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ABSTRACT. We consider a conical body facing a supersonic stream of air at
a uniform velocity. When the opening angle of the obstacle cone is small,
the conical shock wave is attached to the vertex. Under the assumption of
self-similarity for irrotational motions, the Euler system is transformed into
the nonlinear ODE system. We reformulate the problem in a non-dimensional
form and analyze the corresponding ODE system. The initial data is given on
the obstacle cone and the solution is integrated until the Rankine-Hugoniot
condition is satisfied on the shock cone. By applying the fundamental theory
of ODE systems and technical estimates, we construct supersonic solutions and
also show that no matter how small the opening angle is, a smooth transonic
solution always exists as long as the speed of the incoming flow is suitably
chosen for this given angle.

1. Imtroduction. The supersonic flow over cones is a fundamental problem in fluid
dynamics [1, 8, 14]. We consider a conical body facing a supersonic stream of air at
a uniform velocity and the angle of attack is zero. Assume that the obstacle is an
infinite cone with its vertex located at the origin. A shock wave is formed either as
a bow shock, also called a detached shock away from the cone, or a conical shock
attached to the vertex. We are interested in which case the opening angle of the
conical obstacle is not too large and thus a conical shock wave with the same vertex
is situated on the obstacle in three dimensional space.

The essential property of the conical flow is that all flow properties are constant
along rays from a given vertex. We take the z-axis as the axis of symmetry. y
is the distance from the axis. u represents the component of the flow velocity in
the direction of the axis. And v is the component in the perpendicular direction
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away from the axis. When the flow is isentropic and steady, the compressible Euler
system is as follows:

Solow 50 = o,
9 2P+ Louwy = “L(oun) (L1)
5P gy Pew) = - (puv), :
%(puv) + (%J(pv2 +P) = %(P”z)-

And the pressure P depends on the density p and is given by P(p) = p¥,~v > 1. The
above system can be regarded as one-dimensional hyperbolic conservation laws with
a source term. Busemann [4] first gave a graphical method to construct self-similar
solutions for the irrotational flow. The flow properties depend on the self-similar
variable o = z/y. Owing to self-similarity [3, 5], he simplifies system (1.1) to obtain
the nonlinear ODE.

dv du
— — = 1.2
doJrgdo 0, (1.2)
w? du  2uv dv v2 . dv
- e @)l ="

The sound speed c is a given function of w and v through Bernoulli’s law. The
conical flow in [4] is described as a solution of the initial value problem of the
system (1.2). Through the Rankine-Hugoniot conditions, the flow velocity past the
shock cone is given as the initial condition. The solution is continued so that o
increases up to an end point at which the flow and the obstacle boundary have
the same direction. A given shock wave is assumed first and the particular cone
that supports the given shock is then calculated. We note that a more realistic
case is discussed in [11] when the obstacle is a perturbation of the infinite cone. It
is shown that the perturbed 3-dimensional flow of system (1.1) exists globally in
space and tends to the self-similar flow downstream. The analysis is based on an
approximation scheme using local self-similar solutions as building blocks.

Also, Maccoll and Taylor [13] discuss the problem in the spherical coordinate
system. The numerical solution is constructed by a direct approach. Different from
Busemann’s method, the initial values are given at the surface of the obstacle cone.
The complete solution is then worked out by numerical integration for three cones
of semi-vertical angles 6, = 10°,20° and 30°. The calculated pressure at the surface
is compared with observations of pressure made in a high speed wind channel and
they have a good agreement.

In this paper, we study steady Euler system in the spherical coordinates. Due to
the self-similarity for conical flows, we obtain the following Taylor-Maccoll equation
for V,. and Vj

Y=1, 9 o o Ve, dv, _dvp\
T (Vi = VE = V)@V, + Voot 0+ —20) = Vi (Vo + Vo ) = 0.
av,

aw -

(1.3)

Here, the radial and normal components of the flow velocity V are denoted by V..
and Vjp respectively. V,, is the theoretical maximum speed for Bernoulli’s law. We
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reformulate the problem in a non-dimensional form and analyze the correspond-
ing nonlinear ODE system. The initial data is given on the obstacle cone and
the solution is integrated until the Rankine-Hugoniot condition is satisfied on the
shock cone. According to previous numerical results [13], the flow is either su-
personic or transonic. We are thus interested in the transition between different
flow patterns. The flowfield is constructed as follows. First, the obstacle cone is
given with semi-vertical angle 6, of opening and 6, is not too large. Also, the non-
dimensional speed Uy of the incoming supersonic flow is given in the range (u, 1),
w=+/(y—1)/(y+1). We solve the initial value problem of the ODE system with
the initial data given on the cone boundary. The flow velocity is chosen parallel
to the boundary and the corresponding Mach number is set to be 1. Second, the
solution curve of the ODE system is continued until it intersects with the shock
polar for Uy. And we obtain the angle fg where the intersection happens. Finally,
we need to verify that the surface of the shock cone is exactly § = 65 when Uy is
correctly selected.

