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Abstract: This paper investigates the chaotic dynamics and control of fractional-order chaotic systems.
A high-precision numerical method based on the Griinwald—Letnikov definition is developed to explore
the system’s dynamics. We also design linear feedback and adaptive control strategies to achieve
chaotic synchronization and system stabilization. Numerical simulations validate the effectiveness of
our methods, showing successful synchronization and control of the chaotic system.
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1. Introduction

Fractional-order models have demonstrated application value in fields such as ecology, mechanics,
materials science, and control theory [1-4]. Fractional-order financial systems are crucial for modeling
the complex nonlinear dynamics of financial markets, capturing memory effects and long-range
dependencies more accurately than traditional integer-order models. Khan and Tyagi [5] proposed a
disturbance observer-based control method for synchronizing fractional-order financial systems,
combining adaptive sliding mode control with disturbance estimation to handle market fluctuations. Xu
et al. [6] conducted a comparative study of integer and fractional-order financial chaos models,
analyzing chaotic behavior in financial interactions and developing effective synchronization control
laws. Xin and Chen [7] contributed to projective synchronization in high-dimensional fractional
systems using a simple yet effective linear feedback control scheme. Hajipour et al. [8] introduced a
hyperchaotic financial model and designed an adaptive sliding mode controller to manage system
uncertainties. Zhang et al. [9] established a novel stability criterion for time-delay financial systems,
reducing conservatism through advanced mathematical techniques. Chen [10] pioneered the discovery
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of chaos in fractional financial systems at low orders, laying the foundation for subsequent research.
Wang et al. [11] systematically analyzed how time delays suppress or enhance chaos in financial models.
Chen et al. [12] applied linear control to fractional financial systems with practical effectiveness.
Gao [13] incorporated the price index into chaos analysis, providing new insights through bifurcation
studies. Zhang et al. [14] addressed different-dimensional synchronization using a scale matrix
approach. Alkahtani et al. [15] developed the Bernoulli wavelet method for solving fractional financial
systems with rigorous error analysis. Malaikah and Alabdali [16] compared ordinary and fractional
systems under noise, highlighting memory effects. Finally, Yang and Li [17] proposed a financial model
with non-constant elasticity and achieved predefined-time synchronization using RBF neural networks,
demonstrating practical applications in encryption. These studies collectively advance the theoretical
understanding and control of fractional-order financial systems. However, most of the existing
algorithms for fractional-order financial systems (such as the estimation-correction method,
frequency-domain approximation method, etc.) have significantly increased computational complexity
when dealing with high-dimensional or long-term simulations, making it difficult to meet the
requirements of real-time analysis. Some studies (such as Alkahtani et al. ’s Bernoulli wavelet method
in 2023) have proposed new numerical formats, but they still have the problem of cumulative truncation
errors in handling the singularity of fractional derivatives, and numerical drift is prone to occur in
long-term simulations. The adaptability of existing methods (such as the linear control verification by
Chen et al. in 2011 to strong nonlinear financial models is limited. This paper gives a high-precision
numerical method for a fractional-order financial system.
A typical fractional-order financial system is

L

D;'x; = x3 + (x, — a)xy,
D?ZJQ =1- be - X%,
D x; = —x; — cx3,

where «; is the fractional order, and a, b, ¢ are system parameters.
In this paper, we consider the following fractional-order financial system with the Griinwald-Letnikov
fractional derivative:

