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Abstract: We consider single-phase flow in a fractured porous medium governed by Darcy’s law with
spatially varying hydraulic conductivity matrices in both bulk and fractures. The width-to-length ratio
of a fracture is of the order of a small parameter & and the ratio K;*/K,* of the characteristic hydraulic
conductivities in the fracture and bulk domains is assumed to scale with &* for a parameter @ € R. The
fracture geometry is parameterized by aperture functions on a submanifold of codimension one. Given
a fracture, we derive the limit models as € — 0. Depending on the value of @, we obtain five different
limit models as € — 0, for which we present rigorous convergence results.
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1. Introduction

Porous media with fractures or other thin heterogeneities, such as membranes, occur in a wide range
of applications in nature and industry including carbon sequestration, groundwater flow, geothermal
engineering, oil recovery, and biomedicine. Fractures are characterized by an extreme geometry with
a small aperture but a significantly larger longitudinal extent, typically by several orders of magnitude.
Therefore, it is often computationally unfeasible to represent fractures explicitly in full-dimensional
numerical methods, especially in the case of fracture networks, as this results in thin equi-dimensional
domains that require a high resolution. However, the presence of fractures can have a crucial impact
on the flow profile in a porous medium with the fractures acting either as major conduits or as barriers.
Moreover, in order to obtain accurate predictions for the flow profile, generally, one also has to take
into account the geometry of fractures, i.e., curvature and spatially varying aperture [1,2].

In the following paragraph, we provide a brief overview on modeling approaches for flow in
fractured porous media with a focus on discrete fracture models. For details on modeling and
discretization strategies, we refer to the review article [3] and the references therein. Conceptually,
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one can distinguish between models with an explicit representation of fractures and models that
represent fractures implicitly by an effective continuum. For the latter category, there is a distinction
between equivalent porous medium models [4, 5], where fractures are modeled by modifying the
permeability of the underlying porous medium, and multi-continuum models [6, 7], where the
fractured porous medium is represented by multiple superimposed interacting continua—in the
simplest case by a fracture continuum and a matrix continuum. In contrast, discrete fracture models
represent fractures explicitly as interfaces of codimension one within a porous medium. In
comparison with implicit models, there is an increase in geometrical complexity but no upscaled
description based on effective quantities. Besides, there are also hybrid approaches for fracture
networks, where only dominant fractures are represented explicitly [8,9]. The most popular method
for the derivation of discrete fracture models is vertical averaging [10-17], where the governing
equations inside the fracture are integrated in normal direction. This leads to a description based on
averaged fracture quantities on an interface of codimension one. However, the integration in normal
direction provides no relation between the resulting interfacial model and the bulk flow model. Thus,
using this approach, the resulting mixed-dimensional model is typically closed by making
assumptions on the flow profile inside the fracture, which eventually renders the model derivation
formal. Most commonly, averaged discrete fracture models are based on the conception of a planar
fracture geometry with constant aperture. However, there are also works that consider curved
fractures and fractures with spatially varying aperture [1, 18]. Moreover, there are papers that take a
fully mathematically rigorous approach for the derivation of discrete fracture models by applying
weak compactness arguments to prove (weak) convergence towards a mixed-dimensional model in
the limit of vanishing aperture [19-25]. This is also the approach that we follow here. In this case, in
contrast to the method of vertical averaging, the width-to-length ratio of a fracture serves as a scaling
parameter € and one has to specify how the model parameters, such as the hydraulic conductivity,
scale with respect to ¢ in the limit ¢ — 0. Depending on their scaling, one can identify different
regimes with fundamentally different limit problems as € — 0. Similar to the idea of homogenization
theory, in the first place, this approach provides insight on the behavior of the system in the limit of
vanishing width-to-length ratio & — 0 but the resulting limit models can be also be viewed as a
computationally efficient approximation for real fractures with positive width-to-length
ratio 0 < € < 1. Further, we mention [26,27], where formal asymptotic expansions are employed to
obtain limit models for the Richards equation and two-phase Darcy flow in the limit of vanishing
aperture, and [28], where a rigorous asymptotic approximation is presented for a convection-diffusion
problem in a thin graph-like network. Besides, rigorous error estimates for classical solutions of
discrete fracture models are obtained in [29,30]. In particular, in [30], an asymptotic expansion based
on a Fourier transform is used to obtain the reduced model for one particular scaling of the fracture
hydraulic conductivity with respect to the fracture aperture. Further, the authors in [31] have
developed a mixed-dimensional functional analysis, which is utilized in [32] to obtain a
poromechanical discrete fracture model using a formal “top-down” approach. In addition, we also
mention phase-field models [33], which are convenient to track the propagation of fractures and can
be combined with discrete fracture models [34].

In this paper, we consider single-phase fluid flow in a porous medium with an isolated fracture.
Here, the term fracture refers to a thin heterogeneity inside the bulk porous medium which may itself
be described as another porous medium with a distinctly different permeability, e.g., a debris- or
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sediment-filled crack inside a porous rock. We assume that the flow is governed by Darcy’s law in
both bulk and fracture. Further, we introduce the characteristic width-to-length ratio £ > 0 of the
fracture as a scaling parameter. Given that the ratio K¢*/Ky* of characteristic hydraulic conductivities
in the fracture and bulk domain scales with &%, we obtain five different limit models as € — O
depending on the value of the parameter @ € R. As the mathematical structure of the limit models is
different in each case and reaches from a simple boundary condition to a PDE on the interfacial limit
fracture, the different cases require different analytical approaches. Aside from delicate weak
compactness arguments, the convergence proofs rely on tailored parameterizations and a novel
coordinate transformation with controllable behavior with respect to the scaling parameter . Besides,
we show the wellposedness of the limit models and strong convergence.

The limit of vanishing width-to-length ratio ¢ — 0 is also considered in some of the works
mentioned above for systems with simple geometries and constant hydraulic conductivities. In
particular, for more simple systems, this is discussed in [20,22] for the case @ = —1 and in [25] for the
case @ = 1. Moreover, our approach is related to the approach in [21], where Richards equation is
considered for « < 1. However, while their focus is on dealing with the nonlinearity and
time-dependency of unsaturated flow, our focus is on the derivation of limit models for general
fracture geometries and spatially varying tensor-valued hydraulic conductivities for the whole range
of parameters @ € R. This aspect is not considered in [21]. In particular, in our case, the presence of
off-diagonal elements in the hydraulic conductivity matrix inside the fracture complicates the analysis
in the cases @ = —1 and @ = 1. Moreover, one of the limit models (¢ = —1) will explicitly depend on
these off-diagonal components.

The structure of this paper is as follows. In Section 2, we define the full-dimensional model problem
of Darcy flow in a porous medium with an isolated fracture and introduce the characteristic width-to-
length ratio € of the fracture as a scaling parameter. Section 3 deals with the derivation of a-priori
estimates for the family of full-dimensional solutions parameterized by € > 0. Further, in Section 4,
depending on the choice of parameters, we identify the limit models as € — 0 and provide rigorous
proofs of convergence. A short summary of the geometric background is given in Appendix A.

2. Full-dimensional model and geometry

First, in Section 2.1, we define the geometric setting and introduce the full-dimensional model
problem of single-phase Darcy flow in a porous medium with an isolated fracture in dimensional form.
Then, in Section 2.2, dimensional quantities are rescaled by characteristic reference quantities to obtain
a non-dimensional problem. Section 2.3 discusses the dependence of the domains and parameters on
the width-to-length ratio € of the fracture, which is introduced as a scaling parameter. Further, given an
atlas for the surface that represents the fracture in the limit € — 0, Section 2.4 introduces suitable local
parameterizations for the bulk and fracture domains, which, in Section 2.5, allow us to transform the
weak formulation of the non-dimensional problem from Section 2.2 into a problem with e-independent
domains.

2.1. Full-dimensional model in dimensional form

In the following, dimensional quantities are denoted with a tilde to distinguish them from the non-
dimensional quantities that are introduced in Section 2.2. Constant reference quantities are marked by
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a star.

Let n € N with n > 2 denote the spatial dimension of a porous medium. Of pratical interest are
the cases n € {2,3} but we also allow n > 3. First, we introduce a technical domain G c R”, which
we suppose to be bounded with dG € C? (see Figure 2). We write N € C'(0G;R") for the outer unit
normal field on AG. Subsequently, we will consider the limit of vanishing width-to-length ratio for
an isolated fracture in a porous medium such that ¥ represents the closure of the interfacial fracture
in the limit model. Tt has to satisfy @ # 7% C dG as a compact and connected C%!-submanifold with
boundary 67 and dimension n — 1. The interior of ¥ is denoted by 7. We remark that % c G is in fact
a C2-submanifold without boundary, while ¥ as a submanifold with boundary is only required to be of
class C*! (i.e., 7 can have corners for example). The domain G plays a purely technical role: It induces
an orientation on ¥. Besides, the domain G (or rather its boundary dG) allows to us to directly apply
geometrical results for (compact) manifolds without boundary without worrying about ¥ as a manifold
with boundary. In particular, 4G is endowed with a signed distance function d% . Moreover, dG has
bounded curvature. Thus, there exists a neighborhood of dG where the orthogonal projection ¢ and
the signed distance function d% are well-defined and differentiable. We refer to Appendix A.1 for the
relevant geometric background.

In the following, we define the geometry of the full-dimensional model. Given aperture
functions @; € C*!'(¥) for i € {+, -} such that the total aperture & := @, + &_ > 0 is non-negative, we
define the fracture domain Q; and its boundary segments ¥, by

Qi :={A+3NF) eR" |7 €%, —a_(7) < § < a.(®))}, (2.1a)
y, ={r+a.(@N@E) e R" | 7 € 7). (2.1b)

Here and subsequently, we use the index + as an abbreviation to simultaneously refer to two different
quantities or domains on the inside (=) and outside (+) of the domain G. Further, we distinguish
between the parts of the fracture interface ¥ and the boundary segments ¥, with non-zero and zero
aperture @, i.e., ¥ =T UT{ and 7, = T. U Ty, where

\T, (2.2a)
\To. (2.2b)
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We assume that € is connected with 1,(€Q¢) > 0, where A, denotes the n-dimensional Lebesgue
measure. In addition, we assume that the aperture functions a. are sufficiently small such that
Q; c unpp(0G) with unpp(dG) C R" as defined in Definition A.2. Besides, we denote by Q. C R" two
disjoint and bounded Lipschitz domains such that Q, N Q; = 0 and Q. N Qs =7,. Q, and Q_ are
bulk domains adjacent to the fracture domain Qf. Further, we define the total domaln

Q=Q,UQ_ U Uy, UY., (2.3)
which we assume to be a Lipschitz domain. Moreover, we write

1= 00\ Y, = 0.p Udux (2.4a)
=0Q\ (0, U0 ) =0¢p U Osn C 0L (2.4b)
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Figure 2. Sketch of the technical domain G.

for the external boundaries of the bulk domains Q; c Q, i € {+,

—, f}, which are composed of disjoint

Dirichlet and Neumann segments g;, and g; . The resulting geometric configuration is sketched in

Figure 1. Besides, the position of the technical domain G is sketched in Figure 2.

Now, let K, € L*(Q.; R™") and K¢ € L®(Qs; R™") be symmetric and uniformly elliptic hydraulic
conductivity matrices. Further, for i € {+, —, f}, let /, denote the pressure head in ;. Then, glven the
source terms §, € L*(Q.) and g; € L*(€), we consider the following problem of Darcy flow in Q.

