1.1) has a center. Without loss of generality, we can assume that it is at the
origin of the coordinates. Then, after a linear change of variables and a rescaling of the time variable,
system (1.1) can be transformed into one of the following three forms

X =-y+Fi(xY), y=x+ Fayx,y), (1.2)
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x:y—I—Fl(-x’y)’ y:Fz(an), (13)
x:Fl(x’y)9 y:Fz(x,Y)’ (14)

where F(x,y) and F,(x,y) are real analytic functions without constants and linear terms. We say that
the center of system (1.1) is linear type, nilpotent, or degenerate if system (1.1) can be written into
Eqgs (1.2)—(1.4), respectively.

There are many researchers studying how many limit cycles can be generated near a linear center,
and only a few researchers studying this problem near a nilpotent or degenerate center (see for
instance [11-16] and references therein). Corbera and Valls [17, 18] characterized global nilpotent
center of polynomial differential systems of degree three. Llibre and Valls [19] characterized the Kukles
polynomial differential systems having an invariant algebraic curve. Mujica [20] studied the following
Kukles system of arbitrary odd degree

X =y,
1 . 1.5
y=-x+ 8Y(x2 + )’2 -1 [bo,o + Z bzi,szZIyzj] , (13)
i+j=1
where 0 < |g]l < 1 and by;p; € R, 1,7 =0,1,2,...,n, and proved the coexistence of large-amplitude

limit cycles and algebraic limit cycles using the first order Melnikov function.
Liu et al. [15] studied the following two classes of near-Hamiltonian systems

xX=y,
" ) 16
y=-2x +ey(x* +y* - 1) [bo,o + Z bzl_,zj_leyzj], (1.6)

i+j=1
and
X =y,
Y - 1.7
y=—(n+ D+ ey(x®? +y? = 1)| by + Z bzl,’zszzyzj}’ (1.7)
i+j=1

where 0 < lg] < 1 and by»; € R, i,j = 0,1,2,...,n. Using the first order Melnikov function, they
gained the number of small- and large-amplitude limit cycles and demonstrated the coexistence of these
limit cycles with algebraic limit cycles for these two systems, respectively. Inspired by the above, in this
paper, we mainly study the number of limit cycles of a near-Hamiltonian system whose unperturbed
system has a center at the origin. Specifically, we consider the following near-Hamiltonian system of
arbitrary odd degree

x - myZm—l,
k
. _ vy (1.8)
y=—nx ey 4y - 1) Z azi,szZIyzj ,
i+j=0
where 0 < |g] < 1, m,n are positive integers, and ay;»;, i, j = 0,1,2,...,n are real numbers. It is

evident that the origin of the unperturbed system (1.8)|.- is a linear center as m = n = 1, a nilpotent
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center as m = 1, n > 2, and a degenerate center as m,n > 2. Systems (1.5)—(1.7) are special cases
of system (1.8) by taking(i)m=1,n=1,k=n;({1)m =1,n=2,and k = n; and (iii)) m = 1,
n =n+ 1, and k = n, respectively.

For € = 0, system (1.8) has a first integral of the form

1 1
H(X, y) — 5y2m + Ex2n,

and it possesses a family of periodic orbits with clockwise orientation as follows

Ly : %xz" + %yz’" =h, he(0,+c0),

where L, tends the origin as i approaches to 0. Let G = U(g ;o) L;,. Then, set G is a period annulus. The
problem of the number of limit cycles generated by a period annulus is called Poincaré bifurcation. By
the Poincaré-Pontryagin Theorem, the total number of the zeros of the first order Melnikov function
controls the number of limit cycles bifurcating from a period annulus if the first order Melnikov function
is not zero identically.

In this paper, we mainly investigate the number of limit cycles of Eq (1.8) in Poincaré bifurcation
and Hopf bifurcation near the center. Further, we also show that x>"*? + y> = 1 is an algebraic limit
cycle of Eq (1.8) under certain conditions. We state our major results below.

