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Abstract: In this paper, we investigate the abstract integro-differential time-fractional wave equation
with a small positive parameter ε. The Lp − Lq estimates for the resolvent operator family are
obtained using the Laplace transform, the Mittag-Leffler operator family, and the C0−semigroup. These
estimates serve as the foundation for some fixed point theorems that demonstrate the local-in-time
existence of the solution in weighted function space. We first demonstrate that, for acceptable indices
p ∈ [1,+∞) and s ∈ (1,+∞), the mild solution of the approximation problem converges to the solution
of the associated limit problem in Lp((0,T ), Ls(Rn)) as ε → 0+. The resolvent operator family and a
set of kernel k(t) assumptions form the foundation of the proof’s primary methodology for evaluating
norms. Moreover, we consider the asymptotic behavior of solutions as α→ 2−.
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1. Introduction

In this paper we will consider an initial value problem (IVP) to the following integro-differential
time-fractional hyperbolic equations with a tiny positive parameter ε in a suitable Lp−space{

Dα
t uε(t) − χ(ε)∆uε(t) − ∆(kε ∗ uε)(t) = fε(t), t > 0, x ∈ Rn,

uε(0) = u0,ε, u′ε(0) = u1,ε, x ∈ Rn,
(1.1)

where ∆ is Laplacian in Rn, the kernel k(t) is a continuous function from R to R and

kε(t) =
1
ε

k(
t
ε

), (kε ∗ uε)(t) =
∫ t

0
kε(t − s)uε(s)ds, (1.2)
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α ∈ (1, 2), Dα
t u(t) represents the Caputo fractional derivative of order α of u, is defined by

Dα
t u(t) =

∫ t

0
g2−α(t − s)u′′(s)ds, gβ(t) =

tβ−1

Γ(β)
, t > 0, β > 0, (1.3)

and χ(ε) is a positive scalar function defined on (0, ε0] for a given real number ε0 > 0 such that

χ(ε)→ χ0 as ε→ 0+. (1.4)

In mathematical physics and mechanical engineering, fractional partial differential equations are
widely used. For instance, we mention the books [1,2] and [3] for the abstract evolution equations. We
mention the sources [4–9] for the fractional integro-differential equations.

The theory of cosine operator functions is developed by applying the Caputo fractional derivative
described in Eq (1.3) to the limit situation α = 2, Eq (1.1) is a second order abstract Cauchy problem.
We consult [10, 11] and their sources for further information on the theory of the cosine operator
function. Lorenzi-Messina [12] considered the approximation of solutions to linear
integro-differential parabolic Eq (1.1) in Lp−spaces and extended the findings to the corresponding
non-linear equations [13], in contrast to the first order abstract Cauchy problem with α = 1. Using
almost sectorial operators, Wang et al. [14] investigated abstract fractional Cauchy problems. When
k(t) exhibits sub-exponential growth, Ahmed and Mohamed [15] examined the maximal regularity
and continuity of the solution for the Eq (1.1) using the solution operator. The multiplier theorem has
been used by Rodrigo Ponce [16] to describe the existence and uniqueness of solutions to an abstract
fractional differential equation where k(t) is an infinite delay in Hölder spaces. According to
Conti-Pata-Squassina [17], the differential systems with memory terms that might explain the
previous history of u up to time t. They primarily focused on the convergence of the reaction-diffusion
equation solution over a finite time period utilizing semigroup and energy approaches.
Agarwal-Santos-Uevas [18] utilized the solution operator to investigate the existence and qualitative
characteristics of an analytical α−resolvent operator for an abstract. When B(t) = k(t)A is a closed
linear operator for α ∈ (0, 1), Santos-Henríquez-Henáandez [19] utilized perturbation theory of
sectorial operators to analyze the abstract fractional integro-differential Cauchy problem.
Nasser-eddine Tatar [20, 21] used the solution operator and energy approach, respectively, to examine
the stability of a fractional Euler-Bernoulli problem and fractional viscoelastic telegraph issue.

Recently, a coupled system of hybrid FDEs with Caputo-Hadamard fractional derivatives was
taken into consideration by P. Bedi et al. [22]. Also, they used the Dhage fixed point approach to
demonstrate the existence of mild solutions. Atangana-Baleanu-Caputo fractional Volterra
integro-differential equations were considered firstly by H. Khan et al. [23] by using a Mittag-Leffler
kernel, they investigated the existence, stability, and numerical simulations of these
equations. O. Martnez-Fuentes et al. [24] have shown asymptotic stability in the sense of operators
with general analytic kernels by investigating the recently suggested fractional-order operators with
general analytic kernels, leading to Lyapunov-like conclusions and a Lyapunov direct approach. A
novel ψ−Hilfer differential equation with integral-type subsidiary conditions was studied by
Asma et al. [25] using the Picard operator approach, the Banach contraction principle, and Gronwall’s
inequality to analyze the stability of the solution. R. Dhayal et al. [26] discussed the existence and
uniqueness of the mild solution and stability criteria for a new class of Atangana-Baleanu fractional
stochastic differential systems driven by fractional Brownian motion with non-instantaneous
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impulsive effects using resolvent family, fixed point technique, and fractional calculus. The fractional
Gompertz equation was examined using the hyperbolic-numerical inverse Laplace transform
approach by Gonzlez-Calderna et al. [27]. They discovered a separate fractional order formula, which
is utilized to optimize the hyperbolic-NILT method’s parameter together with the starting condition.

In this research, we take into account time-fractional order super-diffusion equations in Banach
spaces along with α-order time-fractional wave equations. We know that the idea of the α−resolvent
family produced by the Laplace operator △, which will be represented by {S α(t)}t≥0, is connected to
the existences of solutions of the α order fractional abstract Cauchy problem. Many studies have been
conducted on the existence and some features of {S α(t)}t≥0, see for example, [28–37]. Kim [38] also
took into account the time fractional evolution equations with variable order derivatives.

The linear integro-differential wave Eq (1.1) with α ∈ (1, 2) is the first thing we take into account.
Our main goal is to demonstrate that the mild solution uε(t) of problem (1.1) converges to the mild
solution u(t) of the following limit problem as ε → 0+ under appropriate assumptions on the function
fε and the initial data u0,ε, u1,ε,{

Dα
t u(t) − (1 + χ0)∆u(t) = f (t), t ∈ (0,T ], x ∈ Rn,

u(0) = u0, u′(0) = u1, x ∈ Rn.
(1.5)

Any α−order Caputo fractional derivative is defined by

Dα
t u(t) =

∫ t

0
gn−α(t − s)

dn

dsn u(s)ds,

where n is the smallest integer greater than or equal to α > 0 and Gelfand-Shilov function gβ(t) = tβ−1

Γ(β)
satisfies the semigroup property gα ∗ gβ = gα+β. Similarly, the Riemann-Liouville fractional integral of
order α ≥ is defined by

Jαt f (t) = (gα ∗ f )(t) =
∫ t

0
gα(t − s) f (s)ds,

thus

Dα
t Jαt f (t) = f (t), Jαt Dα

t f (t) = f (t) −
n−1∑
k=0

f (k)(0)
tk

k!
. (1.6)

Applying the properties of Laplace transform and taking into account that ĝα(λ) = λ−α, and (̂Jαt f )(λ) =
̂(gα ∗ f )(λ) = ĝα(λ) f̂ (λ) = λ−α f̂ (λ), then Eq (1.6) implies that

D̂α
t f (λ) = λα f̂ (λ) −

n−1∑
k=0

f (k)(0)λα−1−k. (1.7)

Following the results on the linear time-fractional hyperbolic Eq (1.1) with a small positive
parameter ε, we consider a semi-linear approximating problem{

Dα
t uε(t) − χ(ε)∆uε(t) − ∆(kε ∗ uε)(t) = fε(t) + N[uε](t), t > 0, x ∈ Rn,

uε(0) = u0,ε(x), u′ε(0) = u1,ε(x), x ∈ Rn,
(1.8)
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and the corresponding semi-linear limit problem as ε→ 0+{
Dα

t u(t) + (1 + χ0)(−△)u(t) = f (t) + N[u](t), t > 0, x ∈ Rn,

u(0) = u0(x), u′(0) = u1(x), x ∈ Rn,
(1.9)

where N is a nonlinear operator admitting the following representation

N(u)(t, x) = ψ(t, u(t, x)), (1.10)

and ψ is given in later.
The Eq (1.9) is the semilinear heat equation for α = 1 and u1 = 0, the crucial exponent is p = 1 + 2

n
when the nonlinear component is |u|p−1u. Every nontrivial solution of the equation blows up in a finite
state if 1 < p ≤ 1 + 2

n and u0 ≥ 0, but if p > 1 + 2
n and the starting value u0 is small enough in Lqc(Rn)

where qc =
n(p−1)

2 , then the solution of Eq (1.9) exists globally. We mention [39] for more information
on these findings.

Equation (1.9) interpolates the heat equation and the wave equation. The Fujita critical exponent of
the issue is 1 + 2α

αn+2−2α → 1 + 2
n which is for the case u1 ≡ 0 and nonlinear term N(u)(t, x) = |u|p−1.

The critical exponents 1 + 2α
αn+2−2α and 1 + 2α

αn−2 tend to n+1
n−1 as α → 1, which is an exponent that may

be found in the work by Kato [40]. The critical exponent in the situation u1 , 0 and nonlinear term
N(u)(t, x) = |u|p is p, where p := 1 + 2

n−2(1+α)−1 . We shall demonstrate the global existence of the
solution to Eq (1.9) when p ≥ p, and no global solution exists in the subcritical range p ∈ (1, p). The
details are available in [41].

When α = 2, the problems (1.8) and (1.9) become the second-order abstract semi-linear
approximating problem{

u′′ε (t) − χ(ε)∆uε(t) − ∆(kε ∗ uε)(t) = fε(t) + N[uε](t), t > 0, x ∈ Rn,

uε(0) = u0,ε(x), u′ε(0) = u1,ε(x), x ∈ Rn,
(1.11)

and the corresponding semi-linear limit problem as ε→ 0+{
u′′(t) − (1 + χ0)∆u(t) = f (t) + N[u](t), t > 0, x ∈ Rn,

u(0) = u0(x), u′(0) = u1(x), x ∈ Rn.
(1.12)

The Eq (1.12) is the semilinear wave equation for α = 2 and the nonlinear term N(u)(t, x) = |u|p, the
crucial exponent is pc(n), which is the positive root of (n − 1)p2 − (n + 1)p − 2 = 0. Given that u0, u1

have compact support and meet a certain positivity condition, global solutions of the equation do not
exist if 1 < p ≤ pc(n), however if p > pc(n), solutions with tiny starting values exist for all time (see
Yordanov [42] and the references therein). Using somewhat lower assumptions, Kato [40] obtained a
little less precise conclusion. If 1 < p ≤ n+1

n−1 , then Kato demonstrated that the issue does not permit a
global solution.

For Banach spaces X and Y , their norms are || · ||X, || · ||Y . For a closed linear operator A : D(A) ⊂ X →
Y , the notation [D(A)] represents the domain of A endowed with graph norm ||u||1 = ||u||X + ||Au||Y , u ∈
D(A). Recall that the Mittag-Leffler function

Eα,β(z) =
∞∑

n=0

zn

Γ(αn + β)
=

1
2πi

∫
C

µα−βeµ

µα − z
dµ, α, β > 0, z ∈ C, (1.13)
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and Eα(z) = Eα,1(z), where the path C is a loop which starts and ends at −∞, and encircles the disc
|µ| ≤ |z|

1
α in the positive sense, for µ ∈ C, µα denotes the principal branch of µα. Gamma function

Γ(α) =
∫ +∞

0
tα−1e−tdt. In the paper we will use another special Beta function B : (0,∞) × (0,∞) →

(0,∞) is defined by B(a, b) =
∫ 1

0
(1 − s)a−1sb−1ds. Using a subordination principle we can write the

Mittag-Leffler family associated to the operator ∆ in the form

Eα(t∆) =
∫ ∞

0
Ψα(s)estα∆ds, (1.14)

where {et∆}t≥0 is the analytic semigroup associated with the operator ∆ and Ψα is the Wright function.
The novel results of this paper are described in detail as follows.
The first novel result concerns the convergence of approximating problem to α−order

time-fractional evolution equation Dα
t uε − χ(ε)∆uε − ∆(kε ∗ uε) = N[uε] to the corresponding limit

problem of Dα
t u − (1 + χ0)∆u = N[u] when α ∈ (1, 2) as scale parameter ε → 0+. The key tool is

based on the resolvent operator family properties as well as the assumptions (H5), (H6) about the
initial data u0,ε, u0 and u1,ε, u1. Unlike the first-order abstract Cauchy problem with α = 1,
Lorenzi-Messina [12] studied the approximation of solutions to linear integro-differential parabolic
Eq (1.1) in Lp−spaces and extended their results to the corresponding non-linear equation [13]. This
method can be applied to a fractional viscoelastic telegraph equation [21] as well as a fractional
Euler-Bernoulli problem [20].

