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Abstract: In this paper, we investigate the discrete-time man-environment-man epidemic model with
a free boundary, which can be viewed as a time-discrete version of the free boundary model studied
by Ahn, Beak, and Lin. First, applying the properties of the principal eigenvalue of the corresponding
eigenvalue problem, we obtain the global dynamics of the corresponding fixed boundary problem.
Then, we solve the problem step by step and establish the well-posedness of the solution. Moreover,
we provide some sufficient conditions for the diseases spreading and vanishing by using the modified
comparison principle. Finally, we give the long-time behavior of the solution by making use of the
above results about the corresponding fixed boundary problem.
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1. Introduction

Fecally—orally transmitted diseases have long caused great harm to human health, such as cholera.
During the spreading of cholera, healthy humans will be infected after drinking water containing
bacteria, and infected humans in return contribute to the spread of the disease. To describe the cholera
epidemic which spread in the European/Mediterranean region in 1973, Capasso and Paveri-Fontana [1]
proposed the following ordinary differential equation:

(1.1)

u =—anpu+apv, t>0,
Vi = —anv+Gu), t>0,

where u(#) and v(¢) denote the concentration of the bacteria and infective human population at time
t, respectively. The positive constants a;; and a,, denote the removal rate of the bacteria and the
infective human population, respectively, the positive constant a, represents the growth rate of the
bacteria contributed by the infective human, and G(u) represents the infection rate of humans. Under the
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assumption that the total susceptible human population is constant during the evolution of the epidemic,
they showed that there exists a threshold parameter determining whether the epidemic will spread or not.

However, model (1.1) ignores spatial diffusion. Supposing that the diffusion rate of the human
population is smaller than that of bacteria and can be ignored, Capasso and Maddalena [2] proposed the
following model:

u,(t, x) = dAu(t, x) — ayu(t, x) + apv(t, x), (t,x) € (0, +00) X Q,

vi(t, x) = —anv(t, x) + G(u(t, x)), (t,x) € (0, +00) X Q, (12)
g—;; +au=0, (t, x) € (0, +00) X HQ, '
u(0, x) = ug(x), (0, x) = vo(x), x€eQ,

where u(x, t) and v(x, f) represent the spatial densities of the bacteria and the infective humans at time
t > 0 and a point x in the habitat QQ c R". The positive constant d denotes the dispersal rate of the
bacteria and a% denotes the outward normal derivative. They obtained a threshold parameter Ry, > 0

such that the diseases will spread for k\o > 1 and the diseases will tend to extinction for k\o < 1. From
the point of view of epidemic waves, the existence of Fisher-type monotone traveling waves and the
minimal wave speed of problem (1.2) were obtained by [3].

The above results show that the disease will always spread when Ro > 1 no matter what the initial
infective region and the initial size of the infective human population are. Obviously, this does not match
the facts well. To overcome this shortcoming, Ahn et al. [4] introduced the free boundary conditions
into Eq (1.2) and proposed the following problem:

u(t, x) = du,(t, x) — ayu(t, x) + apv(t,x), t>0, g(t) < x < h(1),

vi(t, x) = —anv(t, x) + G(u(t, x)), t>0, g(t) < x < h(r),

u(t,x) =v(t,x) =0, t>0, x=g() or x = h(t), (1.3)
8(0) = —ho, g'(1) = —pu,(t, g(1)), 1>0,

h(0) = ho, W' (1) = —pu,(t, h(1)), >0,

u(0, x) = upg(x), v(0, x) = vo(x), —hy < x < hy.

They found that when ﬁo > 1 (here Eo was given in [2]), there exists a spatial-temporal risk index
Rg (¢) such that if Rg (to) = 1 for some ¢y, > 0, the bacteria must spread, while if Rg 0 <1< Eo, the
spreading or vanishing of the bacteria depends on the initial number of bacteria, the length of the initial
habitat, the diffusion rate, and other factors. This result seems more realistic than that in [2]. Following
the work of [4], many free boundary problems related to Eq (1.3) have been studied. For example, Chen
et al. [5] considered the effect of time delay on the spreading of diseases. Wang and Du [6] further
extended the results in [4] to the case of that the diffusion rate of human population is not zero. Later,
Chang and Du [7] considered the nonlocal version of [6], and obtained a rather complete description of
the long-time dynamics of the model. Recently, Li et al. [8] studied the nonlocal version of Eq (1.3) and
further assumed that the infective rate of humans is a nonlocal term due to the nonlocal diffusion of the
infectious agents.

We note that a derivation of the free boundary conditions in Eq (1.3) can be found in [9]. To consider
the spreading of invasive species, Du and Lin [10] introduced these free boundary conditions into a
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logistic type local diffusion model, and established a spreading-vanishing dichotomy. Subsequently,
many researchers have studied the free boundary problems; we refer to the epidemic models [11-15]
and other models [16-20] and the references therein for some of the recent works in this direction.

Note that all the above models are continuous-time models. However, for some non-overlapping
generations like some annual plants or insects, they first have a growth phase during which spatial
dispersal is negligible, and then they have a dispersal phase during which no growth occurs [21]. Further,
statistical data for scientific research is collected in discrete time, especially during an epidemic [22-24].
Hence, it is necessary to study discrete models. According to [25], the general form of discrete-time
single-species models is:

Nn+1 (X) = T(Nn(x))a

where N,(x) represents the density of population at time » and location x, and ¥ is a specified operator
which models the growth, interaction, and migration of the species. Many related discrete-time models
have been studied, such as Naik et al. [26] considered the complex dynamics of a discrete-time
seasonally-forced SIR epidemic model. Recently, Li et al. [27] considered the following temporally
discrete diffusion equation:

un+1,x) = DAu(n + 1, x) + (1 — d)u(n, x) + nb(u(n, x)), n=>0, x € (0,h,.),

u,(n,0) =0, un,x) =0, n>0, x>h,, (1.4)
hpe1 = hy — ,uux(n, hn)a n>0, .
I/l(o, X) = MQ(X), X e [0’ h()]’

where u(n, x) denotes the population density at time n € N and location x € [0, A,]. They first proved the
well-posedness and boundedness of the global solution, then obtained a spreading-vanishing dichotomy,
and finally gave some sufficient conditions for spreading or vanishing. For more temporally discrete
reaction-diffusion models, we can refer to [28—30] and references therein.

Since the spatial densities of the bacteria and the infective humans are normally observed at discrete
points in time, it is more reasonable to use temporal discrete models to describe the spreading of the
diseases. Motivated by [4] and [27], we propose the following discrete-time version of Eq (1.3):

u(n+1,x) =duy,(n+ 1,x) + (1 — ay)u(n, x) + appv(n,x), n>0, x € (0,h,,1),
vin+1,x) = (1 — ax)v(n, x) + G(u(n, x)), n>0, xe(@,h,1),

u,(n,0) = u(n,x) =0, v(n,0) =v(n,x) =0, n>0, x>h, (1.5)
By = hy — pu(n, hy,), n>0,

u(0, x) = uop(x), (0, x) = vo(x), x € [0, hol,

where the parameters a;; and a,; satisfy
(A): 0 <ayy,axn < 1and a;,G'(0) # (1 —ay)(1 —axn),
and the function G(u) satisfies:
(G1): G € C'([0,)), G(0) =0, G'(u) >0, Yu > 0;

(G2): 2" s decreasing and lim ? < dufn

u u—+00 an
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The initial functions uy(x) and vo(x) belong to

x(ho) := {¢ € C'([0, o)) | $(x) > O for x € [0, ho)}.

Throughout this paper, we always assume that the conditions (A), (G1), and (G2) hold. While the
dynamics of the continuous model (1.3) were obtained in [4], much less is known for the time-discrete
model (1.5). Following the approach developed in [27] where a time-discrete single-species model with
a free boundary was treated, we extend [27] to the case of a system with free boundary Eq (1.5) and
obtain some initial results. Since discretization of time makes the eigenvalue problem of the systems
more challenging, we introduce new methods to address these challenges. We believe that the methods
of this work can provide insights into the investigation of discrete time system with free boundary, and
the conclusions in this paper can provide the theoretical basis for controlling disease.

