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ABSTRACT. In this paper, we consider a stationary model for the flow through
a network. The flow is determined by the values at the boundary nodes of the
network. We call these values the loads of the network. In the applications,
the feasible loads must satisfy some box constraints. We analyze the structure
of the set of feasible loads. Our analysis is motivated by gas pipeline flows,
where the box constraints are pressure bounds.

We present sufficient conditions that imply that the feasible set is star-
shaped with respect to special points. Under stronger conditions, we prove
the convexity of the set of feasible loads. All the results are given for passive
networks with and without compressor stations.

This analysis is motivated by the aim to use the spheric-radial decomposi-
tion for stochastic boundary data in this model. This paper can be used for
simplifying the algorithmic use of the spheric-radial decomposition.

1. Introduction and motivation. In this paper, we analyze the structure of the
set of feasible loads in stationary gas networks.

Gas transport through a pipeline network has been the topic of many articles
in the last years. These models are often based on the Euler equations (see [4]) or
simplifications like the isothermal Euler equations (see [1, 2, 9, 10, 11, 12, 13]). An
overview about existing models and the components of a gas network can be found
in [5, 16]. In [10] the authors show the existence of a unique stationary state, while
in [11, 14] the model is analyzed for real gas. Optimal control problems with gas
networks are considered for example in [3]

2010 Mathematics Subject Classification. Primary: 90C15; Secondary: 93E20.

Key words and phrases. Validation of nominations, stationary states, isothermal Euler equa-
tions, gas networks, convexity, star-shapedness, spheric-radial decomposition.

The authors are supported by DFG grant CRC/Transregio 154.

* Corresponding author: Michael Schuster.

171


http://dx.doi.org/10.3934/nhm.2020008

172 MARTIN GUGAT, RUDIGER SCHULTZ AND MICHAEL SCHUSTER

It is important to take into account the uncertainty of the boundary data. This
leads to optimization problems with probabilistic constraints (see [17]). Especially
the model in [9] is quite interesting, because it gives a new access to this topic
with respect to uncertain boundary data. This model has also been studied and
extended in [12]. The aim in these works is stochastic optimization resp. to answer
the question, how large is the probability for a random Gaussian distributed load
vector to be feasible. The main tool in these works to compute this probability is
the so-called spheric-radial decomposition (see e.g. [21, 22, 6, 9, 8]).

Theorem 1.1. (spheric-radial decomposition, see [9], Theorem 2) Let & ~
N(0, R) be the n-dimensional standard Gaussian distribution with zero mean and
positive definite correlation matrix R. Then, for any Borel measurable subset M C
R™ it holds that

P(éeM)= / px{r = OlrLv € M}dpuy(v), (1)
5"71

where S™~! is the (n — 1)-dimensional sphere in R™, u, is the uniform distribution
on S"71, u, denotes the x-distribution with n degrees of freedom and L is such that
R=LL" (e.g., Cholesky decomposition,).

For optimization techniques, it is always an advantage to know, that the admis-
sible set has a special structure like convexity. For example using the integral in
Theorem 1.1 for a set M, a sampled point v € S*~! and a square matrix L € R®
(which is a Cholesky decomposition of the covariance matrix of the distribution),
one has to compute the one-dimensional set {r > 0 | rLv € M}. This set can be
represented as a union of disjoint intervals, but for big graphs, the number of dis-
joint intervals can be very large. So the numerical computation of this union can be
very time-demanding. The idea of this paper is, that knowledge about the structure
of set M, which is the set of feasible loads in our model, allows to reduce the time
of computation enormously. E.g. if one know that M is convex or star-shaped with
respect to some point, the sets {r > 0 | rLv € M} are just convex intervals. This
implies that the algorithm for computing these unions of disjoint intervals can stop
as soon as it finds one interval.

The fact that star-shapedness is an important property in this context, was
already mentioned in Assumption 2.1 (ii) in [19]. There star-shapedness is required
to define a radial function which maps a ray to the intersection of the ray and a
given set. Then if the rays and the given set intersect transversally (cf. Assumption
2.2 (iii), [19]), the Implicit Function Theorem can be applied to this radial function
and gradients of probability functions can be computed. Convexity of a given set
implies this transversal intersection, if the mean of the Gaussian distribution is
in the interior of the given set. Thus convexity can be important for computing
gradients of probability functions, e.g. in [23] convexity is a general assumption.

In a nutshell, we analyze the set of feasible loads in the mathematical model of
gas transport, depending on the topology of the graph and on the pressure bounds
at the nodes. In [20], the authors also analyze the structure of feasible sets in the
context of gas transport, though in a different way. The main difference of their
model is, that they use a mixed-integer flow model for networks with compressor
stations. However, our results about convexity and star-shapedness for networks
with compressor stations are not stated in [20]. We will illustrate the difference
of the results in the appropriate sections. In Section 2, we shortly introduce the
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mathematical model. In Section 3, we give a result about convexity of a graph with
and without compressor edges and in Section 4 we give some results about when
the set of feasible loads is star-shaped to some point.

2. Mathematical modeling. We will use the model introduced in [12], which is
an extension of the model in [9]. The difference between these models is, that the
model in [9] does not support compressor stations, which are an important element
in gas transport. Compressor stations counteract the pressure drop along the pipes
caused by friction. The model in [12] supports these elements.