The second novel result concerns the existence of a local solution to the approximating
problems (1.1) and (1.8) and the corresponding limiting problems (1.5) and (1.9) in weighted function
spaces respectively. We used a lemma from [14] on Lp − Lq estimates for the semigroup of Laplace
operator to deal with the Lp − Lq estimates to the the resolvent operator family. This technique comes
partly form the interesting recent work of Andrade-Siracusa-Viana [43].

The final novel result is related to the asymptotic behavior of the mild solutions to the problems (1.8)
and (1.9) when α → 2−. The convergence of solution of fractional sub-diffusion equation when α

approaches 1 was first posed by Neto-Planas [44], and then it was considered by Andrade-Siracusa-
Viana [43]. However, there are currently no similar studies on the fractional super-diffusion equation.
This research is the first step in that direction. Our method described is applicable to other applied
models [45, 46] by replacing the classical derivative with the non-integer order derivative. On the
convergence of approximating IVP to α−order time-fractional evolution equation

Dα
t uε − χ(ε)∆uε − ∆(kε ∗ uε) = N[uε]

to the corresponding limit IVP of

Dα
t u − (1 + χ0)∆u = N[u]

as scale parameter ε → 0+, the novelty of this paper is to extend the results in [12, 13] from α = 1
to α ∈ (1, 2), as well as the more general kernel k(t) is considered in the problem (1.1) instead of the
kernel including the series representation in [12]. We also extend the results that the existence of the
unique maximal solution, a blow-up alternative and the asymptotic behavior in [43] from α ∈ (0, 1) to
α ∈ (1, 2).

For simplicity, throughout the paper C denotes a positive constant which may vary from one line to
another line, but it is not essential in analysis of the corresponding problems.
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This paper is mainly divided into five sections. Section 2 is devoted to showing some basic
properties of the resolvent operators Fε

α, Gε
α defined in Eqs (2.2)–(2.5) and the non-linear operator N.

Our main results are stated in Section 3, and their proofs are given in Section 4. We give a conclusion
and a discussion in Section 5.

2. Properties of resolvent operators

We first state some assumptions on the operator A and the initial data u0,ε(x), u1,ε(x) to our abstract
Cauchy problems of the linear Eq (1.1) and the semi-linear Eqs (1.8) and (1.11) respectively. Let X be
a Banach space with norm ∥ · ∥, α ∈ (1, 2).
(H1) The operator A : D(A) ⊂ X → X is a densely defined and closed linear operator. For some
ϕ ∈ (π2 , π) there is a positive constant C = C(ϕ) such that

Σ0,αϕ = {λ ∈ C : | arg(λ)| < αϕ} ⊂ ρ(A),

and the resolvent operator R(λ, A) = (λI − A)−1 satisfies that ∥R(λ, A)∥ ≤ C
|λ|
, ∀λ ∈ Σ0,αϕ.

(H2) The kernel k(t) ∈ L1
loc(R

+) such that k̂(λ) exists for Re(λ) > 0 and k̂(λ) can be extended to
∑

0,ϕ, and
satisfies that ∥̂k(λ)∥ = O( 1

|λ|
) as |λ| → +∞. For p ∈ [1,+∞), there exist constants θ0 >

1
p + α, k0, r > 0

and r0 > r,C > 0 such that |̂k(λ) − k0| ≤ C|λ|θ0 , ∀λ ∈ Σ0,ϕ ∩ B(0, r0).
(H3) There exists a constant M > 0 such that

∥(λI − (1 + χ(ε))A)−1∥L(X) ≤
M
|λ|
, ∀λ ∈ Σ0,αϕ, ∀ε ∈ (0, ε0).

(H4) The sequence fε ∈ C([0,T ], X) converges to f in C([0,T ], X) as ε→ 0+.
(H5) u0,ε, u0 ∈ X and u0,ε converges to u0 in X as ε→ 0+.
(H6) u1,ε, u1 ∈ X and u1,ε converges to u1 in X as ε→ 0+.

Remark 1. The assumptions (H1) and (H2) have been considered in [7–9, 18, 19, 47], where the
operator B(t) = k(t)∆ for a given function k(t) and α ∈ (0, 2).

In the sequel, for r > 0 and θ ∈ (π2 , π), we denote a sector by

Σr,θ = {λ ∈ C : |λ| ≥ r, | arg(λ)| < θ}. (2.1)

In this paper we consider the Banach space X = Lq(Rn)(q > 1), the operator A = △ with domain
D(A) = {u ∈ X|△u ∈ X} and σ(A) = [0,+∞). For α ∈ (1, 2), ρ(Fε

α), ρ(Gε
α), ρ(Fα), ρ(Gα) are the sets

ρ(Fε
α) = {λ ∈ C : Fε

α(λ) = (λαI − χ(ε)△ − k̂(ελ)△)−1 ∈ L(X)}, (2.2)
ρ(Gε

α) = {λ ∈ C : Gε
α(λ) = λα−1(λαI − χ(ε)∆ − k̂(ελ)∆)−1 ∈ L(X)}, (2.3)

ρ(Fα) = {λ ∈ C : Fα(λ) = (λαI − χ0∆ − k0∆)−1 ∈ L(X)}, (2.4)
ρ(Gα) = {λ ∈ C : Gα(λ) = λα−1(λαI − χ0∆ − k0∆)−1 ∈ L(X)}. (2.5)

We next collect some properties established in [18, 48].

Networks and Heterogeneous Media Volume 18, Issue 3, 1024–1058.



1030

Lemma 2.1. [18,48] Under the assumptions (H1) and (H2), there exists r > 0 such that
∑

r,ϕ ⊂ ρ(Fε
α),∑

r,ϕ ⊂ ρ(Gε
α),
∑

r,ϕ ⊂ ρ(Fε
2),
∑

r,ϕ ⊂ ρ(Gε
2), and the operator-value functions Fε

α,G
ε
α, F

ε
2,G

ε
2 :
∑

r,ϕ →

L(X) are analytic. Moreover there exists a constant M Such that

∥Fε
α(λ)∥ ≤

M
|λ|α

, ∥Gε
α(λ)∥ ≤

M
|λ|
, ∥Fε

2(λ)∥ ≤
M
|λ|2

, ∥Gε
2(λ)∥ ≤

M
|λ|
, λ ∈ Σr,ϕ.

Definition 2.2. [1,18,48] For α ∈ (1, 2), the operator families {S ε
α(t)}t≥0, {S α(t)}t≥0, {T ε

α(t)}t≥0, {Tα(t)}t≥0

are defined by

S ε
α(t) =

1
2πi

∫
Γr,θ

eλtλα−1
(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
dλ

=
1

2πi

∫
Γr,θ

eλtGε
α(λ)dλ, (2.6)

S α(t) =
1

2πi

∫
Γr,θ

eλtλα−1
(
λαI − χ0∆ − k0∆

)−1
dλ

=
1

2πi

∫
Γr,θ

eλtGα(λ)dλ, (2.7)

T ε
α(t) =

1
2πi

∫
Γr,θ

eλt
(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
dλ

=
1

2πi

∫
Γr,θ

eλtFε
α(λ)dλ, (2.8)

Tα(t) =
1

2πi

∫
Γr,θ

eλt
(
λαI − χ0∆ − k0∆

)−1
dλ

=
1

2πi

∫
Γr,θ

eλtFα(λ)dλ, (2.9)

where Γ1(r, θ) = {teiθ : t ≥ r}, Γ2(r, θ) = {reiξ : |ξ| ≤ θ}, Γ3(r, θ) = {te−iθ : t ≥ r}, θ ∈ (π2 , ϕ), and
Γr,θ =

⋃3
i=1 Γi(r, θ) oriented counterclockwise.

By the Laplace transform, we give the definitions of Lq−mild solutions to the problems (1.1) and
(1.5), (1.8) and (1.9), (1.11) and (1.12) respectively.

Definition 2.3. Let T > 0, ε ∈ (0, ε0], u0,ε, u1,ε, u0, u1 ∈ Lq(Rn), q ∈ (1,+∞). Functions
uε ∈ C([0,T ], Lq(Rn)) and u ∈ C([0,T ], Lq(Rn)) are called Lq−mild solutions of Eqs (1.1) and (1.5) in
[0,T ] if uε and u satisfy the following equations respectively

uε(t) = Sεα(t)u0,ε +

∫ t

0
Sεα(s)u1,εds +

∫ t

0
Tε
α(t − s) fε(s)ds, (2.10)

u(t) = Sα(t)u0 +

∫ t

0
Sα(s)u1ds +

∫ t

0
Tα(t − s) f (s)ds. (2.11)

Networks and Heterogeneous Media Volume 18, Issue 3, 1024–1058.
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Definition 2.4. Let T > 0, ε ∈ (0, ε0], u0,ε, u1,ε, u0, u1 ∈ Lq(Rn), q ∈ (1,+∞). Functions uε, u ∈
C([0,T ], Lq(Rn)) are called Lq−mild solutions of Eqs (1.8) and (1.9) in [0,T ] if uε and u satisfy the
following equations respectively

uε(t) = Sεα(t)u0,ε +

∫ t

0
Sεα(s)u1,εds

+

∫ t

0
[Tε

α(t − s) fε(s) + Tε
α(t − s)Nuε(s)]ds, (2.12)

u(t) = Sα(t)u0 +

∫ t

0
Sα(s)u1ds

+

∫ t

0
[Tα(t − s) f (s) + Tα(t − s)Nu(s)]ds. (2.13)

Definition 2.5. Let T > 0, ε ∈ (0, ε0], u0,ε, u1,ε, u0, u1 ∈ Lq(Rn), q ∈ (1,+∞). Functions
uε ∈ C([0,T ], Lq(Rn)) and u ∈ C([0,T ], Lq(Rn)) are called Lq−mild solutions of Eqs (1.11) and (1.12)
in [0,T ] if uε and u satisfy the following equations respectively

uε(t) = Sε2(t)u0,ε +

∫ t

0
Sε2(s)u1,εds

+

∫ t

0
[Tε

2(t − s) fε(s) + Tε
2(t − s)Nuε(s)]ds, (2.14)

u(t) = S2(t)u0 +

∫ t

0
S2(s)u1ds

+

∫ t

0
[T2(t − s) f (s) + T2(t − s)Nu(s)]ds. (2.15)

Lemma 2.6. [18] Under the assumptions (H1), (H2), the operator-valued function S ε
α(t) defined in

Definition 2.2 is (i) exponentially bounded in L(X); (ii) exponentially bounded in L([D(A)]); (iii)
strongly continuous on [0,∞) and uniformly continuous on (0,∞) in L(X); (iv) strongly continuous on
[0,∞) in L([D(A)]); (v) The operator function T ε

α(t) defined in Definition 2.2 is exponentially bounded
in L(X); (vi) exponentially bounded in L([D(A)]).

The cosine and sine operator families {S α(t)}t≥0 and {Tα(t)}t≥0 are defined in Definition 2.2, their
properties can be found in [48–50]. We give the following Lp − Lq estimates of the operators.

Lemma 2.7. [50, Lemma 4.3] For 1 < q ≤ r ≤ +∞ and q < +∞, there exists a constant C > 0 such
that for every φ ∈ Lq(Rn) and t > 0 we have

∥S α(t)φ∥Lr(Rn) ≤ Ct−
αn
2 ( 1

q−
1
r )
∥φ∥Lq(Rn),

n
2

(
1
q
−

1
r

) < 1, (2.16)

∥Tα(t)φ∥Lr(Rn) ≤ Ct−
αn
2 ( 1

q−
1
r )+α−1

∥φ∥Lq(Rn),
n
4

(
1
q
−

1
r

) < 1. (2.17)

Moreover, the operator family {S α(t)}t≥0 is strongly continuously in Lr(Rn).

From Lemma 2.6, we can easily obtain the following lemma.

Networks and Heterogeneous Media Volume 18, Issue 3, 1024–1058.