D! x| = x3 + (X2 — a)x| + x4,

D?xy =1-bx, — x3, (L
DPx; = —x; — cx3, '
D;I4X4 = —d)C]X2 - kX4,

where x| (Savings rate) represents the proportion of income that households save rather than consume.
Higher values indicate greater thrift in the economy. x, (Investment demand) reflects businesses’
willingness to invest in capital goods, influenced by interest rates and expected returns. x3 (Price index)
measures the general price level in the economy, affecting inflation and purchasing power. x4, (External
disturbance) captures exogenous shocks like foreign trade impacts or unexpected economic events. a is
a savings-investment sensitivity coeflicient, which measures how investment demand affects savings
behavior. b is an investment adjustment speed, it determines how quickly investment demand responds
to disequilibrium. c is a price adjustment parameter, it reflects the economy’s inflation responsiveness.
d is a disturbance coupling factor-shows how savings and investment interact with external shocks. & is
a disturbance decay rate, it indicates how quickly external shocks dissipate.
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The growth in savings depends positively on the general price level (x3), reflecting inflation’s impact
on thrift. It is also influenced by an interaction term between investment demand and savings ((x; —a)x;),
where a represents a threshold beyond which investment stimulates or discourages saving. Finally,
external shocks (x4) contribute directly to changes in savings behavior. Investment adjusts toward an
equilibrium level (normalized to 1), but this adjustment is slowed by existing investment levels (—bx,),
capturing diminishing returns or financing constraints. Additionally, high savings (—x7) discourage
investment, possibly due to reduced consumption demand or liquidity constraints. Prices decline as
savings increase (—x;), since higher savings reduce consumption demand, putting downward pressure
on prices. The term —cx; represents mean-reversion, it indicating that prices tend to stabilize over time,
with ¢ controlling the speed of adjustment.External shocks naturally decay at a rate k (—kx,), but their
persistence is exacerbated by imbalances between savings and investment (—dx;x,). This suggests
that economic instability (e.g., trade deficits or financial crises) worsens when savings and investment
are misaligned.

The main contributions of this paper are

e We develop a high-precision numerical method, and perform error analysis.

e We propose a fractional-order financial system.

e We design linear feedback synchronous control and adaptive control strategies, which can achieve
chaotic synchronization and stable regulation of the financial system.

This paper is organized as follows. In Section 2, we present the stability analysis of the fractional-
order financial system. In Section 3, we develop a high-precision numerical method and perform error
analysis.. In Section 4, we perform numerical simulations to investigate the chaotic dynamics and
implement synchronization and adaptive control strategies. Finally, in Section 5, we summarize the
main conclusions of this paper.

2. Stability analysis

We investigate chaotic dynamics of the system and identify characteristic attractors. The equilibrium
states of system Eq (2.1) are obtained by solving:

X3+ —a)x; + x4 =0,

1 —bx, —x>=0,

27N @.1)
—x; —cx3 =0,
—dx1x, —kx, = 0.

The system have the equilibrium point E*(x7, x3, x5, x; ), where

The Jacobian matrix J of the system evaluated at the equilibrium point E*(x7], x5, x5, x,) is given by:

X,—a X 1 1

-2x; b 0 O
-1 0O - O

-dx; —dx; 0 -k

J(E*) = (2.2)
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This Jacobian matrix determines the local stability at the equilibrium point E* through its eigenvalues.
In order to analyze the stability at the equilibrium point £, we need to find the eigenvalues of the
Jacobian matrix. The eigenvalue A satisfies the characteristic equation:

X, —a—A" X 1 1
—2x] b — A™ 0 0 _0
-1 0 —c— A% 0
—dx; —dx] 0 -k — A%

Solving the characteristic equation, we can obtain the eigenvalue A. The stability condition of the
system is that the phase angle of the eigenvalue must satisfy the following condition for all roots:

Jarg ()] > 3 - max(@), i = 1.2,3.4.

Fora; = 1,i = 1,2, 3,4, if the real parts of all eigenvalues are less than zero, then the equilibrium
point is stable. If the real part of at least one eigenvalue is greater than zero, then the equilibrium point
is unstable.

Figure 1 presents the equilibrium points and stability analysis of the financial system ata = 0.9,b =
02,c=15,d=02,k=0.17.

IegiaryFat
InegiaryFat

(a) £,(0.0000, 5.0000, 0.0000, 0.0000), (b) E»(—1.6660, —8.8778,1.1107, —17.4004),

a=1[12,12,1.0,1.0] a=1[12,12,1.0,1.0]
Figure 1. Equilibrium points and stability analysis ata = 0.9,b = 0.2,¢c = 1.5,d = 0.2,k =
0.17.

Table 1. Equilibrium points and stability analysis ata = 0.9, = 0.2,c¢ = 1.5,d = 0.2,k = 0.17.