2.1. Model description. Consider a connected, directed graph G = (VT, £) which
represents a pipeline gas transport network. We set |[VT| = n + 1 and |£] = m
(m,n € N). We introduce the following notation for graphs:

Definition 2.1. Consider the connected, directed graph G = (V*+,€):

(1) h(e) denotes the head node of an edge e and f(e) denotes the foot node of
an edge e for all e € £

(15)  Eo(v) :={e € &|h(e) =v or f(e) = v} denotes all edges which are
connected to node v € VT

(#1i) The matrix AF, € R 1™ AT = o(v;,

—1 ifee€ Ey(v) and f(e)
o(v,e) = 1 ife € Ey(v) and h(e)
0 ifed¢ Ey(v)

is called the incidence matrix of the graph G.

e;j) with
=0
=0

The results of this paper mainly depend on the topology of the graph, so we
introduce different structures for a graph:

Definition 2.2. Consider the connected, directed graph G = (V*,€):

(i)  The graph G is called linear, if E(vg) =1 and |E(v)| < 2 for all v € V'
(#i) The graph G is called tree-structured, if there exists no edge e € £ with
h(e) = vy and for all nodes v € V7T there is at most one edge e € £

with h(e) = v.

Note, that linear graphs are also tree-structured. Different types of graphs are
shown in Figure 1.

For this paper we consider a connected, directed, tree-structured graph G =
(V*,€) with [VT| =n+ 1 nodes and |€] = m = n edges. We assume, that the root
of the tree is the only influx node (gas enters the network) and all other nodes are
efflux nodes (gas leaves the network). An edge can either be a flux edge, so the
pressure decreases along the edge, or a compressor edge, so the pressure increases
along the edge. We define £r as the set of all flux edges and £ as the set of
compressor edges. We have £ = &p U & with E NEc = 0. We determine a
numbering for the nodes and edges of the graph. The input node gets the number
0 and all other nodes are numbered using breadth-first search or depth-first search.
Every edge e € £ gets the number max{h(e), f(e)}.

As notation, we state V = Vt\{vg} and A as AT without the first row, which
corresponds to the influx node. Then, the incidence matrix A for tree-structured
graphs is square. The following fact is easy to see:

Corollary 1. For a connected, directed, tree-structured graph, the incidence matrix
A is an upper triangular matriz with 1 at its diagonal. Moreover, if the graph is
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(A) Linear graph (B) Tree-structured graph () Neither linear nor tree-
structured graph

FiGure 1. Example of differently structured graphs

linear, the incidence matriz is 1 at its diagonal, —1 at the diagonal above and 0
elsewhere.

Because of the triangular structure of the incidence matrix in tree-structured
graphs, the matrices are invertible. Using the Gaussian elimination, the following
can be shown:

Corollary 2. The inverse of the incidence matriz A of a connected, directed, tree-
structured graph is also upper triangular with values in {0,1}. Moreover, if the graph
is linear, the inverse incidence matrix is 1 in the upper triangle and O elsewhere.

Let b+ € R with 1,,,1b" = 0 denote the balanced load vector and assume b; <
0 for the node with gas influx and b; > 0 for nodes with gas efflux (i € {0,--- ,n}),
where 1,41 is the vector of all ones in the dimension n + 1. Let ¢ € R™ denote
the flows in the edges and p™ € R™*! denotes the pressures at the nodes. Again
we set b resp. p as bt resp. pT without the first component, corresponding to the
inflow node. For the pressure we consider the constraints pt € [ptmin ptmax],
The conservation of mass for the graph is given by

Atq=>b" resp. Aq=0b. (2)
The pressure drop in the flux edges e € £ is given by the so-called Weymouth
equation (see e.g. [11])
P?f(e) - pi(e) = ¢elqelge, (3)
and for the compressor edges e € £ we have

2
ph(e)>
—= ] = Ue, (4)
(Pf(e) ‘

where ¢, and u. are constants. The compressor stations counteract the pressure
drop caused by friction in the pipes. For a more detailed model derivation we refer
to [5, 12, 18].

Now, we are interested in a solution of this model. The question that we consider
is: For a given load vector b € R™ (in a tree-structured graph), when can we find
corresponding vectors of pressure and flow, so that the box constraints for the
pressure, the equation for mass conservation, the equation for the pressure drop
and the equation for the compressor stations are fulfilled? Therefore we define the
set of feasible loads (called feasible set, here M):

17 bt =0 and J(pt,q) € R*H1 x R™:
_ + n+1 n+1 N ’
M= { ERMT | e prmin ptmax] and (2), (3), (4) are fulfilled [ ()

Thus, a vector b € R™ of given outflows is feasible if and only if (—12b,b) € M.
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2.2. Model characterization. In general, it is not easy to see, when this set is
nonempty. For a given load vector, one has to find a pressure and a flow vector to
show this set is nonempty. Obviously a solution of this model might not be unique,
there may exist more solutions. For characterizing the set of feasible loads for a
tree-structured graph with no compressor edges, we define a function

g:R" = R", g:br (AT)710|A1b|(A™ D) (6)
The matrix & € R"*™ is a diagonal matrix with the values ¢; at its diagonal. The
components g (b) describe the pressure loss from the root to node v (k =1,--- ,n)

with the load vector b. In [9], the authors characterize the set of feasible loads for
tree-structured graphs without compressor stations. The idea is as follows: Consider
a feasible pressure at a certain node, i.e. the pressure at this node satisfies the box
constraints. With the function g, we can follow the change in this pressure along
the edges in the graph. We have to guarantee, that the changed pressure also fulfills
the box constraints at the other nodes. This is listed in the next theorem.