Find p,: Q. — Rand p;: Q; — R such that

-V-(K;Vp,) = g in Q;,
Ps = Dt onT,,

Kivﬁi ‘N, = Kf?ﬁf ‘N on fi,
Dy =D- on 1~“0,

KJﬁﬁJr “ny = —K_?[)_ “n_ on Iy,
pi=0 on 9, p,
KVp,-n=0 on g, x»

i €{+, -1},
1€ {+9 ) f},
ief{+,—,f}

(2.5a)
(2.5b)
(2.5¢)
(2.5d)
(2.5¢)
(2.5f)

(2.52)

Here, n is the outer unit normal on dQ and n, denotes the unit normal on ¥, pointing into Q.. We
remark that the choice of homogeneous boundary conditions in Eq (2.5) is only made for the sake of
simplicity. The extension to the inhomogeneous case is straightforward.
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2.2. Full-dimensional model in non-dimensional form

We write L* [m] and a* [m] for the characteristic values of the length and aperture of the fracture
given by

* . (T = * . 1 f ~ N
L™ := A56(I) and a™: ) fad/laG. (2.6)
Here, A,: denotes the Riemannian measure on the submanifold G ¢ R” (cf. Appendix A.3). Then,
we define € := a*/L* > 0 as the characteristic width-to-length ratio of the fracture. Subsequently, in
Sections 3 and 4, we will treat & as scaling parameter and analyze the limit behavior as € — 0.

Next, let K [m/s] and K} [m/s] be characteristic values of the hydraulic conductivities K. and K,
in the bulk and fracture. In addition, we define the non-dimensional position vector x := ¥/L*. The
non-dimensionalization of the position vector x results in a rescaling of spatial derivative operators,
e.g.,V = L*V. Besides, it necessitates the definition of non-dimensional domains (and boundary
interfaces), which will be denoted without tilde, e.g., Q := fl/ L*. If a domain or interface depends
on the width-to-length & of the fracture, this is indicated by an additional index, e.g., Q% := Q,/L*.
Moreover, we define

Qi,D = Qi,D U Qi,D’ op = Qi,D U QiD U Q‘ED' 2.7)
We require Apa(0; ;) > 0. Besides, we sometimes require the stronger assumption
Asa(@5p) >0 and  Asa(0fp) >0, (A)

1.e., both bulk domains QF and ° have a boundary part with Dirichlet conditions (and not possibly
only one of them). This is subsequently referred to as “assumption (A)”. Further, we define the non-
dimensional quantities

& ﬁi K¢ Ki & + ax a
= ) L = T a, = —, a = —,
e TR T g @' T
~ ~ - (2.8)
pa.:ﬁ KS.ZE qs.:ﬁ
f p;? f K:’ f q;?

where p := L*, p¥ := L*, and ¢} := K}/L*. We assume that there exist parameters @ € R and 8 > —1
such that the characteristic fracture quantities K* and g scale like

K =&"K}Y and gqf =&q). (2.9)

The dimensional Darcy system in Eq (2.5) now corresponds to the following non-dimensional
problem.
Find p%: Qf — R and pf: QFf — R such that

-V (KiVpl) =4S in QF, (2.10a)
—V - (e"KEVpE) = ¢F in QF, (2.10b)
pi =¥ on I'Z, (2.10¢)
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KiVps - nf = e"K{Vp{ - nf onI?, (2.104d)
pi=rt on I, (2.10e)

KiVpt -nf = -K:Vp? - nf onI7, (2.10f)
pi=0 on iy, i€{+, -1} (2.10g)
KiVpi-n=0 onojy, i€ {+ —f} (2.10h)

In Eq (2.10), n is the outer unit normal on dQ and n% denotes the unit normal on ¥4 pointing into .
The geometry of the non-dimensional problem (2.10) with full-dimensional fracture Qf, as well as the
limit geometry as € — 0, are sketched in Figure 3.

of
Figure 3. Sketch of the geometry in the full-dimensional model (2.10) in non-dimensional
form (left) and in the limit of vanishing width-to-length ratio € — 0 (right).

Next, we define the space

&

=@
15

A

o = {(SOi, @2, ) €><'e{+,—,f} H(l),giD(Qis) s’ ¢% re = ¢ Fi} = H&@E(Q)’ 2.11)

where the equalities on I'j and IS are to be understood in the sense of traces. Then, a weak formulation
of the system in Eq (2.10) is given by the following problem.
Find (p%, p?, pf) € ®° such that, for all (¢7, ¢°, ¢f) € O°,

D KEVPE VD) ) + & (KEV D, V) oy = D (@D, + @ ) 2onr (212
As a consequence of the Lax-Milgram theorem, the Darcy problem (2.12) admits a unique
solution (p%, p?, pf) € ®°.
2.3. Scaling of domains and parameters with respect to €

Let ;. € C°(0G), k € {1,...,n — 1}, denote the principal curvatures on G and set

Kmax := Max max |kg(m)|. (2.13)
ney kefl,..,n—1}

Then, we have k,x < oo due to the compactness of y. Further, we define

. 1
3= min{l, 3—,reach(6G)} >0, &:=|max{lladl~c))| >0 (2.14)

Kmax

DN M»

Networks and Heterogeneous Media Volume 19, Issue 1, 114-156.



121

with reach(0G) as defined in Definition A.2. In the following, we require € € (0,&]. In Eq (2.14),
the condition & < 1 ensures that £ is finite and the condition & < [3ky..]~! guarantees the invertibility
of certain e-perturbed identity operators on the tangent space T,I" (cf. Lemma 2.2 below). Besides,
the condition & < reach(9G) allows us to use the results from Appendix A.l on the regularity and
wellposedness of the orthogonal projection P?° and the signed distance function d%¢.

The dependence of the non-dimensional domains and quantities on the width-to-length ratio € of the
fracture is made explicit in the notation. For the non-dimensional fracture domain )¢, the e-dependence
is evident. Specifically, we have

Qf ={m+ sN(z) e R"

mey, —ea_(m) < s < ea,(m)}. (2.15)
Accordingly, the hydraulic conductivity Kf and the source term g scale like
Ki(x) = K{(Tf(x),  gf(x) = gi(T{(x)), (2.16)

where the transformation 75 : Qf — Q‘f is given by

Té(x) = P°(x) - fdiG(x)N(P(’G(x)). (2.17)
E
Further, we define
QL =Q0N {ﬂ + sN(m) | m ey, ea.(n)<s< 8} (2.18a)
Qo = QLN QL5 (2.18b)

Note that only the inner region Q¢ . of the bulk domain Qf depends on the scaling parameter &, while
the outer region Q. o, does not. For the inner region Qf . , we impose a linear deformation in normal

direction with decreasing ¢, i.e., the hydraulic conductivity K¢ and the source term ¢% satisfy

Ki(x) =KUT:(x), (%) = ¢U(T5(x)) (2.19)

& : s . OF 0 :
for x € QF ; , where the transformation 75 : Qf ; — Q is given by

+,1

TS (x) := PP (x) + £5(P(x), —d%¢ (x))N(PY (x)), (2.20a)
£(m, Q) = AL[A ¥ ea.(m)). (2.20b)
g —¢ea.(m)

It is now easy to see that the following lemma holds.

Lemma 2.1. Let € € (0,&). Then, Tf: Qf — Qf is a C'-diffeomorphism. Besides, TS: Q8. — Qo

+,in +,in s
bi-Lipschitz. The inverses T = (Tf)_1 and T¢ := (T¢)™" are given by

TS(x) = PP (x) — gd”ﬁ(xw(@‘”(x)), 2.21)
TS (x) = PO(x) + £5(PY (x), —d2% (x))N(P™ (x)), (2.22a)
£, ) = %‘l*(ﬂ)z + sa.(m). (2.22b)
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2.4. Local parameterization

Subsequently, beginning with an atlas for the fracture interface I', we develop a suitable local
parameterization of the fracture domain f and the interior bulk domains Qf . . Further, we will
introduce transformations onto &-independent domains and characterize how ’they depend on the
scaling parameter &. Eventually, in Section 2.5, this will allow us to reformulate the Darcy
problem (2.10) in terms of e-independent domains. In the following, we use the definitions and
notations from Appendix A.3.

We observe that I' € dG is open so that I' ¢ R” is itself a C*>-submanifold of dimension n — 1.
Besides, ' c R” is a C*!-submanifold with boundary. Now, let {(U;,¥;,V;)}cs be a C?-atlas for T’
consisting of charts y;: U; — V;, where U; c ' and V; ¢ R"" are open. Then, for j € J and
€€ (0,8], we write ¢ : ¢ for the inverse charts and define

Ug; = {m+ sN(m) | re U, —ea_(m) < s < ga,(m)}, (2.23a)
={@.9,) eR" | €V}, —a_(Y;(})) <, <a.(Y;))} (2.23b)
for £ € (0, €], as well as
Ut :={n+sN(x) | me U, ea.(m) <s <8}, (2.24a)
=@, 29) eR P eV, 0< 9, <&} (2.24b)

for £ € [0, £]. In the following, we will also think of the subdomains Qf, QF . in C R" as n-dimensional
C%!-submanifolds. With the given atlas for I', we can construct a C" 1-atlas {(Ug . (ﬁf] Vi )} jes for Qf
for £ € (0,&], as well as C%!-atlases {(US 95 . Ve ) jey for QF for & € [O g]. For j € J, the

charts ¢ i and Yo, as well as their inverses 1/1f and Yo, are given by

Wi Upj—= Vej, x> (*ﬁj(?’ac(x)), —&'d% (x)), (2.252)
Yiio Ve, o Up, (0,9 o () + e3,NY (), (2.25b)
% US = Ve x o (W(PTW), (P (x),-dX (), (2.26a)
Yl Ve 2 UL, @0 - §) + £, 9N ). (2.26b)

Further, we introduce the product-like n-dimensional C?-submanifold
I,:={@d,)|nel, —a_(n) <9, <a,(r)} cR"XR. (2.27)

Then, I, is the interior of the following C%!-manifolds with boundary.
I:Z ={(@m 9, |mel, —a_(n) <Y, <a,(m)} CcR"XR, (2.28a)
T :={md)|neT, —a_(m) <0, < a,(m)} c R" xR. (2.28b)

Besides, we write

0ap = ¢} car, (2.29)

for the exiernal boundary segment of l:l with Dirichlet conditions. A CZ?-atlas of I, is given by
{(US, ¥, Vi )} jes, Where

=

L —a_(m) < 9, < au(m)}, (2.30a)
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!ﬁ?: U]a - Vf,j, (ﬂ, 0n) = (‘p](ﬂ)’ ﬂn) (230b)

Further, for f € H'(T',), we decompose the gradient Vi, f into a tangential and a normal component,
i.e.,

Of (. B)

Vr.f =Vrf+Wf,  Vf(@d,):= 09

(). (2.31)

Next, we write S8¥i(#) € R"~V*~D for the matrix representation of the shape operator Sy (3, of I
aty ;(19") with respect to the basis

oY (@) W ()
(oo gy | < o o)

Details on the shape operator Sy 9y can be found in Appendix A.2. In addition, for j € J and
=09, € V;jorV.,,; we introduce the abbreviations

RY (@) =1, - 8,87, (2.33a)
RL,@) = Ly — (0,0, 8,)8" @), (2:33b)

where I,_; € R"D*"=D ig the identity matrix. Besides, we define the operators

Rilrg,,: Tal = Tal, (2.34a)
8i x: TpOG(x)F — Tp&G(x)r, (234b)
Rg|x: TpOG(x)r — TpaG(x)r (234C)
for all (rr,9,) € T, and x € Q) ; by
& . -1

R o, = (idr,r = £8,5x) (2.35a)

. s -1
Re|, = (i, r — (PP (x), =2 (x))Spiocy)) (2.35b)
R}, = idr o T A% () Spici). (2.35¢)

The operators in Eq (2.34) will appear when considering gradients of yet to be introduced
transformations “Qiin - Q‘i’in” and “Q¢ — TI,” onto &-independent domains (cf. Eq (2.45) and

Lemma 2.4 (iii) and (iv) below). Moreover, the operators in Eq (2.34) have the following properties.
In particular, we can characterize their behavior as € — 0.