This paper is organized as follows. In Section 2, we discuss the global dynamics of the solution
to the corresponding fixed bounded boundary by the related eigenvalue problems. In Section 3, we
first prove the well-posedness of the solution to Eq (1.5), then establish the criteria for spreading and
vanishing, and finally we give the long-time behavior of the solution.

2. Global dynamical behavior of the fixed boundary problem

To investigate the dynamical properties of Eq (1.5), we first consider the following temporally
discrete initial boundary value problem in this section:

umn+1,x) =du,(n+1,x)+ {1 —a;)Du@n, x) + appvin,x), n>0, xe€(0,L),
vin+1,x) = (1 — ax»)v(n, x) + G(u(n, x)), n>0, xe(,L),
u,(n,0) =u(n,L) =0, v(n,0) =v(n,L) =0, n >0,

u(0, x) = up(x), v(0, x) = vo(x), x €[0,L],

2.1

where u(n, x) and v(n, x) represent the spatial densities of bacteria and the infective human, respectively,
at time n € N and location x € [0, L] with finite domain length L > 0. Assume that the initial functions
uy and v, are nonnegative and belong to C'([0, L]).

For convenience, we define

F(u(n,-),v(n, ) = (1 —au(n,-) + apv(n, -).
For nonnegative integers a and b, if a < b, we set the discrete time point intervals
N(a,b)={a+1,a+2,...,b—1}, N[a,b] ={a,a+1,...,b}.
Similarly, we can define N(a, b] and Na, b).

2.1. Preliminaries
We first give the following three lemmas about the corresponding ODEs, which are proved in [27].
Lemma 2.1. Suppose that f € C([0, L]). Then, the problem

{—dU"(x) + U(x) = f(x), x€(0,L),

(2.2)
U'(0)=U(L) =0,
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L
admits a unique classical solution U(x) = f K(x,y)f(y)dy, where
0

sinh £=X cosh 2=
Vd Vd
Vdcosh L~ 0 = y S X
K(x’ y) = cosh 2= sint;mb (23)
WV x<y<L,

L
Vd cosh v

ef—e™ +e ¥

and cosh x = ¢ 5

sinhx =
Lemma 2.2. Let K(x,y) be given as in Eq (2.3). Then, it satisfies:

(1) for any (x,y) € [0, L] x [0, L], K(x,y) is continuously differentiable, except for x =y, K(x,y) >0,
and K(x,y) = K(y, x);

(if) maxyero.zixo.s K(x, ) = K(0,0) = - tanh -, where tanh x =

sinhx .
cosh x”’

L cosh = .
(ii1) for any x € [0, L], fo K(x,y)dy=1- coshf and is decreasing in Xx.
Vi
Lemma 2.3. Let U(x) be given in Lemma 2.1. Then,

1UlIc2qo.py < Cllflleqo.y (2.4)

where C > 0 is a constant independent of f and L.
Applying Lemmas 2.1 and 2.2, we can obtain the well-posedness and boundedness of the global
solution to Eq (2.1) by using an iterative method.

Proposition 2.4. For any given uy, vy € C'([0, L]) and uy(x), vo(x) > 0, x € [0, L], problem (2.1) admits

a unique nonnegative bounded classical solution (u(n, x), v(n, x)) for n € N(0, +0c0).

Proof. For any given nonnegative ug, vy € C'([0, L)), we take G := n}(z)uL(] G(up(x)). Then, we directly
x€[0,

calculate v(1, x) > 0 and

lv(1, ')”C([O,L]) <((- a22)||VO||C([0,L]) + ||G(Mo)||C([0,L]) =(1- azz)||V0||C([o,L]) + Gy.

By Eq (2.1), we have

{u(l, x) — du (1, %) = F(up(x), vo(x)), x € (0, L), 0s5)

u,(1,0) =0, u(1,L) = 0.

Thanks to F(uy(x), vo(x)) € C([0, L)), it follows from Lemma 2.1 that Eq (2.5) has a unique classical
solution u(1, x) = fOL K(x, y)F(up(y), vo(y))dy, where K(x,y) is given in Eq (2.3) and u(1, x) is clearly
nonnegative. Define §# = 1 — —— € (0, 1). Using Lemma 2.2(iii), we have

L
cosh v

(1, leqo,ry < OF (uo-), voDllego,y < 61 = ain)lluollcqo,cy + Oarllvolleqo,y

<{- a11)||u0||C([o,L]) + alZHVOHC([O,L])-
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For above (u(1, x), v(1, x)), we set G| := m[(a)uL(] G(u(1, x)). Then, we have v(2, x) > 0 and
x€[0,

V2, Meqory < (1= an)vollegoy + (1 — ax)IGuo)lleqo.ry + IG@(L, X)lleqo.n
< (1 = an)?Ivollego.y + (1 — an)Go + Gi.

By Eq (2.1), we have

{u(2, x) —du,,(2,x) = F(u(l, x),v(1, x)), x € (0, L), 2.6)

u,(2,0)=0, u(2,L) =0.
Similarly, Eq (2.6) has an unique nonnegative classical solution u(2, x) and
(2, lleqo.Ly < OIF (1, -), v(1, Dlleqo.Ly
< 6°(1 = a1)lluollcqo.ry + (Far(l — an) + ba(1 — an))lvolleqo.Ly + 0a12Go

2
< =an)Muolleqo.ry + (@i2(1 = ap) + an(l — axn))lvolleqo,cy + a12Go.

Let G = max {Gy, G, G, ...,G,}, where G; = m[(e)vLc] G(u(i, x)) for i € N[0, +00). Thus, G is only
x€[0,

dependent on uy, vo. Repeating the above process and noting that 0 < 1 —ay;, 1 —a» < 1, we can
easily find that the nonnegative classical solution (u(n, x), v(n, x)) exists uniquely for n € N[3, +00), and
it satisfies that

n—1 n—i—1
e, oy < (1 = an)luolleqo.zy + arnN Z(l —ap) Z (1 —axp)
i=0 =0
CllzN
< (1 = a)lluollego,ry + ,
apdan
and
n—1
Iv(n, lego.y < (1 = an)'lvolleqo.y + G Z(l —an)'
i=0

N
< -ap)N+—,
an

where N = max {||V0||C([0,L]), 5}. We complete the proof.

Next, we will give the following comparison principle, which can be proved by the similar arguments
in [29, Lemma 3.3].

Lemma 2.5. Suppose that T € N(0, +00),u = (0, ), u(1,),...,u(T,")),v = (0, -),v(1,-),. ..,
WT,-) € Xy = C'([0, L)) x (C*([0, L))" and satisfies

un+1,x)—du,(n+1,x) > F(u(n, x), v(n, x)), (n,x) e N[0, T — 1] x (0, L),

vin+1,x) > (1 —axn)vin, x) + Gun, x)), (n,x) e N[O, T — 1] x (0, L), 2.7
u,(n,0)<0, u(n,L) >0, v,(n,0) <0, v(n,L) >0, neN[0,T], .
u(0, x) > u(0, x), v(0,x) > v(0, x), x € [0, L].

Then, the solution (u,v) of Eq (2.1) satisfies u(n, x) > u(n, x), v(n, x) > v(n, x) for (n, x) € N(0, T'] X
(O, L).
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Proof. Letw =u —u, z=v—v. It follows from Eqs (2.1) and (2.7) that we have

wn+1,x)—dw,(n+1,x)— F(w(n, x),z(n,x)) >0, (n,x)eN[0,T —1]x(0,L),
z(n+1,x) — (1 —axp)z(n,x) — G'(&Mn, x))wn,x) >0, (n,x) € N[O, T —1] x (0, L),
w,(n,0) <0, w(n,L) >0, z,(n,0) <0, z(n,L) > 0, n € N[0, T],

w(0, x) > 0, z(0,x) >0, x€[0,L],

(2.8)

where ¢ is between u and u. Taking n = 0 in the first two equations of Eq (2.8) and letting n = 1 in the
third equation of Eq (2.8) yield

w(l, x) — dw, (1, x) — Fw(0, x), z(0, x)) > 0, xe0,L),
Z(1, x) = (I = axn)z(0,x) — G'(§(0, x))w(0,x) = 0,  x€(0,L),
w,(1,0) <0, w(l,L) >0, z,(1,0) <0, z(1,L) >0,

w(0, x) >0, z(0,x) > 0, x €[0,L].