Equilibrium point Eigenvalues Phase angles

E7(0.0000, 5.0000, 0.0000, 0.0000) —-0.2265 + 0.1308i +2.6180
0.1239 0.0000
2.8689 0.0000

E5(-1.6660,—8.8778,1.1107, —17.4004) —1.6472 + 0.0306i F3.1230
—-0.7093 + 0.3779i F2.6521
—-5.5280 + 3.1811i F2.6194
0.0215 0.0000
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3. Numerical method

The numerical methods for fractional differential equations mainly include: finite difference method
[18,19], spectral method [20-23], reproducing kernel method [24-26], predictive-correction method [27],
matrix method [28-30], etc. Vu et al. [31] developed an intelligent finite-time sliding mode control
strategy, based on adaptive dynamic programming, to stabilize fractional-order four-wing chaotic
systems. Alikhanov et al. [32] established a discrete Gronwall inequality for L2-type difference schemes
applied to multi-term time-fractional nonlinear Sobolev-type equations with delay. Asl and Javidi [33]
proposed a numerical method of order six for fractional differential equations and rigorously analyzed
its stability and convergence. In subsequent work, Alikhanov et al. [34] constructed a high-order
compact difference scheme for solving multi-term time-fractional Sobolev-type convection-diffusion
equations. This section presents a high-precision numerical method for solving systems Eq (2.1). The
method utilizes fractional difference approximations with weight coefficients and finite memory length
truncation. Detailed error and convergence analyses are provided to establish the reliability and accuracy
of the numerical approach.

Definition 3.1. The Griinwald Letnikov (GL) definition of the a-order derivative of a function f(t) is

given by:
k

(04 1 1 i@ .
LD f(r) = lim — Z(—l)f(j)f(t — jh),

Jj=0
where the binomial coefficient can be expressed as

L@ _ (_l)j(a) (= DIT@+1)
- j] TG+ Dh@-j+1)

J
Usually, the Griinwald—Letnikov fractional derivative approximation scheme is

1

k
= D A= g (3.1)

j=0

D™ f(1)

In reference [27], the coefficients are calculated using the following recursive formula

1+
oo (1 _ _“k) C(fikl), j=12,.... (3-2)
J ] J

with initial condition ™ = 1.
In references [27-30], By replacing the binomial coefficient (—1)’ (‘;) with wE“) [27-30], a high-
precision approximation scheme can be given.

o . 1 \ (@) .
DI (@) = lim - ZO] Wi (1t = jh). (33)
j:
where initial weight is
wl® = gt

Networks and Heterogeneous Media Volume 20, Issue 4, 1087-1107.



1092

Form<p+1:

Form > p + 1:

g=U-AA"T, A= Vandermonde(l,2,...,p+1).

where p is the truncation order.
So, by combining the approximation scheme (3.3) and short-term memory calculation, we can obtain
the following high-precision numerical method for the systems (1.1)

x1(5) = h™ (x3(t-1) + (0a(tier) = @)x1(B-1) + XaBe1)) = Sy Wi O (e = x1(0)) + 17,

x(1) = h(1 = bxy(tr-1) = x1(8)%) = By Wi (ot j — x2(0)) + x5,
x3(t) = B (=x1 (1) = ex3(fm)) = Ty Wi (st — x3(0)) + x5,
x4(ty) = h**(—=dx; (i) x2(tx) — kxa(ti—1)) — Z]L':] W§a4)(x4(tk—j — x4(0)) + x,

(3.4)

here, L = min(k — 1, Lj) represents the memory length. The time step size is denoted by 4, and
ty = (k= Dh.

The final time is #,, and the number of time steps is given by m = round(z,/h) + 1. The high-
precision numerical method efficiently solves fractional-order differential equations by utilizing weight
coeflicients and finite memory length truncation.

4. Error analysis

Consider the following nonlinear fractional-order differential equations:

D%x;(t) = fi(t,x(¢)), i=1,2,...,n. “4.1)

with initial condition:
x(0) = xo, “4.2)
Here «; denotes the fractional derivative order. The vector x(1) = [x,(¢), x2(¢), . . ., x,()]” represents
the state vector. The nonlinear function vector is denoted by f = [f1, f>,..., f,]". In this section,

we present the error analysis. The numerical solution is subject to three primary sources of error:
discretization error arising from the approximation of the fractional derivative, truncation error due to
the finite memory length L, and round-off error from floating-point arithmetic.

x; and x(#;) denote the numerical and exact solutions at time #;, respectively. Defining e, = x(#;) — xi.
We have:

L L
e = [ (e X(te)) = ft )] = Y Wilew; = eol + T4 < Lh®lexal + ) IWillew sl + [7il. - (4.3)

J=1 J=1
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By applying the fractional Gronwall inequality for Eq (4.3), we can get

k
el < Eo(LeA"T(@)t) (|€0| > |rj|), (4.4)

J=1

where, E,(2) = X, F(na 1 represents the Mittag-Leffler function, and 7, denotes the local truncation
error.