Theorem 1.1. Consider system (1.8).

(i) For km < n (resp. kn < m), Eq (1.8) has at most kn + 1 (resp. km + 1) limit cycles in Poincaré
bifurcation, counting multiplicities, if the first order Melnikov function is not zero identically. Moreover,
there exist coefficients aij, i, j = 0,1,2,...,n, such that it has @ limit cycles near the origin for
0<lel <« 1.

(ii) For m = n, Eq (1.8) has at most k + 1 limit cycles in Poincaré bifurcation, counting multiplicities,
if the first order Melnikov function is not zero identically. Moreover, there exist coefficients as;,j,
i,j=0,1,2,...,n, such that it has k limit cycles near the origin for 0 < |g| < 1.

The following results are clearly evident.

Theorem 1.2. I]‘M(%) # 0, then x** + y*™ = 1 is an algebraic limit cycle of Eq (1.8), where M(h) can
be found in Eq (2.12).

We remark that the conclusions in Theorems 1.1 and 1.2 improve some of the conclusions in
Theorem 5.2 in [20] and Theorems 3 and 4 in [15].

The rest of this paper is organized as follows. In Section 2, the expansion of the first order Melnikov
function of Eq (1.8) and the number of its zeros are studied. Further, we use the obtained results to
prove Theorems 1.1 and 1.2. In Section 3, we present two examples. One for the case of m =2, n =5,
and k = 2, and the other for the case of m = 2, n = 3, and k = 3 in system (1.8).

2. Proofs of Theorems 1.1 and 1.2

In this section, we provide proofs for Theorems 1.1 and 1.2. Before that, we present some useful
preliminaries. The following lemma can be found in Theorem 2.2 or 3.3 in [21].
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Lemma 2.1. ( [21]) Consider system (1.8). If the first order Melnikov function has at most [ zeros in
h € (0, +00), multiplicity taken into account, then for any compact set D C G(= (oU )Lh) there is gy > 0
,+00

such that Eq (1.8) has at most [ limit cycles in D for |e| < &, multiplicity taken into account. In this
case, we can say that the period annulus G generates at most [ limit cycles.

Next, we give an expression of the first order Melnikov function of Eq (1.8) below.

Lemma 2.2. For h € (0, +00), the first order Melnikov function M(h) of Eq (1.8) has the following form

2 . i
M(h) = Z2h — 1)(2h)w+* 5 Z by jhv* o, @2.1)
n i+j=0
where
ii o (2i4+1 2j+1
bij= aZi,2j2"+'"B( m . om + 1) (2.2)
with B(x,y) = fol (1 — ty’~'dt being the Beta function.
Further, as km < n,
2 kn
M(h) = ZQh = 1)2h)%*5 Y by, h € (0, +00), (2.3)
n
r=0
where
Vi B 1 r I 17r 1 |
G(r-nlED217" P n (r - )+ I m [;] to-+ 1),
by = r=mi+nj,i+j=0,1,...,k, 2.4)
0, others,
with [-] being the integer part function, as kn < m,
2 L4l & I
M(h) = —(2h — 1)(2h)2= "2 Z b.hm,  he (0,+00), (2.5)
n
r=0
where
VB 11r 1 1 r 1 ]
z1ac 21202 By o 3 (=) 2 1)
br= r=mi+nj, i+j=0,1,....k (2.6)
0, others,
and as m = n,
2 1 k r
M(h) = —(2h — 1)(2h)" Z b.hr,  he(0,+00), 2.7)
n
r=0
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Table 1. The values of r = mi +njfori+ j=0,1,...,k.

&0 1 2 e k=2 k-1 k
0
1
2

0 m 2m e k=2)m (k—1Dm km
n m+n 2m+n ... k=-2m+n (k—-1Dm+n |/
2n m+2n 2m+2n ... (k=-2m+2n / /
k-1 k-1n m+k-1n / e/ / /
k kn / / cee / /
where
- L (2r=2j+1 2j+1
b,:;az(,_j),zjw( s +1) (2.8)

forr=0,1,... k.