(2.9

By 0 < 1—-ay < 1and G'(u) > 0 for any u > 0, we have that z(1, x) > 0 for x € (0, L). Applying the
maximum principle, we immediately obtain w(1, x) > O for x € (0, L). Repeating the above process, we
can prove w(n, x) > 0, z(n, x) > 0 for (n, x) € N(0, T'] x (0, L). We finish this proof.

Remark 2.6. The pair (&, v) is usually called an upper solution of Eq (2.1), while a lower solution (u, v)
can be similarly defined by reversing all the inequalities.
2.2. Eigenvalue problems
For any given constant L > 0, we consider the following eigenvalue problem:
Ap =dag” + (1 - — WGy e (0, L),
6= dAg” + (1 ~an)p— L2, £ O.L) 210
¢'(0) = ¢(L) = 0.
A simple calculation yields that the principal eigenvalue is

~ (I =a)(I = axn)-anG'(0)
[1 +dn?/(4LH](1 - ax)

1=

and its corresponding eigenfunction ¢ > 0 in [0, L).
Linearizing Eq (2.1) at (0, 0), we have

un+1,x) =du,(n+1,x)+ F(u(n, x),v(n,x)), n=>0, xe(,L),

vin+ 1,x) = (1 —axn)v(n, x) + G'(Q)u(n, x), n>0, xe(@,L), 2.11)
uy(n,0) = u(n,L) = 0, v,(n,0) = v(n,L) = 0, n>0, '
u(0, x) = up(x), v(0, x) = vo(x), x€[0,L].
Letting u(n, x) = A"¢(x) and v(n, x) = A"Y(x), we have
Ap =dA¢” + (1 —ay)g + any, x € (0,L),
Ay =G (0) + (1 —an)y, xe(0,L), (2.12)

¢'(0) = ¢(L) = 0, '(0) = (L) = 0.
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For the convenience, we define an operator
2

d
L= dﬁﬁ +1- an apn

G'(0) I —an

with D(L) = {(¢,¥) € H*(0,L) x L*(0, L) : ¢.(0) = ¢(L) = ¢(0) = ¥(L) = 0}. Then, problem (2.12)
can be rewritten as

L) = A, ).

In the following, we give some important properties of the principal eigenvalue of Eq (2.12).

Proposition 2.7. Assume that (1 — ay1)(1 — ay) # a;nG'(0). Let o(L) be the spectral set of L and
S(L) := sup{Red : A € 0 (L)} be the spectral bound of L. Then, the following statements hold:

(1) S(L) is the principal eigenvalue of Eq (2.12);
(i) if

by d
L>— =: L (2.13)
2 \/—0111 +a2G'(0)/ax

then A; > 1.

Proof. The proof is similar to [31, Theorem 3.1]. For 4 > 1 —a,,, we define the following linear operator

d? a;nG'(0)
= dAd e+ 1 —ay + 27 D
L/l dx? an A-1+ ar»

on C([0, L],R), and set

o) = (—1 ray + 20O
I —an

+ A1 [(1 = a)(an — 1) + a;G'(0)] .

)Az + (= a1 = ax) — anG'(0) + Ai(1 - an)| A

(1) Cases 1: (1 — a;)(1 — ax) > a;2G’(0). In this case, we have ﬁl €(0,1) and
00) = 4, [(1 = ai)(az — 1) + @G’ (0)] < 0, O(1 — axn) = apnG'(0)4; > 0.

It follows that equation Q(1) = 0 has two distinct real roots. We denote the largest root by A;. Then,
/11 >1- any. .
Cases 2: (1 — a;))(1 — ax) < a;pG’(0). In this case, we have 4; < 0 and

0(0) = A, [(1 = ai)(a — 1) + anG'(0)] < 0, Q(1 — axn) = anG'(0)4; < 0.

Thus, the equation Q(A) = 0 has two distinct real roots. We denote the largest root by 4,, and then
Ay > 1- ar.

Direct calculation yields £,,¢ = A,¢. Then, it follows from [32, Theorem 2.3(i)] that S(£) = 1, is
the principal eigenvalue of Eq (2.12).
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(i1) According to Q(4;) = 0, we can derive that

'/‘1' -1 alzG’(O)/l%
P (= a1 = an) Ay +anG'0) — (1 — ay)(1 — an)

] =: f(Ay), (2.14)

where A; > 1 — ay.
Cases 1: (1 — ay1)(1 — ap) > a;nG'(0). In this case, we will prove that f(A,) is strictly increasing in
A;. It is easy to calculate that

(1 — a1 — axn) —a;xG'(0)]g(1;)
(1 = an)[(1 — a1 +anG’(0) — (1 — ay)(1 — an)*’

fi) =
where

g() = (1 —a;)A} = 2[(1 = an)(1 = ax) - a;,G'(0)14,
+ (1 = axp)[(1 = an)(1 = ax) — apG'(0)].

It is easy to deduce that g(4,) > O for A; > 1 — ay,. Then, we have that f(4;) is strictly increasing in
A for A > 1- a». For L > L*,

f) = f() =2, - £(1)

_ (I —an) —an) - anG'O) N a;nG’(0)
[1+dn?/(4L2)](1 - ax) (I —axn)[l —a +apG’(0) — (1 — a1 —ax)]

__ 1 [(1 —a1)(l —axn) —apG'(0) (1 = an) + a;nG’(0) ]

1 —axn [1 +dn?/(4L%)] 1 —ay +anG0)— (1 —a) —an)
_ 1 [(1 — a1 —axn) —anG'(0)  axnl[(l —a){d —ax) - alzG'(O)]]

I —ay [1 +dn?/(4L7%)] an(l —ayy) + a;nG'(0)
_ (I —an)d —axn) - ainG'(0) 1 B an ]

1 —ax» 1 +dn?/(4L?)  axn(l —ay) + anG’(0)

_ (I =a)(1 —axn) —a;pnG'(0) 1 ~ 1 lo
B 1= ax [+d /G T—an+2G©0)|

Hence, 1; > 1.
Cases 2: (1 —ay)(1 — axp) < a;pG’(0). In this case, we can prove that g(4;) > 0 for 4; > 1 — ay.
Then, we have that f(4,) is strictly decreasing in A, for 4y > 1 — ay,. For L > L*,

f) = f(1) <0.

Hence, 1; > 1.

2.3. Global dynamics analysis

At first, we consider the following equation:

(2.15)

Upe1 = (1 —ap)u, + appv,, n=>0,
Var1 = (I —ap)v, + G(u,), n=0

with ug, vo > 0. Then, we have its dynamics as follows.
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Theorem 2.8. If a;,G'(0) < ayiaxn, then the unique equilibrium (0,0) of Eq (2.15) is globally
asymptotically stable. If a;,G’(0) > ajjas, then (0,0) is unstable, and the unique positive equilibrium
(u*,v*) of Eq (2.15) is stable.

Proof. It is easy to find that (0, 0) is always an equilibrium of Eq (2.15), while Eq (2.15) possesses a
unique positive equilibrium («*, v*) if and only if a;,G’(0) > a;;a,,. Next, we will analyze the stability
of them.