The weights for the a-order derivative are given by:

, -1yl 1
W = (—1)1(‘7) Spl i 1} (4.5)
J Jj jIa—j+1)
For j > 1, the asymptotic behavior of the weights is:
a a —a— ——
A p— L T S ) (4.6)

J I'(l -a)

Using the generating function G(z) = (1 — z)?, the approximation error can be evaluated as follows:

(I-2)" - ZWJZ Z w7/

j=p+1

(o)

< D wy (4.7)

o 1
N — T ldr= ———(p+ 1)
I'(l-a) f,,H -

For x € CP*2[0,T], a Taylor expansion leads to:

k—1
h™ W; X(lk J) Dx(ty)| =
Jj=0

‘F( f (1 =17 (1) = Py(n)ldT

(p+2) |x(PD| g2
P f (t — )Pt = —k .
T T-a)(p +2)! ['(=a)(p +2)(p +2)!

Here, P,(7) denotes the p-order Taylor polynomial. The exact sum involving all history terms is:

(4.8)

k-1
S exact = Z ij(tk—j)~ 4.9)
=1
In contrast, the truncated sum is given by
L
Swne = ) Wix(tj), L =mink—1,Ly). (4.10)
j=1

The error bound between the exact and truncated sums is
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k-1
|Sexact - Struncl < Z |Wj||x(tk—j)|
=i . 4.11)
a 1
<o > J ' 2 XKoL
Ira-a j;l I'a-a
Considering all error sources Eqs (4.3), (4.7), (4.8), and (4.11), the overall error bound is:
N
hP*? ¢
1 —a ‘mach
€| < Clhp+ + CZLO + C3€mach + Ca ; ( t;r+l + W] . 4.12)

5. Numerical simulation

5.1. Comparison method

In this section, we determine the validity of the method. Figure 2 presents a comparison of the time
series results obtained from the high-precision numerical method based on the Griinwald-Letnikov
definition and the traditional ODE45 method. The simulation parameters are set as a = 0.9,b = 0.2, ¢ =
1.5,d = 0.2,k = 0.17, and the fractional orders a = [1.0, 1.0, 1.0, 1.0]. Figure 2 illustrates that the time
series obtained from the present method closely align with those from the ODE45 method. This indicates
that the present numerical method is highly accurate and effective in solving the fractional-order financial
system. The results validate the reliability of the present method in capturing the dynamic behavior
of the system, even when compared to a well-established numerical solver like ODE45. The close
agreement between the two methods in the time series plots demonstrates that the proposed method can
be a viable method for analyzing fractional-order systems with high precision.

/ N\ N\
— r,—’ \ A /I — = S \\ ,"\/\ \\/(/\\//’\/
\/ Y4 ~ ~ N \/
V'l
| I |

o 10 20 30 40 50 80 20 100

S

70 80
.
. —
- \ N - N . - P - ~.
-~ - ~ ~ <7 Sy —
2 Vo N -\ N \ o~ \ 7 o / \,
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o - (%% L Present Method
ODEas
- L L L L I L I L |
70 80 20

o 10 20 30 40 50 80 100

% ~ ~ ~
f - ~ —
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F‘_—- ~_/ \ ‘\ - NS \ N,/ T ~_
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= , — —— o A — P — J— — — —
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o
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Figure 2. Comparing time series of the present method with ODE45 ata = 0.9,b = 0.2,¢c =
1.5,d =02,k =0.17,and @ = [1.0, 1.0, 1.0, 1.0, 1.0].
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Figure 3. Comparison of phase diagrams between the present method and ODE45 at a =
09,b=02,c=1.5,d=0.2,k=0.17,and @ = [1.0, 1.0, 1.0, 1.0, 1.0].

