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Abstract: Generalized Wasserstein distances allow us to quantitatively compare two continuous or
atomic mass distributions with equal or different total masses. In this paper, we propose four numerical
methods for the approximation of three different generalized Wasserstein distances introduced in the
past few years, giving some insights into their physical meaning. After that, we explore their usage
in the context of a sensitivity analysis of differential models for traffic flow. The quantification
of the models’ sensitivity is obtained by computing the generalized Wasserstein distances between
two (numerical) solutions corresponding to different inputs, including different boundary conditions.
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1. Introduction

Context. In this paper, we are concerned with the numerical computation of Wasserstein
distance (WD) and generalized Wasserstein distance (GWD) in the context of traffic flow models. As
for all dynamical systems, the study of the sensitivity of the models can be realized measuring
the ‘distance’ between two solutions obtained with different inputs (e.g., any of the model’s
parameters, initial conditions, boundary conditions, etc.). This allows one to understand their impact
on the final solution, and ultimately quantify the degree of chaoticity of the system. The question
arises as to which distance is more suitable for this kind of investigation. It is by now well understood
that L” distances do not catch the natural concept of distance among traffic (vehicle) densities, see, for
example, the discussion in [1, Section 7.1] and Section 2 in this paper, while the WD appears more
natural, at least in the context of traffic flow, see, e.g., [1-3]. The drawback is that the WD is limited
to balanced mass distribution (equal masses), while real traffic problems often need to consider
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scenarios with different numbers of vehicles, especially because of different inflow/outflow at
boundaries. This suggests a move toward GWDs, which allows one to deal with unbalanced mass
distributions, but serious computational problems arise: All existing definitions are quite abstract and
cannot immediately derive suitable numerical approximations.

Relevant literature. A common feature of various optimal transport distances between finite positive
Borel measures on a separable complete metric space (X, D) is that their primal definition requires the
minimization of a transportation cost including an additive contribution of the form

f c(x,y)dy, (L.1)
XxX

where ¢ : X X X — [0, +o0] is a fixed lower semi-continuous cost function.

In the balanced problem, where one wants to define the classical Wasserstein distance between two
probability measures p* and u°, minimization occurs upon transport plans y, i.e., the probability
measures on X X X with marginals x* and p°. Namely, one considers the projection n* (respectively
(resp.), n°) onto the first (resp., the second) factor of the Cartesian product X X X, and takes, as
admissible competitors, the finite positive measures y for which

Ty =1, myy = p1, (1.2)

where nsﬁy (resp., 71‘;7) denotes the push-forward measure of y under n* (resp., n°).
In order to define distances between finite positive measures on a bounded open set Q in a finite-
dimensional Euclidean space, there are various approaches to similar but unbalanced problems that

correspond each to the appropriately constrained minimization of a specific objective functional. In
this paper, we focus on four of these approaches.

1. The approach by Figalli & Gigli [4], which consists of minimizing the integral cost in Eq (1.1)
among all finite positive measures y on Q x Q whose marginals induce on € the prescribed finite
positive Borel measures.

2. The approach by Piccoli & Rossi [5], which, in the definition of the functional, includes the
additive contributions

Iy =11 + Iy = 1), (1.3)
in addition to Eq (1.1), with the minimization occurring on finite positive Borel measures on
QX Q.

3. A third approach relies on the logarithmic entropy—transport distance that was independently
introduced by Kondratyev et al. in [6], by Chizat et al. in [7, 8], and by Liero et al. in [9], called
Hellinger—Kantorovich or Wasserstein—Fisher—Rao distance. This approach also relies on the
minimization, among finite positive Borel measures on Q X Q, of a perturbation of Eq (1.1),
except that the penalization in Eq (1.3) is replaced by

f (0 log(c*) — * + 1) du* + f (0 log(c™) = ® + 1) dy”, (1.4)
Q Q

if d(ﬂsﬁy) = o du® and d(n‘;y) = o du" for appropriate densities * and o”, and +oco otherwise.
(Incidentally, a similar objective, in which an entropic regularization is added to Eqs (1.1) and
(1.4), in considered in [10], where the appropriate dual formulation of the problem is addressed
by Sinkhorn iterations.)
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4. A fourth approach relates to the contribution by Savaré and Sodini [11], in which the logarithmic
entropy transport distance is characterized, in its various equivalent formulations, by convex
relaxation. In particular, their approach can be considered the natural one for numerically
approximating the (Gaussian) Hellinger—Kanrotovich distance in its homogeneous formulation.

We point out that the last two approaches only differ numerically, as, in principle, the corresponding
unbalanced optimal transport formulations are analytically equivalent. Both extend WD to the cone
of non-negative Borel measures of finite mass that are different from zero (see Remark 5 below). On
the contrary, the first two approaches do give an extension of the WD, despite defining a distance on
the cone (see Remarks 3 and 4 below). We recall that no extension of the WD to the set of signed
measures, possibly zero, can define a distance [12] (noncanonical optimal transport distances have,
however, been successfully defined, see [13, 14]).

Main contribution. This paper has multiple goals. First of all, the four approaches are recalled and
compared at the theoretical level to have a common and exhaustive reference for all recent
developments about GWDs.

Second, four new ad hoc computational methods are devised in order to practically compute the
four GWDs (actually, they are three GWDs, since two of them coincide under suitable assumptions).
The methods are individually studied and their main properties are discussed through some explanatory
numerical tests.

Third, the four approaches are compared on the same academic test in order to understand which
one is the most suitable in the context of traffic flow models.

Finally, the three most promising approaches are further compared on four realistic traffic problems.

Anticipating the conclusions, we can say that Figalli & Gigli approach appears to be preferable
among them all, mainly for two reasons: (i) It is the most manageable from the computational point of
view (easy to code, fast computation), and (ii) it is the most informative on the modeling side.

Plan of the paper. The paper is organized as follows. In Section 2, we recall the main motivations
of the paper and we set up notations for linear programming and discrete-to-discrete optimal mass
transport. In Section 3, we recall the definition and the basic properties of some known unbalanced
optimal transport-type distances between positive Borel measures of finite mass. In Section 4, we
revisit the distances in the discrete-to-discrete case and, more importantly, we propose computational
approaches for their approximation. The distances are then compared on an academic numerical test. In
addition—in the Appendix—we present some tests specifically designed for each distance in which the
exact value is available analytically, in order to study their interplay with the numerical boundary and
their ability to detect significant patterns. In Section 5, the proposed methods are applied in the context
of traffic analysis, in order to achieve various goals: (i) To assess the impact of boundary conditions,
(i1) to evaluate the sensitivity to traffic lights, (iii) to compare forecasts depending on whether or not the
model takes inertial effects into account, and (iv) to compare the usage of the distances in calibration
and validation phases. The paper ends with a final discussion.
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2. The Wasserstein distance in the context of vehicular traffic

2.1. Motivations

Usually, the quantification of the closeness of two time-dependent distributions is performed by
means of the L', L? or L* distance (in space at the final time or in both space and time). Although this
can be satisfactory for nearly equal outputs or for convergence results, it appears to be inadequate for
measuring the distance of largely different outputs. To see this, let us focus on the example depicted in
Figure 1, where three density functions p', i = 1,2, 3, corresponding to the same total mass, say M, are
plotted. It is plain that the L' distances between p; and p, and between p, and p; are both equal to 2M.
Similarly, all L? distances are blind with respect to variation of the densities once their supports are
disjoint. Our perception of distance suggests instead that ||p3 — p1|| > ||o2 — p1ll, and this is exactly what
the WD guarantees, as we will see in the next section.

Figure 1. Three density functions with disjoint supports.

2.2. Basic theory

Let us denote by (X, D) a locally compact complete and separable metric space with a distance D,
and by B(X) the Borel o-algebra of (X, D). Let us also denote by M*(X) the set of non-negative finite
measures on (X, B(X)). Let u° (with p standing for the demand or destination) and y* (with s standing
for the supply or source) be two Radon measures in M*(X) such that 4°(X) = p*(X) (same total mass).

Definition 1 (Wasserstein distance). For any p € [1, +o0), the LP-Wasserstein distance between u* and
U is
I/p

Wy, 1) :=( inf fx XD(x,y)” dy(x,y) 2.1

yel(us.uP)
where I is the set of transport plans connecting u° to u°, i.e.,

T, 1) = {y € Q"X X X) s.t. (A x X) = '(A), ¥(X x B) = i°(B), ¥ A, B € B(X)} .