1032

Lemma 2.8. [51] For α ∈ (1, 2], there exists a positive constant C depending only on α,T,M, θ, r
such that

∥S ε
α(t)∥L(X) ≤ C, ∥T ε

α(t)∥L(X) ≤ C, ∀t ∈ [0,T ], (2.18)
∥S α(t)∥L(X) ≤ C, ∥Tα(t)∥L(X) ≤ C, ∀t ∈ [0,T ]. (2.19)

Lemma 2.9. Under the assumptions (H1)–(H3), for p ∈ [1,+∞), α ∈ (1, 2), θ0 ∈ ( 1
p + α,+∞) and

ε1 ∈ (0,min{ε0,
r0
r }), there exists a constant C > 0 depending only on α,T,M, θ, r, ε0, θ0, p, r0 such that

∥S ε
α − S α∥Lp((0,T ),L(X)) ≤ C(ε

1
p + εθ0 + |χ(ε) − χ0|), ∀ε ∈ (0, ε1], (2.20)

∥T ε
α − Tα∥Lp((0,T ),L(X)) ≤ C(ε

1
p+α−1 + εθ0 + |χ(ε) − χ0|), ∀ε ∈ (0, ε1]. (2.21)

Proof. From Lemma 2.1, we have

∥(λαI − (χ(ε) + k̂(ελ))∆)−1 − (λαI − (k0 + χ0)∆)−1∥L(X)

≤

∥∥∥∥{λαI − (χ(ε) + k̂(ελ))∆
}−1{

(χ(ε) − χ0) + (̂k(ελ) − k0)
}∥∥∥∥
L(X)

·

∥∥∥∥∆(λαI − (k0 + χ0)∆)−1
∥∥∥∥
L(X)

≤
M
|λ|α

(
|χ(ε) − χ0| + |̂k(ελ) − k0|

)∥∥∥∥∆(λα − (k0 + χ0)∆)−1
∥∥∥∥
L(X)

≤
M(|χ(ε) − χ0| + |̂k(ελ) − k0|)

|λ|α(k0 + χ0)

∥∥∥∥I − λα(λα − (k0 + χ0)∆)−1
∥∥∥∥
L(X)

≤
M(1 +C)
|λ|α(k0 + χ0)

(
|χ(ε) − χ0| + |̂k(ελ) − k0|

)
. (2.22)

According to Definition 2.2, inequality (2.22) implies that

∥S ε
α(t) − S α(t)∥L(X)

≤
1

2π

∥∥∥∥ ∫
Γr,θ

eλtλα−1
{
(λαI − (χ(ε) + k̂(ελ))∆)−1 − (λα − (k0 + χ0)∆)−1

}
dλ
∥∥∥∥
L(X)

≤
M(1 +C)

2π(k0 + χ0)

∫
Γr,θ

etReλ

|λ|

(
|χ(ε) − χ0| + |̂k(ελ) − k0|

)
dλ,

∥T ε
α(t) − Tα(t)∥L(X)

≤
1

2π

∥∥∥∥ ∫
Γr,θ

eλt
{
[λαI − (χ(ε) + k̂(ελ))∆]−1 − [λα − (k0 + χ0)∆]−1

}
dλ
∥∥∥∥
L(X)

≤
M(1 +C)

2π(k0 + χ0)

∫
Γr,θ

etReλ

|λ|α

(
|χ(ε) − χ0| + |̂k(ελ) − k0|

)
dλ.

Hence, for p ≥ 1, we have

∥S ε
α − S α∥Lp((0,T ),L(X))

≤
M(1 +C)

2π(k0 + χ0)

∫
Γr,θ

|χ(ε) − χ0| + |̂k(ελ) − k0|

|λ|

( ∫ +∞

0
etpRe(λ)dt

) 1
p dλ
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= p−
1
p

M(1 +C)
2π(k0 + χ0)

3∑
j=1

∫
Γ j(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Re(λ)|
1
p |λ|

dλ, (2.23)

∥T ε
α − Tα∥Lp((0,T ),L(X))

≤
M(1 +C)

2π(k0 + χ0)

∫
Γr,θ

|χ(ε) − χ0| + |̂k(ελ) − k0|

|λ|α

( ∫ +∞

0
etpRe(λ)dt

) 1
p dλ

= p−
1
p

M(1 +C)
2π(k0 + χ0)

3∑
j=1

∫
Γ j(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Re(λ)|
1
p |λ|α

dλ. (2.24)

We first estimate the integrals over Γ j(r, θ), j = 1, 3. From the assumption (H2), there exists a positive
constant C such that for Γ1(r, θ) = {teiθ : t ≥ r} and Γ3(r, θ) = {te−iθ : t ≥ r}, we have∫

Γ j(r,θ)

|̂k(ελ) − k0|

|Reλ|
1
p |λ|

dλ ≤ cos−
1
p (θ)ε

1
p

∫ +∞

εr

|̂k(seiθ) − k0|

s1+ 1
p

ds

≤ C cos−
1
p (θ)ε

1
p
( ∫ r0

0
sθ0−1− 1

p ds +
∫ +∞

r0

s−1− 1
p ds
)

≤ Cε
1
p , j = 1, 3, (2.25)

where for θ0 >
1
p , I1 =

∫ r0

0
sθ0−1− 1

p ds converges and ∀p ≥ 1, I2 =

∫ +∞

r0

s−1− 1
p ds converges.

Similarly, there exists a positive constant C such that∫
Γ j(r,θ)

|̂k(ελ) − k0|

|Reλ|
1
p |λ|α

dλ ≤ cos−
1
p (θ)ε

1
p+α−1

∫ +∞

εr

|̂k(seiθ) − k0|

sα+
1
p

ds

≤ C cos−
1
p (θ)ε

1
p+α−1
( ∫ r0

0
sθ0−1− 1

p−αds +
∫ +∞

r0

s−1− 1
p−αds

)
≤ Cε

1
p+α−1, j = 1, 3, (2.26)

where for θ0 > 1
p + α, I3 =

∫ r0

0
sθ0−1− 1

p−αds converges and ∀p > 1, α ∈ (1, 2), I4 =
∫ +∞

r0
s−1− 1

p−αds
converges.

For the function χ(ε) and j = 1, 3 we can also get∫
Γ j(r,θ)

|χ(ε) − χ0|

|Reλ|
1
p |λ|

dλ =
∫ +∞

r

|χ(ε) − χ|

s1+ 1
p cos

1
p (θ)

ds ≤ C|χ(ε) − χ0|r−
1
p , (2.27)∫

Γ j(r,θ)

|χ(ε) − χ0|

|Reλ|
1
p |λ|α

dλ =
∫ +∞

r

|χ(ε) − χ|

sα+
1
p cos

1
p (θ)

ds ≤ C|χ(ε) − χ0|r1−α− 1
p . (2.28)

From inequalities (2.25)–(2.28), we get the estimates of the integrals over Γ j(r, θ) for j = 1, 3,∫
Γ j(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Reλ|
1
p |λ|

dλ ≤ Cε
1
p +C|χ(ε) − χ0|r−

1
p , (2.29)
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Γ j(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Reλ|
1
p |λ|α

dλ ≤ Cε
1
p+α−1 +C|χ(ε) − χ0|r1−α− 1

p . (2.30)

Now we estimate the integral over Γ2(r, θ) in inequalities (2.23) and (2.24). Choosing ε ∈ (0, ε1]
with ε1 ≤ min{ε0,

r0
r } and making use of assumptions (iv) and (v) in Lemma 2.6, we have∫

Γ2(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Reλ|
1
p |λ|

dλ

=

∫
Γ2(r,θ)

|̂k(ελ) − k0|

|Reλ|
1
p |λ|

dλ +
∫
Γ2(r,θ)

|χ(ε) − χ0|

|Reλ|
1
p |λ|

dλ

≤ r−
1
p
[ ∫ θ

−θ

|̂k(εreiξ) − k0|

cos
1
p (ξ)

dξ +
∫ θ

−θ

|χ(ε) − χ0|

cos
1
p (ξ)

dξ
]

≤ Cr−
1
p
[
(εr)θ0

∫ θ

−θ

cos−
1
p (ξ)dξ + |χ(ε) − χ0|

∫ θ

−θ

cos−
1
p (ξ)dξ

]
≤ C(εθ0 + |χ(ε) − χ0|), (2.31)

∫
Γ2(r,θ)

|χ(ε) − χ0| + |̂k(ελ) − k0|

|Reλ|
1
p |λ|α

dλ

=

∫
Γ2(r,θ)

|̂k(ελ) − k0|

|Reλ|
1
p |λ|α

dλ +
∫
Γ2(r,θ)

|χ(ε) − χ0|

|Reλ|
1
p |λ|α

dλ

≤ r1−α+ 1
p
[ ∫ θ

−θ

|̂k(εreiξ) − k0|

cos
1
p (ξ)

dξ +
∫ θ

−θ

|χ(ε) − χ0|

cos
1
p (ξ)

dξ
]

≤ Cr1−α+ 1
p (εr)θ0

∫ θ

−θ

cos−
1
p (ξ)dξ + |χ(ε) − χ0|

∫ θ

−θ

cos−
1
p (ξ)dξ

≤ C(εθ0 + |χ(ε) − χ0|). (2.32)

From inequalities (2.23), (2.29) and (2.31) we get the estimate inequality (2.20), and from inequalities
(2.24), (2.30) and (2.32) we get the estimate inequality (2.21). This completes the proof of Lemma 2.9.

Lemma 2.10. Under the assumptions (H1)–(H4), for p ≥ 1, α ∈ (1, 2), we have

∥T ε
α ∗ fε − Tα ∗ f ∥Lr((0,T ),X)

≤ C∥ fε − f ∥C([0,T ],X) +C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)∥ f ∥C([0,T ],X), (2.33)

where C is a positive constant depending only on α,T,M, θ, r, ε0, θ0, p, r0, and

1
r
=

 1
p +

1
q − 1, if 1

p +
1
q ≥ 1, p, q ≥ 1,

1
p , if 1

p +
1
q < 1, p, q > 1,

the convolution (T ∗ f )(t) =
∫ t

0
T (t − s) f (s)ds and we have

T ε
α ∗ fε → Tα ∗ f in Lr((0,T ); X) as ε→ 0+. (2.34)
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Proof. From the identity T ε
α ∗ fε − Tα ∗ f = T ε

α ∗ ( fε − f ) + (T ε
α − Tα) ∗ f , we have

∥T ε
α ∗ fε − Tα ∗ f ∥Lr((0,T ),X)

= ∥T ε
α ∗ ( fε − f ) + (T ε

α − Tα) ∗ f ∥Lr((0,T ),X)

≤ ∥T ε
α ∗ ( fε − f )∥Lr((0,T ),X) + ∥(T ε

α − Tα) ∗ f ∥Lr((0,T ),X). (2.35)

For 1
p +

1
q ≥ 1(p, q ≥ 1), we can use Young’s inequality for convolution, together with Minkowski’s

inequality, Lemmas 2.8 and 2.9, we have

∥T ε
α ∗ fε − Tα ∗ f ∥Lr((0,T ),X)

≤ ∥T ε
α∥Lp((0,T ),L(X))∥ fε − f ∥Lq((0,T ),X) + ∥T ε

α − Tα∥Lp((0,T ),L(X))∥ f ∥Lq((0,T ),X)

≤ C∥ fε − f ∥C([0,T ],X) +C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)∥ f ∥C([0,T ],X).

For 1
p +

1
q < 1(p, q > 1), we first choose r = p and then use Young’s inequality for convolution,

together with Lemmas 2.8 and 2.9, we have

∥T ε
α ∗ fε − Tα ∗ f ∥Lp((0,T ),X)

≤ ∥T ε
α∥Lp((0,T ),L(X))∥ fε − f ∥L1((0,T ),X) + ∥T ε

α − Tα∥Lp((0,T ),L(X))∥ f ∥L1((0,T ),X)

≤ C∥ fε − f ∥C([0,T ],X) +C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)∥ f ∥C([0,T ],X).

Thus the inequality (2.33) holds true for 1
p +

1
q < 1(p, q > 1). Since Lq((0,T ), X) ↪→ L1((0,T ), X), we

easily get estimate inequality (2.34). This completes the proof of Lemma 2.10.

Lemma 2.11. Under the assumptions (H1)–(H3), (H5), for any p ≥ 1, ε ∈ (0, ε1], we have

∥S ε
αu0,ε − S αu0∥Lp((0,T ),X) ≤ C∥u0,ε − u0∥ +C(ε

1
p + εθ0 + |χ(ε) − χ0|)∥u0∥, (2.36)

for some positive constant C depending only on α,T,M, θ, r, ε0, θ0, p, r0. Moreover,

S ε
αu0,ε → S αu0 in Lp((0,T ); X) as ε→ 0+. (2.37)

Proof. Due to the identity S ε
αu0,ε − S αu0 = S ε

α(u0,ε − u0) + (S ε
α − S α)u0, Minkowski’s inequality,

Lemmas 2.8 and 2.9, we obtain

∥S ε
αu0,ε − S αu0∥Lp((0,T ),X)

= ∥S ε
α(u0,ε − u0) + (S ε

α − S α)u0∥Lp((0,T ),X)

≤ ∥S ε
α(u0,ε − u0)∥Lp((0,T ),X) + ∥(S ε

α − S α)u0∥Lp((0,T ),X)

≤ ∥S ε
α∥Lp((0,T ),L(X))∥u0,ε − u0∥ + ∥S ε

α − S α∥Lp((0,T ),L(X))∥u0∥

≤ C∥u0,ε − u0∥ + (ε
1
p + εθ0 + |χ0 − χ(ε)|)∥u0∥. (2.38)

This completes the proof of Lemma 2.11.