Figure 3 provides a visual comparison of the phase diagrams generated by the proposed Griinwald—
Letnikov-based numerical method and the ODE45 method under identical system parameters: a =
09,b=0.2,c=1.5,d=02,k=0.17,and @ = [1.0, 1.0, 1.0, 1.0]. Phase diagrams are essential tools
for understanding the underlying dynamics and stability of financial systems. The figure shows that the
phase trajectories from the proposed method closely match those from the ODE45 method. This further
confirms the accuracy and effectiveness of the proposed numerical scheme in replicating the complex
dynamics of the fractional-order financial system. The similarity in the phase diagrams between the
two methods underscores the proposed method’s capability to reliably capture the system’s behavior,
reinforcing its suitability for detailed dynamical analysis of such systems.

sl Ee

thslieEor

thsleErr

Figure 4. Comparing absolute errors of method in Ref. [30], present method, predictive-
corrective methods, and Mittag-Lefller closed form ata = 0.9,b = 0.2,c = 1.5,d = 0.2,k =
0.17, and @ = [1.0,1.0, 1.0, 1.0, 1.0].

Taking the solution of ODE45 as the standard solution, the comparison results of the absolute
errors of the method in reference [30], the present method, the predictive-corrective methods, and the
Mittag-Lefller closed form are shown in Figure 4. It can be seen from Figures 2—4 that the present
method is effective.
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5.2. Numerical simulation of dynamic behavior

In this section, we numerically simulate the dynamic behavior, observe the influence of parameters
and fractional orders on the dynamic behavior, and simultaneously display some novel dynamic
behaviors. Figure 5 illustrates the Lyapunov exponents of the financial system ata = 0.9,¢ = 1.5,d =
0.2,k =0.17,and @ = [1.0, 1.0, 1.0, 1.0]. It shows how the exponents vary with different parameters,
indicating the presence of chaos when at least one exponent is positive. Figure 6 shows bifurcation
diagramata = 0.9, =0.2,¢=15,d =02,k =0.17,h = 0.01,tn = 300, 2; = , (i = 1,2,3,4).

0.2 Sr
UW@MWWWW )
o2l 1

0.4

1max
[

0.6

Lyapunov Exponents

0.8 - 4 .

002 004 006 0.08 O 012 o 016 o018 0.2

Figure 5. Lyapunov exponents at Figure 6. Bifurcation diagram.
a =1[1.0,1.0,1.0, 1.0].

Figure 7 presents a comparison of time series for different parameters and fractional orders. The
simulation is conducted with the initial condition x, = [1, 1, 1, 1] and time step 2 = 0.01, final time
tn = 500. It can be observed that when the fractional orders are higher, the system tends to exhibit larger
oscillations and higher peaks. This is attributed to the stronger memory effect in the system at higher
fractional orders. The system retains more historical information, which can amplify the impact of past
states on the current dynamics, resulting in more pronounced and higher peaks in the time series. These
higher peaks indicate greater volatility and potential instability in the financial system.

Figure 7. Comparison of time series for different parameters and fractional orders at x, =
[1,1,1,1],A = 0.01,tn = 500.

Figure 8 depicts the simulation of a phase diagram at parameters a = 0.9,b = 0.2,¢ = 1.5,d =
0.02,k = 0.37, and fractional orders @ = [1.7, 1.4, 1, 1], with initial condition xo = [0.1,0.1,0.1,0.1]
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and time step 4 = 0.01, final time tn = 500. The phase diagram is a valuable tool for visualizing the
underlying dynamics and stability of the financial system.

& &5 b b o n & o =

10 | | | | | | | | |
50 40 30 20 40 0 10 20 30 40 50

50 40 30 20 40 0 10 20 30 40 50

I

s
4
3
2
B
s 0
El
2
3
4
5
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0 40 % o y 0 A0

Figure 8. Simulation of phase diagram ata = 0.9,b = 0.2,¢c = 1.5,d = 0.02,k = 0.37,a =
[1.7,1.4,1,1],x9 = [0.1,0.1,0.1,0.1], A = 0.01, tn = 500.