Remark 1. The distance defined by Eq (2.1) makes sense for any two given measures p* and pu° on
a finite dimensional normed space, whether they are absolutely continuous or not with respect to the
Lebesgue measure.
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It is well known that the notion of Wasserstein distance can be given in relation with the Monge—
Kantorovich optimal mass transfer problem [15]. A pile of, say, soil, has to be moved to an excavation
with same total volume. Moving a unit quantity of mass has a cost which equals the distance between
the source and the destination point. We consequently are looking for a way to rearrange the first mass
onto the second which requires a minimum cost.

Remark 2. In our framework, the mass to be moved corresponds to that of vehicles. We therefore
measure the distance between two traffic density distributions by computing the minimal cost to
rearrange vehicles from the first configuration to the second one. We also stress that, since we are
considering macroscopic models, the vehicles are indistinguishable so we are not able to pinpoint the
exact same vehicle in the two scenarios, cf. [3].

In the particular case of one-dimensional (1D) optimal transport, various characterizations give
alternative, more manageable, definitions of the WD. For example, if (X, D) is R with the Euclidean
distance | -|, then, in the case of two Dirac delta functions 6, d, we simply have W,(6, d,) = D(x,y) :=
|y — x|. This coincides with the desired distance quantification in the case of only two vehicles on a
road, located in x and y respectively. Instead, in the case of two absolutely continuous measures with
dy® = p*dx and du® = p°dx, by [16, Remark 2.19], we have

1
Wi, p1°) = f |F*(x) — F>(x)ldx = f |(F)~(8) = (F*)~'(0)]at, (2.2)
R 0
with . .
F(x) := f 0’ ()dz, F°(x):= f p°(2)dz (2.3)
for p = 1, whereas for p > 1
l/p
Wy, 1) = ( f 1T (x) = x|” pS(X)dX) , (2.4)
R
where T* : R — R satisfies
X T*(x)
f p’(2)dz = f p°(2)dz VYxeR. (2.5)
. ; I
: Y
I .
X ™)

Figure 2. Property of monotone rearrangement.

Equations (2.4) and (2.5) translate the fundamental property of monotone rearrangement of the
mass [16, Remark 2.19], i.e., the optimal strategy consists of transferring the mass starting from the
left; see Figure 2.
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2.3. Numerical setting

Let us introduce here the numerical setting that will accompany us throughout the paper; see
Figure 3. For simplicity, we will only consider the 1D interval X =[xy, Xuax], divided into N
equispaced cells Cy,...,Cy (N is our first parameter of discretization, and we expect the numerical
error to vanish for N — +00). We also denote by x; the barycenter of the cell C;, i = 1,..., N and by
Ax := x;;1 — x; the step of the space discretization. To measure the distance between two cells C; and
C;, we will always use the Euclidean norm D(x;, x;) := |xx — x;].

XMIN 'xMAX XMIN Cl 'xMAX

Figure 3. Numerical setting for a generic one-dimensional problem. Two copies of the
domain X with the supply mass only (left) and the demand mass only (right).

Moving to the masses, for any i = 1,..., N we denote by
m; = p*(x;)Ax, m; = p°(x;))Ax, (2.6)

the supply and the demand mass located in C;, respectively. Roughly speaking, this corresponds to
concentrating the masses on specific points, thus getting purely atomic density distributions p° :=
2.imioy, and p° := 3, m?6, where 6 denotes the Dirac delta. Note that, in our context, the vectors
m® = {m}}; and m" := {m}}; are given. Moreover, to avoid any confusion between theoretical and
numerical boundary conditions, we will always assume that

my =my =m) =my =0, (2.7)
in such a way that the boundaries remain out of play.

For some reasons which will be clear later on, it is also useful to define the remaining supply mass
at C;, denoted by m, and the remaining demand mass at C;, denoted by i}, i =1,...,N.

In order to get a numerical approximation of the WD in R!, it is convenient to resort to the
definition Eq (2.2). Indeed, any quadrature formula is suitable for getting the desired value with
arbitrary precision, provided that p*, p° are sufficiently smooth and N is sufficiently large. For
example, the naive composite midpoint formula gives

N
Wip'.p") = WiGm',m’) = Ax )

=1

. (2.8)

J J
§ S § D
i=1

i=1

The case of more general spaces, including networks embedded in R?, is more difficult. Typically,
the problem is solved by reformulating it in a fully discrete setting as a linear programming (LP)
problem. The interested reader can find, in the books by Santambrogio [17, Section 6.4.1] and Sinha
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[18, Chapt. 19], the complete procedure, which was also recently used in the context of traffic flow on
networks [2]. Even if we will stick with the 1D case, we now recall the crucial steps of this approach
because it will be useful in the following.

Following the mass transport interpretation, let ¢ be the cost of shipping a unit quantity of mass
from the source C;, j = 1,..., N, to the destination Cy, k = 1,..., N. In general, cj is usually defined
as the length of the shortest path joining x; and x;. Let y; be the (unknown) quantity shipped from the
source j to the destination k. The problem is then formulated as

N N
minimize ), ) CiYjk
J=1k=1

subjectto Xy = mi, VYj
:
Z Yik =mp, Yk
j

Yik > 0.

(2.9)

The solution gives an approximation W; of W;. Note that the solution satisfies yj < min{m’, my}
since one cannot move more than m} from any source j and it is useless to bring more than m; to any
destination k. From Eq (2.9), it is easy to recover a standard LP problem with equality constraints

minimize ¢TX

subjectto Ax=Db (2.10)
x > 0,
simply defining
X = (V11 Y125 - s YIN> Y215 Y22 o o5 Y2Ns = 5 YNLs - s YNN) T
€= (C11,C12,+ -+ »CIN» €21, €225 e« 5 CONy e+« 5 CN T o+ o » CNN)T (2.11)
b= (mj,...,my,m},...,my)7

and A is the 2N x N? block matrix

[ Iy Oy Oy - Oy |
ON 1N ON ON
Ov Oy Ly --- O

| @)

Ov Oy Oy --- 1y

| Iv Iy In Iy Iy |

where Iy is the N X N identity matrix, 1y := (11 --- 1),and Oy := (00 --- 0).
N times N times

3. Basic theory for Generalized Wasserstein distances
In this section, we recall some definitions of metrics on the space of positive finite Borel measures
on the locally compact complete and separable metric space (X,D), inducing the weak/narrow

convergence, all based on the distance defined by Eq (2.1) between probability measures.

Networks and Heterogeneous Media Volume 20, Issue 4, 1108—1144.
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3.1. Figalli & Gigli approach [4]

In [4], an optimal transport type distance is introduced, with respect to which the heat equation
under Dirichlet conditions at the boundary of an open bounded domain € can be described as the
gradient flow of an entropy, similarly to the case of the heat equation in free space. In order to encode
the correct boundary conditions in the minimizing movement scheme, the GWD between two finite
non-negative (Borel) measures p°, 4° on Q is defined by

1
Wro(u®, 1°) = {inf f lx = yllPdy(x, y)} : 3.1)
Y JaxQ
where the infimum is over
{y e MH(Qx Q) ‘ (TyLQ=p, (y)LQ= ,u"} . (3.2)

In the latter, we use the notation (2l Q)(A) = (A N Q) for the restriction to Q of a measure f on Q,
and for all given y, we denote by nsﬁy (resp., nDﬁy) the push-forward of -y under the projection defined

on Q ) X Q by 7°(x,y) = x (resp., 1°(x,y) = y). Equivalently, a non-negative finite Radon measure y on
Q x € is an admissible competitor for the minimization in Eq (3.1) if and only if

YA X Q) =1’ (A), Y(Qx B) =u°(B),  forall A, B € B(Q). (3.3)

Let us note that Eq (3.2) coincides with the set

U {7 € M"’(ﬁ X 5) ﬂ-sﬁ»y — ,L_ls , 773’)/ _ ,[lD},
(T

where the union is over all pairs (i°, 2°) € M*(Q) x M*(Q) such that
ELQ=p, PLQ= ", B(Q) =(Q).

Hence, an equivalent variational definition of the unbalanced optimal transport distance Eq (3.1) is

min {W,(@*. 1) | P LQ = (¢, PLQ =, P(0Q) - 0 = /(@) - °(@)}.  (34)
where the classical WD is defined as in Eq (2.1) with D(x, y) = ||x—y|| for the probability measures, and
is extended by homogeneity to non-negative Radon measures with equal masses. With this definition,
if 7°, 1> € M*(Q) are fixed, then W, (ti2°, ti°) 1s arbitrarily large if # > O is large enough. Hence the
minimum in Eq (3.4) is indeed achieved. Notice that the mass unbalance p*(Q) — u°(€Q) is fixed if the
marginals u* and u” are also fixed.