Theorem 2.3. (see [9], Corollary 1) If the network is a tree with a single entry
as its root, then the set of feasible nominations is given by

17 (pg™)? < min [(p™)* + gk (0)]

—1°b,b max 2 o min 2

— ’ >

M= cr_xRe ()" 2, max [(pg™)" +gx(®)] 5 (7)
Jmax [(ppt)? + g, (b)] < min [(p*)? + g (b)]

A complete proof of Theorem 2.3 can be found in [9]. For tree-structured net-
works with compressor stations, the authors of [12] state a similar characterization.
The idea here is to separate a graph with m, compressor edges in m.+ 1 subgraphs
by removing the compressor edges, but still keep the property of the compressor
stations. The subgraphs and the nodes inside every subgraph are numbered by
breadth-first search resp. depth-first search. Then the notation is the following: G;
denotes the subgraph with number 7, p; i, b; 1, resp. g;  denote the k-th component
of the pressure, load vector resp. pressure loss function of the subgraph G; and v; i
is the node with number k in G;. This is shown in Figure 2.

FIGURE 2. Example for illustrating the notation (graph numbered
by breadth-first search)

In addition, we define p; j) &, bej),x T€SP- g(ij).k as the pressure, load vector
resp. pressure loss function, which belongs to the k-th subgraph between G; and
Gy, s.t. p(ij),1 and b jy 1 belong to G;. Further, p(; j) k¢, b(ij),k,e T€SP- 9(i,j),k¢ 1S
the (-th component of p; ;) ks b(i jy,k T€SP- g(ij),k- Similarly, we set u ;) as k-th
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control on the path from v; o to v;0. An example of this notation for ¢ = 1 and
J =5 is shown in Figure 3. We also define k; ; as the largest index of all subgraphs,
the paths from the root to v; ¢ and v;¢ pass. E.g. we have k35 =1 and k3, = 2
(cf. Figure 2). Last we define n; ; as the number of subgraphs, the path from v; o
to v;o pass and m; ; as number of controls, the path from v; ¢ to vjo pass. E.g.
it is nj 5 = 3 and mj 5 = 2 (cf. Figure 2 and Figure 3). For better readability,
we only write k* instead of ki, and n* resp. m* instead of nj., resp. mj.;
(4,7 =1,---,n). The notation is also explained in detail in [12] above Theorem 5.
Then the idea of guaranteeing feasibility is the same as explained above. In the next
theorem, a characterization of the set of feasible loads for tree-structured networks
with compressor stations is stated.

b1,5),1,1

ba,s),1,2 ba,s),2,1

Ficure 3. Example for illustrating the triple and quadruple in-
dices on the path from G; to G5

Theorem 2.4. (see [12], Theorem 5) For given pressure bounds p™™in ptmax ¢
R and controls u; €ER (i =1,--- ,my) the following equivalence holds:

A wvector bt with 1Tb* = 0 is feasible, i.e. bT € M, if and only if the following
inequalities hold: For alli=1,--- ;mg + 1 holds (feasibility inside the subgraphs)

(rgm? < _min [0FE) + gin(bi)] (8)
(i) = max |0+ gin()] (9)
max [+ gir(b)] < min @I +ga®)] . (10)

Foralli,j=1,--+ ,ma+ 1 with i < j holds (feasibility between the subgraphs)
1

min\2 7 maz\2 T
. S (b)) < . See 5 (B), 11
Hk*,i (pz,O ) + k*, ( )— Hk*,j (pj,O ) + k ,]( ) ( )
(PF5)? + S i (0) = (PF")? + e 5 (0), (12)

I~ 4 - 5

s

1 ; 2 ~ 1 ~ ~
min Z Ny < . [ max 2 . . :| S , 1
., P+ Beih) < e minHGFET)” + g3(b) | + Bk (0), - (13)
1 ~

K(p%am)Q + B 5 (b) > TR [(p;?;in)2 +gj,k(5j)] + X 5(b),  (14)
g . k=1, n;
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1 min 7 T max 7
s, [0+ 0k G0)] + B i) < g GRE + ke 6), - (19)
1 ~ ~ 1
: max . . . > .
g i [@0E @] + kD) 2 T @R+ Bes B, (1)

1 min Py } ~
OIS
M, ;.ci{f??.’fm {(pl 22+ Gi(bi)| + Skei(b)

1 ) Y
< min [0 + gj(b)| + S (),
k* = 3N
1 : max 7 7
min [70)? + i (B)] + She i (B)
Hk*,i k=1, ,n; (18)
- Hk*,j kzrlrf‘ayx,nj {(p;n,z") +gj’k(bj)} + Zk*’j(b)-
The values Xy ; and Iy« ; are defined as
Ek* i Z — g(k*7i)’n*_kaf(eu(k*’i)’ﬂ’*_k)(b(k)*ﬂ:),’ﬂ,*—k))
k=t H Uk i), (19)
+ g(k*,m,f(eu(k*‘m)(5(/@*71'),1)
and
Mg ;= H Ul i) k- (20)
k=1

A complete proof of Theorem 2.4 can be found in [12]. The sum defined in (19) as
a combination of pressure loss functions and controls, states the change in pressure
along a path between subgraphs, e.g. 21)4(5) gives the chance in pressure between
node vy o and vy 1 from Figure 2. One can see, that in both theorems (Theorem 2.3
and Theorem 2.4), the decision whether a given load vector is feasible or not only
depends on the pressure bounds. So for a given load vector, one has to check if a
number of inequalities depending on the load vector and the pressure bounds are
fulfilled. This is an enormous simplification to deal with the set of feasible loads.
We mention again here, that we distinguish between the load vector b™ (full load
vector) and b (load vector without the first component).