Proof. It is clear that the first order Melnikov function M(h) of Eq (1.8) can be expressed as

k
M(h) = 96 y(xz" + y2m -1 Z aZi,zsziyzjdx

Ly i+j=0

for h € (0, +00). Due to symmetry and noting that y> = (2h — xz”)# along the curve L;, we obtain

n)% 1 k . ;
4 f h — x*)2(2h - 1) Z aginjx* (2h — x*")ndx
0

M(h) =
i+j=0
Lo g o 2\h
= 4Qh- DR fo (1-%) > o (2/1)»1(1_%) .
i+j=0
Letx = (2hv)ﬁ. Based on direct calculations, we have
2 o L& o .
M() = =Qh-DEhF*E f VETL (=) Y a2y (L = v)Edy
n 0 —
i+j=0
= 20n- 1)@nbh Zkl ol L Lo Lo (2.9)
o 22] n 2n"m 2m '

i+j=0

for h € (0, +0c0). Then we get Eq (2.1) with b; ; given in Eq (2.2).
Fori+ j=0,1,...,k, the values of r = mi + nj are shown in Table 1. From Table 1, it can be seen
that as km < n, for j = [fl], i=L— ﬁ [ﬁ], we obtain Eq (2.3) with b, given in Eq (2.4), and as kn < m,

m

fori=|Z|, j=1%-2|%| we obtain Eq (2.5) with b, given in Eq (2.6).

m
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As m = n, M(h) in Eq (2.9) can be rewritten as

+1

M(h) = —<2h—1><2h> Z a2, 2h) 7 B

i+j=0

2i+1 2j+1
2n ’ 2n

for h € (0, +c0). Then we obtain Eq (2.7) with b, given in Eq (2.8) easily. This completes the proof.
Regarding the number of zeros of M(h), we have the following results.

Lemma 2.3. (i) As km < n (resp. kn < m), for h € (0, +00) the first order Melnikov function M(h) of
system (1.8) has at most kn + 1 (resp. km + 1) nonzero zeros if it is not zero identically, multiplicity
taken into account. Furthermore, M(h) can have k(k+3) simple positive zeros for 0 < h < 1.

(ii) As m = n, for h € (0, +00) the first order Melmkov function M(h) of system (1.8) has at most k + 1
nonzero zeros if it is not zero identically, and multiplicity is taken into account. Furthermore, M(h) can
have k simple positive zeros for 0 < h < 1.

Proof. As km < n, according to Lemma 2.2, the first order Melnikov function M(h) can be rewritten as
2 L1
M(h) = —(2h — 1)(2h)2" 2 M(h) (2.10)
n

for h € (0, +c0), where M(h) = er‘lo b.hm with b, given in Eq (2.4). It is obvious that M(h) is a
polynomial in B
Let u = hmi. Then M(h) becomes

kn
M(h) = Z bt = M(u)

r=0

for u € (0, +o0). Note that M is a kn-degree polynomial in u. Therefore it has at most kn zeros for
u € (0, +00) if M(u) £ 0, multiplicity taken into account. Note that & = 1 1s a zero of M(h) in Eq (2.10).
Then, M(h) has at most kn + 1 nonzero zeros for & € (0, +o0) if it is not zero identically, and multiplicity
is taken into account.

Next, we prove that M(h) can have simple positive zeros as km < nfor0 < h < 1.