The authors of [4] deal explicitly with the case of a quadratic unitary cost, i.e., c(x,y) = ||x — y||* in
Eq (3.1), but their main results also hold for a more general cost, e.g., c(x,y) = ||x — y||’, with p > 1.
As intermediate steps toward their main results, they prove lower semicontinuity with respect to the
weak-* convergence on € and provide a gluing lemma implying the triangle inequality, so that Eq (3.1)
defines a distance on M*(Q), and the infimum is achieved by an appropriate optimal plan 7.

The idea of minimizing Eq (3.1) among all y as in Eq (3.2) is that JQ2 models an infinite mass
reservoir and the transportation policy described by the convenient competitors y might include the
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option to cut out part of the material from the actual transference plan, by transferring it to 0Q, as well
as the possibility of integrating the transportation plan by transferring material from 0 to the final
destination, provided that the transportation cost to and from dQ is accounted for in the overall integral
cost, together with that of moving the mass that is authentically transported. A dual formulation of the
problem leads to a generalization of Kantorovich potentials and Kantorovich norms, which have been
already investigated especially in the case of a linear cost (p = 1); see [19,20].

Remark 3. It is clear from Eq (3.4) that the distance between the positive finite Radon measures
introduced in [4] is not an extension of the classical WD: If the two prescribed marginals are
concentrated close to the boundary with the supports being far apart from each other, then in solving
Eq (3.4), there will be a preference for i* and i° in charging appropriately two corresponding disjoint
boundary regions, after which the WD to be minimized will be achieved by transport plans that only
move mass from or to the boundary. In fact, the goal of [4] was to generalize Otto’s calculus to
partial differential equations (PDEs) under Dirichlet conditions, rather than extending the optimal
transport metrics to finite positive Radon measures.

3.2. Piccoli & Rossi approach [5]

In reference [5], the set of positive finite Borel measures on Q is endowed with a metric, defined by

P
s

Q) - Ty Q)] +a

W' % a,b) o= inf {a Q) — ()| + b f e — ¥ dy} (3.5)
Q

XQ

where a, b > 0 are fixed parameters and the infimum is among all finite positive Borel measures y on
Qx Q.
Note that Eq (3.5) can be equivalently written in the form

Wik, 1°s a, b) = inf {a

1(Q) — Q)] + Q) — Q) + bW, (%) | 1 Q) = (@)}, (3.6)
where p* and p” form an arbitrary pair of positive finite Borel measures on Q with equal mass. In
the right-hand side of Eq (3.6), the term W,(°, 2°) is understood to be the value of the WD between
probability measures taken by the extension by homogeneity to pairs of finite positive measures of
equal mass.*

The infimum in Eq (3.6), and hence in Eq (3.5), is indeed achieved and it defines a distance [5,
Prop. 1].

The mass transfer may include either physical transportation, or creation and destruction. Adding
mass to and removing it from p®, as well as from u°, are both allowed actions, with the implied costs
being weighted by the parameter a. After these actions have been taken, the supplies eligible for
transport, as well as the actual demands, are established and the corresponding optimal transfer policy
contributes to the overall cost, via a classical WD weighted by b.

The constraints 4°(Q) < p*(Q) and 4°(Q) < u°(Q) may be added in the minimization without
changing the minimum value; see [21, Prop. 2].

“Namely, we set W,(&°, 1°) = mW,(&°/m, {1 /m), where m = [1°(Q) = [1*(Q) and °, (1", are thought of as measures on Q that vanish
on all measurable subsets of the boundary 0Q = Q \ Q.
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Remark 4. Heuristically, all combinations of the actions above are admissible for the minimization.
An arbitrary fraction of mass may be removed from the marginals, along with transporting the
remaining mass. Accordingly, Eq (3.5) does not extend the WD because in the case of two marginals
with equal masses, the permissible actions include the possibility of removing mass from both. On the
other hand, in the case of p = 1 with a = b = 1, it still offers a natural generalization of the 1-WD,
being equivalent to the flat metric.

The Piccoli & Rossi distance Eq (3.5) differs from that of Figalli & Gigli Eq (3.1). Recalling
Eq (3.4), it is clear that, in the latter, the mass added to the marginals is located at the boundary and
that no other pay-off is required, except for the transportation cost between all locations, including
those at the boundary. By contrast, the boundary’s geometry plays no role in Eq (3.5).

On the other hand, at least in the case of a quadratic cost (p = 2), it is known (see [7, Prop. 1.1])
that Eq (3.5) is equivalent to the partial optimal transport problem [22,23], i.e.,

inf fg Xg(ux—yuz —- ) dy,

where the infimum is among all non-negative Radon measures on QX €), whose left and right marginals
are dominated by p* and u°, which are subject to have a fixed overall mass m, and the Lagrange
multiplier for this constraint satisfies A = 2a°/b”.

Furthermore, the distance Eq (3.5) is inspired by the dynamic formulation of the
Monge—Kantorovich problem: By generalizing the Benamou and Brenier’s approach [24], the supply
and the demand distributions are thought of as the initial and the final prescribed configurations for a
fluid motion, and the minimal value of Eq (3.5) is obtained by minimizing the total kinetic energy
necessary to connect the two configurations so as to balance mass conservation with the creation and
destruction of mass, thanks to the presence of an additional source term in a differential constraint for
the macroscopic fluid variables.

3.3. Gaussian Hellinger—Kantorovich approach [9]

Another distance between positive finite Borel measures on € is defined by

1

2
Ws™(u*, 4; a, b) := inf {a U(myy |1°) + a Uy | p°) + b f llx = yII? dy} , (3.7a)
Q

xQ

with a, b > 0 being fixed parameters, and the infimum is among all positive finite measures y on QX Q.
Here

fU((T)d,u, ifdi = odu,

, otherwise,

U ) = , where U(o) = olog(o) —o + 1. (3.7b)

+00

In reference [9], such a distance is called the Gaussian Hellinger—Kantorovich distance in view of
the occurrence of a Gaussian function in its homogeneous formulation; see Section 3.4 below. We note
that Eq (3.7) can be equivalently written in the form

1

2
W', 1°; a, b) = inf {a U W) +aU(@® | 1) + ng(ﬁs,ﬂD)} , (3.8)

Networks and Heterogeneous Media Volume 20, Issue 4, 1108—1144.
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where the infimum is among all positive finite measures ° and " of equal mass on . In order to
define the last term on the right-hand side of Eq (3.8), we have implicitly understood both &° and " as
multiples of probability measures on Q vanishing on dQ and we have defined their WD accordingly,
with the obvious extension by homogeneity to pairs of finite positive measures of equal mass on € of
the WD between probability measures.

When the given measures ¢* and i themselves happen to have equal mass, they form an admissible
pair for the minimization: The right-hand side of Eq (3.8) is then the classical (quadratic) WD, whose
the value is a computed by solving a balanced optimal transport problem, because in view of Eq (3.7b),
we have U(1) = 0. In the unbalanced case, the two additional non-negative contributions in the
objective penalize the deviation of the competitors from the prescribed measures.

The variational principle Eq (3.7) belongs to the wide class of optimal entropy-transport problems
considered in [9], in which the penalization is proportional to the Csiszdr—Morimoto divergence,
defined in terms of proper convex functions U : [0, +00) — [0, +co], called the entropy functions,
possibly different from Eq (3.7b). That large class covers the Piccoli & Rossi distance Eq (3.6) for
p = 1, with the entropy function U(o") = |o- — 1|, and it comprises several alternative models to [5] but
equally inspired by dynamical formulations with source terms in the differential constraints, which
have appeared in the subsequent literature.

In particular, the model case of the logarithmic optimal entropy-transport problem in Eq (3.7) has
been investigated under various perspectives: Its value coincides with that of the metrics studied
in [6, 7] (also called the Wasserstein—Fisher—Rao distance, as it interpolates between the quadratic
Wasserstein and the Fisher—Rao distances), for which a static definition had been provided in [8].

Remark 5. It is known, e.g., by [9, Part 1], that the logarithmic entropy-transport minimization
Eq (3.7) defines a distance that metrizes the weak/narrow convergence of the non-negative finite
measure, extending the quadratic WD (otherwise defined only for probability measures).