By applying the fundamental theory of ODE system, we show that no matter
how small the opening angle 6 is, smooth transonic solutions always exist when
the Mach number on the cone boundary varies around 1. We note that the system
is non-autonomous. To construct the solutions, we focus on a fixed region to check
the Lipschitz condition. We require v € (1, v/5) so that the function A of the system
has a positive lower bound. Hence, the Lipschitz constant can be calculated, which
is shown in Section 3. Although cot#, is an important factor of the Lipschitz
constant for the ODE system, it is a fixed constant since the solution is restricted
to the region for which the Mach number M is around 1. We also note that 0g
changes as Uy varies. The relation between 6g and the angle 5 of the shock cone is
investigated for the existence of the fixed point g = 8. For technical estimates, 6,
is required to be small and satisfy the following condition:

1 — 2
Condition A : arctan <M> > arctan(u) + 6.
w

At present, our main concern is the existence of smooth transonic flows. The
transition line between the subsonic and supersonic regions can be clearly indi-
cated. Analogous to the problem [11], we might ask: Does there exist a transonic
flow past the obstacle which coincides at infinity with the given undisturbed flow?
This is a mixed type problem and should be investigated in the context of the
partial differential equations. Steady transonic flow in multidimensional space has
always been an important and challenging topic. We refer to the work of Chen
and Fang [6] in which they also study the conical flow. They consider the tran-
sonic shock front behind which the flow is completely subsonic. They show that
the self-similar transonic shock solution is conditionally stable with respect to the
conical perturbation of the cone boundary. In two dimensional space, the problem
of a flow past a straight wedge for a high subsonic free stream Mach number has
been investigated by several authors. Cole [7] determined the singularity required
to represent the flow near the point at infinity and showed how the condition at
the stagnation point must be interpreted if one uses the transonic approximation
which, in principle, does not permit stagnation point. His solution can be described
as resulting from the assumption of a vertical sonic line. We also refer to [2] and
[10] for more knowledge of transonic flows.



830 WEN-CHING LIEN,YU-YU LIU AND CHEN-CHANG PENG

The paper is organized as follows. In Section 2, we describe the self-similar flow in
the spherical coordinate system. The basic properties and equations are summarized
in Section 2.1. Due to the self-similarity and the conservation laws, the Taylor-
Maccoll equation is derived as a 2nd order ordinary differential equation. In Section
2.2, we introduce the non-dimensional physical quantities and rewrite the equation
as a lst order system for the self-similar solutions. In Section 3, we analyze the
nonlinear ODE system. By the fundamental theory and some technical estimates,
we construct the supersonic solutions. Further analysis using Gronwall’s inequality
reveals the phenomenon of the transition from the supersonic to subsonic region.
Finally, the numerical simulations are presented in Section 4. In the Appendix, we
derive the Rankine-Hugoniot condition and the equation of the shock polar in the
spherical coordinates.

2. Self-similar flows in the spherical coordinate system.

2.1. The basic properties and equations. The essential property of the conical
flow is that all flow properties are constant along rays from a given vertex. When
the opening angle is not too large, an oblique shock wave § is attached at the vertex.
The shape of the shock wave is also conical. This aspect of conical flow has been
proven experimentally. We take the x3-axis as the axis of symmetry and use the
spherical coordinates:

x1 =rsinfcos ¢, xo = rsinfsing, x3 =rcosb,

where 7 > 0, 0 < § < 7w and 0 < ¢ < 27. The corresponding components of
the flow velocity V' in the spherical coordinates are denoted by V;., V4, and Vj
respectively.([1, Ch10.3]) The Euler equations for the steady flow are as follows.