Based on Eq (2.4), it is easy to verify that

k(k+3)

a(bO7 bm’ ) bkma bn, bm+n’ ) b(k—l)m+n9 b2n, bm+2n’ D) b(k—Z)m+2m b3na EI) b(k—l)na bm+(k—1)na bkn)

det
3(610,0, A2,05 -5 g0, 002,225 -« « 5 A2(k—1),2> A04> A2 45 « « « s A2(k=2),45 A065 - - + » A0 2(k—1)> A22(k—1)> aO,Zk)

= i,i+l Z%B i,i+1 ...25B 2k+1,i+1 Z%B i,i+l
2n 2m 2n 2m 2n 2m 2n 2m

3 3 . 2%k-1 3 1 5
2i+rLB(—,—+1)...2%'+éB( ,— 1)2'»13(2——“)2%31

2n 2m 2n " 2m n 2m
3 5 2,2 (2k—3 5 1 7 L
1 2k-1 L, kel 3 2k-1 k 1 2k+1
Bl—, —— + 1|2 " B|—,—— + 1|2nB|— 1].
(Zn’ om ) (Zn’ 2m +) (Zn’ m )
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Note that the Beta function is positive. Then, the above determinant is positive. Applying the implicit

function theorem, these k(k+3) + 1 coeflicients by, by, ..., bun, bus bysns - - - Dl—1ymsns> b2ns bsons - - -,
b-2ym+ans bans -y b1y, bm+(k_1),,, and by, can be taken as free parameters. Then, we can choose
appropriate Values bins bm+(k—1)n» b(k—l)m ooy b3y, b(k—2)m+2na e e s Dinion, boys b(k—l)m+na s Diins by oo by,

and b, one by one so that each of the two adjacent parameters has a different sign and

0< |b0| < |bm| ... K |bkm| < Ibnl < |bm+n| S |b(k—l)m+n| < |b2n|

< bysanl - -« < |bg—2ymsanl K Nb3nl ... K |bg—1yn] < [Dise—1ynl < il < 1.

According to Descartes’ rule of signs (see [22]), we know that M(u) can have k(k+3) positive simple
ZeroS Uy, Uy, -, Uity with 0 < Wiy < ... < uUp < u; < 1. Consequently, h = 1 ’"“, Jj =
1,2,.. k(k+3) are posmve simple zeros of M(h)inhforO<h < 1.

By a 51m11ar process, we can prove the case kn < m.
Now, we prove the case of m = n by using a similar method. In this case, the first order Melnikov
function M(h) in Eq (2.7) can be rewritten as

M(h) = %(Zh — 1)(2h)" M(h) 2.11)

for i € (0, +00), where M (h) = Zfzo b,h# with b, given in Eq (2.8). Obviously, M (h) 1s a polynomial
in hi. B
Let u = hn. Then M(h) becomes

k
M(h) = Z bt = M(u)

for u € (0, +0). It can be seen that M is a polynomial of degree k in u. Then, it has at most k zeros for
u € (0, +00) if M(u) # 0, and multiplicity is taken into account. It is clear that & = 5 1s a zero of M(h) in
Eq (2.11). Then, M(h) has at most k + 1 nonzero zeros for & € (0, +o0) if it is not zero identically, and
multiplicity is taken into account.

By direct calculation, and noting that the B(x, y) function is positive, we have

d a(b()’bla"'abk)
et
daop, arp, . . ., ax0)
1 1 3 1 5 1 2k+1 1
- B +1)2iB[ 2, — 1282, — + 1) 28BS L
2n’ 2n 2’ 2n 21’ 2n 2n " 2n
> 0.
Thus, combined with implicit function theorem, by, by, ..., bi_;, and b, can be taken as free
parameters. We can change by, b;_1, ..., by and by in turn such that each of the two adjacent parameters

has a different sign and
O<lhgl<x b <x...<|bl <1

so that M can generate k positive simple zeros uy, us, ..., ux. This means that Ail(h) and M(h) in
Eq (2.11) has k positive simple zeros &; = u; in h for 0 < h < 1. This finishes the proof.
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Next, we utilize Lemmas 2.1 and 2.3 to prove Theorem 1.1.