3.4. Savaré & Sodini approach [11]

In reference [9, Part II] the logarithmic entropy-transport minimization Eq (3.7) is proved to be
equivalent to an optimal transport type problem in the metric cone €[X] over X. More precisely, one
defines C[X] as the quotient of X X [0, +c0) obtained by collapsing the whole fiber X x {0} to a single
element, endowed with a distance that is defined, once an appropriate function g is chosen, by setting

deo([x°, 1, [x°, P°1) = Ho(x3, 155 X%, 1°)

where ,
Hy(x,r;y,8) =r+s—=2~rsg(lx—yl) and g)=e7. (3.9)

One then considers the minimization of

f dég([xs, ], [x°, r°]) da
E[X]XC[X]

among positive measures @ on C[X] X €[X] with homogeneous marginals p* and p®, i.e., such that
u(A) = f rda([x, ], [x°, r"]), wu°(B) = f r°da([x°, ], [x°, "))
G[AIXC[X] C[XIXC[B]

Networks and Heterogeneous Media Volume 20, Issue 4, 1108—1144.



1119

for all Borel sets A, B C X.
The constrained minimum is achieved, and it coincides with the Gaussian Hellinger—Kantorovich
distance defined by Eq (3.7) in the case of a = b = 1.7

4. Discrete and computational approaches for GWDs

In this section, we first revise the GWDs previously introduced in the special case of atomic
measures (sum of Dirac delta’s). This allows us to naturally introduce a discretization in the space
domain, which is the first step toward a numerical computation. Second, we propose original
computational approaches to get algorithms that are ready to be implemented on a computer. In the
final Section 4.5, we present a comparative numerical test of all the proposed approaches. Specific
tests for each GWD are given later in Appendix A.

4.1. Figalli & Gigli approach
4.1.1. Discrete approach

In the special case of two purely atomic marginals with finite supports in a 1D domain, i.e.,

N-1 N-1
s _ E s D _ § D
H = m; 6Xi ’ H = m; 6)6[ ’
i=2 i=2

we get an interpretation of Eq (3.4) as a linear programming problem (the indices 1 and N are discarded
because of Eq (2.7)). Namely, we consider the problem

N N
min wp ( E m;dy, Z m?éxi)
p
(m3 ,m?v,111‘13,r11‘1’v)€R4

i=1 i=1

m?+m§v—(mﬁ’+m’;\,):AM},

where

N-1 N-1
AM := me - Z:m;J
i=2 i=2

After setting ¢ = ||x; — x¢||?, for all j,k € {1,..., N}, we write it in the equivalent form

N N
Wre(m®, m") := min{ Z CiKY ik ‘ y € [0, +00)V N | Z)’jk =mj, for je{2,....,N -1},
k=1

Yik=my, forke{2,...,N -1},

1

=1
>,
=1
N N L
Z (Yie + ywe) — Z (v +yin) = AM} .
=1 =1
That amounts to the minimization of a linear objective in a convex polytope obtained by intersecting
2N — 3 affine half-spaces in RV with [0, +00)V*V Alternatively, the last constraint may be converted

into an additional contribution to the total cost involving suitable Lagrange multipliers.

TA match is also possible for different choices of the parameters a, b, provided that the definition of H, changes accordingly in

Eq (3.9). Moreover, the choice g(¢) = cos (t2 A g) is also possible in Eq (3.9), leading to the Hellinger—Kantorovich distance, which
equals Eq (3.7a) if Eq (3.7b) is replaced by the entropy function U(o) = o — 1 —logo.
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4.1.2. Computational approach

The minimization problem introduced in the previous section can be formulated as an LP problem
in the standard form Eq (2.10) defining

X = (V11 Y125 - o> VIN Y215 Y225 - o« s Y2Ns -« s YNIs - - s YNN)T

€:=(C11,C12,+ -+, CIN, C21,C22y e -y CONs + + « s CNI» + -+, CNN)T
P S S D D

b:=(m,,....,my_,my,...,my_;,AM)T

and A is the (2N — 3) x N? block matrix

ON 1N ON ON 0N
ON ON 1}\] ON ON
A=]| ¢ : e s 4.1)
Ov Ov Ov - Iy Oy
JN JN JN JN JN
UN ZN ZN ZN UN
where Iy is the N X N identity matrix, Ly := (11 --- 1),0y := (00 --- 0),Zy := (-1 00 --- 0-1),
N times N times N-2 times
Uy:=(@ 11 ---10),and Jy is the (N - 2) x N block matrix [Qy_, Iy_» Oy _,].

N-2 times

The LP formulation described above can be slightly generalized to account for the costs of
creating/destroying mass at the boundaries. Still keeping the simplifying assumption Eq (2.7), the
vector X of the unknowns is modified by adding four new unknowns Mj, M, M7, and M3},
corresponding to the masses taken from the left/right boundaries, and the masses brought to the
left/right boundaries, respectively. Note that these masses are potentially unlimited. Moreover, four
input parameters cj, ¢, ¢}, and c}, related to the four new unknowns are added. For example, the
quantity c{M; will give the cost to create the mass M;} at the left boundary (just creating it, not
transporting it inside the domain), while the quantity ¢y, My, will give the cost of destroying the mass
M3, at the right boundary.

The LP formulation becomes

N

T 7FG S DY .__ . S A g8 S S D A 4D D D

W5 (m,m") := mln{ E CixYjxk + M| + cyMy + M| + cyMy,
k=1

y € [0, +00)N

N N
Zy,-kzmj., for je{2,...,N—1}, Zyjkzmz, forke{2,...,N -1},

k j=1

Il
—

N

D xp=M;, forje{l,N), > xu=M, forke{l,N),
k=1 j=1
1

S S D D
M, My, M],My >0, c;1=ciy=cyi=CNN= +°°} ,

(4.2)
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which corresponds to Eq (2.10) with

- — S S D D
X 1= (X015 X125« oo s XINs X215 X225« s XON « - o s XNTs + - - o XNNs My, My, M3, My)T

P S S D D
c‘_(Cll9C127"'9c1N5621’622$""C2N"~'ach$"'7CNN$ClaCN’Cl’CN)T

R S S D D
b :=(0,m,...,my_,0,0,m3,...,my_;,0)7

and A is a 2N X (N? + 4) block matrix, obtained from the matrix Eq (2.12) by extending it with four
columns. The extra columns have a single nonzero element each, namely

A1,N2+1 =1, AN,N2+2 =1, AN+1,N2+3 =1, AzN,N2+4 =1, (4-3)

due to the four extra unknowns and constraints of the problem Eq (4.2). The last constraints of Eq (4.2)
are needed to assure that it is never convenient creating mass at the boundaries just to keep it there or
to transport it to the other boundary.

In Appendix A.1, we present two academic examples which serve both to illustrate the features of
the Figalli & Gigli approach and to facilitate a deeper understanding of the proposed methodology.

4.2. Piccoli & Rossi approach
4.2.1. Discrete approach

In the case of two purely atomic marginals with finite supports
N N
W= Yo, =Y wi,.
i=1 i=1
the distance Eq (3.5) is computed by minimizing
N N N
aZ(m? — 1it}) +aZ(m}’ —m)+b Z CikYjk »
i=1 i=1 Jk=1

where cji = [|x; — x/|”, among all y € [0, +00)N such that

N
Dy =i, forjefl,...,N),
k=1

D oyp=iy, forke(l,...,N),
=1

and among all rir}, ..., 3, m}, ..., my with m{ < m? and m? < m?, i € {1,...,N}. By taking such

—_ — i’

conditions into account, the objective is to minimize

N N
aZ (m; +m}) + Z (bey —2a)yj,
i=1

Jhk=1
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among all y € [0, +00)" such that
N
Z’yjkémj, forall j=1,...,N,

N
Zyjkgm‘;, forallk=1,...,N.

4.2.2. Computational approach

This time, the problem can be solved through a linear programming problem with inequality
constraints. First, one solves the problem

minimize ¢€7Xx

subjectto Ax <b (4.4)

where € := bc — 2aly:, X, ¢, b are defined as in Eq (2.11), and A is defined as in Eq (2.12). Once the
solution xX* = x*(a, b) of Eq (4.4) is found, the final GWD is given by

N
Wr(m*,m"; a,b) := x*(a,b) + a Z (m; + my).
i=1

In Appendix A.2, we present two academic examples which serve both to illustrate the features of
the Piccoli & Rossi approach and to facilitate a deeper understanding of the proposed methodology.