3. Convexity of the feasible set in linear graphs. Here, we will show that in
special cases, the feasible set M (defined in (5)) is convex. As it is mentioned in
Section 1, the computation of the probability for a random Gaussian distributed load
vector to be feasible by using the spheric-radial decomposition, simplifies a lot if one
knows that the set of feasible loads is convex. Also in this case it is possible to use
other algorithms (see e.g. [7]). Throughout this section, we assume that our graph
is linear, that is tree-structured without any branching. Thus, the numbering using
depth-first search equals the numbering using breadth-first search. We first show
a few auxiliary lemmas for the pressure loss function (defined for tree-structured
graphs without compressor edges in (6)). The first Lemma is about evaluating g(-)
at a convex combination of load vectors.
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Lemma 3.1. Let M C RY, be the set of feasible loads. For b, € M, constants
$; >0 (G=1,---,n)and X € (0,1), it holds (for allk=1,--- ,n):

gAMb+ (1= X)) = Mg (b) + (1 = A)?gx(B) + 2(A = A*) (b, B),
with

k n n
=SS0 [ o0 D05 (21)
i=1 j=i =i

Proof. From Corollary 2 we know, that A~! contains only non-negative values.
The load vectors b and 8 only corresponds to eflux nodes, so they also contain only
non-negative values and thus the pressure loss function can be written as

g+ (1= N)B) = (AT) (AT (b + (1 - A)B))%.

The square has to be understood component-by-component. We have

(£ 0o a-xm) 2

=1

(AT + (1 - N)B)% = : _

ol
e (]
|

=\ : +(1—N)?

(£1) (0

We fix a k € {1,--- ,n}. Together with

T ey ifi>g
() ‘I))ij N {0 else
we get gr(Ab+ (1 — N)B) =

5 2

k n n

=22 o [Yob ] + - Zﬁj

i=1 j=i =1

k n
+221 -0 Zﬁj 7

=1

which is equivalent to

=1

k n n
gAMb+ (1= 2)8) = Ngu(b) + (1= 2)?gi(B) + 201 =) D o [ Db | | D6 | -
j=i j=i
by using the definition of the function g (see (6)). With X (b, 5) defined in (21) the
Lemma is proven. O

We call the term ¥ (b, 8) the remainder term of g evaluated at a convex combi-
nation. In the next Lemma, we prove an estimate for this remainder term.
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Lemma 3.2. With the setting of Lemma 3.1, at least one of the following estimates
hold:

(Z) Zk( 7ﬂ) gk(b)7
(i) i (b, 8) < gr(B).

Proof. For this proof, we use a classical contradiction argument. We suppose that

Sk(b,8) > gr(b) and X (b, B) > gr(B),

b
b

IN A

and thus it holds
25k (b, B) > gr(b) + gr(B). (22)

Since 2ab < a? + b? for real numbers a and b, with this estimate and the definition
of X (b, 8), it follows

2 2
k n n k n k n
221@(575):22@ ij Zﬂj §Z¢i ij +Z¢i Zﬂj
i=1 j=i j=i i=1 j=i i=1 j=i
Now the terms on the right are equal to g () resp. gr(5) and thus it follows
25(b, 8) < gi(b) + gr(8), (23)
which is a contradiction to (22). Thus Lemma 3.2 is proven. O

In the last auxiliary lemma, we prove an estimate for a difference of rest terms.

Lemma 3.3. With the setting of Lemma 5.1 and numbers k,£ € {1,--- ,n} (with
k <€), at least one of the following estimates hold:

(@) X(b,B) = Ze(b, ) = g (b) — ge(b),
(1) E(b, ) = Xe(b,8) = gr(B) — 9e(B)-

Proof. We use again an contradiction argument to prove this statement. Suppose,
that

Sk (b, B) — Xe(b, B) < gi(b) — ge(b) and Xy (b, B) — e (b, B) < gr(B) — 9e(B),

then we have

2 (X (b, 8) = 24(b, B)) < gr(b) — ge(b) + gr(B) — 9e(B)- (24)

For the left term, we have

2(Zk(b7ﬁ) - Ef(baﬁ)) =
k n n ¢ n
(s (30) (50) e (50) (55)
i=1 =i j=i i=1 ' g=i

and because k < ¢ this implies

n

14 n
2(Zk(b,8) = Te(b,8) = =2 Y di | Db Zﬁj

i=k+1 Jj=i



180 MARTIN GUGAT, RUDIGER SCHULTZ AND MICHAEL SCHUSTER

For the right term in (24) we have

2
n 0 n

9 (b) — 9e(b) + 9(8) Zaz DA DA DI

Jj=1

k n L n
+Z¢z‘ Zﬁj _Z¢i Zﬁj ;
i=1 j=1 i=1 j=1

and again because k < £ it follows

2
14 n 14 n
ge(®) = ge(®) + gr(B) —ge(B) == | D i [ D bi| + D [D5

i=k+1 j=i i=k+1 \ j=i

2

Now, from a binomial formula, we know that —2ab > —(a? + b?) for real numbers
a and b. This leads to the estimate

2 (Xk(b, B) = B (b, 8)) = gk (b) — 9e(b) + gr(B) — 9e(B),

which is a contradiction to (24). Thus the lemma is proven. O

With these auxiliary lemmas we can state the following convexity Theorem. The
result is similar to Lemma 3.3 in [20]. But for that result, the authors only consider
the conservation of mass (2), not the conservation of momentum (3). For the model
considering both, conservation of mass and momentum, they only state, that the
set of feasible loads in general is non-convex (see Lemma 4.1 in [20]).

Theorem 3.4. Let pressure bounds pt™™, ptm@ ¢ RV with p®* > p™* (for
alli,j=0,---,n) be given. Then, for a linear network graph with one single entry
and no compressor edges, the set of feasible loads is conver.