Proof of Theorem 1.1. Combined with Lemma 2.1 and Lemma 2.3, we get the conclusion that
system (1.8) has at most kn + 1 (resp. km + 1) as km < n (resp. kn < m) and k + 1 as m = n limit cycles
in Poincaré bifurcation, and multiplicity is taken into account, if the first order Melnikov function is
not zero identically. Applying the implicit function theorem, we obtain that Eq (1.8) can have k(k+3)
as km < n (resp. kn < m) and k as m = n limit cycles near the origin for 0 < |¢| < 1. Thus, we have
completed the proof.

Proof of Theorem 1.2. For system (1 8) through direct computation, it can be obtained that the flow
along the algebraic curve C(x,y) = x** + y*" — 1 satisfies

. o0C oC - ;
C = ax + a—y 2mey”"C(x,y) l;()ag, 2Jx2 V2

Thus, C(x,y) = 0 is an invariant algebraic curve of system (1.8). From Eq (2.1), we know that M(h)
can be written as

M(h) = %(2h — 1)(2h)* 2 M(h)

for h € (0, ), where

k .
M(h) = Z by jhr*n (2.12)

i+j=0

with b; ; being given in Eq (2.2). It can be concluded that if M ( ) #0,thenh = 5 1s a simple zero of the
first order Melnikov function M(h) of Eq (1.8), it corresponds to the curve x*" + yzm — 1 = 0. Therefore,
X% +y?" — 1 = 0 is an algebraic limit cycle of Eq (1.8) if M(3) # 0. This finishes the proof.

3. Examples

In this section, we give two examples. Example 3.1 is an application of Theorems 1.1 and 1.2. From
Table 1, we can see that for km > n or kn > m, some values of r = mi +nj (i + j =0,1,...,k) are
duplicated, and their size relationship is not obvious. However, given the definite values of m, n and k in
system (1.8), we can still use the method in the proof of Lemma 2.3 to calculate the number of zeros of
the first order Melnikov function, and thus obtain the number of limit cycles of the system. Example 3.2
is a concrete example.

Example 3.1. In system (1.8), we take m = 2, n = 5 and k = 2 to obtain

X =2y,
2
. 3.1
y= —5x9 +é&y (xlo + y4 — 1) Z azl‘,zij’yzf, ( )
i+j=0

where 0 < |g| < 1 and ay;p;, i, j = 0, 1,2 are real numbers.

For system (3.1), we have the following results.
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Theorem 3.1. System (3.1) has at most 11 limit cycles in Poincaré bifurcation, counting multiplicities,
if the first order Melnikov function is not zero identically. Moreover, there exist coefficients ay;,j,
i, j=0,1,2, such that it has 5 limit cycles near the origin for 0 < || < 1. In addition, x'° + y* = 1 is
an algebraic limit cycle of Eq (3.1) ifZigO b,271 # 0, where b, can be found in Eq (3.3).

Proof. From Lemma 2.2 we can write the first order Melnikov function of Eq (3.1) as
2 _
M(h) = §(2h - 1)(2h)2l0M(h) (3.2)
for 0 < h < 1, where M(h) = ! b,h1, and

1 5
by = B(— )aoo, b, =0,

10" 4
» (15 | 1 7
b = 2§B s N b - 2§B PR 9
) (2 4)a4’° i (10 4)002 (3.3)
2 (3 7
bs =0, b7:2‘7"B(1—0,4)022,
bg = 0, b9 - 0’
1
by = 23(1 )Clo4
Let u = h™. Then M(h) becomes
10
M(h) = Z bt = M(u) (3.4)

for u € (0, +0c0), which is a polynomial in u of degree 10. Hence, M (u) has at most 10 nonzero zeros if
M(u) is not equal to 0 identically, multiplicity taken into account. Note that 1 = % is a zero of M(h).
This results in M(h) having at most 11 nonzero zeros if M(h) # 0, and multiplicity is taken into account.
Therefore, from Theorem 2.2 of [21] Eq (3.1) has at most 11 limit cycles if M(h) is not equal to zero
identically, and multiplicity is taken into account.