4.3. Gaussian Hellinger—Kantorovich approach
4.3.1. Discrete approach

When computing the distance Eq (3.7) of two purely atomic measures with finite supports
N N
W= Z ms,, W= Z m; s, ,
i=1 i=1

we may resort to a dual formulation. Namely, by adapting the proof of [9, Theorem 6.3] to the case in
which a, b are not necessarily both equal to 1, one sees that the distance equals the maximum of

N N
a Z m;0y, (1 - e—bwi/a) ta Z mes, (1 _ e—bwi/a)

i=1 i=1
among all (¢q,...,on, U1, ...,¥y) € RY x RY such that
ity <cjp=Ix;j—xf,  forall jke{l,...,N}. (4.5)
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4.3.2. Computational approach

In this case, the optimization problem can be written as a nonlinear maximization problem with
linear constraints. To this end, we define the function f : R* — R

N 2N
f(z):= ame‘ (1 - e‘bz"/”) +a Z m?_N(l - e‘bz"/“), z e R?.
i=1 i=N+1

We then aim to find
W5™ (m*, m®) := max f(z)

under the constraints
A’z <,
where c¢ is defined as in Eq (2.11) (with cj as in Eq (4.5)) and A is the N? x 2N matrix defined as

A,_ e]e]"'e] e2e2...e2 o eNeN...eN
' elezno.eN elez.-.eN .. el e2 .-.eN

b

withe; = (00 ---_ 1 --- 00)7 € RY being, as usual, the ith element of the canonical base of R".
l'th
Numerical tests for the GWD discussed here are in common with those of the following GWD; see
Appendix A.3.

4.4. Savaré & Sodini approach
4.4.1. Discrete approach

For the purpose of empiric approximation, it may be convenient to resort to the convex relaxation
approach introduced in [11]. In particular, in view of [11, Theorem 3.5], in the case of two atomic

homogeneous marginals
N N
S __ S D __ D
M _ijéxi’ M _Zmiéxi’
i=1 i=1

the Gaussian Hellinger—Kantorovich distance can be obtained by minimizing

8= ) Voo Hg(x), iy X 730) (4.6)
k€

under the constraints y(jnie = 0, X ke Y(jnkey = 1, and for the homogeneous marginals
s _ S D _ D
m; = Z Tji Z Y(jhkt) 5 my = Z Tkt Zﬁjh,kf)’
I kt ; Jh

and
2= Q=
A ¢
for all j,k € {1,..., N} (see also Figure 4). We point out that this latter approach differs from that of
the previous one only numerically because the distance defined in this way in principle coincides with
the one discussed in Section 4.3.1.
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4.4.2. Computational approach

Starting again from the basic numerical setting introduced in Section 2.3, we introduce the
additional, ‘vertical’, discretization at any fixed grid point x; and for each mass distribution; see
Figure 4.

XMIN 'xMAX XMIN 'xMAX

Figure 4. Additional discretization of the concentrated masses.

At each grid point x;, the mass m; is divided into n} > 0 intervals (reasonably, n} = 0 if and only
if m} = 0). Analogously, the mass m} is divided into n} > 0 intervals (again, m} = 0 if and only if
m? = 0). Note that nE.S’D} acts as additional discretization parameter, and we expect the numerical error
to vanish only for both n'*” — +c0 and N — +oo.

i

Now, each subdivision of the supply mass is associated with the additional variable rj.h, j=1,...,N,
h=1,... nj and each subdivision of the demand mass is associated with the additional variable r},,
k=1,...,N,=1,...,n}.

We also define

as the vector of all the weights vy, associated with the pairs (r;h, ), j=1...,N,h=1,...,n,
k=1,...,N,t=1,...,n.
The optimization problem to be solved reads as

minimize S(T, 7%, r°)

subject to Y nkey =2 0,  Vj hk, ¢, Z?’(jh,ld’) =1,
ke

m; = Z (”j’h Z 7(,/h,k£)), Y, 4.7)

h=1 kt
D

i
myg = (r;i’g Z Y( jh,kt’)), vk,
(=1 ih

where S is defined in Eq (4.6), and the sums 3’ ¢, 2> 2. j Tun on all over the index combinations. It is
important to note that the linear systems for °, r* appearing in Eq (4.7) can be actually underdetermined
for a given I'. Analogously to the previous cases, we will denote the solution of the optimization
problem by W3'.
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In order to solve the optimization problem Eq (4.7), we have devised two strategies: The first one
is based on a slow but exhaustive search, which guarantees finding the global minimum. The second
one is based on a nondifferential descend method and allows for faster computations, although a priori
limited to the search of a local minimum.

Algorithm SS-A: Exhaustive search

1. Introduce a grid with Q nodes in the unit interval [0, 1], namely 0 = g; < ¢» < ...,q9 = 1.
Note that Q is yet another approximation parameter (the associated error is expected to vanish for
0 — +00).

2. List all the possible vectors {I" € R?} such that each element belongs to the set {g1, ..., qo} and
the sum of the elements equals 1. A good algorithm to do this is the following (with d = 5),
although some generated I lead to linear systems with no solution (we have discarded them).

1: fori; =0,...,0do

2 fori; =0,...,0—1i;do

3 fOI‘igZO,...,Q—il—ide

4 fOl’i4:0,...,Q—i1—i2—i3d0
5: i5:Q—i1—i2—i3—i4

6 [ = (i1, 12,3, i4,15)/ Q

7 end for

8 end for

9: end for

10: end for

3. For each T, find {rj.h} jn and {r},}, (depending on that ) solving the underdetermined linear
systems, selecting the solution with the minimal norm.

4. For each I (and the corresponding {rj.h} i A dke), evaluate S@).

5. Find miny S(I') by exhaustive comparison.

Algorithm SS-B: Random guess and random descend

1. List the largest possible number of vectors I" € R? such that each element belongs to the interval
[0, 1] and the sum of the elements equals 1. A simple algorithm to do this is the following.

1. forz=1,...,ddo
2: Extract a uniform random variable w, € {1, ..., O}
3: end for

4 T =(w,..., 03, w.

2. For each T, find {rj.h} jn and {r},}e (depending on that D) solving the underdetermined linear

systems, selecting the solution with the minimal norm.
3. For ezich I (and the cor~responding {5} ins {12, }ke), evaluate S).
4. Find I'* := arg ming S(I') by exhaustive comparison.
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5. Starting from I'™* as an initial guess, explore the control space perturbing the best I" obtained so far
with a small perturbation +& on random pairs of its elements (thus keeping the sum equal to 1). If
the perturbation leads to a lower value, the best I'* is updated with the perturbed one; otherwise,
the attempt is discarded. As usual, duly diminishing & while the algorithm runs can improve the
accuracy (simulated annealing).

In Appendix A.3, we present some academic examples to illustrate and better understand the two
approaches described in Sects. 4.3.2 and 4.4.2.

4.5. Comparison of the three GWDs

In this numerical test, we compare the four computational approaches for the three GWDs
individually studied above. This is done by devising a numerical test which can be run by all
algorithms. From now on, the four algorithms will be referred to as FG, PR, SS (variant B only), and
GHK, with obvious meanings.

Denoting by y the indicator function, we consider the case of two time-dependent distributions with
parameters @, 3,17 > 0

P00 = X[ prig] )y PP D) = BY )X, 02T (4.8)

in the domain X = [-T —n, T + n]. The two step functions start with perfectly overlapping support,
then the supply mass moves leftward while the demand mass moves rightward until they both reach
the boundary of the domain; see Figure 5.

a
e
—
supply demand
-t—n —t+n t—n t+n

Figure 5. Moving distributions p* and p” as defined in Eq (4.8).

In particular, for this comparison test, we set @ € {1,2},8=2,n7 =1, T = 4. Moreover, we have the
following algorithm-specific parameters:

e PR:a=25,b=1.

e GHK:a=b=1.

e SS: a = b = 1, 4 atomic masses per distribution, 4 additional divisions per mass, Q = 1000,
€ = 0.001, iterations 5000 (random searches) + 40000 (random descend), average on 10 runs.

Figure 6 shows the behavior of the three GWDs between p* and p° as defined in Eq (4.8), as a
function of time. The WD is also shown in the balanced case a = 8.

This comparison test allows us to sketch some preliminary conclusions. First of all, SS seems to be
computationally unfeasible. It is impossible to deal with a reasonable number of concentrated masses
and the additional divisions; therefore, it will be discarded in the following analysis.

Among the others, PR and GHK share an important drawback with L”: the distances saturate when
the distributions do not overlap and they are far enough from each other. This does not seem to be a
nice feature in the context of traffic flow models.
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Balanced masses Unbalanced masses

WD GWD-FG

GWD-FG GWD-PR
301 GWD-PR O GWD-SS
O GWD-SS GWD-GHK
GWD-GHK

25

10

distance
N
o

:
distance

=
(5]
T

0 I I I I I I I | 0 I I I I I I I |
0 0.5 1 15 2 2.5 3 35 4 0 0.5 1 15 2 25 3 35 4

time t time t
Figure 6. Comparison of the three GWDs between p* and p° as defined in Eq (4.8), as a
function of time t (8 = 2,np =1, T = 4). @ = 2 (balanced), including also the classical WD
(left) and @ = 1 (unbalanced, right).