Lemma 2.2. (i) The operators R and R exist for all € € (0, €].

(ii) Forall (m,9,) €I’y and x € Qg’in, the operators

Ri RL

0
o and R¢|x

(m,890)°

are self-adjoint for € € (0, €]. In particular, for i € {+,—,1f}, itis
g’ (@R, = [R;,]'gl" ). (2.36)
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(iii) For j € J and € € (0, €], the matrix representations of the operators

RE and R°

R:

102 Yl @’ ¥L.,®
with respect to the basis (2.32) are given by [Rﬁj(ﬂ)]_], [Rij(ﬂ)]_l, and Rg’j(ﬂ).

(iv) As € = 0, we have

(@) SUP(rg,er, || idrr —Re] ., [ = O, (2.37a)

idr

2]
o
x Rix

' = 0() (2.37b)

e
(D) Supxegim P0G ()L _Zzi

for (m,9,) €T, and x € Q°

Proof. (i) Using Eq (2.14) and the self-adjointness of S, we find

&
~Kmax <

Kimax < 1.

\®)
N —

||819n87r” < EKmax nl_l_a_;_X{Hai”L""(y)} <

&

Thus, the operator Rf exists for all (w,%,) € I', and € € (0, &].

|(7T’79n)
Further, with Eq (2.14) and the self-adjointness of S,, we have

A 1
||d(a_)G(X)Sy)OG(x)|| < éKmaX < § <1
forall x € Q0 so that RY| is invertible with
=X, -1x

_ 1
< s

| W

| <
Besides, it is
A 3 1 e
o (PO CeNIEd2 ) 2 118 pacce| < Selasllimpminas < 7 < IR
where we have used that 0 < |67'd%(x) + 1| < % Consequently, the operator

RS, = [RY, - sa. (PP ()8 d(x) = 11Spoce|

exists for all x € Qg’m and € € (0, &].
(i1) The result follows directly from the self-adjointness of the shape operator.
(i11) We have
;@)

99, = Dy;(9)RY j(ﬂ)[R?, j(ﬂ)]_lei

= (idTl[/j(ﬂ/)F —819n8'_/,j(0/))(D1_pj(0')[Rf,j(ﬂ)]_lei)
forie{l,...,n— 1}, where e; € R*™! denotes the ith unit vector, and hence
0&_ﬁ @)
vl =59

The result for RE follows analogously. The result for R? is trivial.

Dy;)[R ()] 'e; = RE
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(iv-a) Using (i1), we find

sup Hidm _73?|<7r,ﬁn> =

(m.9n)el

sup

(m,8,)eT, kellwn=1) 1 — &9k (7r)

! = 0(g).

max |1

Here, k; € C°(0G), k € {1,...,n— 1}, denote the principal curvatures on G, which are bounded due to
the compactness of 9G.

(iv-b) Using Eq (2.14) and the self-adjointness of Spic(y), we find

Thus, we can express R?

R:

where

sup
xeQ

+,in

5P (x), - ()| Spocc | < [8 + ggnainm]Kmax <o

12

casa Neumann series and obtain

R, = [P P, w0 S | o R,
k=0

= idy ,, r+HE(P(x), —d (%)) + dPC(X)|RE|, 0 Spaoir.s

where 2 (P%(x), —d% (x)) + d’(x) = O(e). O
Further, for j € J, the Jacobians of the inverse charts lllf’j, ) i jare given by
Dy (@) = [ Dy;3)R; @) | sN(g,@)) |, (2.38a)
Dy’ () = AZ ;@) + eN(Y ;()[v.. ;D] (2.38b)
A ) = | DY;@)RE @) | Ny ,8) |, (2.39)
[ [+1 = &9, ][DY ;)] Vra.(y ()
v. (@) = - . (2.39b)
& a(y;())

Consequently, with [D!_ﬁj(ﬂ')]tN(l_ﬁ j@)) =0, we find that the metric tensors of Qf and Q:,, in
coordinates of the charts yiand yf ;, je€ J, are given by

[ [R; )]'gl@)R; @) | 0 ]

0

& |

RS D)]'g @R ) \ 0 ]

0

1

, (2.40a)

+ (ev, /(@) + e,)(ev. () +¢,) —e,e! (2.40b)

n°

where e, € R" is the nth unit vector and g|¥/ denotes the metric tensor on I' in coordinates of the
chart ;. Subsequently, for j € J, we will use the notation

pyi= yJdetgls, = y[detgl’ss,  pf = 4detgl’is. (2.41)

Moreover, we have the following result on the metric tensors.
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Lemma 2.3. Let e € (0,&]l and j € J. Ase — 0, we have
pi ;@) = e[l + Oe)|u; (@), (2.42a)
pE ;@) = [1+ 0@l (). (2.42b)

The prefactors on the right-hand side of Eq (2.42) do not depend on j € J.

Proof. Given the principal curvatures «; € C°(6G) on G, k € {1, ...,n — 1}, which are bounded on the
compact submanifold G, we have

—_

detRf (@) = [ |[1 - ek (yp;(3))],

S

S X
(|
—_

detRE ;@) = | |[1 - £, 9)ki(¥ ;)]

=1

=~

for j € J, where ££(y;("),9,,) = _tg(t_ﬂj(ﬂ’), ,) + O(¢g). This yields

detR{ () = 1 + O(e), (2.43a)
detRZ (@) = [1 + O(¢)] detRY. () (2.43b)

so that Eq (2.42a) follows. Moreover, as a consequence of Sylvester’s determinant theorem, the relation
det(A + cd' + ef') = det(A)[(d'A ' c + 1)(f'A e + 1) —d'A'ef'A'c]. (2.44)
holds true for any invertible matrix A € R™" and ¢, d, e, f € R". Thus, with Eq (2.43b), we find
detgl"i() = (1 - 657 (@) (det RS @) det g (')
= [1 + O(&)](detRY () detgl*’ (@) = [1 + O(e)] det gl’es(). m

Next, given a partition of unity {y}e; of I' that is subordinate to the covering {U}c;, we define the
partitions of unity

° {)(_ij}jej on Qi,m subordinate to {Uij}jel by Xi,j ‘=xjo PG P

+.,in

® {x{ ;}jes on Qf subordinate to {Uf }je; by xf ; 1= x; © PoC o

° {)(jf}jej on I', subordinate to {U;.‘}jej by/\/?(ﬂ', ) = x ().

Further, for € € (0, £], we define the transformations Y% : L*(Q9) — L*(Q%) and Y¢: L*(T',) — L*(Q)
by

] . (Pi(Ti(X)), lfx € Qi,in’
(Yip:)(x) = {‘pi ) fxeO . (2.45a)
(Yien)(x) — o(P(x), - d% (x). (2.45b)
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The inverse maps Y% := (¥%)™" and Y¢ := (Y¢)™! are given by

¢E(Te(x), ifxeQ),
(YLpl)(x) —{ - () fxeo (2.46a)
(Yier) (@, 9,) := g (m + £9,N(m)). (2.46b)

Moreover, we define the product map
Yo LAQ0) x LA(QY) X LA(T,) — LX) x LX(Q°) x LX), .47
(Q0+, ()D—a QDf) = (*yi¢+9 «yi<P—, fQDf) .

and write Y := (¥Y°)"!' for its inverse. Then, the following result for the asymptotics of the
transformations Y%, V¢ between the final domains QY, I, and the &-dependent original domains Qf,
Q7 holds true as € — 0.

Lemma 2.4. There is an & > 0 such that the following results hold for all € € (0, £].
(i) 3/? - LX(T,) — LZ(Qf) defines an isomorphism with

s, = £l + 0@ e, (2.48)
for all p; € L*(T,).
(ii) Y% Lz(Qg) - Lz(Qi) defines an isomorphism with
120l 2 e = [T+ 0@l (2.49)
forall o, € L*(QY).

(iii) V¢ | fla,) :H' (T, - H 1(Qf) is an isomorphism. In particular, we have
V(Yer)(m + £9,N(m)) = (REVrgr) (7, 9,) + €' Ve (r, ,) (2.50)
for ¢s € H\(T',) and a.a. (x,9,) € T, and hence
. 12 2 _ 2
||V(yf¢f)||L2(Q?) = [1+ 0@V, + &7 [Inet]l o) (2.51)
(iv) Y& oy H'(Q%) — HY(Q%) is an isomorphism. In particular, we have
V(YLp (T (x)) = ME(x)Vp.(x) (2.52)
for . € HY(QY) and a.a. x € Q+ i Where
M (x) := [DTY(T5(x)] = [DTE(0)] ™ (2.53)

Besides, it is

L|| = O(e), (2.54)

SUPeqo ||M“i(x) -
where 1, € R™" denotes the identity matrix. Thus, we obtain

”V(yi‘p’—f)”mgé [1+0@)] ||V90+||L2(90 (2.55)
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Proof. (i) It is easy to see that Y7 is linear and bijective with inverse Y¢. Moreover, with
Lemma 2.3, we have

”‘y?‘ﬁof”;(gzg) = Z [X?j(y‘fggof)z]

jeJ YVii

g[1+O0(e)] Z f L\g |‘_V}<'9> p;(d) dd,dA,(9")

jeJ

gl + 0(8)]||‘10f||L2(Fa)'

(ii) Y% is clearly linear and bijective with inverse Y%. Further, we have

”yi€0+“Lz(Qb ||‘Pi||i2(§2i,oul) + ||<P¢ oT; iz(gi,in).

Then, by using Lemma 2.3 and T% o YL, l/l , we find

2 E
LZ(Qiin) f L\/+ 1(90‘*' T+) ]

]EJ

o o T2

1+ 0(8) Z f L\/+ J§0+]|¢0 (19) M+ ](0) d/ln(")

jeJ

(iii) Let ¢y € H'(T,) and ¢ = Yig;. Then, by using the Eqs (2.38a), (2.40a) and Lemma 2.2 (ii)
and (iii), we find
Vi (s () = Dyi @) g 1" @DV (e o YE )
=Dy, ) g P @)[R] @] V'(f o ¥F )@ + &' Vv(f o 97 )(D)
= Dy, @) [Rf ()] 'g 1) V(g5 0 7)) + &7 Vn(ef o 95 ) ()
= R (Ve @) + & Ivpe(y ).

for je€ Jand a.a. & = (#,9,) € V¢ ;. Thus, with Lemma 2.2 (iv), we have

Vi + 0, N ()| = I+ 2

for a.a. (m,#,) € I', so that Eq (2.51) follows with Lemma 2.3.