By direct calculation and with the help of the Maple software, we can obtain

0(bg, by, b, bs, by, byp)

d(aop,, az, aap, Ao2, a2, Ao 4)

1 5 35 15
:B(m 4)2 B(To Z)2 B(_ 4
SEHTETEHrErErEr(w

6

det

N

N

N —
N

2
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~ 80076.375036641078617.

This means that by, b,, by, bs, b7, and by can be used as free parameters by using the implicit
function theorem. Therefore, by sequentially selecting appropriate values by, b7, bs, by, by, and by,
such that

O0<-by<x by <x-by<bs < -by<byxl
or
O<by<-by<by < -bs<b;<-byxl,

the function M has 5 positive simple zeros uy, up, ..., us with O < us < uy < ... < u; < 1. Thus, it
can be seen that M has 5 positive simple zeros h; = u’, j = 1,2,...,5. This implies that Eq (3.1) can
have 5 limit cycles near the origin for O < |g| < 1. It is evident that x!° + y* = 1 is an algebraic limit
cycle of Eq (3.1) if M(3) # 0.

In the following, we choose parameters by, b,, by, bs, b;, and by, for a numerical example to illustrate
that system (3.1) has 5 limit cycles near the origin.

Let by = =9.37114105578347 x 10727, b, = 2.647554473907 x 1020, b, = —2.6939959303882 x
1074, bs = 1.14345572121471 x 1071, by = —3.76752659117270 x 1077, b;y = 1. Then M(u) in
Eq (3.4) becomes

M@u) = —9.37114105578347 x 107" + 2.647554473907 x 10721
—2.6939959303882 x 10~ u* + 1.14345572121471 x 10714/
—3.76752659117270 x 1077u’ + u'°.

By means of the Maple software, we can solve

u; = 0.000779999999999999,  u, = 0.00120000000000016,
uz = 0.00249999999999921,  uy = 0.00430000000000014,
us = 0.00509999999999995,  us = —0.00547317419061131,
u7 = —0.00354052973153023 + 0.00736830481643918 1,

ug = —0.000662883173163847 + 0.0002446770801237291,

ug = —0.000662883173163847 — 0.0002446770801237291,
uyp = —0.00354052973153023 — 0.00736830481643918 1.

Hence, M(«) has 5 positive simple zeros. Note that /; = u}o, j=1,2,...,5. Then we obtain that

hy = 8.335775831 x 107%2,  h, = 6.191736422 x 107,
hy = 9.536743164 x 1077, hy = 2.161148231 x 1072,
hs = 1.190424238 x 1072

are five zeros of the function M(h), and also of the function M(h) in Eq (3.2). This implies that Eq (3.1)
has 5 limit cycles near the origin for 0 < || < 1.

Networks and Heterogeneous Media Volume 20, Issue 4, 1175-1189.



1185

Example 3.2. In system (1.8), we take m = 2, n = 3 and k = 3 to obtain

X = y3 s
. 3.5
y = 3% + gy(x6 + y4 -1 Z az,-,zl,-xz’yzf, (3-5)
i+j=0
where 0 < |e| < 1 and ay;»j, 1, j = 0,1,2,3 are bounded.

Proceeding as in the proof of Theorem 1.1, for system (3.5) we get the following results.

Theorem 3.2. System (3.5) has at most 10 limit cycles in Poincaré bifurcation, counting multiplicities,
if the first order Melnikov function is not zero identically. Moreover, there exist coefficients ay;yj,
i,j=0,1,2, such that it has 8 limit cycles near the origin for 0 < |e| < 1. In addition, x4+ y4 =1is
an algebraic limit cycle of Eq (3.1) ifZ?:O b,2"% # 0, where b, can be found in Eq (3.7).