Lemma 2.12. Under the assumptions (H1)–(H3) and (H6), for any p ≥ 1, ε ∈ (0, ε1], we have∥∥∥∥ ∫ t

0
(S ε

αu1,ε − S αu1)ds
∥∥∥∥

Lp((0,T ),X)
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≤ C
{
∥u1,ε − u1∥ +

(
ε

1
p + εθ0 + |χ(ε) − χ0|

)
∥u1∥
}
, (2.39)

for some positive constant C depending only on α,T,M, θ, r, ε0, θ0, p, r0. Moreover,∫ t

0
S ε
αu1,εds→

∫ t

0
S αu1ds as ε→ 0+ in Lp((0,T ), X). (2.40)

Proof. Due to the identity∫ t

0
[S ε

αu1,ε − S αu1]ds =
∫ t

0
S ε
α(u1,ε − u1)ds +

∫ t

0
(S ε

α − S α)u1ds,

Minkowski’s inequality, Hölder inequality, Lemmas 2.8 and 2.9, we obtain∥∥∥∥ ∫ t

0
(S ε

αu1,ε − S αu1)ds
∥∥∥∥

Lp((0,T ),X)

≤

∥∥∥∥ ∫ t

0
S ε
α(u1,ε − u1)ds∥Lp((0,T ),X) +

∫ t

0
(S ε

α − S α)u1ds
∥∥∥∥

Lp((0,T ),X)

≤ C∥S ε
α∥Lp((0,T ),L(X))∥u1,ε − u1∥ + ∥S ε

α − S α∥Lp((0,T ),L(X))∥u1∥

≤ C∥u1,ε − u1∥ +C(ε
1
p + εθ0 + |χ0 − χ(ε)|)∥u1∥. (2.41)

This completes the proof of Lemma 2.12.

Lemma 2.13. Under the assumptions (H1)–(H6) with X = Lq(Rn)(q > 1), α ∈ (1, 2), then for t ≥ 0 we
have as α→ 2−: ∥∥∥∥Sεα(t)u0,ε +

∫ t

0
Sεα(s)u1,εds +

∫ t

0
Tε
α(t − s) fε(s)ds

−
(
Sε2(t)u0,ε +

∫ t

0
Sε2(s)u1,εds +

∫ t

0
Tε

2(t − s) fε(s)ds
)∥∥∥∥

Lq(Rn)
→ 0, (2.42)∥∥∥∥Sα(t)u0 +

∫ t

0
Sα(s)u1ds +

∫ t

0
Tα(t − s) f (s)ds

−
(
S2(t)u0 +

∫ t

0
S2(s)u1ds +

∫ t

0
T2(t − s) f (s)ds

)∥∥∥∥
Lq(Rn)

→ 0. (2.43)

Furthermore, this convergence is unform for t in bounded subintervals and u0, u1, u0,ε, u1,ε in bounded
subsets of Lq(Rn) and f (t), fε(t) in bounded subsets of C([0,T ], Lq(Rn)).

Proof. We only prove Eq (2.43) since the proof of Eq (2.42) is similar.

2πi
(
Sεα(t)u0,ε − Sε2(t)u0,ε +

∫ t

0
Sεα(s)u1,εds −

∫ t

0
Sε2(s)u1,εds

+

∫ t

0
Tε
α(t − s) fε(s)ds −

∫ t

0
Tε

2(t − s) fε(s)ds
)

=

∫
Γr,θ

eλt
{
λα−1
(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
− λ
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1}
u0,εdλ
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+

∫ t

0

∫
Γr,θ

eλs
{
λα−1
(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
− λ
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1}
u1,εdλds

+

∫ t

0

∫
Γr,θ

eλ(t−s)
{(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
−
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1}
fε(s)dλds.

Due to Lemma 2.1, assumptions (H1) and (H3), we obtain∥∥∥∥λα−1
(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
u0,ε

−λ
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1
u0,ε

∥∥∥∥
Lq(Rn)

≤
2C
|λ|
∥ u0,ε∥Lq(Rn),∥∥∥∥λα−1

(
λαI − χ(ε)∆ − k̂(ελ)∆

)−1
u1,ε

−λ
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1
u1,ε

∥∥∥∥
Lq(Rn)

≤
2C
|λ|
∥ u1,ε∥Lq(Rn),

and ∥∥∥∥(λαI − χ(ε)∆ − k̂(ελ)∆
)−1

fε −
(
λ2I − χ(ε)∆ − k̂(ελ)∆

)−1
fε
∥∥∥∥

Lq(Rn)

≤ (
C
|λ|α
+

C
|λ|2

)∥ fε∥C([0,T ],Lq(Rn)) ≤
2C
|λ|α
∥ fε∥C([0,T ],Lq(Rn)).

Furthermore, for each λ ∈ ρ(∆) we have∥∥∥∥λα−1
(
λαI − χ(ε)△ − k̂(ελ)△

)−1
u0,ε − λ

(
λ2I − χ(ε)△ − k̂(ελ)△

)−1
u0,ε

∥∥∥∥
Lq(Rn)

→ 0,∥∥∥∥λα−1
(
λαI − χ(ε)△ − k̂(ελ)△

)−1
u1,ε − λ

(
λ2I − χ(ε)△ − k̂(ελ)△

)−1
u1,ε

∥∥∥∥
Lq(Rn)

→ 0,∥∥∥∥(λαI − χ(ε)△ − k̂(ελ)△
)−1

fε −
(
λ2I − χ(ε)△ − k̂(ελ)△

)−1
fε
∥∥∥∥

Lq(Rn)
→ 0,

as α → 2− uniform for t in bounded subintervals of [0,+∞] and u0, u1, u0,ε, u1,ε in bounded subsets of
Lq(Rn) and f (t), fε(t) in bounded subsets of C([0,T ], Lq(Rn)). Thus, we conclude the proof of Eq (2.42)
by using the Lebesgue dominated convergence theorem.

This completes the proof of Lemma 2.13.

3. Statement of the problems and main results

Now we consider the existence of the solutions uε and u to problem (1.1) with a small parameter ε
and the corresponding limit problem (1.5) as ε → 0+ respectively, and then we focus on the
convergence of uε and u in the space Xρ for ρ > 1, where the space

Xρ = {u ∈ C((0,T ], Lρq(Rn)) : sup
t∈(0,T ]

t
αn
2ρq (ρ−1)

∥u(t)∥Lρq(Rn) < ∞} (3.1)

endowed with the norm

∥u∥Xρ = sup
t∈(0,T ]

t
αn
2ρq (ρ−1)

∥u(t)∥Lρq(Rn). (3.2)

Now let β = αn
2ρq (ρ − 1), we state our main results.
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Theorem 3.1. Under the assumptions (H1), (H3) with A = ∆, X = Lq(Rn), for q > 1, α ∈ (1, 2), ρ > 1,
q > αn

2 (ρ − 1), there exist constants T > 0 and R > 0 such that the problem (1.5) admits an Lq−mild
solution u : [0,T ]→ X which is unique in C([0,T ], X) ∩ Xρ, for any ( f , u0, u1) ∈ C([0,T ], X) × X × X.

Theorem 3.2. Under the assumptions (H1), (H3) with A = ∆, X = Lq(Rn), the nonlinear operator
N : [0,T ] × X → X defined by Eq (1.10) is continuous with respect to t and there exists a constant
M > 0 such that

∥N(t, x)∥ ≤ M(1 + ∥x∥ρ−1), ∀x, y ∈ X, (3.3)
∥N(t, x) − N(t, y)∥ ≤ M(1 + ∥x∥ρ−1 + ∥y∥ρ−1)∥x − y∥, ∀x, y ∈ X. (3.4)

For q > 1, α ∈ (1, 2), ρ > 1, q > αn
2 (ρ − 1), there exist constants T > 0 and R > 0 such that the

problem (1.9) admits an Lq−mild solution u : [0,T ]→ X which are unique in C([0,T ], X)∩ Xρ for any
( f , u0, u1) ∈ C([0,T ], X) × X × X.

Theorem 3.3. Under the assumptions (H1)–(H3) with A = ∆, X = Lq(Rn), the coefficient χ satisfies
Eq (1.4), for q > 1, α ∈ (1, 2), there exist constants T,R > 0 such that the problem (1.1) admits an
Lq−mild solution uε : [0,T ]→ X which is unique in C([0,T ], X) for any ( fε, u0,ε, u1,ε) ∈ C([0,T ], X) ×
X × X, ε ∈ [0, ε0]. For T and R, the problem (1.5) admits an Lq−mild solution u : [0,T ]→ X which is
unique in C([0,T ], X) for any ( f , u0, u1) ∈ C([0,T ], X) × X × X.

Theorem 3.4. Under the assumptions (H1)–(H3) with A = ∆, X = Lq(Rn), the nonlinear operator
N : [0,T ] × X → X defined by Eq (1.10) is continuous with respect to t and satisfies Eqs (3.3)
and (3.4), the coefficient χ satisfies Eq (1.4), for ρ > 1, q > 1, α ∈ (1, 2), there exist constants T,R > 0
such that the problem (1.8) admits an Lq−mild solution uε : [0,T ]→ X which is unique in C([0,T ], X)
for any ( fε, u0,ε, u1,ε) ∈ C([0,T ], X) × X × X, ε ∈ [0, ε0], while the problem (1.9) admits an Lq−mild
solution u : [0,T ]→ X which is unique in C([0,T ], X) for any ( f , u0, u1) ∈ C([0,T ], X) × X × X.

Theorem 3.5. Under the assumptions (H1)–(H6) with A = ∆, X = Lq(Rn), and the coefficient χ
satisfies Eq (1.4). For α ∈ (1, 2), p ≥ 1, q > 1, there exists T > 0 such that the mild solutions uε of the
approximating problem (1.1) converges in C([0,T ], X) to the mild solution u of the limit problem (1.5)
as ε→ 0+. More exactly, there exists a positive constant C such that

∥uε − u∥C([0,T ]),X) ≤ C(∥u0,ε − u0∥X + ∥u1,ε − u1∥X + ∥ fε − f ∥C([0,T ],X))

+ C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)∥ f ∥C([0,T ],X)

+ C(ε
1
p + εθ0 + |χ(ε) − χ0|)(∥u0∥X + ∥u1∥X). (3.5)

Theorem 3.6. Under the assumptions (H1)–(H6) with A = ∆, X = Lq(Rn), the nonlinear operator
N : [0,T ] × X → X defined by Eq (1.10) is continuous with respect to t and satisfies inequalities (3.3)
and (3.4), the coefficient χ satisfies (1.4). For ρ > 1, α ∈ (1, 2), p ≥ 1, q > 1, there exists T > 0 such
that the mild solutions uε of the approximating problem (1.8) converges in C([0,T ], Lq(Rn)) to the mild
solution u of the limit problem (1.9) as ε→ 0+. More exactly, there exists a constant C > 0 such that

∥uε − u∥C([0,T ]),X)

≤ C(∥u0,ε − u0∥X + ∥u1,ε − u1∥X + ∥ fε − f ∥C([0,T ],X))
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+ C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)∥ f ∥C([0,T ],X)

+ C(ε
1
p + εθ0 + |χ(ε) − χ0|)(∥u0∥X + ∥u1∥X)

+ C(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)(∥u0∥

ρ
X + ∥u1∥

ρ
X + ∥ f ∥

ρ
C([0,T ],X)). (3.6)

Theorem 3.7. Let u be the solution of IVP (1.9) given in Theorem 3.2. Then u can be uniquely continued
to a maximal time Tmax > T.

Theorem 3.8. Let u be the solution of IVP (1.9) given in Theorem 3.2. If Tmax < ∞, then

lim sup
t→T−max

tβ∥u(t)∥Lρq(Rn) = ∞, lim sup
t→T−max

∥u(t)∥Lq(Rn) = ∞.

Theorem 3.9. If uεα, uα, u
ε
2, u2 are mild solutions of the problems (1.8), (1.9), (1.11) and (1.12)

respectively, then

∥uεα(t) − uε2(t)∥Lq(Rn) → 0, ∥uα(t) − u2(t)∥Lq(Rn) → 0,

as α → 2− uniformly for t in bounded subintervals of [0,T ], where T > 0 is any common time of
existence for uεα, uα, u

ε
2, u2.