First, for the equilibrium (0, 0), we calculate the Jacobian matrix J; as follows:

J = I —ap an
Tl G0) 1-axn)

According to the Jury conditions [21], (0, 0) is asymptotically stable if and only if |1,,| < 1, which is
equivalent to the following conditions:

1—-trJ;+detJ; >0, 1 +trJ; +detJ; >0, 1 —detJ; >0,

namely, a;,G'(0) < ajiay.
From what we have discussed above, if a1,G’(0) > a;1ax, (0, 0) is unstable. For the unique positive
equilibrium (u*, v*), the Jacobian matrix J, is given by

J, = 1 —ap apn
2T\G W) 1-an)

The assumption (G2) implies that G’(u) < ? for any u > 0. Combined with % = 2, we can
obtain that a,,G’(u*) < a;1a,,, which implies that [4,,| < 1. Thus, (u*, v*) is stable.

Theorem 2.9. If a;,G'(0)/ax» < ai, + dn?/(4L?), then the unique equilibrium (0,0) of Eq (2.1) is
globally attractive. If a\2G'(0)/ay > ai, + dn?[(4L?), then (0,0) is unstable and the unique positive
equilibrium (u*(x), v*(x)) of Eq (2.1) is globally attractive.

Proof. First, we consider the steady-state equation of Eq (2.1):

—du’(x) = —apu(x) + apv(x), x €(0,1L),
0 = —anv(x) + G(u(x)), x€(0,L), (2.16)
w(0)=u(L)=0,v(0)=v(L)=0.

Case 1: a,G’'(0)/ay; < ay,. It is obvious that Eq (2.16) has a solution (0, 0). We first prove (0, 0)

is globally attractive. The solution (u(n, x), v(n, x)) of Eq (2.1) satisfies u(n, x) < u,, v(n, x) < v, for
n >0, x € [0, L] by applying Lemma 2.5, where (u,, v,) is the solution of the problem

Upe1 = (I —au, +apv,, n=>0,
Vap1 = (1 —an)v, + G(u,), n=0, (2.17)
up = |luolle, vo = lIVolleo-

From Theorem 2.8, we immediately obtain that
lim u(n,x) < lim u, =0, lim v(n,x) < lim v, = 0. Therefore, (0, 0) is globally attractive when
n—+oo

n—+oo n—+o0o n—+o0o

a12G'(0) < ajjan.
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Case 2: a;; < a;nG'(0)/axn < ay, +dn?*/(4L?). It is well-known that the eigenvalue problem

{_¢”(x) = a¢(x), x€(0,L), (2.18)

¢'(0) = ¢(L) =

has a principal eigenvalue a; = (i)2 and its corresponding positive eigenfunction ¢(x). We can rewrite

Eq (2.16) into
{—du”(x) = —anu(x) + 2Gwx), x€(0,1L), (2.19)

wW0)=ull)=0

Next, we apply the similar arguments in [33, Theorem 5.1] to prove that Eq (2.16) has no positive
solution when “‘2G wGO g0+ d( 2L)2 On the contrary, we assume that Eq (2.16) has a positive solution
(u*(x), v(x)) W1th Vvi(x) = G(” @) namely, Eq (2.19) has a positive solution «*(x). Multiplying Eq (2.19)
by ¢(x), integrating over (0, L) and applying the divergence theorem yields

L L an
f —d¢"u"dx = f 1) [—a”u* + —G(u*)] dx.
0 0 a

Due to the monotonicity of the @, then it follows that

’ L
d(—) f ou'dx = f ¢[—a11u* + @G(u*)] dx < (—an + G (0))f ou'dx,
ar an 0

and thus a;,G’(0)/axn > ay, + dn?/(4L%), which is a contradiction to a1,G’(0)/axn < ay; + dn®/(4L?).
This implies that Eq (2.16) has only one solution (0, 0). According to [34, Theorem 2.2.1], we can prove
that the unique equilibrium (0, 0) of the monotone problem (2.1) is globally attractive.

Case 3: a,G'(0)/a», > ay; + dn*/(4L?). First, we examine the stability of (0,0). Let 4, be
the principal eigenvalue of Eq (2.12). By Proposition 2.7, it is easy to deduce that a;,G’(0)/ay, >
ay, +dn?/(4L?) is equivalent to A; > 1. Thus, (0, 0) is unstable.

Next, we prove the existence, uniqueness, and global stability of the positive solution (#*(x), v*(x))
when a,G'(0)/ay > a; + dn?/(4L*). Since G € C!([0, +o0)), we can find sufficiently small € > 0
such that a;,G’(e¢(x))/a» > a;, + dn*/(4L?), where ¢(x) is the principal eigenfunction of Eq (2.18).
We define

u(x) = ep(x) for x € [0, L].

Direct calculations yield
—di () + anu(x) — 226 (u(x))
an
= —ded(x) + ane(x) - Z—ZG(eqb(x))
< d(%)zﬂb(x) + ajep(x) — %ffﬁ(x)G’(Efﬁ(x))
an

= eg(x) d(%f +ay - Z—ZG’(ap(x» <0,
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where we use the result (@)’ = W < 0 by the fact that the condition G(u)/u is decreasing in u.
Thus, u(x) is a lower solution to Eq (2.19). On the other hand, it follows from lim G(u)/u < % that

u—+oo

we can find a sufficiently large constant M such that G(M) < %M . Now, we prove that
ux)y=M

is an upper solution to Eq (2.19). In fact,

ag

—du (x) + ay,(x) - —2G((x))
2

@G(M) >anM—anM = 0.
2

a)

=anM -

a

Thus, we find a pair of upper and lower solutions of Eq (2.19). According to [33], we can conclude
the Eq (2.19) has a positive solution u*(x).

To prove the positive solution is unique, we suppose u; and u, are two different positive solutions of

Eq (2.19) and u. is the minimal solution in [u, u]. Thus, u, < u;, i = 1,2. Now we multiply u; by the

equation satisfied by u., integrate by parts over [0, L], and obtain

apn (* [G(M*) G(ui)]
—_— U — =0.
day Jo U u;

(2.20)

Since u., < u; and @ is decreasing, Eq (2.20) holds if and only if u. = u;. This means that Eq (2.16)
has a unique positive solution (u#*(x), v*(x)).

Moreover, it follows from [29, 35] that the unique positive equilibrium (z*(x), v*(x)) 1s globally
attractive. The proof is complete.

3. Long-time behavior of the free boundary problem

In this section, we consider the corresponding free boundary problem (1.5). All the assumptions
which are provided in problem (2.1) still hold.

3.1. The global solution

Similar to Proposition 2.4, we first give the global solvability of Eq (1.5) by using an iterative method.

Theorem 3.1. For any given hy > 0,uy, and vy € C'([0, ho]) with up(x),vo(x) > 0, x € [0, hp),
problem (1.5) admits a unique solution (u, v; h,) for n € N(0, +c0) that satisfies:

(i) there exists a constant K| > 0 such that 0 < u(n, x),v(n, x) < K; for x € [0, h,,) and u,(n, h,) < 0;
(i1) there exists a constant K, > 0 such that O < h,,; — h, < K. In particular, hy > hy.
Proof. For any given hy, ug, and v, we know that h; = ho—uu,(0, hy) by the Stefan condition in Eq (1.5).
Combined with u > 0 and uj(ho) < 0, we have hy > hy. By Eq (1.5), we have

u(1, x) = duy,(1, x) + F(up(x), vo(x)), x € (0, hy),
v(L,x) = (1 = an)vo(x) + G(up(x)), x € (0, hy), 3.1
u(1,0) =u(l,h) =0, v,(1,0) = v(1,hy) = 0.
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It follows from Lemma 2.1 that problem (3.1) has a unique classical solution

Ny

(u(1, x),v(1, x)) = ( K(x,y; hi)F(uo(y), vo))dy, (1 = axn)vo(x) + G(uo(x)) | ,
0

where K(x,y; h;) is defined as Eq (2.3) with L replaced by A;. Since fohl K(x,y;h))dy < 1, we have

(1, lleqony < NEF@ol-), voe)lleqomn < (1 = ar)lluollcqonn + arzllvolleqon

and
Iv(1, lleqony < (= ax)lvollcqony + G,
where G = max {Go,G1,Go,...,G,} with G; = I’I%(?.})l(] G(u(i, x)) for i € N[0, +00). Moreover, we can
xe€l0,n;

easily get u(1,x) > 0 for x € [0, k) and u,(1,h;) < O by the strong maximum principle and the
Hopf lemma.