Proof. First note, that if the feasible set is empty or contains one element, it is
convex. Otherwise, it contains at least two elements. In particular we will use the
representation of the feasible set M of Theorem 2.3. The formulation (—17b,b) €
R_ x R% is equivalent to 17p+ = 0 for graphs with one single entry. Consider
bt,B8t € M. Tt holds 176 = 0, 17% = 0 and all inequalities in Theorem 2.3 are
fulfilled. We have to show, that for a A € (0, 1), the load vector Ab* + (1 — \)8T is
also in M. First we have

17 (Xt + (1= N)BT) =1t + (1 - 178 =0. (25)

Now we have to show, that the following inequalities (see (7)) for convex combina-
tions of loads for k,¢ =1,--- ,n hold:

0 < ( max)2 ( mm) +gk()\b+ (1 _ )\)ﬂ)7
< (05™)? = (0F"™)? = gu(Ab+ (1 = N)B), (26)
< (PR™)? = (07" + ge (Wb + (1 = X)B) = ge(Ab + (1 = N)).

To show the first inequality in (26) we define ¢; 1, := (p®*)2 — (pin)2 and ¢4 1 (b, )
=1+ ge(Ab+ (1 — X)B) and we want to show t1,£(b,8) > 0. With Lemma 3.1 it
follows

t1k(b, B) = i + Age (D) + (1 = A)?gr(B) + 2(A = A*) Sk (b, B).



CONVEXITY AND STARSHAPEDNESS OF FEASIBLE SETS 181

Because b and (8 are feasible, we can use the first inequality in Theorem 2.3 to get

the estimate
trk(b, B) = 20 = A)erk + 20 — A2) (b, B).
Now we need an estimate of the form ¥ (b, ) > (—c1,x), but this is not true in

general. Here we use the restriction on the pressure bounds. Because p;*®* > p7

foralli,j =0,--- ,n,it follows ¢y > Oforallk =1,--- ,n. And because £ (b, 5) >
0, we have

tl,k(bu B) 2 07
which implies the first inequality in (26).
We define cg 5, 1= (p§a*)% — (pi™)2, to 1 (b, B) := ca i, — gr(Ab+ (1 — X)B) and we
use again Lemma 3.1 and get
to (b, B) = ca + Ak (b) + (1 = A)?gx(8) + 2(A = A*) (b, ).
Next because b and [ are feasible, we use the second inequality in Theorem 2.3 to
get the estimate
ta k(b B) = 2(A = A)ca i — 2(A — A*) Sk (b, B).
Now we use the result of Lemma 3.2 to get either
ta (b, B) = 2(A = X)ea i — 2(A — A?)gi (D),
or  tax(b,B) > 2(A = Aoy — 2(A = A*) g ().
Using again the second inequality in Theorem 2.3, both cases lead to
ta k(b B) = 2(A = A)ca — 2(A = A)egp = 0,

which is obviously non-negative and thus, we have shown the second inequality in
(26). We define c3 g ¢ := (pa¥)2 — (p™)? and t34.0(b, B) := 310 + gp(Ab + (1 —
A)B)—ge(Ab+(1—X)B). In the case k = ¢ it follows directly ¢35 1 ¢(b, 5) > 0 (because
of ¢3¢ > 0 due to assumptions). In the case k # ¢, with Lemma 3.1 it follows

tsk,0(b, B) = cap0 + X (gr(b) — ge (b)) + (1 — A)*(gx(B) — 9¢(B))
Again because b and ( are feasible, we use the third inequality in Theorem 2.3 to
get
tsk,e(b; B) = 20X — A ez e + 2(X — A?) (S (b, B) — Ze(b, B)).
If £ < K, it follows X (b, 8) < Xk (b, ) and thus every term is positive, which implies
tske(b,8) > 0. If £ > k, we use the statement of Lemma 3.3. With this, it follows
either
ta,ne(b, B) > 2(A = A?) (ca ke + (gr(b) — ge(D)))
or  t3ne(b, ) =200 = A?) (ea he + (91(8) — 92(B))) -

In both cases, we can use the third inequality in Theorem 2.3. It follows

ta,0,0(b, B) > 2(A — A*)(ca k0 — Ca.1.0),s

which is non-negative. Finally we have shown ¢35, > 0, so the load vector (Ab +
(1 — X)p) is also feasible and thus the set of feasible loads is convex. O

Remark 1. The assumption pj*** > p;“in is not a natural restriction, because
otherwise, the trivial solution is no element of the set of feasible loads. We will
assume this later also to show star-shapedness. It is interesting to see, that this as-

sumption also occurs in the problem of maximizing booked capacities on stationary
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tree-structured graphs, in verifying constraint qualifications for certain problems
(see Theorem 1 in [15]).

We illustrate the results of Theorem 3.4 in the following examples.

Example 1: Consider the linear graph shown in Figure 4.

! ﬁ\/b/ b
0 1 2

Z/

FIGURE 4. Linear graph of example 1

We consider three different pressure bounds to show the results of Theorem
3.4. In the first case, we consider (pt™in), = [2,1,1]T and (p™™a), = [2,2,2]T
with the feasible set M,, in the second case we consider (p™min), = [2,1,1]T
and (ptmax), = [3,2,2]7 with feasible set M; and in the third case, we consider
(prmin), = [2.5,1.5,1]7 and (pTmax), = [3,2.5,2]T with feasible set M.. Together
with ¢1 = ¢o = 1, we get from Theorem 2.3 the feasible sets

My = { beR:, | b1 < ~by++/3-03 },

by < —by ++/8—b2
M, = ¢ beR:, | 1= 2 2
b { € >0 bQS\/g }7
blz—b2+\/2.25—b%
M, = { bERL | by < —by+6.75
< —

by < —by + /8 — B2

The feasible sets are shown in Figure 5.