4. Proof of Theorems 3.1–3.9

For the approximating problem (1.1) with a small positive parameter ε and the limit problem (1.5) as
ε → 0+, due to Definition 2.3 we can transform them into the integral Eq (2.10) by Laplace transform
and the operator families {S α(t)}t≥0 and {Tα(t)}t≥0 defined in Eqs (2.7) and (2.9).
Proof of Theorem 3.1. For the linear limit problem (1.5), we consider the integral Eq (2.11). Use the
space

Xρ = {u ∈ C((0,T ], Lρq(Rn)) : sup
t∈(0,T ]

t
αn
2ρq (ρ−1)

∥u(t)∥Lρq(Rn) < ∞}

defined in Eq (3.1), endowed with the norm given in Eq (3.2):

∥u∥Xρ = sup
t∈(0,T ]

t
αn
2ρq (ρ−1)

∥u(t)∥Lρq(Rn),

let B be the closed ball in Xρ centered in the origin with radius R. Since

ρβ = ρ
αn
2ρq

(ρ − 1) =
αn
2q

(ρ − 1) < 1,
n
2

(
1
q
−

1
ρq

) =
n(ρ − 1)

2ρq
=
β

α
< 1,

using Lemma 2.7 and the integral Eq (2.11), we have

∥u∥Xρ ≤ ∥S α(t)u0∥Xρ + ∥

∫ t

0
S α(s)u1ds∥Xρ + ∥

∫ t

0
Tα(t − s) f (s)ds∥Xρ

= sup
t∈(0,T ]

tβ∥S α(t)u0∥Lρq(Rn) + sup
t∈(0,T ]

tβ∥
∫ t

0
S α(s)u1ds∥Lρq(Rn)

+ sup
t∈(0,T ]

tβ∥
∫ t

0
Tα(t − s) f (s)ds∥Lρq(Rn)
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≤ sup
t∈(0,T ]

tβt−β∥u0∥Lq(Rn) + sup
t∈(0,T ]

tβ
t1−β

1 − β
∥u1∥Lq(Rn)

+ sup
t∈(0,T ]

tβ
∫ t

0
∥Tα(t − s) f (s)∥Lρq(Rn)ds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn)

+ C sup
t∈(0,T ]

tβ
∫ t

0
(t − s)−β+α−1∥ f (s)∥Lq(Rn)ds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn)

+ C∥ f ∥C([0,T ],Lq(Rn)) sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1−βds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn) +CTα∥ f ∥C([0,T ],Lq(Rn))

≤ R.

The contraction principle implies existence of the mild solution u in the ball B. We will prove that u is
an Lq−mild solution and is unique in Xρ. Indeed,

∥u(t) − u0∥Lq(Rn)

≤ ∥S α(t)u0 − u0∥Lq(Rn) +

∫ t

0
∥S α(s)u1∥Lq(Rn)ds +

∫ t

0
∥Tα(t − s) f (s)∥Lq(Rn)ds

≤ ∥S α(t)u0 − u0∥Lq(Rn) +C
∫ t

0
∥u1∥Lq(Rn)ds +C

∫ t

0
(t − s)α−1∥ f (s)∥Lq(Rn)ds

≤ ∥S α(t)u0 − u0∥Lq(Rn) +Ct∥u1∥Lq(Rn) +C∥ f ∥C([0,T ],Lq(Rn))

∫ t

0
(t − s)α−1ds

= ∥S α(t)u0 − u0∥Lq(Rn) +Ct∥u1∥Lq(Rn) +
C
α

tα∥ f ∥C([0,T ],Lq(Rn))

→ 0 as t → 0+.

Therefore, u ∈ C([0,T ], Lq(Rn))
⋂

C((0,T ], Lρq(Rn)) is an Lq−mild solution the linear limit
problem (1.5). We finish the proof of Theorem 3.1.
Proof of Theorem 3.2. For ρβ < 1, n

2 ( 1
q −

1
ρq ) < 1, we can choose T such that

C∥u0∥Lq(Rn) +C
T

1 − β
∥u1∥Lq(Rn) +

CTα

α − β
∥ f ∥C([0,T ],Lq(Rn))

+CMTα+β
(1
α
+ RρT−ρβB(α, 1 − ρβ)

)
≤ R,

MCTαB(α, 1 − β) + 2Rρ−1Tα+β−ρβB(α, 1 − ρβ) ≤
1
2
,

where Γ(α) and B(α, β) are Gamma and Beta functions respectively. Let B be the closed ball in Xρ

centered in the origin with radius R. For the nonlinear limit problem (1.9), define a map Γ : B→ B by

Γu(t) = Sα(t)u0 +

∫ t

0
Sα(s)u1ds +

∫ t

0
Tα(t − s) f (s)ds +

∫ t

0
Tα(t − s)Nu(s)ds. (4.1)
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By the Lemmas 2.7 and 2.8, for u ∈ Xρ we have

∥Γu∥Xρ ≤ ∥Sα(t)u0∥Xρ + ∥

∫ t

0
Sα(s)u1ds∥Xρ + ∥

∫ t

0
Tα(t − s) f (s)ds∥Xρ

+ ∥

∫ t

0
Tα(t − s)Nu(s)ds∥Xρ

≤ C sup
t∈(0,T ]

tβt−β∥u0∥Lq(Rn) + sup
t∈(0,T ]

tβ
∫ t

0
∥Sα(s)u1ds∥Lρq(Rn)

+ sup
t∈(0,T ]

tβ
∫ t

0
∥Tα(t − s) f (s)∥Lρq(Rn)ds

+ sup
t∈(0,T ]

tβ
∫ t

0
∥Tα(t − s)Nu(s)∥Lρq(Rn)ds,

thus we have

∥Γu∥Xρ ≤ C∥u0∥Lq(Rn) +C sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1−β∥ f (s)∥Lq(Rn)ds

+CM sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1(1 + ∥u(s)∥ρLρq(Rn))ds

+C sup
t∈(0,T ]

tβ
∫ t

0
s−β∥u1∥Lq(Rn)ds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn) +

CTα

α − β
∥ f (s)∥C([0,T ],Lq(Rn))

+
CM
α

Tα+β +CM sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1∥u(s)∥ρLρq(Rn)ds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn) +

CTα

α − β
∥ f (s)∥C([0,T ],Lq(Rn))

+
CM
α

Tα+β +CMRρ sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1s−ρβds

≤ C∥u0∥Lq(Rn) +
CT

1 − β
∥u1∥Lq(Rn) +

CTα

α − β
∥ f (s)∥C([0,T ],Lq(Rn))

+
CM
α

Tα+β +CMRρTα−ρβ+βB(α, 1 − ρβ) ≤ R.

For u, v ∈ B, we also get

∥Γu − Γv∥Xρ ≤ sup
t∈(0,T ]

tβ
∫ t

0
∥Tα(t − s)(Nu(s) − Nv(s))∥Lρq(Rn)ds

≤ MC sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1(1 + ∥u(s)∥ρ−1

Lρq(Rn) + ∥v(s)∥ρ−1
Lρq(Rn))

·∥u(s) − v(s)∥Lρq(Rn)ds

≤ MC∥u − v∥Xρ sup
t∈(0,T ]

tβ
∫ t

0
(t − s)α−1s−βds
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≤ +MC∥u − v∥Xρ sup
t∈[0,T ]

tβ
∫ t

0
(t − s)α−1s−βs−(ρ−1)β(∥u∥ρ−1

Xρ
+ ∥v)∥ρ−1

Xρ
)ds

≤ MC∥u − v∥XρT
αB(α, 1 − β) + 2MC∥u − v∥XρR

ρ−1Tα+β−ρβB(α, 1 − ρβ)

≤ MC∥u − v∥Xρ
(
TαB(α, 1 − β) + 2Rρ−1Tα+β−ρβB(α, 1 − ρβ)

)
≤

1
2
∥u − v∥Xρ .

The contraction principle implies the existence of mild solution u in B. We will prove that u is an
Lq−mild solution and is unique in Xρ. Indeed,

∥u(t) − u0∥Lq(Rn) ≤ ∥S α(t)u0 − u0∥Lq(Rn) + ∥

∫ t

0
S α(s)u1∥Lq(Rn)

+∥

∫ t

0
Tα(t − s) f (s)ds∥Lq(Rn) + ∥

∫ t

0
Tα(t − s)Nu(s)ds∥Lq(Rn),

thus we have

∥u(t) − u0∥Lq(Rn) ≤ ∥S α(t)u0 − u0∥Lq(Rn) +C
∫ t

0
∥u1∥Lq(Rn)ds

+

∫ t

0
∥Tα(t − s) f (s)∥Lq(Rn)ds +

∫ t

0
∥Tα(t − s)Nu(s)∥Lq(Rn)ds

≤ ∥S α(t)u0 − u0∥Lq(Rn) +Ct∥u1∥Lq(Rn)

+C
∫ t

0
(t − s)α−1∥ f (s)∥Lq(Rn)ds

+CM
∫ t

0
(t − s)α−1(1 + ∥u(s)∥ρLq(Rn))ds

≤ ∥S α(t)u0 − u0∥Lq(Rn) +Ct∥u1∥Lq(Rn)

+C∥ f ∥C([0,T ],Lq(Rn))

∫ t

0
(t − s)α−1ds

+CM
∫ t

0
(t − s)α−1ds +CM

∫ t

0
(t − s)α−1∥u(s)∥ρLq(Rn)ds

≤ ∥S α(t)u0 − u0∥Lq(Rn) +Ct∥u1∥Lq(Rn) +Cα−1tα∥ f ∥C([0,T ],Lq(Rn))

+CMα−1tα +CMtα−ρβB(α, 1 − ρβ)∥u∥ρXρ → 0 as t → 0+.

Therefore, u ∈ C([0,T ], Lq(Rn))
⋂

C((0,T ], Lρq(Rn)) is an Lq−mild solution for the limit problem (1.9).
If v ∈ Xρ is a solution of problem (1.9), we may take 0 < T ′ ≤ T such that ∥v∥T

′

Xρ ≤ R. Then, by
uniqueness in B, we have u(t, x) = v(t, x) for all t ∈ [0,T ′]. Now, we set

R′ = max
{

sup
t∈(0,T )

tβ∥u(t)∥Lρq(Rn), sup
t∈(0,T )

tβ∥v(t)∥Lρq(Rn)

}
.

For t ∈ [T ′,T ], we have

tβ∥u(t, x) − v(t, x)∥Lρq(Rn)
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≤ MCtβ
∫ t

0
(t − s)α−1

(
1 + ∥u(s)∥ρ−1

Lρq(Rn) + ∥v(s)∥ρ−1
Lρq(Rn)

)
·∥u(s) − v(s)∥Lρq(Rn)ds

≤ MCtβ
∫ t

0
(t − s)α−1

(
1 + s−(ρ−1)β∥u∥ρ−1

Xρ
+ s−(ρ−1)β∥v∥ρ−1

Xρ

)
·∥u(s) − v(s)∥Lρq(Rn)ds

≤ MC(1 + 2(T ′)−(ρ−1)βR′ρ−1)(T ′)−βtβ

·

∫ t

0
(t − s)α−1sβ∥u(s) − v(s)∥Lρq(Rn)ds.

Now, let ξ : [0,T ]→ [0,+∞) be defined by ξ(t) = tβ∥u(t) − v(t)∥Lρq(Rn), thus we have

ξ(t) ≤ MC(1 + 2(T ′)−(ρ−1)βR′ρ−1)(T ′)−βtβ
∫ t

0
(t − s)α−1ξ(s)ds,

apply the singular Gronwall’s Lemma [52, Theorem 4] we can obtain the uniqueness of the solution.
We finish the proof of Theorem 3.2.
Proof of Theorem 3.3. For the approximating problem (1.1) with a small positive parameter ε and the
limit problem (1.5) as ε→ 0+, due to Definition 2.2 we can transform them into the integral Eqs (2.10)
and (2.11) by the operator families {S α(t)}t≥0, {Tα(t)}t≥0, {S ε

α(t)}t≥0, {T ε
α(t)}t≥0 and Laplace transform.

From the assumptions (H5), (H6) on u0,ε, u1,ε and (i)(v) in Lemma 2.6 we obtain

∥uε∥C([0,T ],Lq(Rn)) ≤ ∥S ε
α(t)u0,ε∥C([0,T ],Lq(Rn))

+∥

∫ t

0
Sεα(s)u1,εds∥C([0,T ],Lq(Rn)) + ∥

∫ t

0
Tε
α(t − s) fε(s)ds∥C([0,T ],Lq(Rn))

= sup
t∈[0,T ]

∥S ε
α(t)u0,ε∥Lq(Rn) + sup

t∈[0,T ]
∥

∫ t

0
Sεα(s)u1,εds∥Lq(Rn)

+ sup
t∈[0,T ]

∥

∫ t

0
Tε
α(t − s) fε(s)ds∥Lq(Rn)

≤ sup
t∈[0,T ]

Cert∥u0,ε∥Lq(Rn) + sup
t∈[0,T ]

C∥u1,ε∥Lq(Rn)

∫ t

0
ersds

+ sup
t∈[0,T ]

∫ t

0
∥Tε

α(t − s) fε(s)∥Lq(Rn)ds

≤ CerT ∥u0,ε∥Lq(Rn) +
C
r

(erT − 1)∥u1,ε∥Lq(Rn)

+C sup
t∈[0,T ]

∫ t

0
er(t−s)∥ fε(s)∥Lq(Rn)ds,

thus,

∥uε∥C([0,T ],Lq(Rn)) ≤ CerT ∥u0,ε∥Lq(Rn) +
C
r

(erT − 1)∥u1,ε∥Lq(Rn)

+C∥ fε∥C([0,T ],Lq(Rn)) sup
t∈[0,T ]

ert
∫ t

0
e−rsds
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≤ CerT ∥u0,ε∥Lq(Rn) +
C
r

(erT − 1)∥u1,ε∥Lq(Rn)

+
C
r

(erT − 1)∥ fε∥C([0,T ],Lq(Rn)) ≤ R.