Furthermore, according to h, = h; — pu,(1, hy), we can obtain that 4, > h; immediately. From
Eq (1.5), we obtain that

u2,x) = du, (2, x) + F(u(l, x), v(1, x)), x € (0, hy),
v(2,x) = (1 —ax)v(l, x) + G(u(l, x)), x € (0, hy), 3.2)
u(2,0) =u2,hy) =0, v(2,0) =v(2,hy) = 0.

Then, Eq (3.2) exists a unique classical solution
h

(u(2, )C), V(2, .X')) = ( K()C, y; hZ)F(u(l, )’), V(l, )’))dy’ (1 - aZZ)V(l’ X) + G(M(l, .X)) P
0

where K(x,y; hy) is defined as Eq (2.3) with L replaced by h,. Since fohz K(x,y; hy)dy < 1, we have

(2, lcqomny < NF @, ), v(1, Dllcqonm

) _
< (1 = an)Muolleqongy + (@in(l = aiy) + ain(1 — ax))lvolleqony + @12G

and
) P
V2, oy < (A = axn) Ivolleqon + (1 —an)G +G.

Furthermore, we can deduce that u(2, x) > 0 for x € (0, h,) and u,(2, h,) < O.
Repeating the above process, we can have that problem (1.5) has a unique solution (u, v; h,,) for
n € N(0, +00), and it satisfies

n—1 n—i—1
e, leon,y < (1= a)luollcqony + arN Z(l —an) Z (1~ any
i=0 J=0
alzN
< (1 = a)lluollcqo.n + ’
apnan
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and

n—1

[v(n, Nleqonn < (1= an)volleqony + G Z(l —ay)'
i=0

—_

~ N
< (1 - azz)N + —,
an

where N = max {||V0||C([o,h0]), 6} Hence, there exists a positive constant K; such that

0 < un, x), v(n,x) < Ky, n € N0, +00), x € [0, h,).
Moreover, by > hg, u(n,h,) <0and h,,; — h, > 0 for n € N(0, +00).
Finally, it remains to show that there exists a positive constant K, such that 4,1 — h, < K, for
n € N(0, +00). Define
Q= {(n,x) : n € N[O, +00), x € (hyur = M )}
Let
w(n, x) = K [2M(h, — x) = M*(h, — x)? .
We will choose some suitable M such that w(¢, x) > u(t, x) for (n, x) € Q. Direct calculation yields
that, for (n, x) € Q,
wn+1,x)—whn,x)—dw,(®m+ 1,x) + ajuln, x) — apvn, x)
= K\M(hys1 = hy) [2 = M(Byst + by — 2)] + 2dKiM? + aqqu(n, x) — apv(n, x)
> KiM(hyt — hy) ([1 = M(hyiy — )]+ [1 = M(h, — x)]) + 2dK,M* — a1, K, > 0,

if o
257
On the other hand,
w(n, h, - M) = Ky, > u(n, h, — M™"), w(n, h,) = u(n, h,) = 0.
If we choose e
a ||
M = max { \/21;, W} ,

we can use the similar arguments in the proof of [10, Lemma 2.2] to obtain that
w(0, x) > u(0, x) for x € [hg — M™", ho).
Applying the maximum principle to w(n + 1, k1) — u(n + 1, h,11) over Q, we can deduce that
w(n, x) > u(n, x), (n,x) € N0, +00) X (h, — M~", h,).

It follows that u,(n, h,) > w,(n, h,) = —2M K, and then
hper — hy = —puy(n, hy,) < 2uMK,; := K, n € (0, +00).

The proof is complete.
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For convenience, we write the free boundary problem (1.5) in the following form:

hn+l
I/t(}’l + l’x) = f K(-xay; hn+1)F(u(n,y)7 v(nay))dya n Z 0’ X € [0’ hn+1]a
0
V(n + 1a x) = (1 - aZZ)V(n’ x) + G(l/l(n, .X)), nz Oa X € [05 hn+l]’
Ny = hy, — ,lelx(l’l, hn), n >0,
M(O’ -x) = MO(X)’ V(Oa -x) = VO(X), X € [Oa hO],
where
sinh h"’:b_x cosh L\Q
Vim0 VSYSE
K(x’y;hnﬂ) = I ’fn—y
coshw sinh v h
\/Ecoshh"—\]:d1 ’ XSyS el
Let

y = (I = an) max {|luglle, K1} + arp max {||volleo, K1} -
In the following, we will prove the comparison principle.

Lemma 3.2. Assume that T € N(0, +c0), hy, € Rifor any n E_N[O, T], u= (E(O,_‘),ﬁ(l, D, u(T, )
andv = (¥(0,),v(1,-),- - -, W(T,-)) € X5 = C([0, hy]) X C*([0, h1]) X - - - X C*([0, hr]) satisfy

u(n+1,x) — din(n + 1,x) > F@(n, x), %(n, x)), (n,x) € N[0,T — 11 % (0, hps1),
v(in+1,x) > (1 —axp)v(n, x) + G(u(n, x)), (n,x) € N[0, T — 11 X (0, Itps1),

?x(n, O)_S 0, vi(n, (3) < 9, u(n,x) =v(n,x) =0, neN[0,T], x> h,, (3.3)
o1 = hy, — uu,(n, hy,), hy > ho, n e N[0, T — 1],

u(0, x) > u(0, x), v(0, x) > v(0, x), x € [0, hol,

1,(0, ) < ux(0, ho).

If wy < d, then the solution (u,v; h,) of Eq (1.5) satisfies
h, > h,, n € N(O, T]; u(n, x) > u(n, x), ¥(n, x) > v(n, x), (n,x) € NQO, T] % (0, h,).

Proof. This lemma can be proved by the similar arguments in the proof of [27, Lemma 3.2]. For the
given initial data, we have

hy 2 ho = it (0, ho) > ho = put(0, ho) = hy.
From the monotonicity of G, we can obtain that, for x € (0, i),
v(1,x) > (1 —ax)vo + G(up) = (1 —axn)ve + G(up) = v(1, x).
It is easy to check that, for x € (0, h;),
u(l,x) = duy (1, x) > (1 —ai)ug + aipvo = (1 — arug + aavo

= u(l, x) - duxx(l’ X),
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u(1,0) <0 =u,(1,0), u(1,h;) >0 = u(l, hy).

Applying the maximum principle to u — u, we can deduce that u(1, x) > u(1, x) for x € (0, hy).

Next, we will prove hy > hz If hy = hy, it is obvious that u(1, I ) < u,(1, hy) by using u(l X) >
u(l, x) for x € (0, ) and u(1, hl) = u(l, h;) = 0, and then hz > hy. If h1 > hy, we claim that hz > hy
still holds. It is easy to see that Eq (3.3) is equivalent to the following IDE:s:

hn+l _ _
ﬁ(n + I,X) > f K(-x’y’ hn+l)F(ﬁ(nay)’ V(n,y))dy’ (na -x) € N[O, T - 1] X [O, hn+l]’
0

vin+1,x) > (1 —axn)v(n, x) + G(u(n, x)) (n,x) € N[0, T — 1] X [0, 1], 34

it 2 hy — pi(n, hy), neN[0,T - 1].
Noticing that u(1, x) = fohl K(x,y; h))F(up(y), vo(y))dy for x € [0, h;], we have

1 i y
u(l,h) = ———— cosh —F(uy(y), v dy.
(L, hy) dcosh% Nz (uo(y), vo(y))dy

On the other hand, we can obtain from Eq (3.4) that, for x € [0, h 1,

7 B
u(l, x) > f K(x,y; h)F(uy(y), vo(y))dy =: u(1, x).
0

It is easy to see ﬁ(l,ﬁl) =u(l, le) = (. By the Hopf lemma, we can deduce that
— ~ — 1 i y
u (L, hy) <u(l, ) = ——f cosh —F(uo(y), vo(y))dy.
d cosh =+ Vd