Figure 9 displays the simulation time series at specific parameters a = 0.9,b = 0.2,¢ = 1.5, and
fractional orders @ = [1.7,1.4,0.4, 1], with initial condition x, = [0.1,0.1,0.1,0.1] and time step
h = 0.01. It illustrates the dynamic behavior of the financial system under these settings. The time
series shows the evolution of the system’s state variables over time, providing insights into the system’s
stability and potential chaotic characteristics.

= """'lwlll1'1lllilwi1||]|l1 rfl H I f II WNM%%WWWH‘WNWW%%WW%WW

o 50 700 50 200 =50

= F Mo ”1. ‘.|. ‘ ..J,|f.'I\JJ,'.J.JJ,.J\"J, 3"\"”“““ T ‘It tj_‘r.'l"ﬂ"“\L ,I. IE]
e WWW%WM%M@& t‘rWr*r‘rWt‘r ]
%‘iwmmmmmmmmi = POV VIR RORVIRTIIY
(a)d =0.02,k =0.37 b)d=02,k=0.2

Figure 9. Simulation time series at a = 0.9,b = 0.2,¢c = 1.5, = [1.7,1.4,04,1],xy =

[0.1,0.1,0.1,0.1],~ = 0.01.
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Figure 10 shows the simulation results of a 2D phase diagram at parameters
a=09b=02c=15,d =02,k = 0.2, and fractional orders « = [1.7,1.4,0.4, 1], with initial
condition xy = [0.1,0.1,0.1,0.1] and time step 47 = 0.01, final time tn = 800. The 2D phase diagram
offers a simplified yet informative view of the system’s dynamics. It allows for a detailed examination
of the relationships between pairs of state variables. The intricate structures in the phase diagram
suggest the existence of complex interactions within the financial system, which can be indicative of
chaotic behavior.

o
o]

02,0=[1.7,14,04,1],x0 =[0.1,0.1,0.1,0.1], A = 0.01, tn = 800.

Figures 11 and 12 demonstrate the dynamic behavior of fractional-order financial systems under
different parameter combinations, revealing the significant impact of parameter changes on system
stability and chaotic characteristics. This indicates that increasing the value of k helps suppress chaos
and enhance system stability. When k = 0.17, the state variables exhibit persistent irregular oscillations,
exhibiting typical chaotic characteristics. However, when k increases to 0.37, the oscillation amplitude
decreases significantly, the variables gradually converge, and the system stabilizes. Similarly, changes
in the perturbation coupling factor d also significantly alter the system dynamics: smaller d (e.g., 0.01)
corresponds to complex chaotic attractors, while increasing d (to 0.04) simplifies the trajectory structure
and leads to more orderly system behavior. It shows that the stabilization of the financial system can be
achieved through parameter regulation.

Figure 11. Comparison of phase diagram for different parameters d and k at a = 0.9,b =
02,c=15a=[17,14,04,1],x0 = [0.1,0.1,0.1,0.1], &~ = 0.005, tn = 300.
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Figure 12. Comparison of phase diagram for different parameters and fractional orders at
xp = [0.1,0.1,0.1,0.1], ~ = 0.005,tn = 800,a = 0.7,b = 0.2,c = 1.5,d = 0.02,k = 0.17,
ora=0.7b=02,c=15,d=0.02,k=037, =[1.7,14,1,1],ora =[1.5,1.4,1,1], or
a=[12,14,1,1].

5.3. Chaotic synchronization

In this section, we develop a chaotic synchronization control method for the fractional-order chaotic
system defined in Eq (1.1). The drive system corresponds to Eq (1.1), while the response (or slave)
system shares the same structure but begins with different initial conditions:

D%y =y3+ (y2 — @)y1 + ya + uy,
D™y, = 1= by, = yi + u, 5.1)
D™yy = =y = cy3 + u3,

D%y, = —=dy1y, — Kys + ug,

with initial conditions y(0). Here, u = [u;, u,, us, us] represents the control inputs specifically designed
to achieve synchronization between the drive and response systems.
To facilitate synchronization, we define the error vector as e = y — X, where

ei=yi—x; (i=1,2,3,4). (5.2)
The linear feedback control law implemented is

u; = —Kie; with K; =10. (5.3)
The error dynamical system

D%e; = ez + (y2 - a)e1 + X160 + e4 — Key,

D™e; = —be, — (y1 + x1)e; — Key,

5.4
D%e; = —e; — ce; — Kes,
D%ey = —d(y1e5 + x2e1) — keq — Key.
The controller utilizes a straightforward linear feedback mechanism u; = —Ke; fori = 1,2,3,4,

where K denotes the control gain.
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[1.7,1.4,0.9,0.9], x04i = [0.1,0.1,0.1,0.1,0.1], ¥0,e5ponse = [0.15,0.12,0.09,0.08], 7 =
0.01, tn = 800.