Next, we will prove that uε is an Lq−mild solution. Indeed,

∥uε(t) − u0,ε∥Lq(Rn) ≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn)

+

∫ t

0
∥Sεα(s)u1,ε∥Lq(Rn)ds +

∫ t

0
∥Tε

α(t − s) fε(s)∥Lq(Rn)ds

≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) +C∥u1,ε∥Lq(Rn)

∫ t

0
ersds

+C
∫ t

0
er(t−s)∥ fε(s)∥Lq(Rn)ds

≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) +

C(ert − 1)
r

∥u1,ε∥Lq(Rn)

+C∥ fε∥C([0,T ],Lq(Rn)ert
∫ t

0
e−rsds

= ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) +

C(ert − 1)
r

∥u1,ε∥Lq(Rn)

+
C(ert − 1)

r
∥ fε∥C([0,T ],Lq(Rn)) → 0 as t → 0+.

Therefore, uε ∈ C([0,T ], Lq(Ω)) is an Lq−mild solution of the approximating problem (1.1).
Next, the proof of the existence of solution to the linear limit problem (1.5) is similar to the proof

of Theorem 3.1, so we omit it. We finish the proof of Theorem 3.3.
Proof of Theorem 3.4. We can choose T such that

CerT ∥u0,ε∥Lq(Rn)

+
C(erT − 1)

r

(
∥u1,ε∥Lq(Rn) + ∥ fε∥C([0,T ],Lq(Rn)) + MRρ + M

)
≤ R,

C
(
∥u0∥Lq(Rn) + T∥u1∥Lq(Rn)

)
+

CTα

α

(
∥ f (t)∥C([0,T ],Lq(Rn)) + M + MRρ

)
≤ R,

CM
(erT − 1

r
+ 2Rρ−1 erT − 1

r

)
≤ R,

CM
(Tα

α
+ 2Rρ−1 Tα

α

)
≤ R.

For the nonlinear approximating problem (1.8), define an operator Λ : B→ B by

Λuε(t) = Sεα(t)u0,ε +

∫ t

0

(
Sεα(s)u1,εds + Tε

α(t − s) fε(s) + Tε
α(t − s)Nuε(s)

)
ds, (4.2)

and B is a closed ball in C([0,T ], Lq(Rn)) centered in the origin with radius R. By the assumption on
nonlinear operator N, due to Lemma 2.6 and uε ∈ C([0,T ], Lq(Rn)) we have we have

∥Λuε∥C([0,T ],Lq(Rn)) ≤ ∥Sεα(t)u0,ε∥C([0,T ],Lq(Rn))
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+∥

∫ t

0
Sεα(s)u1,εds∥C([0,T ],Lq(Rn)) + ∥

∫ t

0
Tε
α(t − s) fε(s)ds∥C([0,T ],Lq(Rn))

+∥

∫ t

0
Tε
α(t − s)Nuε(s)ds∥C([0,T ],Lq(Rn))

≤ sup
t∈[0,T ]

∥Sεα(t)u0,ε∥Lq(Rn) + sup
t∈[0,T ]

∫ t

0
∥Sεα(s)u1,ε∥Lq(Rn)ds

+ sup
t∈[0,T ]

∫ t

0
∥Tε

α(t − s) fε(s)∥Lq(Rn)ds + sup
t∈[0,T ]

∫ t

0
∥Tε

α(t − s)Nuε(s)∥Lq(Rn)ds

≤ sup
t∈[0,T ]

Cert∥u0,ε∥Lq(Rn) + sup
t∈[0,T ]

C
ert − 1

r
∥u1,ε∥Lq(Rn)

+ sup
t∈[0,T ]

∫ t

0
∥Tε

α(t − s) fε(s)∥Lq(Rn)ds +CM sup
t∈[0,T ]

∫ t

0
er(t−s)(1 + ∥uε(s)∥ρLq(Rn))ds

≤ C
(
erT ∥u0,ε∥Lq(Rn) + (erT − 1)

∥u1,ε∥Lq(Rn)

r

)
+CM sup

t∈[0,T ]
ert
∫ t

0
e−rsds

+CT β∥ fε∥C([0,T ],Lq(Rn) sup
t∈[0,T ]

ert
∫ t

0
e−rsds +CM sup

t∈[0,T ]
ert
∫ t

0
e−rs∥uε(s)∥ρLq(Rn)ds

≤ C
(
erT ∥u0,ε∥Lq(Rn) + (erT − 1)

∥u1,ε∥Lq(Rn)

r

)
+

C
r

(erT − 1)∥ fε∥C([0,T ],Lq(Rn))

+
erT − 1

r
RρCM +

C(erT − 1)
r

M ≤ R.

If uε, vε ∈ C([0,T ], Lq(Rn)), we have

∥Λuε − Λvε∥C([0,T ],Lq(Rn))

≤ sup
t∈[0,T ]

∫ t

0
∥Tε

α(t − s)(Nuε(s) − Nvε(s))∥Lq(Rn)ds

≤ MC sup
t∈[0,T ]

∫ t

0
er(t−s)

(
1 + ∥uε(s)∥ρ−1

Lq(Rn) + ∥vε(s)∥ρ−1
Lq(Rn)

)
·∥uε(s) − vε(s)∥Lq(Rn)ds

≤ MC∥uε − vε∥C([0,T ],Lq(Rn)) sup
t∈[0,T ]

ert
∫ t

0
e−rsds

+MC∥uε − vε∥C([0,T ],Lq(Rn)) sup
t∈[0,T ]

ert
∫ t

0
e−rs∥uε∥

ρ−1
C([0,T ],Lq(Rn))ds

+MC∥uε − vε∥C([0,T ],Lq(Rn)) sup
t∈(0,T ]

ert
∫ t

0
e−rs∥vε∥

ρ−1
C([0,T ],Lq(Rn))ds

≤ CM(erT − 1)∥uε − vε∥C([0,T ],Lq(Rn))

(1
r
+

2Rρ−1

r

)
≤

1
2
∥uε − vε∥C([0,T ],Lq(Rn)).

This yields that Λ is a contraction operator on C([0,T ], Lq(Rn)), we shall prove that uε is an Lq−mild
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solution and is unique in C([0,T ], Lq(Rn)). Indeed,

∥uε(t) − u0,ε∥Lq(Rn) ≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) + ∥

∫ t

0
S ε
α(s)u1,εds∥Lq(Rn)

+∥

∫ t

0
Tε
α(t − s) fε(s)ds∥Lq(Rn) + ∥

∫ t

0
Tε
α(t − s)Nuε(s)ds∥Lq(Rn)

≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) +C

∫ t

0
ers∥u1,ε∥Lq(Rn)ds

+C
∫ t

0
er(t−s)∥ fε(s)∥Lq(Rn)ds + MC

∫ t

0
er(t−s)(1 + ∥uε(s)∥ρLq(Rn))ds

≤ ∥S ε
α(t)u0,ε − u0,ε∥Lq(Rn) +

C
r

(ert − 1)[∥ fε∥C([0,T ],Lq(Rn)) + ∥u1,ε∥Lq(Rn)]

+
MC

r
(ert − 1) +

MC
r

(ert − 1)∥uε∥C([0,T ],Lq(Rn)) → 0 as t → 0+.

Therefore, uε(t, x) ∈ C([0,T ], Lq(Rn)) is an Lq−mild solution for the nonlinear approximating
problem (1.8). If vε ∈ C([0,T ], Lq(Rn)) is a solution of problem (1.8), taking 0 < T ′ ≤ T such that
∥vε∥T

′

C([0,T ],Lq(Rn)) ≤ R, the uniqueness in B implies that uε(t, x) = vε(t, x) for all t ∈ [0,T ′]. Now, we set

R′ = max{ sup
t∈(0,T )

∥uε(t)∥Lq(Rn), sup
t∈(0,T )

∥vε(t)∥Lq(Rn)}.

For t ∈ [T ′,T ], we have

∥uε(t) − vε(t)∥Lq(Rn)

≤ MC
∫ t

0
er(t−s)

(
1 + ∥uε(s)∥ρ−1

Lq(Rn) + ∥vε(s)∥ρ−1
Lq(Rn)

)
∥uε(s) − vε(s)∥Lq(Rn)ds

≤ MCert
∫ t

0
e−rs
(
1 + ∥uε∥

ρ−1
C([0,T ],Lq(Rn)) + ∥vε∥

ρ−1
C([0,T ],Lq(Rn))

)
·∥uε(s) − vε(s)∥Lq(Rn)ds

≤ MC(1 + 2R′ρ−1)ert
∫ t

T ′
e−rs∥uε(s) − vε(s)∥Lq(Rn)ds.

Define a function η : [0,T ]→ [0,+∞) by ηε(t) = ∥uε(t) − vε(t)∥Lq(Rn), thus we have

ηε(t) ≤ MC
(
1 + 2R′ρ−1

)
ert
∫ t

0
e−rsηε(s)ds,

due to the Gronwall’s inequality we obtain the uniqueness.
Next for the nonlinear approximating problem (1.9), the proof is similar to the proof of Theorem 3.2,

so we only show primary difference. Define an operator Γ : B → B by Eq (4.1). We use Lemma 2.7,
so we have

∥Γu∥C([0,T ],Lq(Rn)) ≤ sup
t∈[0,T ]

∥Sα(t)u0∥Lq(Rn) + sup
t∈[0,T ]

∫ t

0
∥Sα(s)u1ds∥Lq(Rn)

+ sup
t∈[0,T ]

∫ t

0
∥Tα(t − s) f (s)∥Lq(Rn)ds + sup

t∈[0,T ]

∫ t

0
∥Tα(t − s)Nu(s)∥Lq(Rn)ds
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≤ C∥u0∥Lq(Rn) +CT∥u1∥Lq(Rn) +
CTα

α
∥ f (t)∥C([0,T ],Lq(Rn))

+
CMTα

α
+CMRρTα

α
≤ R.

For u, v ∈ B, we also get

∥Γu − Γv∥C([0,T ],Lq(Rn))

≤ sup
t∈[0,T ]

∫ t

0
∥Tα(t − s)(Nu(s) − Nv(s))∥Lq(Rn)ds

≤ MC∥u − v∥C([0,T ],Lq(Rn))

(Tα

α
+ 2Rρ−1 Tα

α

)
≤

1
2
∥u − v∥C([0,T ],Lq(Rn)).

We finish the proof of Theorem 3.4.
To give the proof of Theorem 3.5 and Theorem 3.6, we need the result that the solutions u, uε ∈

L∞((0,T ), Lρq(Rn)), where the space

L∞((0,T ), Lq(Rn)) =
{
u ∈ L∞((0,T ), Lq(Rn)) : sup

t∈(0,T )
∥u(t)∥Lq(Rn) < ∞

}
(4.3)

endowed with the norm

∥u∥L∞((0,T ),Lq(Rn)) = sup
t∈(0,T )

∥u(t)∥Lq(Rn). (4.4)

Lemma 4.1. If uε, u are defined by Eqs (2.10) and (2.11) respectively, then we have

∥uε∥L∞((0,T ),Lρq(Rn))

≤ C(∥u0,ε∥Lρq(Rn) + ∥u1,ε∥Lρq(Rn) + ∥ fε∥L1((0,T ),Lρq(Rn))), (4.5)
∥u∥L∞((0,T ),Lρq(Rn))

≤ C∥u0∥Lq(Rn) +CT∥u1∥Lq(Rn) +
C
α

Tα∥ f ∥C((0,T ),Lq(Rn)). (4.6)

Proof. From Eqs (2.10) and (2.11), inequalities (2.16)–(2.18), we get

∥uε(t)∥L∞((0,T ),Lq(Rn)) ≤ sup
t∈(0,T )

∥Sεα(t)∥L(Lq(Rn))∥u0,ε∥Lq(Rn)

+ sup
t∈(0,T )

∥

∫ t

0
Sεα(s)ds∥L(Lq(Rn))∥u1,ε∥Lq(Rn)

+ sup
t∈(0,T )

∥Tε
α(t)∥L(Lq(Rn)) ∗ ∥ fε(t)∥Lq(Rn)

≤ C(∥u0,ε∥Lq(Rn) + ∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn))),

and

∥u(t)∥L∞((0,T ),Lρq(Rn))

Networks and Heterogeneous Media Volume 18, Issue 3, 1024–1058.