Conservation of Mass:
Op _ L[ OV, 2V, 1 dpVesing) | 1 0pVD)]
or V. P or r rsin 6 06 rsinf  d¢ ’

Momentum in r direction:

oV, L [VedVe | Ve oV VEEVE 10P (2.2)
or V. |r 00  rsind 0¢ T p Or '
Momentum in 6 direction:

o _L[VedVy | Ve v Vi Vietd vop]
or V. |r 00  rsinf 0¢ r r rp 00 '
Momentum in ¢ direction:

OV _—L[VedVy | Vo OV ViV VaVeeortd 1 0P] .
or V. |r 00  rsinf 0¢ T T rpsin® d¢ '

Here we consider the polytropic gases: P(p) = p?, v > 1.

The PDE system (2.1)-(2.4) is complicated and thus we focus on the typical
model with the self-similarity property [3, 5]. We know that for the conical flow,
% = 0 due to the axisymmetry. That is, a%p =0, O%Vr = 0, %Vd) = 0, and
%Vb = 0. And the flow properties are constant along a ray from the vertex, which

implies that 2p = 0 and -2V, = 0. Hence, the conservation law of mass is as
or or
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Vo Vi
Shock

Vo
T3

FiGURE 1. Spherical coordinate system

follows:

2pV, + pVycot 0 + p% + Vg% =0. (2.5)

Since the conical flow is irrotational: curl V.=V x V = 0, we obtain that in
spherical coordinates,

_w,
00
From the conservation laws, Bernoulli’s law for steady flow holds across a shock
front:

Vo

(2.6)

C2 V2 V2

— m 27
po B 5 (2.7)
where ¢ = y/P’(p) is the sound speed and V,, is the theoretical maximum velocity.

Note that V,,, can be served as the characteristic velocity. Here we use the notation
VZ=V2+ V92 since V4 = 0. We note that the flow is everywhere isentropic behind
the shock front. Thus, V;, is a constant for the flow. ([8, Ch 6.B], or [1, 13]). Since
V.., Vg and p depend only on one variable 6 (see Figure 1); thus, the PDE system
can be transformed into the ODE system.

The Bernoulli principle [1, Ch8.2] for irrotational flows can be expressed as fol-
lows.

1
M):—§pavﬁ.

Hence,
dP = —p(V,.dV, + VpdVp). (2.8)
Since
P
dp ~
by (2.7) and (2.8), we obtain
@_2(mm+mm> 29)
po—L\V2-V2-V2 )’ '

By (2.5), (2.6) and (2.9), we obtain the Taylor-Maccoll equation:

_ 2
i (V2 V2 (7] [20i 4 B coro + ] A [V 4 2] — 0. (2.00)

We note that p can be represented by V,. and Vy through (2.7).
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2.2. The ODE system of the self-similar flow. Because of (2.9), (2.5) can
be written as a system of first order ODEs. Together with (2.6), we obtain the
following system:

vy—1, 4 9 9 dVy av.. dVy
T2 —v2—v2) 2 SN vl =o.
5 (Vi = V2 = Vg) @V, + Vocot 0 + — ) = Vi (Ve - + Vg 0
dv;.
a9 Ve
(2.11)
We introduce the non-dimensional physical quantities as follows.
U= —, U,=—,Up= .
Vi V' 07 Vi
After direct calculations, we obtain
du, dU
— UpU, d07 +Ad—09 - B,
(2.12)
av, U
40 = Uo,
where
_ 2 y—1 2 2
4 = -+ (T2 )a-u-up)
B = (1=2)(1—-u2-u2)U, +Uycot6)
= 2 p ) r g CO .
Hence, we have the ODE system:
dUp _ U3U, + B
df A (2.13)
av, U
g~ 7
By direct calculations, we obtain the following lemma.
-1
Lemma 2.1. Lety>1. A= -Uj + (’YT)(I —U? - U}).
1. A >0 if and only if
1
<7+> U2+ U < 1.
v—1
2. Let U? = U} + U2. Suppose that (Uy,U,) is a solution of the system (2.13).
Then J )
L) == 1 -y)(1-U? Uyl .
g7 (U ) i [( ¥)( U*)Uy (U, + cot 6 U@)}
Proof. (1) can be proved by direct calculations.
(2): Substituting (2.13) gives
d , , dUy du,
Bl - 29 .9 )
a6 () o 20t gy 2
1 1-— —1
= < |2Us(— TY(1 = U2)(2U, + cot 8 - Up) + 2U, Uy (2 —)1-U?)