Lastly, FG has an important feature which deserves discussion: The distance decreases whenever the
distributions are close to the boundaries, even if they are very far from each other. On first glance, this
seems to be an issue, but it can be also be seen as a good point. Basically, it implies that what happens
near the boundaries is less important than what happens on the rest of the road. Considering the fact
that the boundary conditions are typically unknown in traffic flow modeling, it could make sense to
give priority to that part of the road which is less or not at all influenced by the boundary conditions.

5. Applications to traffic model analysis

In this section, we will try to understand to what extent the GWDs previously studied are suitable
in the context of traffic flow models. It is useful to recall here that in [2], the authors have already
extensively studied the sensitivity of the LWR model [25,26] using the WD. More precisely, many
simulations were performed by varying some key parameters like the initial vehicle density, the road
capacity (maximal flux), the critical density (vehicle density associated with the maximal flux), the
size of the road network, and the distribution coefficients at junctions (how traffic is distributed across
a junction with more than one outgoing road). Interestingly, the authors found that the parameter the
model is most sensitive to is the last one, namely the distribution coefficients at junctions. That said, the
usage of the WD has limited the authors to the comparison of balanced vehicle distributions only. This
means, in practice, that the number of vehicles should be the same in the two scenarios considered.

In the following, we try to complete the sensitivity analysis, including the cases in which the mass
distributions are unbalanced.

5.1. Mathematical modeling

In a macroscopic setting, the traffic flow is described by means of average quantities only, like the
density p (vehicles per unit of space, at a given time), the flux f (vehicles per unit of time crossing
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a given point, at a given time), and the velocity v. Models can be first-order (i.e., velocity-based),
if the velocity is given as a function of the density and acceleration is neglected, or second-order
(i.e., acceleration-based) if, instead, velocity is an independent variable and acceleration is given as a
function of both density and velocity.

In the following, we will assume that the road is a finite segment X = [Xyy, Xuax] With a single lane
and a single class of vehicles.

The LWR model

The LWR model, introduced independently by Lighthill and Whitham [25] and by Richards [26],
describes the evolution of the vehicle density p(x, #) by means of the following initial-boundary value
problem involving an hyberbolic PDE

6tp + axf(p) =0, t€[t,T], x€ [Xun Xuaxls
p(xa 0) = pO(x)’ X € [xMINa -xMAx]a

P> 1) = (), t€ 5, T],

PXuaxs> 1) = Pour(D), 1 € 1o, T],

5.1

for some initial time 7y, a final time 7" > f,, and a concave flux function f : [0, pyxx] — R (called the
fundamental diagram in the context of traffic flow) such that f(0) = f(ou.x) = 0, for some maximal
density py.x- Note that we have naturally guaranteed the constraint 0 < p < p,.x at any time, provided
that 0 < P05 Pms Pour < Prmax-

Recalling the well-known physical law f = pv, which is always valid for any x and 7, we find that
the LWR model implicitly assumes that the vehicle velocity v only depends on the density p (since
f = f(p), therefore v = v(p)). From the modeling point of view, this means that the velocity adapts
instantaneously to the changes in the density, i.e., acceleration is infinite. For this reason, the LWR
model is said to be first-order.

As usual in the mathematical literature, in the following Tests 1-3 we will define the following:

fp) = p(1 - p), (5.2)

implicitly assuming that the maximal density and the maximal velocity of vehicles are normalized
and equal to 1. This is done for simplicity, since a qualitative analysis is sufficient to highlight the
differences among the GWDs. In Test 4, instead, we consider realistic parameters.

Equation (5.1) can be numerically approximated by means of, e.g., the Godunov scheme. Using
again the numerical setting introduced in Section 2.3, this scheme reads as

Ax T -t
n+tl _ n T n o n _ n n s _ _ 0
A= o= (Gl = Gl el) =2 N n=0 20 53)
where p! represents the approximated value of p at the center of the cell C; at time 7y + nAt, and G is
Godunov’s numerical flux defined by

min ]f(z)9 lfp— < P+>

z€[lp-.p+
- = 5.4
G(o-.p-) max f(z), ifp- > p,. S
z€[p+.p-]
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Remark 6. Boundary conditions can be also given in form of incoming and outgoing flux, rather than
as left and right densities p., pour- This happens, for example, if the boundary data are given by fixed
sensors counting the vehicles passing through x = Xy and x = Xy in a time interval At. If this is the
case, the values p'| = py and p}, = pl; . are dropped, and the incomingloutgoing fluxes F}, F(  are

directly injected into the scheme Eq (5.3) taking the place of G(p!|,p?) if i = 1, and of G(o},p",,) if
i = N, respectively.

The ARZ model

The ARZ model, introduced independently by Aw and Rascle [27] and by Zhang [28], describes
the evolution of the vehicle density p(x, f) and the velocity v(x, f) by means of the following initial-

boundary value problem involving two hyberbolic PDEs:

0,0 + 0(pv) =0,

Bi(pw) + dy(vpw) = p L=,
p(x, 0) = po(x),

v(x,0) = vo(x),

p(-xMIN’ t) = PIN(I),

P(Xyiaxs 1) = Pour(D),

v(xMIN’ t) = VIN(t)9

v(-xMAX7 t) = VOUT(t)’

t€[t0,T], X € [Xyms Xuax]s
t€ 10, T], X € [Xyms Xuax]s
X € [Xyms Xuaxls

X E ['xMIN’ xMAX]’

t€[t,T],

te[t,T],

t€[t, T],

t€[t,T],

(5.5)

where w(x, t) := v(x, t)+P(p(x, 1)), P(p) := VTf (IJL)7 ,and v,.r, ¥, and 7 are strictly positive parameters.
This time, the velocity v is an independent unknown and the acceleration @ appears explicitly
in the model, depending on p and v. For this reason, the ARZ model is said to be second-order.
In order to fairly compare the two models, we define v.,(p) := %, such that the desired
equilibrium velocity of the ARZ model coincides with the instantaneous velocity of the LWR model.
In the boundary conditions, we also set vy = vey(on) and vour = Veg(Oour)-

Equation (5.5) is numerically approximated by means of the Lax—Friedrichs scheme.

5.2. Numerical tests
5.2.1. Test 1: Sensitivity to boundary conditions

In this test, we investigate the sensitivity to the boundary conditions. We consider the case described
in Remark 6, which is a scenario often met in real life [29]. In the same spirit as [29], we assume that
the time interval is divided into two subintervals: [fy,0] and (0, T'], where r = O corresponds to the
current time (the ‘now’), i.e., the time the simulation is actually performed. Until time 0, we can rely
on the sensors’ measurements Fy, F,,, and we use it as boundary conditions (see Remark 6). After
that time, we have no such data because they are not yet available, but we assume that we are be able
to (exactly) forecast their average value,

1 (7
. fo Fou(t)dt.

In short, we denote by p® the ‘exact’ solution obtained by using the boundary fluxes F(¢), Fou: () in
the whole interval [#y, T], and by p” the ‘predicted’ solution obtained by using the flux boundary data

.1 (7 .
Fy= _f FIN(t)dt7 Four =
T 0
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Fi(t), Four(2) until time ¢ = 0 and then by using the predicted average values F, Foy, until time 7. At
any time ¢, the vehicle distributions p*(-, ) and p°(-, ) are compared computing the GWDs.

The initial conditions are p*(x, 7)) = p°(x,ty) = 0.2 for any x. Boundary fluxes are randomly
generated: F has a uniform distribution in [0, }L], and F,,, has a uniform distribution in [0, G(0.2,0.2)].
The other parameters are: X, = 0, xy.x = 40, tp = =10, T = 30, Ax = 0.4 (corresponding to N = 100),
and Ar = 0.25.

Figure 7 shows two screenshots of the simulations at times # = 0 and ¢ = 12, while Figure 8 shows
the total mass on the road and the GWDs between p°(-, f) and p°(-, t) at any time.

t=0 t=12
1 T 1 T
supply (exact) supply (exact)
0.9 o demand (predicted) 0.9 o demand (predicted) Flm
08 b 08 N
07 1 07f ]
0.6 1 0.6 1
2z z
205¢ 1 2ost .
(0] (]
© ©
04 b 04 N
03 b 03 N
0.2 M 7 i
01T b 1
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
space space
Figure 7. Test 1 on sensitivity to the boundary conditions. Two screenshots at # = 0 (‘now’),
i.e., when the solutions cease to be equal (left), and ¢ = 12 (right).
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Figure 8. Test 1 on sensitivity to the boundary conditions. Difference in mass between the
two simulations (left) and comparison of the GWDs (right).