by by by

(<

—_

NN

Y

NN

NN

N

—_
NNNNNNNNNNNNNNNNNNY

-1 1 2 3 -1 1 2 3 -1 1 2 3

-1 -1 -1
(B) p+,min _ [2’ 17 1}T, (C) p+,min — [2.57 1.57 1]T7
p+,max _ [27 2’ 2}T p+,max — [3’ 2’ 2]T er,max — [3’ 25’ Q]T

FIGURE 5. Feasible sets for different pressure bounds
One can see, that the feasible sets of case (a) and (b) are convex and the feasible

set of case (c) is not. This fits to the result of Theorem 3.4 because in case (a) and
(b), the condition p;"™** > pj’mm is fulfilled, but not in case (c).
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! /\/W /\/by /
0 1 2 3

NN

FIGURE 6. Linear graph of example 2

Example 2: Consider the linear graph shown in Figure 6.

We consider two different pressure bounds to show the results of Theorem 3.4.
In the first case, we consider (p* ™), = [1,1,1,1]7, (pr™&), = [3,3,3,3]T and in
the second case, we consider (p™ ™), = [2.5,2,1.5,1]7, (pt™max), = [3,2.5,2,1.5]7.
With ¢1 = ¢2 = ¢35 = 1, Theorem 2.3 implies

Ma:{ bER%O ‘ (b1+b2+bg)2+(b2+b3)2+b§§8 },

(b1 + ba + b3)? + (b2 + b3)? + b3 > 4
(bg + b3)2 + b% > 1.75
M, = bER3>0 (b1+b2+b3)2§5
a (bg + b3)2 + b% <5.25
(b1 + ba +b3)? + (b2 +b3)? + b3 <8

The feasible sets are shown in Figure 7 and Figure 8.

2
2
N 15,
. ' ‘L
05~
° ~ 05,
05 s
) s
13 —~<_ 2 e
v < 15
2 1
w25
o5 . " . L . .
o5 o o5 1 i 2 25
w2

FIGURE 7. Set M, for (pt™in), = [1,1,1,1]T and (p*™a%), = [3,3,3,3]T

N\

0s o5 3 05
b2 b2

FIGURE 8. Set M, for (p™™in), = [2.5,2,1.5,1]T and (pHmax), =
[3,2.5,2,1.5]"

In Figure 7 one can see, that the feasible set M, is convex. In the view from
above one can see, that the picture is similar to the picture in the two-dimensional
case Figure 5 a). In Figure 8, the feasible set is obviously not convex. This is
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because the condition pit < p;* is not fulfilled for every ¢,j = 1,---,n. This
feasible set is similar to the set in the two dimensional example in Figure 5 (c).

Before we give a statement about convexity in a graph with compressor edges, we
shortly explain the idea how to treat graphs with compressor edges. The main idea
is to remove the compressor edges from the graph, but still keep the properties of
the compressors. That means we separate a graph with m € N compressor edges to
m + 1 subgraphs, which are not connected, but which interact with each other. We
numerate the subgraphs exactly like we numerate the nodes inside a subgraph (with
breadth-first search or depth-first search). This is explained in detail in [12], Section
3. We formulate an auxiliary lemma for the sum - ;(b) (defined in (19)) first.
For an easier notation, we can use the fact, that the graph is linear. The notation
in [12] is motivated by paths in tree-structured graphs, but for linear graphs, there
exists only one path in the graph. So for the next lemma, we state that g; ;(b;) is
the j-th component of the pressure loss function g for the i-th subgraph and b; is
the load vector (without the first component) for the i-th subgraph. Further, n; + 1
is the number of nodes in the i-th subgraph, numbered from 0 to ng. Analogously,
¢;,; belongs to the edge with number j in the i-th subgraph.

Lemma 3.5. For vectors b, € RY, constants ¢, € R>o (i = 1,---,n) and
A €(0,1), it holds (fori=1,--- ,n):

Siei(Ab+ (1= N)B) = A28%i(b) + (1 — A)? g i(B) + 2(A — A*) g (b, B).

The sum Xy~ ;(-) is defined in (19) and Xg- ;(b, B) is defined as:

i—1

Y- i(b,B) = Z Z@m Z bk o Z Br,a
k=k*+1 H wy I=1 a=j
(=k»

Mg Np* Np*

Y bk [ D bk | | D Bra
i=1 a=j a=j

Note, that for 4,j € {1,---,m + 1} the index k* is defined as the largest index
of all subgraphs, the paths from the root to the i-th and to the j-th subgraph pass
(see [12] for details). This index does not influence our computation, so we do not
go into detail here.

Proof of Lemma 3.5. For i € {1,--- ;m+ 1} and b, 5 € M we have

i—1
She i(Ab+(1=N)B) = > ki AbkH(1=X)Br) k% e (Abke +(1=X) Bge ).
k=k*+1 H g

{=k*

Then from Lemma 3.1 it follows

Ypei(Ab 4 (1 — A Z
k*+1 H Uy

l=k*

(bx) + (1 = X)? g, (Br)
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ng Nk Nk

+ 2(>\ - >‘2) Z ¢k,j Z bk:,a Z ﬂk,a
j=1 a=j a=j

+ <>\2gk*,nk* (br=) + (1 = X)?gk=ny. (Br-)

nk* ’I’Lk* ’I’Lk*
+20 =)D ke | D bk (Z 5k*,a> ;
j=1 a=j a=1
which can be written as

i—1
1
Sre i+ (1=08) =N | [ Y ——gkni (08) | + oo e (B1r)

k=k*+1 [T we
o=k*

i—1
1
+ (127 Tk (Br) | + 9k e (Bre)
k=k+1 T g
=k

3 1 Nk Nk ng

+ 200 =) o 20k | D bra | [ D Bra

IR a=j a=j
o=k+

Np* Ng* Ng*

) bk [ D bkea | [ D] B
i=1 a=j a=j

With the definition of the sum in (19) it follows
YA+ (1= N)B) = A285 (D) + (1 — X\ Zpe s + 20N — A Zp- (b, B),
and thus the lemma is proven. O
For the next convexity theorem, we need a second auxiliary lemma.