Therefore, we have
hy — hy
> hy =y + pa (1, ) = (1, )

h

1 i Y - 1 y
> [m f cosh %F(uo(y), Vo)dy — ———— cosh ﬁF(Mo(Y), vo(y))dy

d cosh 7‘3
+ 711 —hy
> El -y +,u[ ! — — ! - ]fhl cosh LF(uo(y),vo(y))dy
dcoshf’—lf dcosh = | Jo Vd
_ _ Vd sinh 4 Wi y
=hy —hy — u(hy — hl)m COSh %F(UO()’), vo(y)dy

Zhl_hl_l%(zl_hl)za

where & € (hl,i_ll). Similarly, we can have u(2,x) > u(2,x) and v(2,x) > v(2,x) for x € (0, hy).
Repeating the above argument, we can complete this proof.
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3.2. The spreading-vanishing dichotomy

It follows from Theorem 3.1 that there exists a /., € (0, +oo] such that lim 4, = h.. Next, we will

n—+o0

give an estimate of the solution of Eq (1.5).

Lemma 3.3. Let (u,v; h,) be a solution of Eq (1.5). Then, there exists a positive constant Kz which
depends only on hy, uy, and vy such that

lue(r, llc2on,)) < Kz, n € N(O, +00).
Proof. 1t follows from Lemma 2.3 that the solution of Eq (1.5) satisfies
lu(m + 1, lc20.,.1 < CIF uln, ), v(n, Nlleqon,n, 1 € N[O, +00),

where the positive constant C is independent of F" and &,. By Theorem 3.1, we have that for any given
ho, uy, and vy,

lu(n, lleqon, V@, lcqony < Ki-
Then,

|1F(un, ), v(n, Nlcqonn < (1 = ar)llu@, Hlleqony + anllvm, Hlleqon
< (1 —dap + alz)Kl.

Therefore, there exists a positive constant K3 such that
lu(n, le2on,) < Kz, n € N(O, +00).

The proof is completed.

Lemma 3.4. Let (u,v; h,) be a solution of Eq (1.5). If he, < +00, then
nlime llee(r2, leo.ny = 0, nl_igloo v(n, lleqonn = 0.

Proof. The proof is motivated by the proof of [27, Lemma 3.5] and [4, Lemma 3.2].
According to Theorem 3.1 and Lemma 3.3, there exists a constant C > 0 depending only on Ay and
up such that, if s, < +o0, then

luCn, Nezqon,p < € and hyey = h, < € for n € N(O, +0), lim (g — hy) = 0,
n—+0oo

which implies that |[u(n, )¢ 0,1 < Cforne N(O, +00).
First, we prove lim |lu(n, *)llcqo.n,;) = 0. On the contrary, we suppose that there exists a & > 0
such that e
lhfiljgf llee(r2, leon,) = §-
Then, there exists a monotone increasing sequence (1, x;) € N(0, +00) X (0, h,,) satisfying n; — +oo
as k — +oo such that
u(ng, x;) = g for any k € N.

Networks and Heterogeneous Media Volume 20, Issue 4, 1145-1174.



1162

Since 0 < x; < h, < hs, < +oo, there exists a convergent subsequence of {x;} denoted by
itself. Let x; —» x as k — +oo. Next, we claim that x € (0, h,). Otherwise, if x = h., then
lim (x; — hy,) = X — heo = 0. On the other hand,

k—+o0

—_

SYILN

< u(ng, xi) = u(ng, xg) — u(ig, hy,) = u(ng, ) (X, — hy,) < ;(hnk — Xk),

where 6y € (x¢, hy, ). This implies that A, — x; > g—g > 0 for any k € N, and then x # h,.
Now define

Wi(n, x) = u(ng + n, x), Z(n, x) = v(ng + n, x) for n € N(—ny, +o00) and x € (0, h, 4p).
Noticing that
heo < 400, |lu(m, lc2qon) < C, v, Hlleqony < Ki, n € N(0, +00), (3.5)

then (W (n, x), Z;(n, x)) has a convergent subsequence denoted by itself, and there exists (W(n, X), Z(n, X))
such that N _
klim Wi(n, x) = W(n, x), klim Zi(n, x) = Z(n, x) for any n € N(—o0, +00)
—+00 —+00

locally uniform1~y in x e~[0, hs]. Next, we prove that if {W(n, x), Z;(n, x)} is a solution sequence of
Eq (1.5), then (W(n, x), Z(n, x)) is a solution of Eq (1.5). The first three equations of Eq (1.5) can be
rewritten into

Nt 1
u(n+1,x) = f K(x,y; hyyDF(u(n, y), v(n, y))dy := Plu(n, x)], n =0, x € [0, h,,1],
0
vin+ 1,x) = (1 — a»)v(n, x) + G(u(n, x)) := O[v(n, x)], n>0, xel0,h,1],

(3.6)

where F' is monotone increasing and satisfies F(0,0) = 0. It is easy to see that the operators P and Q
are monotone increasing. By [21, Theorem 3.1], we know P is compact in the space of continuous
functions. In the following, we consider the iterative form of Eq (3.6):

ungy +n+1,x) = Plu(ng +n,x)], ving +n+1,x) = O [v(n, +n,x)].

By Eq (3.5), the boundedness of K and F', and the uniform convergence of F(Wy, Z;), it follows from
the dominated convergence theorem that we can obtain
hnk+n+l

hm Wk(n + I,X) = hm K()C, y’ hnk+n+l)F(Wk(n’ )’), Zk(”a }’))dy

k—+co k—+o0 )
hoo
:f K(X, Y, hoo) kler F(Wk(”l,)’)a Zk(na )’))dy,
0 —+00

lim Zi(n+1,x) = (1 —axn) kETw Zi(n, x) + klilglw G(Wi(n, x)),

k—+00

and then

Noo
W(n+1,x) = f K(x,y; ho)F(W(n,y), Z(n, y))dy,
0
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Z(n+1,x) = (1 — apn)Z(n, x) + G(W(n, x)).
Therefore, (W(n, X), Z(n, x)) is a solution of Eq (3.6), namely, (I/T/(n, X), Z(n, X)) satisfies

Wn+1,x)=dW.(n+1,x)+ (1 —a )W, x) + apZ(n, x), n e N(-oc0, +0), x € (0, he),

Zn+1,%) = (1 — an)Z(n, x) + GW(n, x)), n € N(—o0, +00), x € (0, ho,), 37)
Wx(n, 0) = W(n, X) = Zx(n, 0) = Z(n, x) =0, n € N(—o0, +00), x > h,, '
W(n,x) >0, Z(n,x) >0, n € N(=00, +00), x € [0, ho).

Since Wi (0, xi) = u(ng, x;) > g for k € N, we have W(O, X) > g > (. From Eq (3.7), we obtain

W(1,x) = dW,.(1,x) + (1 — a;)W(O0, x) + anZ(0, x), x € (0, hs,),
W.(1,0) = 0, W(1, he) = 0.

Applying the maximum principle and the Hopf lemma, we have
W(1,x) > 0 for x € [0, ), and W,(1, h,) < O.
Repeating the above process, one obtains that
W(n, x) >0, Wx(n, he) < 0 for n € N(O, +00) and x € [0, ho).

On the other hand, recalling that lim (4,4, — h,) = 0, then it follows from the Stefan condition that
n—+oo

u (ng +n, hyin) = 0 as n — oo. Thanks to |[u(n, )llc2qo.n,) < 5, we have that (W), is continuous with
respect to x. By the uniform convergence of {W,}, we obtain

(Mg + 1, Byen) = (Ws(, By ) > Wi, heo), k — +c0,
namely, V~Vx(n, he) = 0 for n € N(0, +00), which is a contradiction. Therefore,
nl_l)IPm llee(r2, llcon,p) = 0.