Observing the numerical results, we tend to confirm what we anticipated in Section 4.5, namely
that Figalli & Gigli approach seems to be the most suitable GWD to be used in the context of traffic
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flow modeling, mainly because of how boundaries are regarded. In this test, the discrepancy between
the exact and predicted solution slowly propagates from the boundaries to the interior of the road,
impacting more and more on the reliability of traffic prediction. This behavior of the error is clearly
better caught by FG (see Figure 8 (right)), which is the last distance that is saturated.

5.2.2. Test 2: Sensitivity to traffic light cycle

In this test, we consider a shorter road with respect to the previous test, and we assume that there is
a traffic light in the middle of the road, at the interface between two numerical cells. The duration of
the red phase equals that of the green phase. Technically, the red traffic light is modeled by imposing
null flux on the right (resp., left) boundary of the cell before (resp., after) the traffic light. The aim is
to investigate the sensitivity to the duration of the traffic light cycle.

t=7.4

t=3.7
1 r

09

T T
— supply
——&—demand | 7|

I I
15 2 25 3

space

I
0.5 1

35

1

09

T T
— supply
——&—demand | 7

. . . h
15 2 25 3 35
space

I
0.5 1 4

Figure 9. Test 2 on sensitivity to traffic light cycle. Two screenshots at ¢ = 3.7 with red traffic
light for demand and green traffic light for supply (left), and t = 7.4 with red traffic light for

both distributions (right).
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Figure 10. Test 2 on sensitivity to traffic light cycle. Difference in mass between the two
simulations (correctly masses differ only in a certain time interval, left), and comparison of
the GWDs (right).

The initial conditions are p°(x, ty) = p°(x,ty) = O for any x. The left Dirichlet boundary conditions
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are p}, = pv. = 0.4. The right Dirichlet boundary conditions are p; . = po,, = 0. The other parameters
are: Xyw = 0, xyux =4, 10 = 0, T = 20, Ax = 0.04 (corresponding to N = 100), and At = 0.025. Both
red and green phases last 50 time steps for supply distribution and 40 time steps for
demand distribution.

Figure 9 shows two screenshots of the simulations at times t = 3.7 and t = 7.4.

Figure 10 shows the total mass on the road in the two scenarios and the GWDs between p*(:, ) and
P°(-, 1) at any time.

This test does not show much difference among the three GWDs, as they have basically the same
cycling behavior. That behavior is correct, since the two solutions cyclically move away from each
other and then come closer again.

5.2.3. Test 3: Sensitivity to model order

In this test, we quantify the difference between two simulations obtained by means of the LWR
model (supply, first-order) and the ARZ model (demand, second-order).

The initial conditions are p*(x, #y) = p°(x, %)) = 0.7 for x € [1.6,2.4] and 0.1 elsewhere. The left
and right Dirichlet boundary conditions are null. The other parameters are: 7 = 0.05,y = 2, v,y = 1,
Xun = 0, Xyux =4, 10 =0, T = 3, Ax = 0.02 (corresponding to N = 200), and Az = 0.01.

Figure 11 shows two screenshots of the simulations at times # = 0.3 and ¢ = 1.

t=0.3 t=1
1 T 1 T
supply (LWR) supply (LWR)
09 —e—demand (ARZ) | 0.9 —e—demand (ARZ) |
08 1 08 1
0.7
0.6 [
2 z
205\ 2
<] (5}
© ©
0.4
03r
0.2
01r
o ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5 3 3.5 4
space space
Figure 11. Test 3 on sensitivity to model order. Two screenshots at t = 0.3 (left), and = 1
(right).

Figure 12 shows the total mass on the road in the two scenarios and the GWDs between p*(-, f) and
P°(-, 1) at any time. Here, we have chosen a = 0.5 and b = 1 as parameters for computing Wf“.

This test is similar to Test 1, even if the conclusions are less evident: Here the two solutions start
differing immediately, both at the boundary and inside the road. Moreover, intuition tells us that the
difference increases as the time goes by. Among the three GWDs, FG is the one which increases more
rapidly at the initial time, and it is the one with the largest relative increment at later times.
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Figure 12. Test 3 on sensitivity to model order. Difference in mass between the two
simulations (left) and comparison of the GWDs (right).

5.2.4. Test 4: Calibration and validation

In this section, we consider two important problems in traffic modeling, namely calibration and
validation. In fact, once a new mathematical model is devised, the calibration is needed for finding
the best values of its parameters to be used in order to fit some reference solution as much as possible,
typically coming from real observations (real traffic data). Once the calibration is done, one has to
validate the model, checking if it is also able to compute accurate solutions in scenarios which are
different from those used for calibration.

In both steps, the choice of a distance function is crucial, since it is used to measure the difference
between the exact and the simulated traffic conditions. Different distances can highlight different
features, thus affecting the values of the optimal parameters.

To study these aspects of traffic modeling, we resort again to the LWR model (Section 5.1). Here,
we do not normalize the maximal density p,,x and maximal velocity v,,x to 1, so we have

v
f(P) =p (_ MAXp + vMAX)
MAX
instead of Eq (5.2). Summarizing, to run the model, we need the two parameters p,,.x and v,,x, the
initial condition p(, and the boundary conditions pyy, poyr- The proposed numerical tests are performed
in two steps:

- Direct problem: We fix the parameters/conditions and we solve Eq (5.1), saving the final solution
p7F(+) := p(-,T) as reference solution;

- Inverse problem: We assume that some parameters/conditions are unknown, and we use the other
parameters/conditions and the reference solution p7 to find the unknown parameters/conditions

by means of an optimization problem.

Note that the second step requires us to measure the distance between the reference solution and the
solution obtained with tentative parameters/conditions several times, until the minimum distance (best
match) is found.
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Figure 13. Test 4a on calibration. Level sets of the GWD functions (Oyux, Vaax) —
W(p(, T'; puax» Vaax)» P5) for FG (top left), PR (top right), and GHK (bottom left). The
red square locates the exact pair (o}, Vi), While the blue dot locates the argmin of the
function. In the bottom right figure, we show the initial condition p,, the reference density
function p§™ computed in the direct problem, and the optimal density function p* at the final
time corresponding to the solution to the optimization problem.
Test 4a. In this test, for the direct problem, we set p;,,, = 167 veh/km, v},,, = 100 km/h, x,;y = 0 km,

Xuax = 4km, T = 2 min, p,, = 0 veh/km, and p,,; = 0 veh/km. p, is plotted in Figure 13 (bottom right).

For the inverse problem, instead, we assume that p,,x and v,,x are unknown, and we run an
exhaustive search for the best match. The intervals for the search are [100,200] vehicles/km for the
density and [60, 120] km/h for the velocity.

In Figure 13, we show the level sets of the function (0Oyux, Vaax) = W(p(~, T'; Puax> Vuax)» P77 ) for the
FG, PR, and GHK approaches.

It is interesting to note that in all the three cases, the optimization problem is able to find the
optimal pair (o}, Vi) quite precisely, which is indeed the argmin of the GWDs. Nevertheless, the
qualitative behavior of the level sets around the minimum point is different. FG and PR show the best
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behavior, with the minimum point well contoured by level sets, meaning that the minimum is well

localized. Conversely, GHK shows a plateau around the argmin, which clearly makes the minimum
less identifiable.
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Figure 14. Test 4b on validation. Level sets of the GWD functions (0gr, P) —
W (-, T Pixs Pour)s p5) for FG (top left), PR (top right), and GHK (bottom). The red square
locates the exact pair (o}, pi), While the blue dot locates the argmin of the function.

Test 4b  In this test, for the direct problem, we set p,,,x = 167 vehicles/km, vy,x = 100 km/h, x,,y = 0
km, x,x = 2 km, T = 3 min, p;, = 40 vehicles/km, p;, . = 0 vehicles/km, and py = 0. Moreover, we
assume that between r = 1 min and # = 1.7 min, an accident at 1.6 km blocks the traffic.

For the inverse problem, instead, we assume that p,, and p,,; are unknown, and the accident is also
unknown (this is a typical situation which can happen during model validation). The intervals for the

search are [0, pyax/2] vehicles/km for the inflow boundary conditions and [0, py.x] km/h for the outflow
boundary conditions.
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Conversely to Test 4a, here, it is very possible that the optimization problem is not able to find
the perfect match with the reference solution, since the accident is not considered at all in the inverse
problem. Indeed, the optimization problem could tend to compensate for the internal discrepancy due
to the accident using different boundary conditions.