Figure 14. Simulation results of 2D phase diagram synchronization a = 0.9,b = 0.2,¢ =
1.5,d = 02,k = 02, = [1.7,1.4,0.9,0.9], xO4, = [0.1,0.1,0.1,0.1,0.1], ¥0,¢5ponse =
[0.15,0.12,0.09,0.08], & = 0.01, tn = 800.

Figures 13 and 14 present the results of the synchronization control applied to the fractional-order
financial system. Figure 13 illustrates the time series synchronization of the financial system at
parameters a = 0.9,b = 0.2,c = 1.5,d = 0.2,k = 0.2, and fractional orders @ = [1.7,1.4,0.9,0.9]. The
initial conditions for the driver system are x04.;,, = [0.1,0.1,0.1,0.1], and for the response system,
they are y0,5ponse = [0.15,0.12,0.09,0.08]. The time step is & = 0.01, and the final time is tn = 800.
Figure 14 illustrates the 2D phase diagram synchronization of the financial system.

5.4. Chaos control

The complex dynamics and control methods of nonlinear systems represent a significant research
focus. Numerous scholars have investigated various dynamical systems, such as bursting dynamics in
cellular neural networks [35], and analysis of fractional-order nonlinear vibrations with time-varying
mass [36]. Control strategies encompass adaptive dynamic programming-based stabilization of
fractional-order four-wing chaotic systems [37], neural network prescribed-time observer control [38],
perturbation observer-based robust control [39], and adaptive pseudoinverse control for hysteretic
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nonlinear systems [40]. Furthermore, several advanced methods have been proposed, including
LMI-based fuzzy terminal sliding mode control [41], adaptive fixed-time stabilization [42], H,, robust
control [43], and time base generator-based predefined-time stabilization [44], providing diverse
solutions for the control of nonlinear systems.

Design a linear feedback controller. In this case, the control gain matrix K is selected as
diag([0.5,0.5,0.5,0.5]), which means each state variable is fed back into the system and multiplied by
the corresponding gain value.

After the control start time, the controller calculates the new state derivatives based on the current
state variables combined with the original system equations. Feedback terms are added to each state
equation, thereby changing the overall dynamic behavior of the system. Specifically, the feedback terms
are —Kx;, —K>x,, —K3x3, and —K4x4, corresponding to the feedback control of the state variables x,
Xy, X3, and x4, respectively.

DY x; = x5 + ()CQ - a)x1 + x4 — Ky X1,
DQZXQ =1- b.Xz - X% - Kz)CQ,
DQ3X3 = —X1 —CX3 — K3X3,

DQ4X4 = —dxl)Cz - kparamX4 — K4X4.

By applying feedback control, the dynamic behavior of the system is adjusted. The selection of the
feedback gain K aims to stabilize the system, i.e., to make the state variables converge to the desired
equilibrium point (in this example, the origin, as the feedback terms reduce the system states).

Similarly, first analyze the dynamic behavior of the original system to determine the aspects that
need control.

Design a linear feedback controller. In this case, the control gain matrix K is set to
diag([0.5,0.5,0.5,0.5]), meaning each state variable is fed back into the system and multiplied by the
corresponding gain value.

After the control start time (700), the controller calculates new state derivatives based on the current
state variables combined with the original system equations. Feedback terms are incorporated into each
state equation, thereby altering the overall dynamic behavior of the system. Specifically, the feedback
terms are —Kx;, —K,x,, —K3x3, and —K4 x4, corresponding to the feedback control of the state variables
X1, X2, X3, and x4, respectively.