Then, we prove lim ||[v(n, )llcqon,)) = 0. It follows from lim [ju(n, -)llcqon,)) = O that, for any € > 0,
n—+oo n—+oo

there exists a sufficiently large T € N(0, +00) such that
u(n, ) < eforn € N(T, +00).
From Eq (1.5), we obtain that
vin+1,x) < (1 —axn)vn,x)+ G(e) forn € N(T, +00) and x € (0, h,,11).
By the comparison principle, we have
v(n, x) <v(n) for n € N(T, +o0) and x € [0, &,,],

Networks and Heterogeneous Media Volume 20, Issue 4, 1145-1174.



1164

where v(n) is the solution of the following problem:
vin+1)=(1—axn)v(n)+G(e), neN(T,+0c0),
W(T) = [T, )lleo-

It is easy to derive that
V(T +n) =1 —ap) VT, e + Z(l —ax)"'G(e),
i=1

and then GO
lim v(n) = —22.
n—+oo a22

By the arbitrariness of €, we have

lim v(n, x) < lim v(n) = 0 for x € [0, A, ].

n—-+oo n—-+oo

Then, we have lim |[v(n, -)llco.s, = 0. This proof is completed.
n—+oo

Lemma 3.5. IfalzG/(O) < ap1ay, then hy, < 0.

Proof. By a,G’(0) < ajjaz;, we have, for any n € N[0, +00),

Nt 1
f u(n+1,x)+@v(n+1,x)]dx
0 | ay

hn+1
- f A + 1, %) + (1 = ar)u(n, x) + amv(n, x) + 22(1 = am)v(n, x) + 22 G(u(n, x))] d
0 |

an a

an a

hn+l
= f duy,(n+ 1, x) + u(n, x) + @v(n, X) + @G(u(n, X)) — apu(n, x)] dx
0 !

f1+1
< du(n+ 1, hyey) — du(n +1,0) + f [u(n, x) + Ly(n, x) + (@G’(O) - an) u(n, x)] dx
0 a az

22 2

d hrHl a12
< —(hps1 = hypio) + f [u(n,X) + —v(n, X)l dx
M 0

a

d n
= —(hps1 — hpyo) + f [u(n, Xx) + Evm, x)] dx.
H 0

an
fhn+1
0

d o an
< = (hy = hpi) + f [u(o, x) + —2w(0, x)] dx,
H 0

a

Then, we have

an

un+1,x)+ @v(n + l,x)] dx

which implies that

u ap
hpor < h += f [u(O, x) + —v(0, x)] dx.
d Jy an

By letting n — oo, we have h,, < co.

X
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In the following, we always assume that a;,G’(0) > aj1a; and a;,G'(0) # (1 — ay)(1 — ax).
Lemma 3.6. Let (1, v; h,) be a solution of Eq (1.5). If ho, < +00, then
he <L,

where L* is defined in Eq (2.13).

Proof. According to Theorem 3.4, it follows from A, < +oco that
lim ||u(n, )llcqon,p =0, lim [[v(n, )llcqon) = 0.
n—+oo n—+oo

On the contrary, we assume that i, > L*. Then, there exists a sufficiently large T > 0 such that
h, > L" for n € N[T, +00). Combined with Proposition 2.7, we can obtain Eq (2.12) with L = h7 has a
principal eigenvalue A; > 1 and corresponding eigenfunction is (¢(x), ¥(x)). Let

u(n, x) = ep(x), v(n,x) = ey(x), x € [0, L],

where the constant € > 0 will be determined later. Then, for (n,x) € N[T, +o0) X (0, L), direct
calculations give

un +1,%) = du (n +1,%) = (1 = ar)u(n, x) - apy(n, »)
= ep(x) — deg” (%) — (1 — a1)P(x) — €arp(x)

= e~ epn) + LI VD g0 - e
1 1

1
=€ [(1 = ai)d(x) + apy(x)] (/1_1 -1)<0,

and
v(n+1,x) = (1 = an)v(n, x) — G(u(n, x))
= ey(x) — (1 — an)ey(x) — G'(&(n, x))ep(x)
= aney(x) — G'(£(n, x)ep(x)
= ep(x0)(1 — A1) + €8(x) [G'(0) — G’ (£(n, x))]
- _ GO _ ) — &
=) | T = (1= )+ G0 = G )|,
where ¢ € (0, ep). We choose some sufficiently small € such that
G'(0) , ,
m(l — /ll) +G (O) -G (é‘:(l’l, X)) <0.
By
u(T,x) > u(T, x) = edp(x), v(T,x) > w(T, x) = ey(x) for x € [0, L],
and

u (n,0) =un,L) =y (n,0)=vn L) =0forn e N[T, +0),
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it follows from Lemma 2.5 that
u(n, x) > u(n, x) > 0, v(n, x) > v(n, x) > 0 for (n, x) € N[T, +0) X (0, L),

which is a contradiction to the fact that lim |lu(n, -)llcqon, = 0 and lim |[v(n, -)llcqons, = 0. Hence,
n—+oo n—+oo
he < L.

Lemma 3.7. Let (u,v; h,) be a solution of Eq (1.5). If ho, = +00, then

lim wu(n,x) =u*, lim v(n, x) =v* locally uniformly in [0, +00).

n—+o0o n—+o0
Proof. Applying the comparison principle, we have
u(n,x) < u,, v(in,x) <v,forn>0and x € [0, h,],

where (u,,, v,) is the solution of Eq (2.17). By a1,G’(0) > a;ax,, it follows from Theorem 2.8 that

*

lim u, = u*, lim v, =Vv".

n—+oo n—+oo
Therefore,
lim sup u(n, x) < u”, limsup v(n, x) < v* uniformly for x € [0, +o0). (3.8)
n——+o0o n—+oo

On the other hand, for any / > max {h, L*}, there exists n; € N(0, +o0) such that &,, > [. By the
comparison principle, we have

M(n, .X') > M[(n, X), V(n’ X) = V[(n, X) for (n’ X) € N(nl’ +OO) X (O’ l)’
where (u;(n, x), v/(n, x)) is the solution of the following problem:

wn+1,x) =du)m+1,x)+ (1 —au@n, x) +apvinx), n>n, xe€(,D),

viln+1,x) = (1 — axn)vi(n, x) + G(u(n, x)), n>n, x€(0,0),
(u)x(n,0) = wy(n, ) = 0, (v)<(n,0) = v(n, 1) =0, n>n,
u(ny, x) = u(ny, x), vi(ng, x) = ving, x), x €]0,1].

Since [ > L*, it follows from Theorem 2.9 that
lim u(n, x) = u;(x), lim v(n,x) = v;(x) uniformly in [0, /],
n—+oo n—+oo
where (u;(x), v;(x)) 1s the unique positive solution of the following problem:

—du)(x) = —apu(x) + apvi(x), x € (=11,
0= —6122V[(.X) + G(M[(.X)), X € (_l’ l),
w(=) = w (D) =0, vi(=D) = v(l) = 0.
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Thus, we have

liminf u(n, x) > u;(x), liminf v(n, x) > v;(x) uniformly in [0, /].
+ n—+oo

n—+oo

Using similar arguments to those in the proof of [10, Lemma 3.2], we can obtain that

llim u(x)=u", llirn v;(x) = v locally uniformly in [0, +00).
—+00 —+00

Therefore,

liminf u(n, x) > u*, liminf v(n, x) > v* locally uniformly in [0, +00).

n—+00 n—+

Combining with Eq (3.8), we complete the proof.

According to Lemmas 3.4 and 3.7, we immediately obtain the following spreading-vanishing
dichotomy.

Theorem 3.8. Let (u,v;h,) be the solution of Eq (1.5). Then, one of the following alternatives
must happen:

(i) Spreading:

he = +00, and lim u(n, x) = u*, lim v(n,x) =v" locally uniformly in [0, +00).
n—+oo

n—+oo

(i1) Vanishing:

heo < L', and nl_i>r+llw lu(n, leqon = 0, nEIPw Iv(n, llcgon,n = 0.