1048

≤ sup
t∈(0,T )

∥Sα(t)u0∥Lq(Rn) + sup
t∈(0,T )

∥

∫ t

0
Sα(s)u1ds∥Lq(Rn)

+ sup
t∈(0,T )

∥Tα(t) ∗ f (t)∥Lq(Rn)

≤ C∥u0∥Lq(Rn) +CT∥u1∥Lq(Rn) +
C
α

Tα∥ f (t)∥C((0,T ),Lq(Rn)),

This ends the proof of Lemma 4.1.

Lemma 4.2. If uε and u are defined by Eqs (2.12) and (2.13) respectively, then

∥uε∥L∞((0,T ),Lq(Rn)) ≤ C
(
∥u0,ε∥Lq(Rn) + ∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn))

)
, (4.7)

∥u∥L∞((0,T ),Lq(Rn)) ≤ C
(
∥u0∥Lq(Rn) + ∥u1∥Lq(Rn) + ∥ f ∥C((0,T ),Lq(Rn))

)
, (4.8)

where C = C(α, r, θ,T, ρ) > 0 is a constant.

Proof. From Eqs (2.12) and (2.13) and Lemmas 2.6–2.8, we get

∥uε(t)∥Lq(Rn) ≤ ∥Sεα(t)∥L(Lq(Rn))∥u0,ε∥Lq(Rn) + ∥

∫ t

0
Sεα(s)ds∥L(Lq(Rn))∥u1,ε∥Lq(Rn)

+∥Tε
α(t)∥L(Lq(Rn)) ∗ ∥ fε(t)∥Lq(Rn) + ∥Tε

α(t)∥L(Lq(Rn)) ∗ ∥Nuε(t)∥Lq(Rn)

≤ C
(
∥u0,ε∥Lq(Rn) + T∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn)) + MT

)
+MC

∫ t

0
∥uε(s)∥ρLq(Rn)ds.

Applying generalisation type of Gronwall’s inequality in [53], we get

∥uε(t)∥Lq(Rn) ≤
[
C
(
∥u0,ε∥Lq(Rn) + T∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn)) + MT

)1−ρ
+ (ρ − 1)tMC

]ρ−1

≤ C
(
∥u0,ε∥Lq(Rn) + T∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn)) + MT

)
+C
[
(ρ − 1)T MC

]ρ−1
,

thus

∥uε∥L∞((0,T ),Lq) ≤ C
(
∥u0,ε∥Lq(Rn) + ∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn))

)
,

and

∥u(t)∥Lq(Rn) ≤ C
(
∥u0∥Lq(Rn) +CT∥u1∥Lq(Rn) +

Tα

α
∥ f ∥C((0,T ),Lq(Rn)) +

Tα

α

)
+C
∫ t

0
(t − s)α−1∥u(s)∥ρLq(Rn)ds.

Applying the Gronwall’s inequality in [54], we get

∥u(t)∥Lq(Rn) ≤ C
(
∥u0∥Lq(Rn) +CT∥u1∥Lq(Rn)

+
Tα

α
∥ f ∥C((0,T ),Lq(Rn)) +

Tα

α

)
+
(
(ρ − 1)C

tα

α

)ρ−1
,
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therefore,

∥u∥L∞((0,T ),Lq(Rn)) ≤ C
(
∥u0∥Lq(Rn) + ∥u1∥Lq(Rn) + ∥ f ∥C((0,T ),Lq(Rn))

)
.

This ends the proof of Lemma 4.2.
Proof of Theorem 3.5. Using the formulas (2.10) and (2.11), from Lemmas 2.8–2.12, we have

∥uε − u∥Lp(0,T ),Lq(Rn)) = ∥Sεα(t)u0,ε +

∫ t

0
Sεα(s)u1,εds +

∫ t

0
Tε
α(t − s) fε(s)ds

−Sα(t)u0 −

∫ t

0
Sα(s)u1ds −

∫ t

0
Tα(t − s) f (s)ds∥Lp(0,T ),Lq(Rn))

≤ ∥Sεα(t)u0,ε − Sα(t))u0∥Lp(0,T ),Lq(Rn))

+∥

∫ t

0

(
Sεα(s)u1,ε − Sα(t))u1ds

)
∥Lp(0,T ),Lq(Rn))

+∥

∫ t

0
(Tε

α(t − s) fε(s) − Tα(t − s) f (s))ds∥Lp(0,T ),Lq(Rn))

≤ C
{
∥u0,ε − u0∥Lq(Rn) +

(
ε

1
p + εθ0 + |χ(ε) − χ0|

)
∥u0∥Lq(Rn)

}
+C
{
∥u1,ε − u1∥Lq(Rn) +

(
ε

1
p + εθ0 + |χ(ε) − χ0|

)
∥u1∥Lq(Rn)

}
+C
{
∥ fε − f ∥Lp((0,T ),L1(Rn)) + [ε

1
p+α−1 + εθ0 + |χ0 − χ(ε)|]∥ f ∥Lp((0,T ),L1(Rn))

}
,

thus we have

∥uε − u∥Lp(0,T ),Lq(Rn)) ≤ C
{
∥u0,ε − u0∥Lq(Rn) + ∥u1,ε − u1∥Lq(Rn) + ∥ fε − f ∥C((0,T ),Lq((Rn))

+
(
ε

1
p + εθ0 + |χ(ε) − χ0|

)(
∥u0∥Lq(Rn) + ∥u1∥Lq(Rn)

)
+
(
ε

1
p+α−1 + εθ0 + |χ0 − χ(ε)|

)
∥ f ∥C((0,T ),Lq(Rn))

}
.

This ends the proof of Theorem 3.5.
Proof of Theorem 3.6. From the Lemma 4.2, we have

∥uε∥L∞((0,T ),Lq(Rn)) ≤ C(∥u0,ε∥Lq(Rn) + ∥u1,ε∥Lq(Rn) + ∥ fε∥L1((0,T ),Lq(Rn))) ≤ C,

∥u∥L∞((0,T ),Lq(Rn)) ≤ C
(
∥u0∥Lq(Rn) + ∥u1∥Lq(Rn) + ∥ f ∥C((0,T ),Lq(Rn))

)
≤ C.

Thus,

∥uε(t) − u(t)∥Lq(Rn) ≤ ∥Sεα(t)(u0,ε − u0)∥Lq(Rn) + ∥(Sεα(t) − Sα(t))u0∥Lq(Rn)

+

∫ t

0
∥Sεα(t)(u1,ε − u1)∥Lq(Rn)ds +

∫ t

0
∥(Sεα(t) − Sα(t))u1∥Lq(Rn)ds

+

∫ t

0
∥Tε

α(t − s)( fε(s) − f (s))∥Lq(Rn)ds

+

∫ t

0
∥(Tε

α(t − s) − Tα(t − s)) f (s)∥Lq(Rn)ds

+

∫ t

0
∥Tε

α(t − s)(Nuε(s) − Nu(s))∥Lq(Rn)ds
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+

∫ t

0
∥(Tε

α(t − s) − Tα(t − s))Nu(s)∥Lq(Rn)ds

≤ D1
ε(t) + M∥Tε

α(t) − Tα(t)∥L(Lq(Rn)) ∗ (1 + ∥u(t)∥ρLq(Rn))

+Mert
∫ t

0
e−rs(1 + ∥uε(s)∥ρ−1

Lq(Rn) + ∥u(s)∥ρ−1
Lq(Rn))∥uε(s) − u(s)∥Lq(Rn)ds

≤ D1
ε(t) + D2

ε(t) + MerT
∫ t

0
e−rs(1 + 2C)∥uε(s) − u(s)∥Lq(Rn)ds,

where

D1
ε(t) = ∥S

ε
α(t)(u0,ε − u0)∥Lq(Rn) + ∥(Sεα(t) − Sα(t))u0∥Lq(Rn)

+

∫ t

0
∥Sεα(t)(u1,ε − u1)∥Lq(Rn)ds +

∫ t

0
∥(Sεα(t) − Sα(t))u1∥Lq(Rn)ds

+

∫ t

0
∥Tε

α(t − s)( fε(s) − f (s))∥Lq(Rn)ds

+

∫ t

0
∥(Tε

α(t − s) − Tα(t − s)) f (s)∥Lq(Rn)ds,

D2
ε(t) = M∥Tε

α(t) − Tα(t)∥L(Lq(Rn)) ∗ (1 + ∥u(t)∥ρLq(Rn)).

Applying Gronwall’s inequality, we obtain

∥uε(t) − u(t)∥Lq(Rn) ≤ D1
ε(t) + D2

ε(t)

+MerT (1 + 2C)
∫ t

0
exp
(1 − e−rs

r

)
[D1

ε(s) + D2
ε(s)](e−rs)ds.

Taking the Lp((0,T ), Lq(Rn))-norm and using Young inequality, we get

∥uε − u∥Lp((0,T ),Lq(Rn)) ≤
(
∥D1

ε(t)∥Lp(0,T ) + ∥D2
ε(t)∥Lp(0,T )

)
+MerT (1 + 2C) exp(

1 − e−rT

r
)
(
∥D1

ε(t)∥Lp(0,T ) + ∥D2
ε(t)∥Lp(0,T )

)1 − e−rT

r
≤ C
(
∥D1

ε(t)∥Lp(0,T ) + ∥D2
ε(t)∥Lp(0,T )

)
.

Applying Young inequality again, from Lemmas 2.9–2.12, we can deduce that

∥D1
ε(t)∥Lp(0,T ) ≤ C

{
∥u0,ε − u0∥Lq(Rn) + ∥u1,ε − u1∥Lq(Rn)

+∥ fε − f ∥C((0,T ),Lq(Rn)) +
(
ε

1
p + εθ0 + |χ(ε) − χ0|

)
∥u1∥Lq(Rn)

+
(
ε

1
p + εθ0 + |χ(ε) − χ0|

)
∥u0∥Lq(Rn)

+
(
ε

1
p+α−1 + εθ0 + |χ0 − χ(ε)|

)
∥ f ∥C((0,T ),Lq(Rn))

}
,

∥D2
ε(t)∥Lp(0,T ) ≤ C∥(Tε

α(t) − Tα(t))∥Lp((0,T ),L(Lq(Rn)))(T + ∥u(t)∥ρ
L1((0,T ),Lq(Rn)))

≤ C∥(Tε
α(t) − Tα(t))∥Lp((0,T ),L(Lq(Rn)))
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·
{
T +C

(
∥u0∥

ρ
Lq(Rn) + ∥u1∥

ρ
Lq(Rn) + ∥ f ∥

ρ
C((0,T ),Lq(Rn))

)}
,

therefore,

∥uε − u∥Lp((0,T ),Lq(Rn))

≤ C
{
∥u0,ε − u0∥Lq(Rn) + ∥u1,ε − u1∥Lq(Rn) + ∥ fε − f ∥C((0,T ),Lq(Rn))

+(ε
1
p + εθ0 + |χ(ε) − χ0|)(∥u0∥Lq(Rn) + ∥u1∥Lq(Rn))

+(ε
1
p+α−1 + εθ0 + |χ0 − χ(ε)|)∥ f ∥C((0,T ),Lq(Rn))}

+(ε
1
p+α−1 + εθ0 + |χ(ε) − χ0|)(∥u0∥

ρ
Lq(Rn) + ∥u1∥

ρ
Lq(Rn) + ∥ f ∥

ρ
C((0,T ),Lq(Rn))).