(iv) Equation (2.52) follows by applying the chain rule. Now, let ¢, € H'(Q?) and ¢ := V¢ ¢,.
Then, by using that Yl = =T:o !/J , the chain rule yields

ME(YS @) = [DTZ(2 ;)] = [DyZ ;] Dy ()]
With Eq (2.38b) and the Sherman-Morrison formula, we obtain

. o _ e,,[vi,j(ﬂ)]t
[Dy ;@] _(I” 81—83“%(‘[’]‘(0'))

Jiaz @1
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where I, € R is the identity matrix and

L [RE@] g @) | 0 t
[AZ ()] 1=[ . T [ DY) | N(y; ) |
Consequently, with Lemma 2.2 (ii), we find
£ (1,0 _ & -t _ vi,j(ﬂ)e; 0 t
ME2 @) = (AL O (L - oq— Tt AL @)

= Dy ;(9)[RE ;D] 'R D' 1 @)Dy ;)] + ws ,DINW;@))]',
where we have used the abbreviation

5 (@) e EN(Y ;) - e[+& - 0;’1][gill_pij(ﬂ)vl"ai(ll’j(ﬂl))]
W /)= & — ea.(y(3) '

Thus, using that
L, = Dy;@)g 1V @) [Dy;@)] + N@;@)IN@,@)).

we find

[Mi(l_ﬁgj(ﬁ)) _In]z = [Ri |‘_ﬁg,1(',) ORQ ‘_ﬁg,;(") _idT(/,j(,,/)r](HL_ﬁj(ﬂ,)Z) + [Wij(ﬂ) _N(Q_ﬁj(ﬂl))] [N(l_ﬁj(ﬂl)) : Z]

for all z € R”, where
Oly@): R" > R u - Dy@)g ' [»@)[Dy,;@)]'u
denotes the orthogonal projection onto Ty g I". Further, it is easy to see that

sup sup |w (@) — N(y ;)| = Oe).

JjeJ Jevy;

Thus, the result follows with Lemma 2.2 (iv). O

2.5. Full-dimensional problem with e-independent domains

Subsequently, we will rewrite the integrals in the weak formulation (2.12) on Qf and Qf as integrals
on QY and T, by using the results on the transformations Y¢ and Y¢ from Lemma 2.4. In this way,
we avoid working with e-dependent domains and can more easily identify the dominant behavior for
vanishing €.

Let & > 0 be as in Lemma 2.4. Then, for € € (0, ], we define the solution and test function space

D = Y5(0°) C [x.:i Hl(Q?)] x H'(T,). (2.56)

As a consequence of Lemma 2.4 (ii1) and (iv), the space ® does not depend on & (cf. Lemma 3.2). In
addition, we define

K; := VK¢ = YEKE € L°(T,; R™™), (2.57a)
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Gr = Yiq; = Yigr € L(To).
Next, for € € (0, &], let (¢4, ¢_, ¢r) € @ and set
(5, 92, ¢f) i= Yo(gs, -, 1) € O
Further, given the unique solution (p?, p?, pf) € ®° of Eq (2.12), we define
(P% P2, Pf) = Y°(p%, P, pf) € @

Then, with Lemma 2.3, we have

fp qief dd, = Zf LYfﬂf‘Pf £, dA,()
Qf jeJ
=e[1 401 ), | D]y, @) do, da, ()

jeJ Y Vi

= e[l + 0(8)]f greor dar,.
I
In the same way, by additionally using Lemma 2.4 (iii), we obtain
[1+O(e)] f K{Vp{ - Vi da,

=& f KiREVE P - REVrgr dAr, + f KiVnpf - REVrgr dAr,
I,

+ f KiREVEpe - Vyeor ddr, + &7 f KV p% - Vyer dAr,.
T, I,

Moreover, it is

f qoes dA, = f qlpsda, + f qo¢5 da,
Qf Qu out Q° .

+,in

= [1 + 0(8)] f qi‘pi d/ln,
QO

+

where we have used that T% o a[r_ij =y g’j for j € J and hence, with Lemma 2.3,

fg | digidd, —Z f Lv+,q+w+

+,in jeJ

1 + 0(8) Zf L\/+ ]q+90+ ¢0 (0) /~t+ ](0) d/ln(")

jeJ

= [1 + 0(8)] f qf)_i—goi d/ln
Q(j):,in

(2.57b)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

Networks and Heterogeneous Media Volume 19, Issue 1, 114-156.



131

Analogously, by additionally using Lemma 2.4 (iv), we obtain

KeVpe - Vg da, = f KOVpe - V. dA, + [1 + O(e)] f KIMVpS - MV, dA,.  (2.64)
0

&
Q;t + Lout Q

+,in

Thus, by combining the Eqs (2.60)—(2.64), we find that, if (p%, p?, pf) € @° solves the weak
formulation (2.12), then (p%, p?, pf) € ® satisfies

Z ﬂs(pl i) = 1 + 0(8) [Z(q’ s SOI)LZ(QU + & (Qfa Sof)LZ(r )] (2.65)

i=+,f

forall ¢ = (¢+, -, ¢r) € @ as € — 0. The bilinear forms A.: Q) x Q) —» Rand A¢: I, xI[, > Rare
given by

AL ¢2) = (KIVPL Vi), + (KIMEVHL. MVG.) o . (2.66)
APE, or) 1= & (K[ REVEPS + LV PELL [REVEer + LVneot o
= 3a+l(Kf73fVFﬁf’RFVFSDf)LZ(ra) +e (KfVpr’-RFVT()Df)LZ(Fa) (2.67)
+ & (KR Ve VNen) o, + & (KeVy p§, VNG 2r,)-

3. A-priori estimates and weak convergence

In this section, we obtain a-priori estimates for the solution (p%, p?, pf) € @ of the transformed
weak formulation (2.65) and, consequently, can identify a weakly convergent subsequence as € — O.
The main results are developed in Section 3.3. They build on trace inequalities from Section 3.1 and
Poincaré-type inequalities from Section 3.2.

First, we introduce useful functions spaces on I' and I',, as well as averaging operators on I,.
Given a Ar-measurable, non-negative weight function w: I' — R, we define the weighted Lebesgue
space L2(I') as the L>-space on I' with measure wAr. Further, we define the weighted Sobolev
space H!(T') as the completion of

(f € '@ | g, < oo} (3.1)
with respect to the norm || f I @ - =|f I? 2ot [|Vrf I? 20 Besides, we define the space }V(Fa) c L*T,)
as the closure of the space
{fec™ 11 < ) (3.2)
with respect to the norm ||f ”12’{11\/ T = Ilf ”iz(ra) + [|Vnf ”?}(ra)' Moreover, we introduce the averaging
operators
1 . ()
Ar: L2(T,) - LyD), ArfHr) = — f(x,9,)dd,, (3.3a)
a(rm) —a_(x)
1
As: LX(T,) — R, Wef 1= f fdar,. (3.3b)
jl‘“ a d/lr I,
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3.1. Trace inequalities
We begin by introducing a trace operator T, on H,(I',) for the lateral boundaries of 1_":.
Lemma 3.1. There exists a uniquely defined bounded linear operator
T.: Hy(T,) — LATD) (3.4)

such that, for all f € CO’I(I:Z), we have

(TLf)(@) = f(mr, xa.(m)). (3.5)

Proof. W.lo.g., we consider T,. The operator T_ can be treated analogously.
Let f € CO’I(FQ). Then, for all (x,¥,) € I',, we have

+(mr)
A an(m) = f2(x,9,) +2 f(m,8,) 0y, f(m,9,) dB,.

n

An integration over I, yields

fafz(-,cu(-)) ddr < f frdar, + 2f alflldy, f1dar,.
r I, Iy
By applying Holder’s inequality, we obtain
1T sy < W2y + 2lalls ol fllq VN Al < IIfIIf,Mra)-

The result now follows from the fact that C*! (1_"2) is dense in Hy(L,). o
Besides, we obtain the following characterization of the space ®.

Lemma 3.2. We have

® = {(9e g ) € X Hy o ()] x Hy,,, (T)

"D+|F8 = ‘P—|rg’ Togr = 90¢|F}. (3.6)
In particular, for (¢,,¢_, @) € D, it is

[Teorl| oy S Nl ). 3.7)

Proof. Using that CO’I(Q_(;) c H'(Q%) and C"\(T,) c H V(L) are dense, we find
72)’ RINTES PaG([ ror] Fi)

almost everywhere for any ¢ € (0, £] for all ¢, € H'(Q?) and ¢; € H'(T,). Thus, it is easy to see that

¢.] = P([Vigp.]

D = Y5(0°) c O,
V(D) Cc @ = YD) = D CO,

where @’ denotes the space on the right-hand side of Eq (3.6). Besides, Eq (3.7) is a consequence of
the trace inequality in Q2. o

Networks and Heterogeneous Media Volume 19, Issue 1, 114-156.



133

Further, it is easy to see that the following lemma holds, which introduces a trace operator on the
weighted Sobolev space H)(T).

Lemma 3.3. Let qu H (l_“”) Lz(af“) denote the trace operator on I_“LL from Lemma A.3. Further,
we introduce the constant extension operator

€, Hy(D) = H'(T), (Cf)m,3,) = f(m). (3.8)

Then, the trace operator I : H j I - Lﬁ(ﬁl_“) defined by

@pm =1 yatm =0 (3.9)
m) = ar(n i .
” = (<,:> To (€ ), B) 49, if alm) # 0
is bounded and satisfies

T8 = Alill por, =0 forall f € C°D). (3.10)
3.2. Poincaré-type inequalities

We obtain two Poincaré-type inequalities for functions in Hy(T,).
Lemma 3.4. Letic{+,-}and f € H }V(Fa). Then, we have
[Tif = eS| oy S 198 Sl (3.11)

Proof. We prove the inequality (3.11) fori = + and f € CO"(I_"Z). The case i = — is analogous. The
general case follows from a density argument. We now have

+(m)

1 2
|2 f = Uy f||i§m = f a(r) [ fma.m) - —= " f(x, ﬂn)dﬂ,,] dAr(xr)

a4 (1) a. () 2
— 2
- fr @[ _ fﬁ ,, 8y, f(n',rn)drndﬁn] dr(m) < VN fllp, O

a_(m)

Lemma 3.5. Letic {+,-}and f € H}V(Fa). Then, we have

||f||L2(r )y ~ ”VNf”LZ(r ) + ”z f”[}(r) (3-12)
Proof. Subsequently, we prove the inequality (3.12) for i = + and f € C*/(T',). Then, the desired
inequality is obtained from a density argument. The case i = — follows by analogy. Now, let

(m,9,) € I',. Then, we have

+(a)
f(7T9 Cl+(7l')) - f(ﬂ-’ ﬁn) = fﬁ‘ﬂ aﬂ,,f(ﬂa Tn) dTn

and hence, by using Holder’s inequality,

) +(m)
W < a(m) 165, f@r, 7|

—a_(m)

dr,.
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Consequently, we obtain

a. () +(m)
f £ (7, a, (1) = fx, 8| 48, < a*(x) f 165, £, 8,)[ dD,.
—a_(m) —a_(m)
An additional integration on I yields
||f(-,a+(-)) B f||L2(ra) S ”VNf”U(ra)' (3.13)

Further, we have [|f(-, a+()ll;2x,) = [T+ fll 2 so that the result follows by applying the reverse triangle
inequality in Eq (3.13). O

We can now combine Poincaré’s inequality and the Lemmas 3.2 and 3.5 to obtain the following
estimate for function triples (¢4, ¢_, ¢r) € @, which fits the setting of the coupled Darcy problem in Eq
(2.65).