5 (0= = VAU, +cot6-Up)] .
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Remark 1. By (2.12), we have that

42 = UU+B,

1—
= Up(=A) + (511 = U2 = U})(Uy + Uy cot 6).

If A =0 at some point (Uy(6),U,(6)), then U, + Uy cot & = 0 at (Uy(f), U.(0)).

Remark 2. Since V,, is determined by (2.7)

1 c? 1
7‘/2 — 7‘/2
2 + ,y _ 1 2 m?
it follows that
U? n U? 1

2 - D(V/e? T 2
Here, U? = U2+ U}. The relationship between the Mach number M = V/c and the
non-dimensional speed |U] is as follows

9 —1/2
U| = [1 + (7—1)1\42} : (2.14)

3. The existence and stability analysis.

Shock V.

O
Oy

FIGURE 2. The shock cone

3.1. The supersonic solution. In this section, we present the existence and sta-
bility of solutions of the system (2.13). Let the solution be denoted by

U = (Uy, U,).
We rewrite the system as follows:
d ’U, + B
ﬂ = F(Uy,U,,0) = UGUTJF,
dcg (3.1)
L — ., 0) =
a0 G(U97 U ) ) U@a

where A = —U92+(7T)(1—U3—U92) and B = (TV)(PU%U@?)@U#U(, cot 0).

Since the flow is parallel to the obstacle cone on the cone boundary 6 = 6, (Fig 2),
we have Uy(6p) = 0. Hence, the initial condition of system (3.1) is always given on
the boundary of the obstacle cone as follows:

U(Qb) = (O,Ub). (3.2)
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Here 0 < up < 1 and A(6p) > 0 according to Lemma 2.1. The ODE system
is non-autonomous. We need to prove that the functions F' and G are Lipschitz
in U = (Uy,U,). Thus, by the fundamental existence and uniqueness theorem of
differential equations [9], the solution exists and is continuous with respect to the
initial conditions. Furthermore, the boundary condition of the solution is given by
the shock conditions on the shock cone, which is derived in the Appendix. That is,
the solution of the ODE system is continued until it intersects with the shock polar.
The procedure of the construction is as follows.
Step 1. (Initial Condition)
The initial condition is chosen as

o = (0,21

That is, M = 1 at 6 = 6,. We first solve the initial value problem of the ODE
system (3.1) and such solution is denoted by Uy (6).
Step 2. (Boundary Condition)

The non-dimensional speed Uy of the incoming supersonic flow is given in the
range (4, 1). The solution curve U;(f) of the ODE system is continued until it
intersects with the corresponding shock polar for Uy. And we obtain the angle 0g
and the 1-state (Up(fs), U, (0s)) where the intersection happens.

Step 3. (The Shock Condition)

The angle the shock makes with the upstream flow is denoted by 8 and it is

calculated by the formula (in the Appendix)

VUE - U?
tang = Y9 T
an f3 iR
Here the 1-state (Ug, U,.) is obtained in Step 2. Finally, we need to verify whether
or not

0s =0

for the given Uy. The shock cone is shown in Figure 2.

We first focus on the region €2 in Uy — U, plane, where

v—1 v—1
Q=490 U,): U €(0,y/——= |, Up€ |—y/——=,0
Qe :ene (o5 | o[ |

According to (A.8) in the Appendix, the non-dimensional speed Uy of the incoming
supersonic flow is chosen to satisfy that

v—1
1>Up > ——. 3.3
0 v+1 (3.3)

The intersection point of the shock polar with the Uy axis is denoted by (pg, 0). By

the Remark A.1 and direct calculations, 0 < —pg < ::—_T_;’ for Uy > , /#. Hence,

the corresponding shock polar which we discuss is inside the region 2. We also note
that the curve of M =1 (or U? + Uj = :’/—H) intersects with the shock polar in
by straightforward calculations. The local solutions are in the region 2 when the

incoming speed satisfies Uy > ﬁ
Lemma 3.1. Let v € (1,v/5). The function A defined in Lemma 2.1 has a positive

lower bound ag(v) forU, € (o, N CERYICED) } and |Uy| € [0,\/(7 1/ + 3)} .
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Proof. By direct calculations, we obtain

1 v+1 (v =DGE=%
A:— —1 1— 2— 2 > -~ = =

for v € (1,1/5). O
Lemma 3.2. For any given opening angle of the obstacle cone 0, € (0,7/2) and
d = cot 0, > 0, there exist some constants C1 = C1(7y) and Cy = Ca(y) such that

oF| | OF | |0G| |G
Uy ou, AUy

o, < Cid+ Cy

for Uy € 0./ =D/ +1) | and [Ug] € |0,/ =1/ +3) |.