In Figure 14, we show the level sets of the function (0our, o) = W(0(-, T Pixs Pour)s ) for the FG,
PR, and GHK approaches.

Since the accident happens close to the boundary, and the control parameters o, pour act at the
boundaries as well, FG struggles to find the optimal parameters, being basically insensitive to any
possible variation. This is evident by observing the plateau around the minimum, which also lead to
a completely wrong estimation of the boundary conditions. The other two methods, instead, are more
sensitive to variations near the boundaries and are able to locate the exact solution even if the accident
is ignored.

6. Conclusions

In this paper, we have proposed four algorithms for computing, in a discrete context, four GWDs
(two of them theoretically equivalent to each other). One of them (SS) proves to be numerically
unfeasible, while the other three (FG, PR, GHK) are all relatively simple to implement once the
computational procedure is arranged.

Regarding traffic modeling, the different ways the road boundaries are treated makes the choice of
the GWD to lean toward PR in the phase of calibration and validation, i.e., when one has to estimate,
at best, the model parameters, while it makes the choice to lean toward FG when the model is used for
traffic forecast, both for computational and modeling reasons: Indeed, FG is the fastest in terms of CPU
time and naturally focuses on the internal part of the road rather than on the boundaries. This feature
is useful, since traffic forecast at the boundaries is necessarily inaccurate due to the impossibility of
estimating inflow and outflow traffic with good precision.

In the future, one could explore the possibility of computing the considered GWDs in more
complicated domain like R?, R?, and (road) networks.
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Appendix

A.l. Numerical tests for the Figalli & Gigli approach
Test 1

SO

In this test, we consider the case of atomic balanced masses in the domain X = [0, 5]. We set N = 50
that Ax = 0.1. The total supply mass is 0.2, divided into two equal parts and concentrated in two

points. The total demand mass is also 0.2, concentrated in one point only.

1.1. Here, the supply mass is located at x = 1 and x = 2.5, while the demand mass is located at x = 3;

see Figure Al (left). The optimal mass transport map prescribes to move the supply mass onto
the demand mass, without resorting to mass at the boundaries. We have Wf“ =0.25.

1.2. Here, the supply mass is located at x = 0.5 and x = 2.5, while the demand mass is located at

x = 4; see Figure Al (right). The optimal mass transport map prescribes to move the leftmost
supply mass to the left boundary, the rightmost supply mass onto the demand mass, and take mass
from the right boundaries to bring them onto the demand mass. We have WfG =0.3.

Test 2

In this test, we consider the case of continuous unbalanced distributions in the domain X = [-5, 5],
—(x-3)
2 e
PER=er Pw=—g
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Figure A1l. Test 1. Case 1.1. where boundaries are not used (left), and Case 1.2. where the
mass is both taken from and brought to the boundaries (right).

See Figure A2. We set N = 50 such that Ax = 0.2.
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Figure A2. Test 2. Some supply (resp., demand) mass is brought to the left (resp., right)
boundary, and the rest is transported.

In this case, the optimal mass transport map prescribes to move part of the supply mass to the left
boundary and part of the demand mass to the right boundary, then transport the remaining mass. We
have VVTG = 6.84.

A.2. Numerical tests for the Piccoli & Rossi approach
Test 1

Consider the simple example proposed in [5, Section 2.2], where the authors consider the two
constant distributions

P (X) = x1=1,01(%), P (X) = xie1+6/(X), x€eR
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with the parameter ¢ > 0. The exact value of the GWD (with a = b = p = 1) is easily computed
and gives

PR/ S D 1+é‘:_é‘:2/4a 1f§6[0,2],

Figure A3 shows the result of the numerical computation in the domain X = [-2, 5] divided into
N =200 cells for ¢ € [0, 3].

2r o
19
18 F
17+t
16 F
[a)]
2 15¢
o
14
13F
12}
exact
11F O PR
1 ‘ ‘ ‘ ‘ ‘ |
0 0.5 1 15 2 2.5 3

3
Figure A3. Test 1. Exact solution compared with numerical solution (N = 200).

Test 2

In this test, we run the algorithm in a nontrivial case where the exact solution is not known. In more
detail, we consider X = [-4,4], N =100, a=b=p =1, and

—x+1
5

Figure A4 shows the result in terms of the remaining mass after minimization. One can see that
here, the optimal solution (W‘I’R = 4.36) requires to destroy only part of the mass.

—(x=1)?

pi(x) = )([—2,0]()6), p(x)=e

A.3. Numerical tests for the Gaussian Hellinger—Kantorovich and the Savaré & Sodini approaches

Here, we present numerical tests for the approaches described in Sects. 4.3.2 and 4.4.2. We recall
that the two approaches, although quite different from the computational point of view, are theoretically
equivalent (with a = b = 1, which will be always the case from now on). This is also confirmed by our
numerical experiments.

Test 1

This test is mainly intended to check the correctness of the code on simple examples with known
exact solution. Let us consider the simplest possible scenario, with only one concentrated supply mass
¢° and only one concentrated demand mass ¢°. To simplify the notations, we denote by m®, x° and by
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m", x” the mass and the position of the supply mass and the demand mass, respectively. In this case the

exact solution is W3™

mass

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Figure A4. Test 2. The initial distributions m*

= Ws* = Hy(x*, m*; x°, m"), where H, is defined in Eq (3.9).
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Figure AS. Test 1. The GWD between two equal atomic mass distributions with a mass
m as a function of their distance A¢ (left), and the GWD between two overlapping atomic
mass distributions as a function of the difference of mass (right). The dotted black line is the
exact solution.

Figure A5 shows the results of the algorithm for WZGHK as well as both algorithms for VV;S (SS-A and
SS-B), alongside the exact solution.

In more detail, Figure A5 (left) shows the GWD in the case when the two distributions are
balanced (m® = m® = m) and their distance progressively increases from 0 to 6. One can see that the
GWD rapidly saturates at 2/m. As for Wg‘“‘, this is consistent with the fact that increasing the distance
results in relaxing the constraint (4.5) for the maximization of the dual functional, which involves

Networks and Heterogeneous Media Volume 20, Issue 4, 1108—1144.



1143

exponential functions: From this, we obtain the maximum value 2/ in the limit case of an infinite
distance and the exponential decay of the difference between this value and the actual maximum for
finite distances that grow large. As for WSS, recalling Eq (3.9), the objective in Eq (4.6) decays
exponentially to rj, + r}, which, in turn, equals at most 2 due to the constraints on the
homogeneous marginals.

Figure AS (right) instead shows the GWD in the case when the two distributions are located at the
same point and the difference of their masses progressively increases from 0 to 7.

S
r %)
. s s
supply r r

x = 0 1 x =

demand

Figure A6. Test 2: Two concentrated masses for the supply mass and one for the demand
mass.

Algorithm SS-A

; ' MW WMJ HMH I
A AL A

0 200 400 600 800 1000 1200 1400 1600 1800 2000
iterations

Figure A7. Test 2. Algorithm SS-A, complete view of all the evaluations of W;S (top),
and Algorithm SS-B, with 1000 random searches followed by about 1000 descend iterations
(bottom). The dotted red line indicates the minimum value found in the first phase of SS-B.
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Test 2

The goal of this test is mainly to compare the algorithms SS-A and SS-B. We consider another
simple scenario with only two concentrated masses for supply, and only one concentrated mass for
demand; see Figure A6. We assume that the supply masses are located at x = 0 and x = 1, have the
masses m = 2 and m = 1, and have n = 2, n = 1 additional divisions, respectively. The demand mass
is instead located at x = 3, has a mass m = 4, and has n = 4 additional divisions. This scenario results
ind=12.

Figure A7 (top) shows the history of all the evaluations of W;S done by the exhaustive algorithm
SS-A, in the same order as they are computed, with Q = 6. One can observe a recursive pattern due to
the way I"’s are generated (Step 2). The minimum is already found among the first evaluations and it is
W5 = 6.45.

Figure A7 (bottom) shows the tentative values of W;S found in the first exploratory phase of the
algorithm SS-B (Steps 1-3), followed by the minimum values found during the random descent, with
Q = 1000.

The algorithm again returns Wgs = 6.45. Convergence seems to be well guaranteed, and the two
algorithms give the same value for W;S (VVZGHK is also the same).

For these reasons, we use algorithm SS-B only, which is obviously faster.
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