Lemma 3.6. With the setting of Lemma 3.5, at least one of the following estimates

hold:
Ui i(by B) < g i(D),
or (b, B) < Xy i(B).
Proof. The proof is similar to the proof of Lemma 3.2. O

With these results, we can formulate a Theorem about convexity in general linear
graphs.

Theorem 3.7. Consider a linear graph G = (V, &) with compressor edges. Let
pressure bounds pt ™, ptmax e RUHL yith pax > piin (for all i = 0,--- ,n),
constants ¢; € RL, (i = 1,---,n) and controls u; (for i = 1,---,m) be given.

Additionally, let

(PI67)? = wi1 (P250)? (27)
hold for i = 2,--- ,m + 1. Then the set of feasible loads for a linear graph with
compressor edges is conver.
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Proof. The proof is similar to the proof of Theorem 3.4. First mention, that if the
set of feasible loads is empty or contains only one element, it is convex. Otherwise,
let b+, 81 € M (let M be the set of feasible loads), then b, 3 € RZ,. For A € (0, 1),
(25) holds. Also the inequalities (8)-(10) hold for the load vector (Ab+ (1 —\)3) for
every subgraph because of Theorem 3.4. We have to show, that inequalities (11)-
(18) hold for the convex combination (Ab+(1—\)3). For indices4,j € {1,--- ,m+1}
with ¢ < j, the subgraph G is on the path from G; to G, so the index k* is equal
to ¢ and thus the sum Xy ;(-) is zero for the inequalities (11) - (18), but the sum
i+ ;(+) not. Define

1 max 2 1 min\ 2
Ca,i,j *= H;J( j,g )" — e, (pi,O )%
with ITj« ; defined in (20). Because k* = i, it is IIy~ ; = 1 and with (27), it follows
~1
1 - 1 ax 12 1 (] ax\2
pmdx > Ui pmjx > > Uk pm*dx .
Hk;*J'( 7,0 ) Hk*,j J 1( J 1,0) Hk*,j <k_Hk* ( k 7O)
With the definition of g+ ; (see 20), we have
1 max )2 max 2
71_[1@*,3' (P507)° = (p5)”

Thus we have ¢4, ; > 0. We define
tai (b, B) = cayj+ Zp= ;(AD+ (1 — X)B).
Then we can use Lemma 3.5 to get
tai;(b,B) = caij + Nge () + (1 — N)?Zp 5 (B) + 2(A — A%)Sp (b, B).
Now we use inequality (11) itself for the feasible vectors b and 8 and get the estimate
tai g (b, B) 2 e+ A (—caig) + (1= N)?(—eaig) +2(A = A*)Sp- 5 (b, B),
and from this it follows
tai (0, B) > 2N — A + 2N — A2) S (b, B).
Because ¢4 ; > 0 and X« ;(b, 8) > 0, it follows ¢4, ; (b, 8) > 0 and thus, inequality
(11) holds for (Ab+ (1 — X)$). For the next inequality, we define
o5 = - I~ GRS
and
t5,,5(b, B) == c5,i5 — Zg= j(Ab + (1 = ) B).
Because Il« ; = 1 and IIy- ; > 1, we have c5,; > 0. We use Lemma 3.5 to get
t5,i5(b, 8) = 505 — ()\sz*,j(b) + (1= 2 5(8) + 2(A = A*) e (b, ).
Then, we use the inequality (12) itself for feasible b and 8 and get
t5,0,5 (b ) = 5,05 + A2 (—C5,i,5) + (1= A)*(=c5,0,5) — 200 = A2) D 5 (b, B),
from which it follows
t5,i5(b:8) = 2(A — A%)es 5 — 2(A — A%) Sk (b, B).
Now we use Lemma 3.6. It follows either
t5,i5(b:8) > 2N — A5 — 2(A — A%) e 5 (b),
or t5,i.5(b, B) = 2(A = A)esij — 2(A — A%) g 5(B).
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In both cases, we can use again inequality (12) to get

t5,i,5(b, B) = 20N = A)es g — 20 = N?)es i,
which is obviously non-negative. Thus inequality (12) holds for (Ab + (1 — X)3).
The proof for the inequalities (13), (15) and (17) works analogously to the proof of
(11) and the proof of (14), (16) and (18) works analogously to the proof of (12).

Then every inequality of Theorem 2.4 holds for the load vector (Ab+ (1 — X)) and
thus the theorem is proven. O

Remark 2. The extra condition (p8*)? > wu;_1(p™i1)? of Theorem 3.7 is sufficient
for convexity, but not necessary. The feasible set of a linear graph with compressor

edges can also be convex even if the extra condition is not fulfilled.

The following example illustrates the results.
Example 3. : Consider the minimal graph with a compressor edge shown in Figure

9.
‘ /\/b/ /\/b/ b
0 1

2 3
e1 €Efp Uec Egcueg, €érp

FIGURE 9. Linear graph with one compressor edge of example 3
We consider two different controls for pressure bounds (p*™i) = [1,1,1,1]7 and
(ptmax) = [3,2,2,1.5]7 to show the results to show the results of Theorem 3.7. In

the first case, we consider u, = 2 and in the second case, we consider u, = 4. Then
from Theorem 2.4 we get

(bl + by + b3)2 <8

M,=<} be Rgo b2 <3 ,
(b1 + b + b3)? + b3 < 8.75
(b1 +ba +03)% <8
bi <3

_ 3 3 =

M, = be RZO (b1 + by + b3)2 + %bg < 8.75

(b1 + by + b3)2 + Zb:%) > 0.4375
The feasible sets are shown in Figure 10 and Figure 11.