Proof. We know that cot 6 is decreasing with respect to § and 0 < cotf < d for
0 € [0p,7/2). By calculating the partial derivatives of B, where

1
B:5(1—7)(17U37U92)(2UT+U900‘50),
we have 0B 0B
Bl + |=— |+ |==| < c1d + ¢a.
Bl+ 50, | aU,Q’—Cl e

Here ¢; are some constants depending on +.
Furthermore, G = Uy and F = % (UZU, + B).

oF 1 0B 0A
— = — |A(2U0Up+ =+ ) — == (U3U. + B
o0, e [ ( "*aw) au, (LU + )}
OF 1 0B 0A
= — |A(U? — UU, + B
ou, A2[ (‘9+8Ur> arr, (VoUr + )}
It is easy to check by calculations and Lemma 3.1 that
0A 0A
A — | < ¢
ap(y) < A+ ‘GUT + au, | = é,
where ¢ is a constant depending on . By combining the above estimates, we obtain
the lemma. O

By Lemma 3.2, the functions F' and G are Lipschitz in U. By the fundamental
existence and uniqueness theorem of differential equations [9], the solution U;(f)
exists and is continuous with respect to the initial condition. We write

UL(0) = (Un(0), Ur(0))
and the corresponding A of Uj is
v—1
A(6) = =U5(0) + (—5—)(1 = UZ(6) — U5 (9))-
We note that there exists § > 6}, such that A(6) > 0 for all § € [6,0) and A(f) = 0.
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Lemma 3.3. Let g(0) = U,.(0) + cot - Ug(0). Then g(0) > 0 for all 6 € [6;,0).
Proof. Due to the system (3.1) and direct calculations, we have
g©0) = U.+ (—csc?0)Up + cotf-Up
= —cot?f-Uy—cotf-U, — (cot - C(0)g(h))
= —cotf(1+C(9))g(0),

0(9):<7;1).(1—U§1—U3)

where

We note that C(0) > 0. And thus
9(9) ( fg —cot 7( 1+C(T))d7) g(9b)

Since g(6) = p > 0, we obtain that g(6) > 0 for all 6 € [, 6).

FI1GURE 3. The I region

Theorem 3.4. Let the non-dimensional speed Uy of the incoming flow be given in
(y/547+1)- Then, the solution Uy (6) intersects with the corresponding shock polar

at some point Uy(0g) and Uy(0) is supersonic for 6 € (0y,0s].

Proof. We first solve system (3.1) with (3.2) given by up = 'y+1’ that is, M =1

du, dU,
at 8 = 6. According to system (3.1), W(eb) = 0 and —9(91,) = —2up. Such

solution is denoted by Uj(#). By Lemma 2.1 and Lemma 3. 3

1
2
do (U) A

|U1(0)] is increasing in 6. Thus M is increasing with respect to 6 by (A.8)

o= o]

According to the ODE system, Uy < 0 for § > 6, and U, is decreasing in §. Since
M is increasing in 0, Uy(0) is a supersonic solution for 6 > §,. Hence, the curve of

[(1—~)(1—U?Uy(Uy + cot 8- Up)] >0
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-1

177 ) and below the horizontal
Let T" denote the region enclosed by the shock polar for the given
Up, the curve M = 1 and the horizontal line U,

U, (0) lies above the curve M =1 (or U2 4+ U =

line U, = 'y+1

= 7_'_} as shown in Figure 3.
U, (0) is inside the region I'. By Remark A.1, the shock polar is given by

2 1— U2
Uy = %
Uy = Uz
and Uy is increasing with respect to U,.. By direct calculations, the shock polar
intersects with the curve M = 1 at p; and also with the horizontal line U, = 4/ 1—;

Thus, Uy (), which is in between the curves M = 1 and U, = ,/:ijrl, intersects
with the shock polar in the region T’

O
3.2. Technical estimates. In Section 3. 1 we just show that the supersonic solu-

tion exists in the I' region when Uy € (

. —5,1). Actually, U1 () can be extended
until the fixed point is reached for the shock condition to be satisfied

i . In this
subsection, we prove the existence of the fixed point g = [ under the following
condition:

1T — 2
Condition A : arctan (ﬂ) > arctan(u) + 0

(3.4)
Let ¢ denote the angle between OU1(f) and the positive U,-axis as shown in
Figure 4. That is,

_ —Us(0) 7]
¢(6) = arctan ( 0.(0) ) , 0 € [6,0).