Lemma 3.6. Let (¢, ¢_, ¢r) € O.
(i) There exists an € > 0 such that, for all € € (0,&*] and v > 0, we have

1 _1
D el + e, $ D IV, + € 1Vrerllia, + & 21Vl - (3.14)

(ii) Let v > 0 and € € [0, 1]. Given additionally the assumption (A), we have

D el + & lerllza, $ IVl + & I, (3.15)

Proof. (1) Let (¢4, ¢_,¢r) € ® and, for € € (0, €], define ¢° € Hé o (Q) by
)
¢°(x) = {[Yop](x) ifx e, i+ -0}

Then, with Lemma 2.4 (ii) and Poincaré’s inequality, we have
& 2 £112 £112
Z il = D 1+ 0@ i ey < 1y < V6720

i=+

if £ > 0 is sufficiently small. Moreover, Lemma 2.4 (iii) and (iv) yield

& £ 2 —
Ve ey = D, IVl = [1+ 0@ ) IVl g0, + ellVeetliag,, + &7 190l o, |

ie{+,—.f} =+

By using Poincaré’s inequality and the Lemmas 3.2 and 3.5, we obtain
leell o,y < WVNveelliaer,) + 11F@tll 2y < IVNetllae,) + 1IVell2qo)-
(i1) Follows directly from Poincaré’s inequality and the Lemmas 3.2 and 3.5. O
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3.3. Results

Using Lemma 3.6, we can obtain the following a-priori estimates for the solution (p%, p?, pf) € @
of the transformed Darcy problem (2.65).

Proposition 3.7. Let B > —1. Besides, let either a < 0 or, given the assumption (A), let 28 > a — 3.
Further, let 2v > max{0,a — 1}. Then, there exists & > 0 such that, for all € € (0, "], the solution
(P5, D%, Pf) € @ of the transformed Darcy problem (2.65) satisfies

2 2

Z [ e P (/% P B (3.162)
Z Pillaeo) * € NPFN 2,y S 1 (3.16b)

i==+

E NE

Proof. We use the solution (p, p®, p7) € @ as a test function in the transformed weak formulation Eq
(2.65). The uniform ellipticity of the hydraulic conductivity K? yields

= [1+0@]|ve,

L2(QY)

A0 ) 2 [V an, + IMEVAE o

Here, we have used that, as a consequence of Lemma 2.3 and Lemma 2.4 (1v), it is

(DY f [ MoV

jeJ

=[1+0@)] ) f 2 |V@2p0)

jeJ

= [1 + 0@V

Mz ]

0
p @@ D)

. s ®ab@

= [1+o@||va,

L2(Q€ ) LZ(Q0 "l

Besides, by using Lemma 2.2 (iv) and the uniform ellipticity of K¢, we obtain

-1 ~cl|l2
RSVFPf +e& Vpr L2(T,)

AC(PE, pE) 2 &

= Ea+l[1 + O(S)]”Vrﬁ? 2 2

o+ & ||V pE

By applying Holder’s inequality on the right-hand side of Eq (2.65), we find

Z ” pl Z ”pl ||L2(Qg)

if € > 0 is sufficiently small. Thus, the inequality (3.16a) follows after applying Lemma 3.6 on
the right-hand side of Eq (3.17). Then, the inequality in Eq (3.16b) follows from Eq (3.16a) and
Lemma 3.6. |

Agz

(3.17)

As a consequence of Proposition 3.7, the solution families {pf}.c, i € {+,—,f}, have weakly
convergent subsequences in the following sense as € — 0.

Proposition 3.8. Let 8 > —1. Besides, let either a < 0 or, given the assumption (A), let 28 > a — 3.
Then, there exists a sequence {&;}ren C (0, E] with g, \, 0 as k — oo such that

P — pi in H'(Q)), (3.18a)
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P — pi in L*(Q)), (3.18b)
P — by inH'T,) ifa<-I, (3.18¢)
P — p; in Hy(T,) ifa<l, (3.18d)
Arpet — Arp;  in L) ifa <. (3.18e)

In particular, we have (p,, p*, p;) € © if @ < =1 and (p7, p~, p;) € " if @ < 1, where ©* denotes the
closure of ® in H (Q?r) x H'(Q%) x N(Fa).

Proof. The weak convergence statements (3.18a), (3.18b), (3.18c), and (3.18d) are a direct
consequence of the estimates in Proposition 3.7 and the Rellich-Kondrachov theorem. Further, the
weak convergence (3.18e) follows from Proposition 3.7 and

1 fﬂ+(7r) 2
VN Ag(ﬂ, ﬂn) dﬁn]
L j; a(r) [ T

Besides, we have (7, p*, p?) € @ if @ < —1 since P is convex and closed in H'(Q%)x H'(Q°)x H'(T,).
Further, ®* is convex and closed in H'(Q9)xH'(Q%)x H,(T',) and hence (p7, p*, pr) € @*ifa < 1. O

||91pr Lz(r )

Using Proposition 3.7, we can conclude that the limit solution pf in T, is constant in ,-direction if
a < 1 and completely constant if @ < —1.

Proposition 3.9. Let B > —1. Besides, let either a < 0 or, given the assumption (A), let 28 > a — 3.
(i) Let @ < —1. Then, for a.a. (x,9,) € Iy, the limit function p; € H YT,) from Proposition 3.8
satisfies

Vrpi(m,9,) = Vnpi(m,9,) =0 = pi(m,9,) = Up; = const. (3.19)

(ii) Let @ < 1. Then, for a.a. (x,9,) € I, the limit function p; € H }V(Fa) from Proposition 3.8
satisfies

npi(m,9,) =0 = pp(r,d,) = (Urpp) (). (3.20)
Proof. The results follow from the Propositions 3.7 and 3.8. O

If @ < 1, we obtain continuity of the limit solution across the interface I'.

Proposition 3.10. Let B > —1. Besides, let either a < 0 or, given the assumption (A), let 28 > a — 3.
Then, if a < 1, the limit functions p%. € H'(Q") and p; €H }V(Fa) from Proposition 3.8 satisfy

pil. =Urp;  ae onT. (3.21)
Proof. Let £ € LX(T'). Then, we have
(P2 = WP Oz | < (P2 = B2, Dz | + (B2 = Wehf, Dz | + | Qpf =W, s 322)

Using a version of the Sobolev trace inequality [35, Thm. I1.4.1], we obtain

AEL

- ps

* ’\Sk”

pi-

A% AEL
+ P+

L2() S RI(OM HY(Q)y
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where, with Proposition 3.8, the first term vanishes as k — oo and the second term is bounded. Besides,
by using the Lemmas 3.2 and 3.4 and Proposition 3.7, we find

l-a

AEK S 8k2

s = I

AEL

2o S ”Vpr — 0.

||f7f_rk - ‘)Irﬁ?k —Ar ﬁ?k ||L2(l"u)

Further, the last term on the right-hand side of Eq (3.22) vanishes due to the weak convergence (3.18e)
in Proposition 3.8 as k — co. O

4. Limit models

In the following, we present the convergence proofs and resulting limit models for vanishing ¢.
Depending on the value of the parameter @ € R, we obtain five different limit models. We distinguish
between the following cases that are discussed in separate subsections.

e Section 4.1 discusses the case @ < —1 of a highly conductive fracture, where the limit pressure
head inside the fracture becomes completely constant.

e In Section 4.2, we discuss the case @ = —1 of a conductive fracture, where the fracture pressure
head in the limit model solves a PDE of effective Darcy flow on the interface I'.

e In Section 4.3, we examine the case a € (-1, 1), where the fracture disappears in the limit model,
1.e., we have both the continuity of pressure and normal velocity across the interface I' without any
effect of the fracture conductivity.

e Section 4.4 is concerned with the case @ = 1, where the fracture turns into a permeable barrier
with a pressure jump across the interface I' that scales with an effective conductivity.

e Section 4.5 discusses the case @ > 1, where the fracture acts like a solid wall in the limit model.

The parameter @ € R determines the conductivity of the fracture in the limit € — 0. In particular,
in accordance with Proposition 3.10, and in agreement with the models in [21, 26, 27], the pressure
will be continuous across the fracture interface I' for @ < 1, which is indicative for a conductive
fracture. Besides, for @ > —1, the normal velocity will be continuous across I', which is indicative
for an obstructing fracture. Further, the parameter 5 > —1 controls the presence of a source term for
the fracture in the limit model. For § = —1 a fracture source term will remain in the limit ¢ — 0,
while, for 8 > —1, the source term will vanish. The role of the parameters @ € R and 8 > —1 and the
corresponding limit model regimes are briefly summarized in Table 1.

Each subsection is structured as follows. First, we state the strong formulation of the respective limit
model and introduce a corresponding weak formulation. Then, we prove weak convergence towards
the limit model for the subsequence {&;};eny @s k — oo and express the limit solution in terms of the
limit functions from Proposition 3.8. In a second step, we show strong convergence for the whole
sequence {&}.c0z as € — 0 and discuss the wellposedness of the limit model.

Further, for f.: Q% —» R and F.: Q% — R" with well-defined (normal) trace on I', we define the
jump operators

[f1r = filp = | [Fl; :=[F. -N].-[F--N]J.. 4.1)

Besides, regarding the convergence of the bulk solution, we obtain the following result that will be
useful for all cases.
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Table 1. Summary of the limit model regimes as € — 0 depending on the parameters @ € R

and g > —1.
parameter limit model
p=-1 fracture source term
B>-1 no fracture source term
a< -1 fracture = major conduit
a=-1 fracture = conduit
ae(-1,1) fracture disappears
a=1 fracture = permeable barrier
a>1 fracture = impermeable barrier

Lemma 4.1. Let 8 > —1. Besides, let either a < 0 or, given the assumption (A), let 23 > a — 3. Then,
forall . € H'(QY), we have

ALPL, ) = (KLVPL V) 2op) (4.2)
as k — oo, where p%. € H'(Q0) denote the limit functions from Proposition 3.8.
Proof. For all ¢, € H'(Q?), we find
(KM V52, ME V) o = (KLVAL, V) o |
= (KM ~ ,]Vp% M2V, ) s
+ (KOVP2, M2 = 1 1Ve) g + (KOVIPY — 5] V)

As k — oo, the first two terms on the right-hand side vanish due to Lemma 2.4 (iv), the third term due
to Proposition 3.8. Thus, the result follows with Proposition 3.8. O

As a consequence of Lemma 4.1, the bulk part of the limit problem as € — 0 will have the following
structure in all of the cases.
Find p:: Q% — R such that

-V - (KiVp.) = 4! in Q, (4.32)
ps = p- on Fg, (4.3b)

K)Vp, -N=K’Vp_-N  onIj, (4.3¢)
p+=0 on o) p,, (4.3d)

K)Vp, -n=0 on o) . (4.3e)

Here, the functions p. can be identified as the limit functions p; from Proposition 3.8. The bulk
problem (4.3) is incomplete and has to be supplemented with a fracture problem or suitable conditions
on the fracture interface I', which will depend on the choice of the parameter a € R.
4.1. Casel: a < -1

If @ < —1, the fracture conductivity is much larger than the bulk conductivity. As a result, the

pressure head pf inside the fracture becomes constant as € — 0, i.e., pressure fluctuations in the
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fracture are instantaneously equilibrated. This matches with the models obtained in [21, 27] for
Richards equation for @ < —1. The range of achievable constants for the fracture pressure head in the
limit model may be constrained by the choice of Dirichlet conditions at the external fracture
boundary. For this reason, we define the set

W= {¢" € R| A(ps, o-, ¢r) € © with ¢ = o7} (4.4)

of admissible constants for the limit pressure head in the fracture. Then, the set W can be characterized
as follows.

Remark 4.2. (i) Itis either W = R or W = {0}.
(i) If ﬂag(gf’D) > 0, then we have W = {0}.
(1) If /ng(Qfé’D) =0 and /lag(gg’D N Us(I')) = 0 for a constant 6 > 0, then we have W = R.

The strong formulation of the limit problem for @ < —1 and § > —1 as € — 0 now reads as follows.
Find p.: Q% — R and pr € W such that

D+ = Pr on[ (4.52)

and the bulk problem (4.3) is satisfied. Moreover, if W = R, the model is closed by the condition

f [K°Vp],.dAr + Agr = 0. (4.5b)
Tr

Here, A € R and gr € R are defined by

W, iff=—1,
A= f adte,  gro=d dr 1B (4.6)
r 0, if g>—1.