Proof. According to Lemma 2.2, the first order Melnikov function of Eq (3.5) can be expressed as
2 s
M(h) = §(2h - 1)(2h)=2M(h) (3.6)

for i € (0, +00), where M(h) = ¥, b,hs, and

15
by = B(g,z)ao,o, by =0,
15 17
bz—23 (2 4)6120, b3—22 (6 4)002,
55
by =23B|Z,= as, bs =2%B(—,—)a22,
6’4 6 4~
75 19 -7)
b6:2B(6 4)(160+2B(6 4)(104,
5 7 19
b7—2(’B(6 1)042, bg =23 B(2 4)(124,
1 11
b —2 B
=20 e
Let u = hs. Then M(h) can be written as
9
M(h) = Z bt = M(u) (3.8)

for u € (0, +00), which is a polynomial in u of degree 9. Hence, M(u) has at most 9 nonzero zeros
if M(u) is not equal to 0 identically, and multiplicity is taken into account. Note that / = % 1s a zero
of M(h). This deduces that M(h) has at most 10 nonzero zeros if M(h) # 0, and multiplicity is taken
into account. Therefore, Eq (3.5) has at most 10 limit cycles if M(h) is not equal to O identically, and

multiplicity is taken into account.
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By direct calculations, we have

a(b(:h b27 b3a b4a b59 b6a b7a b89 b9)

5(610 0, a2,0,002, 040,022,004, 42,024, A, 6)

B e e GH R R

2i(2, 1)atp(L. 2)2ip( L 1L
6 4 2’4 6 4
r

det

| 69657034752 2377 T ) sin( 35
~409003595T(4) T (2)[ T(3)°

~ 267334.50047032523326.

This implies that by, b,, bs, .. ., bg, and by can be used as free parameters. Therefore, we can choose
appropriate values by, b, .. ., by, and by one by one such that

O0<-by<b)y < -b3<by < —b; <bs < —-by <byg < —-by <1,
or
0<by<—-b, <xb; < -by <bs < —-bg<b; <—-bg<<by <1,

so that the function M can produce 8 positive simple zeros uy, u,, ..., ug with 0 < ug < ... <u; < 1.
This leads to that M can have 8 positive simple zeros h; = u?, j=12,...,8.

Thus, we can deduce that Eq (3.5) possesses 8 limit cycles near the origin for O < |¢| < 1. Apparently,
x® + y* = 1 is an algebraic limit cycle associated with system (3.5) if M(1) # 0.

Next, we let by = 1.79287565383906 x 1072, b, = -3.86583673559000 x 1077,
by = 1.22569182231640 x 10713, by = —1.71070886184070 x 10712, bs = 1.29602736057760 x 107°,
be = —5.64766531197460 x 1077, b; = 0.000140687312789683, by = —0.0185432716616353, by = 1.
In this case, the function M in Eq (3.8) can be written as

M) = 1.79287565383906 x 1072 — 3.86583673559000 x 10~%1?
+1.22569182231640 x 10™54® — 1.71070886184070 x 10~ 24*
+1.29602736057760 x 104> — 5.64766531197460 x 10~ u®
+0.000140687312789683u’ — 0.0185432716616353u® + °.

Using the Maple software, we can obtain the zeros of the function M(u) as follows

= 0.000539999999999838,  u, = 0.000669999999975980,
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uz = 0.00120000000087256,  us = 0.00149999999949338,
us = 0.00249999999983281,  us = 0.00319999999987951,
u7 = 0.00430000000000642,  ug = 0.00480000000000168,
ug = —0.000166728338426876.

It can be seen from the above that M(u) has 8 positive simple zeros. Notice that i; = u?, j =

1,2,...,8. Thus, we get the zeros of the function M(h):
hy = 2479491130 x 107%°,  h, = 9.045838217 x 1072,
hy = 2.985984015 x 107'%, Ay = 1.139062495 x 107",
hs = 2.441406250 x 107'®,  he = 1.073741824 x 10715,
hy = 6.321363049 x 107",  hg = 1.223059046 x 1074,

These are also the zeros of the function M(h) in Eq (3.6). Then, the system (3.5) has 5 limit cycles
near the origin for 0 < |g] < 1.
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