Ur

i A
VT =y
L
1
!
II

- !
': oy

= +1
L A
ul(sj-l,«"’

;"
1
1
1]
:
i (e
i i
1
1 -_UH

FIGURE 4. ¢ and 8

Lemma 3.5. ¢(6,) =0, and ¢'(0) >

1 for 0 € [0y, 0).
Proof. Substituting Uy (65)

= (Up(0b),Ur(0)) = (0,up) on ¢(0) yields

#(0,) = arctan ( ‘Eé ))> — arctan (2) = 0.

e‘



838 WEN-CHING LIEN,YU-YU LIU AND CHEN-CHANG PENG

By direct calculations, we have
1 —-U,U, — (—Uy)U,.
J0) = — | ()
e (8) r
U2+ U;+U.C(0)g(0)
U2 +Uj ’

C(0) = (7;1> . (1_Ui‘U92> >0

where

and by Lemma 3.3
g(0) =U,(0) + cot 0 - Up(6) > 0.
Since U, > 0, C(6) > 0 and ¢(6) > 0, we obtain ¢’'(6) > 1. O

To investigate the relation between s and the shock angle 3, we need to calculate
the following function along the solution U;(0):

_ VUG- UZ(9)

tan B(0) = 0.(0) ,

where Uy is given by the formula

pi(1 = U2(6))°
Ug - UZ(9)

We then compare these functions y = 3(6), y = 6 and y = ¢(0) in the following
lemmas to show the existence of the fixed point (see Figure 5).

UZ(0) = (3.5)

‘i y — B(0)

y = #(0)

s i i

d

|

|

|

|

i

;
(23 04

FI1GURE 5. The fixed point
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Lemma 3.6. 3(0) > ¢(0) for all 0 € [6,6).
Proof. By (3.5), we have

tan 5(6) = U Uz 1 7_1(1_Ur2)~

U, U Up|y+1
Since A > 0,
-1
U< (=) (1-U?).
3<(X7)a-ud
Hence,
I ~v-1 2 Ui |Us|
t 0) = — (1 -U:? = =1t 0).
an 3(0) UT‘UGMJA( Uy) > AR an ¢(0)
We thus obtain that 5(0) > ¢(6) for all 6 € [0y, 0). O

Remark 3. We also obtain that 3(6) = ¢(f) by following the proof of the above
lemma when A = 0.

Lemma 3.7. 0 > ¢(0) for all 0 € [0p,0).

Proof. Tt is clear that 6}, > ¢(6,). If there exists 6 € (6,,6) such that ¢(6) = 6, i.c.

tan(f) = _U[i"(g?), then

9(0) = Un(8) + cot(0)Uy(0) = 0,
which is a contradiction to Lemma 3.3. O
When Uy = 1, the formula of the corresponding shock polar is given by (A.5):
U = ui(1 - UD). (3.6)
Since ¢'(0) > 1, we know that Uy (6) intersects with the shock polar (3.6) and there
exists uniquely 61 € (6, 0) such that

Uz (61)

i +U2(0,) = 1.

Lemma 3.8. For the solution U;(6),

1 1—p?

— > tan B(01) > vy &

7
Proof. We focus on the T region and set Uy = 1. We know that U;(6) intersects
with the shock polar at 8 = ;. The shock polar intersects with the horizontal line
U, = p at the point (—u?y/1 — p2, 1) and it intersects with the curve M = 1 at the

point p1 = (—p?/y/1+ p2, u/+/1+ p?) by direct calculations. Thus,

w>Un(0) > ——.
V142
Consider the function
V1 _ 22
f(z) = Tx z € (0,1).

It is easy to check that f'(x) < 0. Hence,

flp) < f(U:(61)) < f (ﬁ) :
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That is,

1_ 2 1
Vo tanB6y) < v

Lemma 3.9. §(01) > 01 when (3.4) is true.

Proof. We focus on the I' region and follow the proof of Lemma 3.7. By considering
the point p; and U;(6), we have that

12

\ 14+u2

o

e

By mean value theorem, there exists 6. € (6, 61) so that
¢(01) — d(0h) = ¢'(0:) (01 — ).