A weak formulation of the system in the Eqs (4.3) and (4.5) is given by the following problem.
Find (p., p_, pr) € @} such that, for all (¢4, ¢_, ¢r) € DY,

Z(K?Vpb V()Oi)Lz(Q?) = Z(q?, ‘pl.)LZ(Q?) + A %(pr. (4.7)

Here, the space @) is given by

(D? = {(§0+, Y-, ()DF) € [><':i Hé,Q?D(Q?)] X W ‘ S0+|Fg - ¢
~{peH) , (Q|¢lr = const. € W}.
’QbAD

ro’ "0i|r = ‘Pl‘} 48)

Further, we obtain the following weak convergence result.

Theorem 4.3. Let a < —1 and § > —1. Then, (p}, p*,Usp}) € (D? is a weak solution of problem (4.7),
where pt. € H'(QY), pfeH Y(T',) denote the limit functions from Proposition 3.8. Moreover, we have
pi(m,9,) = Wep; € W for a.a. (m,9,) € I,
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Proof. Take a test function triple (¢,, ¢_, ¢r) € ® with ¢ = ¢r € W. By inserting (¢,, ¢_, ¢¢) into the
transformed weak formulation (2.65), we obtain

Z ﬂsk(ﬁak ‘10!) - [1 + O(gk)][Z(Q?’ "pi)LZ(Q?) + Sf_HA(QIféf)gDr .

* oAk

Thus, by letting k — oo and using Lemma 4.1, we find that the limit solution (57, p*, U p;) satisfies Eq
(4.7). Besides, with the Propositions 3.8 and 3.9, it is (p, p*, p;) € ® with pf = Usp; and hence

(p+’p—’91fpf) € (DI- o
Moreover, we obtain strong convergence in the following sense.

Theorem 4.4. Let « < —1 and B > —1. Then, for the whole sequence {p?}.coz), i € {+,—, 1}, we have
strong convergence

P - pr in H(QY), (4.9a)
pf— p; in H\(T,) (4.9b)
as € — 0. Further, (p7, p=, Usp}) € d)? is the unique weak solution of problem (4.7).

Proof. The solution of Eq (4.7) is unique as a consequence of the Lax-Milgram theorem. Thus, the
weak convergence (3.18a) and (3.18c¢) in Proposition 3.8 hold for the whole sequence {p?}:c.4),
i € {+, —, f}. This follows from Proposition 3.7 and the fact that every weakly convergent subsequence
has the same limit.

Now, in order to show the strong convergence (4.9), we define the norm ||
on ® c H'(Q%) x H'(Q°) x H'(T,) by

|||(‘10+a @, Q‘Jf)m2 = Z(K?V‘P,, V‘Pi)Lz(Q?) + (Kfvl"a‘pf, Vl",,(pf)LZ(ra)-

i=+

Then, with Lemma 3.6, it is easy to see that the norm ||-| on the space ® is equivalent to the natural
product norm of H'(Q%) x H'(Q°) x H'(T,). Moreover, with analogous arguments as in Lemma 4.1,
we find

The uniform ellipticity of K; and Proposition 3.7 yield

o+ i, = 0.

> AL AL ~g||?
(K¢ Vr, pf, Vrapf)Lz(Fa) S ||VFPf
Thus, with AL(pF, pf) = 0 and Eq (2.65), we have

(’\8 A(‘;‘ AS

PP

<N AP D) + TR ) + o)

i=+

=[1+0(e)] [Z(Q?’ ﬁf)[}(g?) + sﬁﬂ(@f, ﬁ?)Lz(Fa) + o(€).
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With Proposition 3.8 and Theorem 4.3, we find

hm Sup |||(p8 2 As)m Z(qz s i )LZ(QO) + Aqr Usp;

= Z(KOVP,’VP, L2@Q0) = |||(P>k P, Pr) ’

Consequently, with the weak lower semicontinuity of the norm, we obtain

tim |52 p%. D)) = [l¢2% B2 D

4.2. Casell: a = —1

For @« = —1 and 8 > —1, the fracture pressure head in the limit models fulfills a Darcy-like PDE on
the interface I with an effective hydraulic conductivity matrix Kr. The inflow from the bulk domains
into the fracture is modeled by an additional source term on the right-hand side of the interfacial
PDE. The bulk and interface solution are coupled by the continuity of the pressure heads across the
interface I', which corresponds to the case of a conductive fracture in accordance with the choice of
the parameter @ = —1. We remark that the effective conductivity matrix Kr for the limit fracture in
Eq (4.13) below explicitly depends on the off-diagonal entries of the full-dimensional conductivity
matrix K¢, which is not accounted for in previous works with equivalent scaling of bulk and fracture
conductivities [20-22].

The resulting limit model for @« = —1 resembles discrete fracture models for Darcy flow that are
derived by averaging methods [1, 15]. The averaging approach leads to a Darcy-like PDE on the
fracture interface I' as in Eq (4.11a) below. However, the choice of coupling conditions between bulk
and interface solution does not occur naturally in this case, especially if the averaged model aspires to
describe both conductive and blocking fractures. Therefore, coupling conditions in averaged models
are typically obtained by making formal assumptions on the flow profile inside the fracture and usually
include a jump of pressure across the fracture interface. Here, only the conductive case corresponding
to @ = —1 is considered. In particular, as a consequence of Proposition 3.10, the pressure is continuous
across the fracture interface I" in the limit model.

The strong formulation of the limit problem for @ = —1 and 8 > —1 now reads as follows.

Find p.: QY - Rand pr: ' — R such that

~Vr - (aKrVrpr) = agr + [K°Vp].  inT, (4.11a)
P+ =P-=Dpr onl, (4.11b)

pr=0 on Ol p, (4.11¢)
KiVipr-n=0 on dl'y, (4.11d)

and the bulk problem (4.3) is satisfied. Here, ¢r € L2(I') and Kr € L*(I'; R™") in Eq (4.11a) are given
by

(4.12)

() 1= Arge)(m) ifp=-
=0 if8> 1,
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Kr(m) := (U [K; — [KeN - N]'KeN @ KeN))(). (4.13)

In Eq (4.13), the application of the operator Ur is to be understood componentwise. We remark that
K agrees with K¢ on TT if K¢ is constant and N is an eigenvector of K¢, which is in agreement with
the models in [21,22]. The boundary parts dl'p, dl'y in the Eqs (4.11d) and (4.11c) are given by

olp :={medl | A7, Cc R, |Z;| >0, VO, € Z,: w+ &),N(m) € Q?’D}, (4.14a)

Generally, in particular, we have dl'y \ 0Q # 0, i.e., we also have a homogeneous Neumann condition
at closing points of the fracture inside the domain.
A weak formulation of the system in the Eqs (4.3) and (4.11) is given by the following problem.
Find (p., p_, pr) € @}, such that, for all (¢4, ¢_, ¢r) € O,

Z(K?Vpu V‘Pi)Lz(Q?) + (aKFVFPF, VF(pF)L2(r) = Z(Q?, ()Oi)Lz(Q?) + (aCIr, ¢F)L2(r)~ (415)

i=+ i=+

Here, the space (I)?I is defined by

O 1= {(@urp-sr) € X, Hy o (D] X HYD) |02y = -

={peH, @) | or 1= ¢l € HYD), Tferl,,, =0}

1—87 ()Di|r = ¢r, Iﬁ()or'arg = 0}
(4.16)

We now have the following weak convergence result.

Theorem 4.5. Let « = —1 and B > —1. Then, (p,, p*, Urp;) € (I)?I is a weak solution of problem (4.15),
where pi € H'(QY), p; € H'(I',) denote the limit functions from Proposition 3.8. Further, for a.a.
(,8,) € Ty, we have pi(x,3,) = (Urpp)(70).

Proof. According to Proposition 3.7, we have ||8_]VN )25 < 1. Thus, there exists £* € L*(',) such

that

LA(T)

&' WP = 'N  in L*(T,) (4.17)

as k — oo. By multiplying the transformed weak formulation (2.65) by &; and taking the limit k — oo,
we find

(KeVrpy, Vo) r + (CKeN, Yvee) o, = 0 (4.18)

for any test function triple (¢4, ¢_, ¢r) € ®, where we have used Lemma 2.2 (iv). A solution for
,* € LX(T,) is now clearly given by

0 = —[KeN - N7 KeVips - N. (4.19)
Moreover, suppose that /* € L*(T,) is another solution of Eq (4.18). Then, with Eq (4.18), we find

([KfN : N](g* - Z*)9 aﬂnépf)y(ra) =0 for all (QD+’ ¥ <Pf) S

Networks and Heterogeneous Media Volume 19, Issue 1, 114-156.



143

Thus, by choosing ¢f € Hy(T,) as
90 ) o
()Of(ﬂa ﬂn) = f (é/* _{*)(ﬂ’ ﬁn) dﬁna
—a_(m)

we obtain /* = /* a.e. in T, i.e., {* is uniquely determined by Eq (4.19).
Next, we define the space

®; := {gr € H'(L,)

Vg = 0} = H,()

and take a test function triple (¢,, ¢_, ¢f) € ® with ¢ € ®¢. Then, there is a function ¢r € H!(T') with
ee(m, 9,) = ¢r(m) a.e. in I',. With Proposition 3.8, Lemma 4.1, and Eq (4.17), we obtain

ALPL ps) — (ngﬁ; V‘P(J_)r)p(g?)’
AP o) = KeVrpp, Veen) o, + (KN, Vi) o
as k — oo. Here, we have used that
(Kﬂﬁ?‘ Vrﬁﬁk’ ZQ?VF‘Pf)LZ(ra) - (KfVFﬁF’ VF‘Pf)U(ra)
= (Ke[ R = idrr [Vepet, REVees) oy + (KeVepe, [RE = idrr [Vrer) oy + (KeVe[ 7 = Pl Vies) o

for all ¢y € H'(T',), where the first two terms on the right-hand side vanish according to Lemma 2.2 (iv)
as k — oo and the third terms tends to zero with Proposition 3.8. Moreover, with Eq (4.19) and
Proposition 3.9 (i1), we have

(Kfvl“ﬁf*, Vl“‘Pf)LZ(ra) + (g*KfN’ VFSOf)LZ(ra) = (aKFVF(QIFﬁF)a VF‘PF)LZ(r),

where Ky is defined by Eq (4.13). Thus, by inserting (¢4,¢_,¢r) into the transformed weak
formulation (2.65) and letting k — oo, it follows that the limit solution (p7}, p*, Urp;) satisfies Eq
(4.15). Besides, with Lemma 3.3 and Proposition 3.10, we have (p7, p*, Urp;) € d)%. m]

The effective hydraulic conductivity matrix Kr has the following properties.

Lemma 4.6. (i) The effective hydraulic conductivity matrix Kr from Eq (4.13) is symmetric and
positive semidefinite. In addition, for allm € I and € € T,I', we have € - Kp(m) & > 0.

(ii) If K € C’O(l:l;R"X”), then Kr is uniformly elliptic on TT, i.e., for all p € T and & € T,I, we
have & - Kr(n) € 2 |€]%.

Proof. (1) Kr is symmetric by definition. Moreover, for £ € R”, we have
¢ Kré = Ac(€K; - &~ [KN - NI [KiV - €1°).
With the Cauchy-Schwarz inequality, we obtain
(KN - €] = [KiN - K2 €]° < (KeN - N)(Rié - §)
with strict inequality if N L &.
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(i1) Suppose that, for all £ € N, there exist 7 € I' and & € T, I such that

1
& - Kr(m) & < z|§k|2-

W.l.o.g., we assume || = 1 for all kK € N. Then, with the Bolzano-Weierstrall theorem, there exists a
subsequence such that

7rkl—>7r€1:, &, — €€ TR0G
as [ — oo. In particular, we have
& - Kr(m) &, = & Kr(m)§=0
as [ — oo, which is a contradiction to (i). O

Further, the following strong convergence result holds true.