Next, we will give the criteria for spreading and vanishing.
For hy > L*, due to h,,; = h, — uu,(n, h,) and u.(n, h,) < 0, we can easily conclude that h,, > L".
Hence, Lemma 3.6 implies the following corollary.

Corollary 3.9. If hy > L*, then hy, = +oo.

For hy < L*, we have the following two lemmas.
Lemma 3.10. Suppose that hy < L*. Then, h., = +0 for sufficiently large p.
Proof. For any given uy(x), we can choose some sufficiently large u such that

*

ho — L* .
W) N

=

Then, h; = hy — puu,(0, hy) > L*. By Corollary 3.9, we can obtain that h., = +oo for u > u*.
Lemma 3.11. Suppose that hy < L*. Then, h., < +oo for sufficiently small p.
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Proof. We will construct a suitable upper solution to Eq (1.5) and then apply Lemma 3.2. Inspired
by [27, Theorem 3.10], we define

0

o, = hy [1 + 5(1 - e_“")] , n € N[0, +00),
_ Mp" cos(52-), n € N[0, +o0), x € [0,0,],
u(n,x) = Tn

0, n € N[0, +00), x € (0, +00),
_ KMp" cos(5-), n € N[0, +o0), x € [0,0,],
v(n, x) = Tn

0, n € N[0, +00), x € (07, +00),

where the positive constants d, @, M, 3, and K will be determined later.

Since hy < L*, we can choose some sufficiently small ¢ such that /(1 + g) < L*. For the above ¢, we
choose suitable 8 and K such that

B(1+dts)) - (= an + k) =0,
KB - (1 - an)K - G'(0) = 0,

and then we can obtain

_ (1 —an)p— (1 —an) + VI = an)p — (1 — a2 + 4apG’(0)
2a1» ’

K

1—a +ankK
=,
p

where p = 1 + d(m)z. It is easy to check that

1- ap + alzK

N (1 —an)p— (1 —an) + VJI(1 —an)p — (1 — a1 + 4a;,pG'(0)
2

_ (1 —an)p+ (1 —an) + VI —an)p — (1 — a2 + 4a1pG’(0) -0

2

:1—6111

By ho(1 + g) < L*, we can have

1—a11+a12K—p

(1 —an)p— (1 —an) + VYI(1 = an)p — (1 —ay)? + 4pa;,G'(0) b
2

1
= 5[1 —ay — (1 +ap)p + VI —an)p — (1 —a)]? + 4paG(0)]
—[1=an = (1 +an)pl* +[(1 —an)p — (1 —a;)]* + 4paG’(0)

2= —an) + (1 +an)p+ VI —an)p — A —ai) + 4panG0)]
4panl-p + (1 —an) + 22G'(0)]

S 2=(I—an) + (1 +an)p+ VI —am)p — (1 — ai)P + 4panG'(0)]

:1—(111+
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apG'©) _ _ dn® ]
axy 4R3(1+5)?

2= —an) + (1 +an)p+ VI —an)p — (1 —ai) + 4panG'(0)]

dpaxnl-a +

<0,

and then we have
0<pB<l.

Noting that o7, < 0741 < ho(1 + ), we can obtain that

X X
) < cos(
2O-n O n+1

cos( ) for x € (0, 011).

Combined with this result, we can have, for (n, x) € N[0, +00) X (0, 0741),

u(n+1,x) —duy(n +1,x) — (1 — aru(n, x) — apv(n, x)

)+ AMB™ () cos(—)
n+1 2 n+1 2O-n+1

X X
) — a;n KMB" cos( )
20',, 20—11

ﬁ(l +d( )2)—(1—011 +6112K)]

=M n+1
B"" cos( 7

— (1 —a;)Mp" cos(

X
2O-n+l

T

> MpB" cos( 7
n+1

)

X

7 % 21 _ _ _
> Mﬁ COS(20'n+1 ) lﬁ(l + d(—Zho(l N g)) ) (1 a + alzK)l =0,

and

v(in+1,x) — (1 —axn)v(n, x) — G(u(n, x))

= KMB™! cos(——) = (1 — ap)KMB" cos(—-) — G(MB" cos(——))
2O-n+1 20—” 20—"

> KMB™' cos(———) — (1 — an)KMB" cos(——) — G'(0)MB" cos(——)
20,41 207, 207,

X

> MpB" cos(
2O-n+1

)|KB - (1 - an)K - G'(0)] =0,

where we use the fact G(z) < G’(0)z for z > 0 by assumption (G2).
Moreover, we have
u,(n,0) =v,(n,0) =0 for n € N[0, +00)

and
u(n, x) =v(n,x) = 0for x > o,.

Now we can choose some sufficiently large M such that
o(x) < (0, x) = Mcos | == |, vo(x) < 70, x) = KM cos [~—| for x € [0, /o],
20'() 20—0

Then, we have
u(0,070) < ux (0, hy), vx(0,070) < v.(0, ho).
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If we take @ = —In g, then, for n € N[0, +00),

Shoe™(1 = ™) _ ShoB"(1—e™) _ 7MB" _ xMB"

Opy1 —O0p =

provided that
) {d Shi(1 —e‘“)}
0<p<p,=mng—, —— .
0% M

Applying Lemma 3.2, we can obtain
h, < oy,, u(n,x) <un, x), v(n, x) < v(n, x) for (n, x) € N(0, +00) x (0, h,),

which implies

0
he < lim Un:h0(1+§)<+oof0r0<,us,u*.

n—+00

4. Discussion

In this paper, following the approach developed in [27] where a single-species time-discrete free
boundary model was treated, we consider the time-discrete version of the time-continuous free boundary
model in [4] to describe the spreading of some fecally-orally transmitted diseases such as cholera. We
extend the results in [27] to the case of a system with free boundary, and obtain some initial results on
Eq (1.5).

More precisely, under the assumptions (A), (G1), and (G2), we show that Eq (1.5) has a unique
solution defined for all integers n > 1. For the long-time dynamics, we obtain the spreading-vanishing
dichotomy, namely, the diseases will spread,

he = +00, and lim u(n,x) = u*, lim v(n, x) = v* locally uniformly in [0, +o0)
n—+oo

n—+oo

or vanish,
he < 00, and lim |lu(n, -)llcqon,n =0, m [[v(n, llcqon, = O.
n—+oo n—+oo

Moreover, sufficient conditions are given for vanishing and spreading to happen, namely, the
following conclusions hold:

(1) if a1oG’(0) < ajia2, then A, < o0;
(ll) if CllzG/(O) > apan and CllzG,(O) * (1 - Clll)(l - Clzz), then

(a) if hy > L*, then h, = +00;
(b) if hy < L*, then h,, = +oo for sufficiently large y;
(c) if hy < L*, then h,, < +oo for sufficiently small u.
Since the comparison principle in this paper holds only when u is sufficiently small, we can not

obtain a sharp value u* such that spreading will happen for 4 > u* and vanishing will happen for u < u*.
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Above results tell us that increasing the removed rate of the bacteria and the infective human population
can decrease the chance of the spreading of the diseases.

The above results show that the diseases will not always spread for the basic reproduction number is
larger than 1. Compared with the fixed boundary problem and the Cauchy problem, the free boundary
problem (1.5) can describe the spreading of the diseases better and tell us where the spreading front is.
On the other hand, compared with the continuous-time model, the discrete-time model in this paper can
better fit the reality that the statistical data for scientific research are collected in discrete time.

However, we only obtain some initial results on problem (1.5). Since we introduce the condition
[y < d to obtain conventional comparative result in Lemma 3.2, the comparison principle in this paper
only hold for sufficiently small u € (0, d/y]. Besides, we add an additional condition u,(0, EO) < u,(0, hy),
which make it difficult to construct the suitable upper and lower solution considering the spreading
speed of the free boundary. We will try to obtain more complete results without the above limitations in
the future.
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