By Lemma 3.4 and (3.7),

¢(61) < arctan = arctan(u). (3.7)

arctan(p) > ¢(61) > 61 — 0.

1 2
Since we have that arctan (,u) > arctan(u) + 0y, by Lemma 3.7,

W
1— .2
B(01) > arctan <\/7> > 6.
O
Theorem 3.10. For the solution U;(0), there exists s € [0y, 0] such that 65 =
B(0s) when (3.4) is true.

Proof. 3(0) is a continuous function defined along the solution U;(f). By Lemma
3.8, B(01) > 0;. By Lemma 3.6 and Remark 3.1, 3(¢) < 6. Thus, there exists
Os € [0y, 0] such that 6s = B(0s). O

Remark 4. We note that 3(6) may not be a decreasing function when 6, is very
small according to our numerical results.

3.3. The transonic solution. We now construct the transonic solution U, (6) as
follows. Let e, > 0 be sufficiently small and the initial data of U,(0) given by

U.(6,) = (o, m_ e*> |

Thus, M < 1 at 8 = 6,. By Lemma 3.1 and Lemma 3.2, K = C1d+ C5 is a Lipschitz
constant in U for F' and G. K depends only on v and d. By the fundamental theory
[9], the solution U, () exists and is continuous with respect to the initial conditions.
According to the system and following the proofs in Section 3.1 and 3.2, U, () is
decreasing with respect to 6.

The solution U;(#) can be continued until it intersects with the shock polar.
According to Theorem 3.2, Uy (6) intersect with the shock polar at § = 6%, where
0% is the angle of the shock cone. We can choose some 0, € (6;,6%) such that
[U1(6x)] > p and A(U,(0.)) > ao(y) > 0. Gronwall’s inequality gives that

U1(6.) = UL (0.)] < K150 U, (6,) — UL(63)].
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Since Uy is supersonic and |05 — 6| < 7/2, we then choose €, small enough so
that |U.(6,)| > p and U, is supersonic in the neighborhood of .. Hence, U,(0)
is a smooth transonic solution of the initial value problem for the system (3.1) and
(3.2). We state the main results in this section as follows.

Theorem 3.11. Let v € (1,+/5). For any small opening semi-vertical angle 0, of
the obstacle cone satisfying (3.4), the solution of system (3.1) exists with the initial
data given in the neighborhood of u, = ,/3—1}. The solution can be continued until
it intersects with the shock polar.

Most importantly,

1. The solution Uy(0) exists with the initial data Uq(6y) = (0,1/%). And

U4 (0) is supersonic for 6 € (0y,0%]. Here, 0% is the angle of the shock cone.
2. We can choose €, > 0 sufficiently small such that the solution U.(0) is tran-

sonic with the initial data given by U, (0p) = (0, \/ 1—;1 - e*) .

6, = 30°

i
! i (0, 0.408) ‘

041 / (-0.163, 0.389) == =
"/ (-0.086, 0.399) ‘ b8 008
- -0.163, 0.

0}

—M=1 i

816~

----shock polar
\ \
0.1 -0.05 0

FIGURE 6. The numerical solution for v = 1.4

4. Numerical results. In summary, we construct smooth transonic solutions when
the opening angle of the conical obstacle is small and a conical shock wave is situ-
ated on the obstacle with the same vertex. Under the assumption of self-similarity
for irrotational fluid, the Euler system (1.1) of steady flows is transformed into the
nonlinear ODE system (3.1). We analyze the ODE system in Section 3 and present
the numerical solutions in this section.

We choose Uy = 0.95 and v = 1.4 in Figure 6. Since the numerical results
are similar for different angles 6, = 5°,10° and 30°, we only show the result of
0, = 30°. When v = 1.4, Condition A is true if 8, < 43°. And the numerical result
for g — 05 — Uy relation is shown in Figure 7. We note that the fixed point for
0s = B is found when Uj is around 0.6.
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T T T T T T
. 4
Uyost .
v X 55.54
Y 0.5986
06 -, B
1 1 1 1 1 1
30 35 40 45 50 55 60
0.-.
ol \ - -3
- .f-
3 sof - X 55.54 [
=T Y 55.54
40t =TT .
30 - 1 1 1 1 1 1
30 35 40 45 50 55 60
d,

FIGURE 7. The numerical result for g — 8s — Uy relation

Appendix A. Shock polars. We briefly review the quantitative analysis of shock
polars for polytropic gases. We refer the readers to Courant and Friedrichs [8,
Ch4.C: Section 121] and the references therein for more details.