D x; :x3+(x2—a)x1 + x4 — Kqx1,

DQZXQ = 1 - bXQ - X% - K2X2, (5 5)
D(”Xg = —X; —CX3 — K3X3, ‘
DQ4X4 = —dx1x2 - kparamx4 - K4)C4.

By implementing feedback control, the dynamic behavior of the system is modified. The selection of
the feedback gain K is intended to stabilize the system, i.e., to cause the state variables to converge to the
desired equilibrium point (in this example, the origin, as the feedback terms reduce the system states).

Similarly, first analyze the dynamic behavior of the original system to identify the aspects that
require control.

Design adaptive control laws. In this case, the control gains are not fixed but are adjusted over time.
Each control gain, ki, k», k3, and k4, has an initial value and is updated according to the adaptive laws.
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After the control start time, adaptive control inputs are incorporated into each state equation. The
control inputs are —k;(x; — x4, ), and similarly applied to other state variables. Concurrently, the
adjustment of the adaptive gains follows the corresponding adaptive laws: Dk, = y;(x; — x4,)?, etc.

D" x; = x3+ (2 —a)x; + x4 — ki (x) — xq,),
D(1/2x2 =1- bx2 — X% - kz()Cz - )Cd2), (5 6)
D%x3 = —x; —cx3 —k3(x3 — xg,), .
D%x4 = —dx Xy — KparamXs — ka(x4 — Xg,).
Dki = y1(x1 — x4,
Dk, = v,(x2 — x2,)2,
2 Y2 (X2 — X4,) 5.7)

Dky = y3(x3 — x4,)%,
Dks = ya(x4 — x4,)7,

The adaptive gains are adjusted based on the error between the state variables and the desired values.
When the error is significant, the gains increase to provide stronger control and bring the system to the
desired state more rapidly; when the error is small, the gains decrease to prevent over-control.

As the adaptive control process unfolds, the system states should progressively converge to the
desired equilibrium point x4esieq- The evolution of the adaptive gains reflects the system’s response to
the current state error, thereby achieving stable and precise control.

G5 00 360 400 560 660 760 860 500 .]m 7‘“: 6o w0 305 400 500 e0o 700 8% 560 7ooo
——— f —
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Figure 15. Simulation results of time series plots control a = 0.8,b = 0.5,¢ = 1.5,d =
09,k =03, =1[1.2,1.3,0.9,0.9], xy = [0.5,0.5,0.5,0.5],~ = 0.01, tn = 1000.

Figure 15 illustrates the system’s behavior before and after the application of a linear feedback
control strategy. Initially, the system exhibits chaotic oscillations with large amplitude and irregular
peaks. After the control input is applied at a certain time, the oscillations gradually diminish, and
the system variables start to converge towards the desired equilibrium point. This demonstrates the
effectiveness of the control strategy in stabilizing the chaotic financial system and guiding it towards a
more stable state.
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Figure 16. Simulation results of time series plots control a = 0.8, = 0.3,¢c = 1.6,d =
02,k=0.18, =[1.2,1.3,0.9,0.9], xo = [0.5,0.5,0.5,0.5], » = 0.01, tn = 1000.
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Similar to Figure 15, Figure 16 shows the system’s dynamic behavior before and after control.
Initially, the system displays chaotic characteristics with significant fluctuations. Once the control
mechanism is activated, the system’s trajectories begin to settle and approach the target equilibrium. The
reduction in oscillation magnitude and the stabilization of the time series indicate that the control strategy
successfully mitigates the chaotic behavior. This further confirms the robustness and adaptability of the
control approach in managing different parameter configurations of the financial system.

6. Conclusions

In this paper, we propose a four-dimensional fractional-order financial system model and conduct
stability analysis along with Lyapunov exponent calculations to reveal the influence of system parameters
on chaotic characteristics. We develop a high-precision numerical method based on the Griinwald—
Letnikov definition to effectively explore the dynamic behavior of the financial system. Additionally,
we design linear feedback synchronous control and adaptive control strategies, which achieve chaotic
synchronization and stable regulation of the financial system. Numerical simulations demonstrate
the accuracy and effectiveness of our numerical method by comparing it with the traditional ODE45
method. The simulation results also validate the effectiveness of the control strategies in achieving
synchronization and stabilization of the chaotic financial system.
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