We complete the proof of Theorem 3.6.
Proof of Theorem 3.7. Let u ∈ Xρ be the solution given by Theorem 3.2. We proceed similarly to the
proof of Theorem 3.2 so that we point out the differences. Indeed, we define Γ : C→ C by 4.1, where
the complete metric space C is defined by

C =
{
v ∈ C([0, T̄ ], Lρq(Rn)) ∩ Xβ : sup

t∈[T,T̄ ]
∥v(t) − u(T )∥Lq(Rn) < R̄,

sup
t∈[T,T̄ ]

tβ∥v(t) − u(T )∥Lρq(Rn) < R̄, u ≡ v on t ∈ [0,T ]
}
,

Given v ∈ C, the continuity of Γv : (0, T̄ ]→ Lq(Rn) follows as in Theorem 3.2. Moreover, it is easy to
see that Γv(·, t) = u(·, t), for every t ∈ [0,T ]. Next, for T < t < T̄ , we have

Γv(t, x) − u(T, x)

=
(
S α(t) − S α(T )

)
u0(x) +

∫ T

0

(
Tα(t − s) − Tα(T − s)

)
f (s, x)ds

+

∫ T

0

(
Tα(t − s) − Tα(T − s)

)
Nu(s, x)ds +

∫ t

T
S α(s)u1(x)ds

+

∫ t

T
Tα(t − s) f (s, x)ds +

∫ t

T
Tα(t − s)Nv(s, x)ds. (4.9)

Now, we note that the first, the second and the third terms on right hand side of Eq (4.9) are in Lρq(Rn)∩
Lq(Rn) because of Lemma 2.7 so that Lebesgue’s Dominated Convergence Theorem can be applied to
prove that these three terms go to zero in the norm ∥ · ∥Lρq(Rn)∩Lq(Rn) as t → T+. Furthermore

tβ
∥∥∥∥ ∫ t

T
S α(s)u1ds +

∫ t

T
Tα(t − s) f (s)ds +

∫ t

T
Tα(t − s)Nv(s)ds

∥∥∥∥
Lρq(Rn)

≤ Ctβ
∫ t

T
s−β∥u1∥Lq(Rn)ds +Ctβ

∫ t

T
(t − s)−β+α−1∥ f (s)∥Lq(Rn)ds

+tβCM
∫ t

T
(t − s)α−1(1 + ∥v(s)∥ρLρq(Rn))ds

≤ Ctβ∥u1∥Lq(Rn)(
t1−β − T 1−β

1 − β
) +Ctβ(M + ∥ f (T )∥Lq(Rn))

(t − T )α−β

α − β
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+CtβM
(t − T )α

α
+CtβM(R̄ + T ρβ∥u(T )∥ρLρq(Rn))t

α−ρβ

∫ 1

T/t
(1 − s)α−1s−ρβds

→ 0 as t → T+.

∥∥∥∥ ∫ t

T
S α(s)u1ds +

∫ t

T
Tα(t − s) f (s)ds +

∫ t

T
Tα(t − s)Nv(s)ds

∥∥∥∥
Lq(Rn)

≤ C
∫ t

T
∥u1∥Lq(Rn)ds +C

∫ t

T
(t − s)α−1∥ f (s)∥Lq(Rn)ds

+CM
∫ t

T
(t − s)α−1(1 + ∥v(s)∥ρLq(Rn))ds

≤ C∥u1∥Lq(Rn)(t − T ) +C(M + ∥ f (T )∥Lq(Rn))
(t − T )α

α

+CM
(t − T )α

α
+CM(R̄ + ∥u(T )∥ρLq(Rn))t

α

∫ 1

T/t
(1 − s)α−1ds

→ 0 as t → T+.

Therefore, we can take T̄ so close to T such that the norm ∥ · ∥Lρq(Rn)∩Lq(Rn) of each term on right hand
side of Eq (4.9) is less than R̄/5 and we have

sup
t∈[T,T̄ ]

tβ∥v(t) − u(T )∥Lρq(Rn) < R̄, sup
t∈[T,T̄ ]

∥v(t) − u(T )∥Lq(Rn) < R̄.

It is similar to prove that Γ is a contraction and the uniqueness is proved as in Theorem 3.2. We
complete the proof of Theorem 3.7.
Proof of Theorem 3.8. Suppose that Tmax < ∞ and there exists a constant M > 0 such that
∥tβu(t)∥Lρq(Rn) ≤ M, ∥u(t)∥Lq(Rn) ≤ M, for all t ∈ [a,Tmax), with a > 0. Thus, given a sequence of
positive real number tn → T−max, we will show that {u(tn)}n∈N is a Cauchy sequence in
Lρq(Rn) ∩ Lq(Rn). Indeed, for 0 < tm < tm < Tmax, we have

u(tn, x) − u(tm, x)

=
(
S α(tn) − S α(tm)

)
u0(x) +

∫ tm

0

(
Tα(tn − s) − Tα(tm − s)

)
f (s, x)ds

+

∫ tm

0

(
Tα(tn − s) − Tα(tm − s)

)
Nu(s, x)ds +

∫ tn

tm
S α(s)u1(x)ds

+

∫ tn

tm
Tα(tn − s) f (s, x)ds +

∫ tn

tm
Tα(tn − s)Nv(s, x)ds.

Similar to Eq (4.9), we have ∥u(tn, x) − u(tm, x)∥Lρq(Rn)∩Lq(Rn) → 0 as m, n → ∞. Hence, there exists the
limit lim

n→∞
u(tn) = u(Tmax) in Lρq(Rn)∩Lq(Rn). Thus, u(Tmax) exists in Lρq(Rn)∩Lq(Rn) and Theorem 3.7

yields a contradiction. We complete the proof of Theorem 3.8.
Proof of Theorem 3.9. For X = Lq(Rn), denote

I(t) = ∥Sεα(t)u0,ε +

∫ t

0
Sεα(s)u1,εds +

∫ t

0
Tε
α(t − s) fε(s)ds
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−(Sε2(t)u0,ε +

∫ t

0
Sε2(s)u1,εds +

∫ t

0
Tε

2(t − s) fε(s)ds)∥X,

J(t) =
∫ t

0
∥T ε

α(t − s) − T ε
2 (t − s)∥L(X)(1 + ∥uεα(s)∥ρX)ds.

From Theorem 3.4, it is easy to obtain that there exists a T > 0 such that for t ∈ [0,T ], we have

∥uεα(t) − uε2(t)∥X ≤ I(t) +
∫ t

0
∥(T ε

α(t − s) − T ε
2 (t − s))Nuεα(s)∥Xds

+

∫ t

0
∥T ε

2 (t − s)(Nuεα(s) − Nuε2(s))∥Xds ≤ I(t) + J(t)

+

∫ t

0
∥T ε

2 (t − s)∥L(X)(1 + ∥uεα(s)∥ρ−1
X + ∥uε2(s)∥ρ−1

X )∥uεα(s) − uε2(s)∥Xds.

Due to Lemma 2.13, we have I(t) → 0 as α → 2− uniformly for t ∈ [0,T ]. Furthermore, since
α 7→ 1 + ∥uεα(s)∥ρLq(Rn) remains bounded as α→ 2−, and t − s ∈ [0, t] ⊂ [0,T ], the uniform convergence
in Lemma 2.9 gives that J(t) → 0 as α → 2− uniformly for t ∈ [0,T ]. There exists R > 0 such that
∥uεα, u

ε
2∥C([0,T ],Lq(Rn)) ≤ R, then∫ t

0
∥T ε

2 (t − s)∥L(X)

(
1 + ∥uεα(s)∥ρ−1

X + ∥uε2(s)∥ρ−1
X

)
∥uεα(s) − uε2(s)∥Xds

≤ C(1 + 2Rρ−1)
∫ t

0
er(t−s)∥uεα(s) − uε2(s)∥Xds,

thus we have

∥uεα(t) − uε2(t)∥Lq(Rn) ≤ I(t) + J(t) +C
∫ t

0
er(t−s)∥uεα(s) − uε2(s)∥Lq(Rn)ds,

Gronwall’s inequality implies that

∥uεα(t) − uε2(t)∥Lq(Rn) ≤ (I(t) + J(t)) exp(C
∫ t

0
er(t−s)ds).

Since I(t), J(t) → 0 as α → 2−, thus we have ∥uεα(t) − uε2(t)∥Lq(Rn) → 0. Similarly we can get ∥uα(t) −
u2(t)∥Lq(Rn) → 0 as α→ 2− uniformly for t in bounded subintervals of [0,T ]. We complete the proof of
Theorem 3.9.

5. Conclusion and discussion

This paper mainly discusses three problems. The first question is the convergence of mild solution
uε(t, x) to the initial value problems (1.1) and (1.8) which contain the small scale positive parameter ε,
and the asymptotic behaviour between the approximating mild solution uε(t, x) and the limit mild
solution u(t, x) as ε → 0+, where u(t, x) is mild solution of the limit problems (1.5) and (1.9)
respectively. When α ∈ (1, 2), the Eqs (1.5) and (1.9) are fractional wave equations govern the
propagation of mechanical diffusion in viscoelastic media, revealing a power-law creep and thus
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providers us a physical interpretation in the frame work of dynamical viscoelasticity [55–57].
However, in many concert situations, only the most recent past history of u has an effective impact on
the future dynamics. In mathematical terms, this translates into having a rapidly fading memory
kernel k(t). The equation becomes (1.5) in the limiting situation where k(t) is the dirac mass at zero. It
is then reasonable to view Eq (1.5) as a good approximation of an evolution system that keeps a very
short memory of the past. The second question contains two aspects. On the one hand, by using the
properties of the resolvent operators and the representations of the mild solutions, we have obtained
the existence and uniqueness of the mild solutions. On the other hand, we demonstrate the existence
of a unique maximal solution and a blow-up alternative for the semi-linear approximating problem
with ε and the limit problem using the Lp − Lq estimates of the resolvent operator family. The last
problem is the convergence of the fractional super-diffusion Eqs (1.5) and (1.9) solutions as α

approaches 2−. Our interest in studying problems (1.5) and (1.9) that come from their applications as
a model for physical systems exhibiting anomalous diffusion. In many complex processes, the
behavior usually no longer follows Gaussian statics, and thus, the Fick’s second law fails to describe
the related transport behavior. In classical diffusion, the linear time dependence of the mean squared
displacement can be observed, which indicates how fast particles diffuse, whereas, in anomalous
diffusion the mean squared displacement of a diffusive particle usually behaves like const·tα as
t → ∞. So by studying the asymptotic behavior of the mild of the problems (1.5) and (1.9), we can
gain insight into the rate of convergence of the solutions to the problems (1.5) and (1.9).
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Gómezmez-Aguilar, Assessment of the performance of the hyperbolic-NILT method to
solve fractional differential equations, Math. Comput. Simul., 206 (2023), 375–390.
https://doi.org/10.1016/j.matcom.2022.11.022

28. A. Al-Omari, H. Al-Saadi, Existence of the classical and strong solutions for fractional semilinear
initial value problems, Bound. Value Probl., 157 (2018), 1–13. https://doi.org/10.1186/s13661-
018-1054-3

29. M. Benchohra, S. Litimein, J. J. Nieto, Semilinear fractional differential equations with
infinite delay and non-instantaneous impulses, J. Fixed Point Theory Appl., 21 (2019), 1–16.
https://doi.org/10.1007/s11784-019-0660-8

30. R. Chaudhary, M. Muslim, D. N. Pandey, Approximation of solutions to fractional stochastic
integro-differential equations of order α ∈ (1, 2], Stochastics, 92 (2020), 397–417.
https://doi.org/10.1080/17442508.2019.1625904

31. J. V. da C. Sousa, D. F. Gomes, E. C. de Oliveira, A new class of mild and strong
solutions of integro-differential equation of arbitrary order in Banach space, arXiv, 2018.
https://doi.org/10.48550/arXiv.1812.11197

32. M. Li, Q. Zheng, On spectral inclusions and approximations of α−times resolvent families,
Semigroup Forum, 69 (2004), 356–368. https://doi.org/10.1007/s00233-004-0128-y

33. K. Li, J. Peng, Fractional resolvents and fractional evolution equations, Appl. Math. Lett., 25
(2012), 808–812. https://doi.org/10.1016/j.aml.2011.10.023

34. B. Li, H. Gou, Weak solutions nonlinear fractional integrodifferential equations in nonreflexive
Banach spaces, Bound. Value Probl., 209 (2016), 1–13. https://doi.org/10.1186/s13661-016-
0716-2

Networks and Heterogeneous Media Volume 18, Issue 3, 1024–1058.



1057

35. Z. D. Mei, J. G. Peng, J. H. Gao, General fractional differential equations of order α ∈
(1, 2) and type β ∈ [0, 1] in Banach spaces, Semigroup Forum, 94 (2017), 712–737.
https://doi.org/10.1007/s00233-017-9859-4

36. S. A. Qasem, R. W. Ibrahim, Z. Siri, On mild and strong solutions of fractional differential
equations with delay, AIP Conf. Proc., 1682 (2015), 020049. https://doi.org/10.1063/1.4932458

37. H. Henrquez, J. Mesquita, J. Pozo, Existence of solutions of the abstract Cauchy problem of
fractional order, J. Funct. Anal., 281 (2021), 109028. https://doi.org/10.1016/j.jfa.2021.109028

38. I. Kim, K. H. Kim, S. Lim, An Lq(Lp)−theory for the time fractional
evolution equations with variable coefficients, Adv. Math., 306 (2017), 123–176.
https://doi.org/10.1016/j.aim.2016.08.046

39. P. Quittner, P. Souplet, Superlinear Parabolic Problems: Blow-up, Global Existence and Steady
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