Fi1GURE 8. List of the symbols

Consider a shock S in the (z,y)-plane with the upstream state of velocity Vo =
(Vo,0) and the downstream state of velocity Vi, which makes angle 6 with the
upstream flow. The angle the shock makes with the upstream flow is denoted by
[ as shown in Figure 8. For the given velocity Vo and density pg, there is a one-
parametric family of possible states, with velocity V; and density p;, which can be
reached through a shock. These possible states are given by the Rankine-Hugoniot
conditions of the conservation of mass, momentum and energy. On the phase space
of the velocity ‘7, the states V; lie on a curve, called the shock polar. Let N and
L be the normal and tangential components of the velocity V to the shock line S
respectively. We have

Ny = Vysin 8 (A.1)
Ly = Ly = Vycos S (continuity of tangential component) (A.2)



SMOOTH TRANSONIC FLOWS AROUND CONES 843

Furthermore, Bernoulli’s law for steady flows holds across a shock front:

1 c? 1 c? 1
—V2 U L —_y2, A3
20+7—1 214‘7_1 5 /m (A.3)
Also, we have the Prandtl relation for the polytropic gases.
NoN1 = ¢ — p*Lg, (A.4)
—1
where p? = L—!-l ¢p = 1V, is the critical speed. In the present case, we consider
Y

steady and irrotational flows. The flow is everywhere isentropic behind the shock
front. Thus, the maximum speed V,, is the same throughout the flow field. [8,
CH6.B|

By (A.1) and (A.2), the angle § satisfies

. 1
smﬁzvo V@ —L3.
It thus follows from (A.3) and (A.4) that

¢ — 1LY cp—pPL3
Vosing VP -L?
In the spherical coordinates, the radial and normal components of the flow velocity

V are denoted by V. and Vjp respectively. That is, Ny = |Vy| and Ly = |V;.|. We
then obtain the equation of the shock polar:

2 — 2V
[Vl = =L .

Ve
By using the non-dimensional velocity, Uy = Vo / Vi, Up = V,./V,, and Uy = Vp / Vi,
we have the following equation

N, =

4 2\2
pt(1-U7)
Ul =" —17 A5
Hence, for a given speed Uy, the possible 1-states (Up,U,) satisfy the following
equation:
p2(1-0p)
VUE - U2
And for the 1-state (Uy,U,), S can be calculated by
VUE—U?
e A7
- (A7)
For the present problem, the incoming flow is supersonic with the given density
po and the velocity Vg , i.e., Vo > ¢g. Then, the flow continues as a conical flow

with constant entropy after crossing the shock. Density and pressure rise across the
shock front. Thus, [V > |V1]. We note that at the 0 state,

Ng = p@2(Vip — L§), Vg = N§ + L§.

—Up = (A.6)

tan 8 =

Hence at the 0 state,

Ui =1 =U§W?/(1 =), U = [U§ — p?] /(1 — p?).
And Uy € [u, 1]. In the following figure, we choose v = 1.4. The circle denotes
the 0 state. The thick line branch is all the possible 1 states for which |V5| > V4.
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Uy = 0.9
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Up=0.8 R
07 e e e
Uy =0.7 TS
06 . _
Us = 0.6 """
U, 05 N
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0.2
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§ j ‘ ; ; ; ;
-1 0.9 0.8 0.7 0.6 0.5 0.4 0.3

Uy

FIGURE 9. The simulations of shock polars

Since V;;, is determined by (A.3)

1 c? 1
7v2 0 _ 7v27
g0+ y—1 2™
it follows that
Ug Us

1
ERCED )

The relationship between the Mach number M = V/c¢ and the non-dimensional
speed |U| is as follows

9 —1/2
When Uy = 0.8, Mj is around 3.

Remark 5. For the present problem, Uy € (—1,0] and U, € (OM/% } Ly > 1
is given. Considering equation (A.5), we can regard Uy as a function depending on

U,. By careful calculations, if Uy > ﬁ, then Uy increases as U, increases.

Remark 6. At the shock angle 8, we need to request A() > 0 for the ODE system
(2.13). By Lemma 2.1 and (A.5), it is equivalent to the following condition:

1 2
U2 > 7) U2 <> A9
0 <7+1 T v+1 (A.9)
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