Theorem 4.7. Let = —1 and B > —1. Then, we have strong convergence

pr—p. inH'(QY), (4.20a)
pi—pr inH'\T,), (4.20b)
&' Wwp > 'N  in LA(T,) (4.20c)

as k — oo, where * € L*(T,) is given by Eq (4.19). Moreover, if Ky is uniformly elliptic on TT,
(Py. P, Arpy) € d)% is the unique weak solution of the problem in Eq (4.15) and the strong convergence
in Eq (4.20) holds for the whole sequence {p?}sc02), | € {+, —, 1}.

Proof. First, we define the norm
2 .\ .
I oo r, O = Z(K?V%VQDi)LZ(g?)Jf(Kf[VFSDer{ N, [Vroe+dND oy +(KeVver, Vves) o

on ® x L*(T,). Then, with Lemma 3.6, it is easy to see that the norm ||| is equivalent to the product
norm on ® x L*([',) ¢ H'(Q%) x H'(Q%) x H'(T',) x L*(I',). With Lemma 2.2 (iv), Proposition 3.7,
and the Eqgs (2.65) and (4.10), we find

I 5% B e 0, DO = D A ) + AP, ) + o)

=+

= [1+O(&)] [Z(Q?’ ﬁfk)Lz(Q?) + S§+1(£1fa ﬁ?k)LZ(rﬂ) + o(&).

Thus, with the Proposition 3.8 and Theorem 4.5, we obtain

( ~EL A(—,‘k

hm | PP ﬁf 5 Sklaﬁ Pfk)m = Z(qz . D )LZ(QO + (aCIF»QIFPf)Lz(D

= Z(K?Vp,,Vﬁ:‘)Lz(go + (K Ve [Aepf ], Ve[rpi]) -
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Additionally, with the Eqgs (4.13) and (4.19) and Proposition 3.9, it is
(@K Ve[ Urpi ], Ve[ U pi D) oy = (Ke[Vep; + NI [Vep; + N o, -

Thus, with Proposition 3.9, we have

lim |55, 5%, i ' 0, PO = P2 57 1. &

Now, let Kr be uniformly elliptic on TI" and (¢,, ¢_, ¢r) € CI)?[. Then, we have

2 KVe, V) o, + (@KeVegr, Vror) oy 2 ) IVl g, + 19rer

i=+ i=+

Hence, we obtain coercivity on @Y% by applying Lemma 3.6. Thus, as a consequence of the
Lax-Milgram theorem, (p}, p*,Arp;) € (I)?I is the unique weak solution of the problem in Eq (4.15).
Further, this implies the convergence of the whole sequence {p¢}.co.s, i € {+, —, 1}, as € — 0 since
every convergent subsequence has the same limit. O

4.3. Caselll: « € (-1,1)

For « € (-1,1) and 8 > -1, the hydraulic conductivities in bulk and fracture are of similar
magnitude such that the fracture disappears in the limit € — 0. No effect of the fracture conductivity
is visible in the limit model and pressure and normal velocity are continuous across the interface I'
(except for source terms if § = —1). This fits the models derived in [21,27] for @ € (-1, 1), where
Richards equation is considered. The strong formulation of the limit problem reads as follows.

Find p:: Q% — R such that

P+ = p- onl, (4.21a)
[K°Vp], + agr = 0 onT, (4.21b)

and the bulk problem (4.3) is satisfied, where gr € L2(T') is defined as in Eq (4.12).
A weak formulation of the system in the Eqs (4.3) and (4.21) is given by the following problem.
Find (p,, p_) € @Y, such that, for all (¢_, ¢,) € ®Y; with ¢r := goi|r,

Z(K?Vpia V‘Pi)LZ(Q?) = Z(Q?a ‘Pi)[}((z?) + (agr, ‘PF)L2(F)- (4.22)
Here, the space (DIH is given by

Oy = {(enp) Xy Hyy @] il = o]} = H, (@) (4.23)

We now obtain the following convergence results.

Theorem 4.8. Let a € (—1,1) and B > —1. Besides, let either a < 0 or assume that (A) holds. Then,

given the limit functions p: € H'(QY) and preH }V(Fa) from Proposition 3.8, we find that

(pi,pr) € CDIH is a weak solution of Eq (4.22). Moreover, we have p. =Urp; on I' and
pi(m,9,) = Arpy)(m) for a.a. (m,3,) € .
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Proof. Take a test function triple (¢, ¢_, ¢r) € @ such that ¢p(m,?,) = ¢r(m) a.e. in I',. Then, by
inserting (¢., ¢_, ¢r) into the transformed weak formulation (2.65), we obtain
Z ﬂsk (ﬁfl\ > Sol) + Sz-H (Kf??kvrﬁfl\ > R?‘Vrsﬁf)y(ra) + sz(KfVNﬁfk, R?{Vl"sof)[}(ra)

(4.24)
= [1+ 01| Y0t )ty + & aaron)o |

Further, with Lemma 2.2 (iv) and Proposition 3.7, we have

a+1 a+l

(nggvrpfa R Vrgof)LZ(r )’ SeE?

VFSDf”LZ(Fa)’
ga‘(KfVpr’ szVFQDf)LZ(ra)‘ s 8T||Vrsof||L2(ra)

if £ is sufficiently small. Thus, by using Proposition 3.8 and Lemma 4.1 and letting k — oo in Eq
(4.24), it follows that the limit solution pair (p7, p*) satisfies the weak formulation (4.22). Besides,

with Proposition 3.10, we have (p7, p*) € (I)m O

Theorem 4.9. Let « € (—1,1) and B > —1. Then, given the assumption (A), we have strong
convergence

e - pL inHY(QY), (4.252)
pi— p; in Hy(T,) (4.25b)

Ak A%k

as € — 0 for the whole sequence {pi}ocoz, | € {+,—,1T} . Besides, (p},p>) € (DHI is the unique weak
solution of Eq (4.22).

Proof. As consequence of the Lax-Milgram theorem, the problem in Eq (4.22) has a unique weak
solution. Thus, the weak convergence (3.18a) holds for the whole sequence {p?}.c0z. This follows
from Proposition 3.7 and the fact that every weakly convergent subsequent has the same limit.
Besides, with the Propositions 3.7, 3.9, and 3.10, the weak convergence (3.18d) is satisfied for the
whole sequence {p;}.c0.5)-

Next, we equip the space ®* with the norm -] defined by

I e eoll” = > KOV, Vi) o, + (Ri Vv, Vo) o, (4.26)

which, as a consequence of Lemma 3.6, is equivalent to the usual product norm
on ®* c H'(QY) x H'(Q%) x Hy(I',). Besides, with Proposition 3.7, we have

A . R ell2 e
(K¢Vnpt, VNP?)LZ(RZ) S ”VNP}? 2r,) - O(e'™).

Thus, using the Egs (2.65) and (4.10) and A (pg, p7) > 0, we find

( AE ’\8 '\8

Iy

ZWWﬁHW@ﬁHM)

=[1+0(s)] [Z(Q?, ﬁf)]}(g?) + Sﬂﬂ(f]f, ﬁf)LZ(Fa) + o(e).

Networks and Heterogeneous Media Volume 19, Issue 1, 114-156.



147

Further, Theorem 4.8 yields

AE AE

lim S(:JP |||(P+, P-, ﬁf)mz < Z(Q?’ ﬁ?)y(g?) + (aqr, Arpp) 2

2

= > (KIVH;, VP = (B3 7. D)

With the weak lower semicontinuity of the norm, we now have

lim (35, %, pD)|| = % 7. A1)

44. CaselV:a =1

For @« = 1 and 8 > —1, the fracture becomes a permeable barrier in limit & — 0 with a jump of
pressure heads across the interface I but continuous normal velocity (except for source terms).

In the following, we will derive two different limit models for « = 1 and 8 > —1. First, in
Section 4.4.1, we obtain a coupled limit problem, where the pressure head p; in the fracture satisfies a
parameter-dependent Darcy-type ODE inside the full-dimensional fracture domain I',. The ODE is
formulated with respect to the normal coordinate ¢},, while the tangential coordinate 7 acts as a
parameter. This resembles the limit problem in [27] for Richards equation with the respective scaling
of hydraulic conductivities. However, in Section 4.4.2, it then turns out that the bulk problem can be
solved independently from the fracture problem. This is akin to the limit model in [25], where the
Laplace equation is considered. In the decoupled bulk limit problem, the jump of pressure heads
across the interface I' scales with an effective hydraulic conductivity, that is defined as a non-trivial
mean value of the fracture conductivity in normal direction and reminds of a result from
homogenization theory. In particular, if one is still interested in the fracture solution, it is possible to
first solve the decoupled bulk limit problem in Section 4.4.2, which will then provide the boundary
conditions to solve the ODE for the fracture pressure head in Section 4.4.1.

4.4.1. Coupled limit problem

The strong formulation of the coupled limit problem for @« = 1 and 8 > —1 reads as follows.
Find p.: Q% — R and p;: ', — R such that

~0y,(Ki09,p1) = 4 in T, (4.27a)
P+ = Tips onT, (4.27b)
KoVp) N =3.(K+dg,pr) onT (4.27¢)

and the bulk problem (4.3) is satisfied. Here, g; € L*(T,) and IA(fL € L>(I',) are defined by

. gi(m,9,) g =-1,

: = 4.2
Gi(r.9,) {O 5ol (4.28)
K-, 9,) = Ke(or, 9,)N() - N(xr). (4.29)

A weak formulation of the system in the Eqs (4.3) and (4.27) is given by the following problem.
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Find (p., p_, pr) € ®* such that, for all (¢, ¢_, ¢r) € O,

Z(K?Vpia V‘pi)LZ(Q?) + (KfVNPf, VN‘Pf)LZ(ra) = Z(Q?, ‘Pi)Lz(Q?) +(4r, ‘Pf)LZ(ra)- (4.30)

We obtain the following convergence results.

Theorem 4.10. Let @ = 1 and B > —1. Then, given the assumption (A), the triple (p’, p-, p;) € ®" isa
weak solution of problem (4.30), where p. € H'(Q°) and p; €H }V(Fa) denote the limit functions from
Proposition 3.8.

Proof. According to Proposition 3.7, we have

AL

DPs

H\(To) + 8||Vrlﬁf||L2(Fa) sl
and hence
api >0 inHyT,),  &Virpf =0 in L*(T,) (4.31)
as k — oo. As aresult, we have
en(ReREVeDE, W) o,y = ed(KelRE = i ]Vep, V) o, + ex(KeVepg's Vo) g, s

where, as k — oo, the first term vanishes with Lemma 2.2 (iv) and the second term with Eq (4.31). Thus,
with the Propositions 3.7 and 3.8 and the Lemmas 2.2 (iv) and 4.1, we conclude that (p}, p*, p;) € ©*
solves Eq (4.30) by taking the limit k — oo in the transformed weak formulation (2.65). O

Theorem 4.11. Let @ = —1 and B > —1. Then, given the assumption (A), we have strong convergence

pi— P inH'(QD), (4.32a)

Pf— pr in Hy(T), (4.32b)

eVrpt —» 0  in LAT,) (4.32¢)

as € — 0 for the whole sequence {p?}.c2), i € {+,—,f}. Besides, we find that (p, p, p;) € ©" is the

unique weak solution of the problem in Eq (4.30).

Proof. Clearly, the bilinear form of the weak formulation (4.30) is continuous and coercive with

respect to the norm defined by Eq (4.26). Thus, with the Lax-Milgram theorem, we obtain that

(Py. P, p;) € @ is the unique solution of Eq (4.30). As a result, every weakly convergent

subsequence has the same limit and hence, with Proposition 3.7, the weak convergence

statements (3.18a) and (3.18d) in Proposition 3.8 hold for the whole sequence {p¢}.coz, i € {+, —, f}.
Further, we define the space

LT, :={£el’

,%,) - N(m@) =0 fora.a. (m,9,) € T,}

and equip the product space ®* x L? (I'y) with the norm

I 6. O = > (KIVe:, Vi) ooy + Re[Tvegr + £ [Vipr + €D o,

i=+
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Then, with Lemma 3.6, it is easy to see that the norm ||-|| is equivalent to the standard product norm on
O* X L%(Fa). Moreover, with Lemma 2.2 (iv) and the Eq (2.65) and (4.10), we have

los. 2. bt VeI = > ALE 5 + A 59) + ote)

=[1+0(s)] [Z(q?, ﬁ?)]}(g?) + bﬁ“(éf, ﬁ?)Lz(Fa) + o(e).
Thus, with Proposition 3.8 and Theorem 4.10, we find

tim (55, 5. 5. eVepDI = D (@ )z, + @i Bz,

i=+

~ (i35 5. 55 O - 0

4.4.2. Decoupled limit problem

Starting from the coupled limit problem (4.30), we will subsequently derive a decoupled limit
problem for the bulk solution only. The strong formulation of the decoupled bulk limit problem reads
as follows.

Find p.: QY — R such that

[K°Vp], +agr =0 onT, (4.33a)
K)Vp, N =K:([p]; —aQr)  onT (4.33b)

and the bulk problem (4.3) is satisfied, where gr € Lﬁ(l") is given by Eq (4.12). Qr € L*(I') and the
effective hydraulic conductivity K7 : I' = R with aKy € L¥(I') are defined by

0@ ifp=-1,
Or(n) := {0 £ > 1 (4.34a)
U
Oi(r, 9,) = §i(m,9,) (K] (o, B,) dB,, (4.34b)
—a_(m)
K#(m) = [a(@Ar((KFT)@@)] (4.35)

A weak formulation of the system in the Eqs (4.3) and (4.33) is given by the following problem.

Find (p., p-) € @Y, such that, for all (¢,,¢_) € DY,

Z(K?Vpi’ Voo + (Kt [Py [elr)r2m)

0 N (4.36)
= Z(qi ; ‘Pi)L2(Q?) + (aqr, 90—)L2(r) + (aK; Or, [[QDHF)LZ(F)-

=+

Here, the space @Y, is given by

O}, = {(pr0) € Xy Hy o () ] le]; € L2, (D), ¢+|r00 = (p_|rg}. (4.37)

We require the following auxiliary result.
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Lemma 4.12. The map

(@4, 0, 01) = (@1, 0-) (4.38)

defines a continuous embedding ©* — (D?V.

Proof. With Lemma 3.2, we have

a. () 2 a4 (7r)
[el? () = [ f . g, @r(m, 9,)d9, | < a(m) f . [09, 01, 9,)] dod,,

for a.a. (m,#,) € I',. Thus, an additional integration on I' yields
|| [[90]]1" ||Li_](r) < ”‘Pf“H}V(Fa)' o

We now obtain the following convergence result.

Theorem 4.13. Let @ = 1 and B > —1. Then, given that the assumption (A) holds true, (p>, p*) € CD?V
is the unique solution of problem (4.36), where p: € H'(QC) denote the limit functions from
Proposition 3.8.

Proof. Let (¢4, ¢-) € @,. We define ¢ € Hy(I',) by
Iy R _ _
or(mr, 9,) := @_| (@) + [] - (WK () (K17 (x, 9,) dF,,

—a_(m)

where K- € L’(I') is given by Eq (4.35). It is easy to check that (¢,,¢_, ¢f) € ®*. In particular, we
have

89, 06(m, 9,) = [¢]p (MKE @K1 (7, 9,).

Thus, by inserting the test function triple (¢, ¢_, ¢f) into the weak formulation (4.30) and by using
that

(KfVNﬁ;, VN‘Pf)]}(ra) = (Kli_aﬂnﬁ;’ [[QDHF)LZ(FH) = (Klf [[p*ﬂr 5 [[SDHF)L2(F)’

we find that (p7, p*) satisfies Eq (4.36). With Lemma 4.12, we have (p7, p*) € (D?V. The uniqueness of
the solution follows from the Lax-Milgram theorem. O

4.5. Case V: a > 1

For @ > 1 and 28 > «a — 3, the fracture becomes a solid wall as € — 0, i.e., the interface I" is an
impermeable barrier with zero flux across I'. This matches the formally derived limit model in [27] in
the case @ > 1, where the Richards equation is considered. The strong formulation of the limit problem
reads as follows.

Find p.: Q% — R such that

K'Vp.-N=0 onT (4.39)
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and the bulk problem (4.3) is satisfied. A weak formulation of the system in the Eqs (4.3) and (4.39) is
given by the following problem.
Find (p., p_) € @Y, such that, for all (¢, ¢_) € Y,

Z(K?Vpi’ V‘Pi)LZ(Q% = Z(Q?a <Pi)L2<Q?>' (4.40)

i=*

Here, the space @), is given by

0 ._ 1 0 _ ~ 1 0
o = {(pr.00) X, Hq o ()] @ulpo = @-lyo) = Hy o (Q\D). (4.41)

We now have the following convergence results.

Theorem 4.14. Let @ > 1 and 23 > a — 3. Then, given the assumption (A), (p3, p*) € CI)Q, is a weak
solution of problem (4.40), where p:. € H'(QY) denote the limit functions from Proposition 3.8.

Proof. With Proposition 3.7, we have

az1
£,

7

8a||VNﬁ?| 2ry S 8(1_1”VN[’?

a+1 A (7 A
£ ”VrPf € ”VrPf

LA(Ty)

azl
£ 2.

A

LA(Ty) s LA(Ty)

Thus, with the Lemmas 2.2 (iv) and 4.1, the result follows by letting k — oo in the transformed weak
formulation (2.65). |

Theorem 4.15. Let « > —1 and 28 > a — 3. Then, given the assumption (A), we have strong
convergence

pl— P inH'(Q)) (4.42)

Ak Ak

as € = 0 for the whole sequence {p5 }cc0.)- Moreover, (P, p*) € (DQ, is the unique weak solution of the
problem in Eq (4.40).

Proof. The result follows with analogous arguments as in the cases above. O
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Appendix A Geometric background

In the following, we summarize useful definitions and results related to the geometry of Euclidean
submanifolds.

Definition A.1. Let n € N and m € Ny with m < n. Besides, let k € N U {oo} and [ € [0, 1]. Then,
M c R" is called an m-dimensional submanifold of class C*! if, for all £ € M, there exists U c R
open with 7 € U and a C*/-diffeomorphism h: U — V, where V = h(U) C R" open, such that

h(UNM)=VNnR"%x{0,_.}). (A1)
Here, 0,_,, € R"™ denotes the zero vector.

A.1 Orthogonal projection and signed distance function

We introduce the orthogonal projection and (signed) distance function of a set and state selected
properties and regularity results. For details, we refer to [36].
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Definition A.2. Let ) # M c R".
(i) We write d™: R" — [0, o), d¥(x) := infey |x — 7| for the distance function of M. If M = 0A #
0 for a set A C R", we can define the signed distance function of M by
dM(x) ifxeA,

d¥:R" - R, dY(x):= A2
(x) {—dM(x) if x eR"\ A. (8.2)

(i) A setA C R”"is said to have the unique nearest point property with respect to M if, forall x € A,
there exists a unique 7 € M such that d¥(x) = |x — n1|. We write unpp(M) for the maximal set with this

property.
(iii)) We define the orthogonal projection onto M by

PM. unpp(M) —» M, x +— argmin|x — 7. (A.3)
reM

(iv) Let 6 > 0. Then, we define the §-neighborhood of M by

Us(M) := {x e R" | d(x) < 6}. (A4)
For x € R", we also write Us(x) := Us({x}).
(v) We define the reach of M by
reach(M) := sup{d > 0 | Us(M) C unpp(M)}. (A.5)

Let M C R" be a C*-submanifold, k € N. Then, the orthogonal projection P is C*~!-differentiable
on unpp(M)° [36, Thm. 2]. If k > 2, we have PMY(n + n) = mnform € M and n 1L T,M with
7+ n € unpp(M)° [36, Prop. 2]. Besides, if M is compact and k£ > 2, we have reach(M) > 0 [36, Prop.
6]. Moreover, if M = A for a set A C R" of class C¥, k > 2, the signed distance function d is
C*-differentiable on unpp(8A)° (cf. [37, Thm. 7.8.2] and [36, Thm. 2]).

A.2  Shape operator

Let2 < k € Nand M C R" be an (n — 1)-dimensional C*-submanifold with a global unit normal
vector field N € C*"!(M;R"). We define the shape operator S, of M at w € M for each v € T, M as the
negative directional derivative S, (v) := —V,N(ar). Then, for each & € M, the shape operator S is a self-
adjoint linear operator S, : T,M — T, M. The eigenvalues «;(x), ..., k,_; () of the shape operator S,
are called the principal curvatures of M at w € M. In particular, we have «, ..., k,-1 € C2(M).

A.3  Function spaces on manifolds

Let M C R" be an m-dimensional C*'-submanifold with boundary M. We denote charts for M as
triples (U, ¢, V), 1.e., U C M and V CR" (or V C R”! x [0, o0) for charts with boundary) are open
and ¥: U — V is bi-Lipschitz. For the inverse chart ¥~!, we also use the symbol . Besides, we
write g|¥ for the metric tensor in coordinates of the chart ¢, i.e., g|* () = [Dlﬁ(ﬂ)]tDtﬁ(_ﬂ) € R™™_ For
p € [1, 00], we write L”(M) for the Lebesgue space on M with respect to the Riemannian measure Ay
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Moreover, we define L”(M) := LP(M)™. Following [38], we define the first-order Sobolev space H'!(M)
as the completion of

{f € C¥ M) [ 1Nl ary < o0} (A.6)
with respect to the norm ||f||i,l(M) = ||f||i2(M) + ||VMf||iz(M), where V), f denotes the gradient of f. In
local coordinates, we have

Y f @) = Dy@ g |’ V(S o )@ (A7)

Besides, H'(M) is a reflexive Hilbert space. For the more general case of Sobolev spaces W*P(M) of
arbitrary order k € N and 1 < p < oo on Riemannian manifolds, we refer to [38]. Further, if M is
compact, we can alternatively define the Sobolev space H'(M) by using local coordinates [39]. Given
a finite atlas {(U;, ¥, Vi)}ie; of M and a subordinate partition of unity {y;}ic; € C*'(M), we define the
space

H' (M) == {f € ’(M) | (i) o s € H'(V))} (A.8)

with the norm ||f||i,1(M) = el ||(,\/,-f) o '.ﬁiHZI(V»)' It is easy to check that the two definitions for H'(M)
are equivalent. Consequently, it is H'(M) = H'(Int(M)), where Int(M) denotes the interior of M.

Moreover, with analogous arguments as in [40, §11], one can prove the following trace theorem.

Lemma A.3. Let OM be compact. Then, there exists a unique bounded linear operator
Iy HY(M) — L*(OM) such that Ty f = flou for all f € H'(M) N C'(M).
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