:
. .‘
o
% ? ‘
"
T o
-
os
T

b2

FIGURE 10. Set M, for (p*™in), = [1,1,1,1]T and (ptmax), =
[37 37 3’ 3]T
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FIGURE 11. Set M, for (p™™in), = [2.5,2,1.5,1]7 and (ptmax), =
[3,2.5,2,1.5]T

In both cases, one can see that the feasible sets are convex. Even if in case (b)
the condition (pJ$™)* > u;—1(p*%,)? is not fulfilled. But this is stated in Remark
2. The condition p;"®* > p;“in is also not fulfilled in case (b), this leads to the case,
that the vector O3 ¢ Mj,.

4. Star-shapedness of the feasible set in tree-structured graphs. In this
section, we will show that for tree-structured graphs, the feasible set is star-shaped
to some special points. Like it is mentioned in Section 1, computing the intervals, in
which a line through a fixed point intersects the set of feasible loads, is much easier
if one knows that the set is star-shaped to this point. First we show the following
auxiliary lemma.

Lemma 4.1. Let G = (V, &) be a tree-structured graph without compressor edges.
Forbe R™ and X € (0,1), the pressure loss function defined in (6) is:

g(Ab) = Ng(b). (28)
Proof. Consider b € R™ and A € (0,1). We have
g(Ab) = (AT)71®| A~ \b|(A 1 \b)
(ATY"1D ||| A DN (A~ D)
AZ(AT) 1] 4~ 1b| (A1)
A2g(b),

since A is non-negative. O

Now we formulate a theorem about when the set of feasible loads is star-shaped.
This result is equal to Lemma 4.2 in [20]. However, we state this theorem here
because we prove it differently and we will use the proof for a similar result for
networks with compressor stations later. As mentioned in Section 1, the main
difference between the models is the modeling of the compressor stations.

Theorem 4.2. Let pressure bounds p™min ptmax ¢ Rl yitp pmax > p;?“i“ (for
alli,j =0,---,n) be given. If the network graph is tree-structured with one input
node and does not contain compressor edges, then the set of feasible loads M is
star-shaped with respect to the point 0 € R*H1,

Proof. Let M be the set of feasible loads. To show this result, we have to show that
for a feasible load vector b € M C R%, the vector Ab is also feasible for A € [0,1].
That means the vector Ab fulfills the inequalities in Theorem 2.3 (for b = O, it is
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Ab = 0). First mention, that 0 is feasible. If b = 0, it follows g(b) = 0 and because
P > p;?“i“ for all i, =0,--- ,n, it follows pi"®* — p;»“in >0foralli,j=0,-,n.

K2

Thus, all inequalities in Theorem 2.3 hold and O is feasible. So if the set of feasible
loads contains only one element, the statement of Theorem 4.2 is obviously true.
Else, consider b € M\{0}. Fori € 1,--- ,n, we define

cri = (pP™)? — (pin)2,
and
t14(b) == c1,; + gi(Ab).
Then with Lemma 4.1 we have
t1,i(b) = c1, + Agi(b).
Because b is feasible, we can use the first inequality in Theorem 2.3. It follows
t1:(b) > c14 — Ny
Because ¢;; > 0 (due to p*®* > pPin) and A € [0, 1], it follows #; ;(b) > 0 and thus

J
the first inequality in Theorem 2.3 holds. Next define

co,i = (5% = (pI"™)?,
and to,i(b) == ca; — gi(AD).
Then due to Lemma 4.1 we have
t1:(b) = c1.: — Ng;(b).
We use the second inequality of Theorem 2.3 and get
t1:(b) > c1i — Nery,
and it follows ¢ ;(b) > 0. Thus, the second inequality in Theorem 2.3 holds. Last,
we define
C3,i,j = (P]imaX)Q - (pmin)Qy
and  t3;(b) == c34; + gi(Ab) — g; (D).
With Lemma 4.1 it follows
t3,i5(b) = ¢z + A*(9i(b) — g;(b)).
We use the third inequality in Theorem 2.3, we have
ts;(b) > e — Nes g,

so it follows t3; ;(b) > 0. Thus all inequalities of Theorem 2.3 are fulfilled for (Ab)
and the proof is complete. O

With the next example, we illustrate why we need the statement pt-max > ptmin,
Example 4: Consider the minimal tree shown in Figure 12.

I
O,

FIGURE 12. Graph of example 2
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2
feasible set M,y and (p™™n), = [2.5,1.5,1]7, (pt™>), = [3,2.5,2]7 with the
feasible set My). Then, for ¢; = ¢2, we get from Theorem 2.3

b1, by < V8
M,={ beR%, [ <3+0% 3,
b3 < 3+ b2
by > 1.5
b <
My,={ beRy; by < B
b} <
b3 <

The feasible sets are shown in Figure 13.

bl bl

—_

10,000,000 0000 by
-1 1 2 3 -1 1
-1 -1
+,min __ T +,min T
prmin = 2,1,1]7, ptmin =25 1.5,1]7,
A B
( ) p+,max — [3’ 27 2]T ( ) p+,max — [3’ 25’ 2}T

FiGURE 13. Feasible sets for different pressure bounds

One can see, that in case (a), the set of feasible loads is star-shaped to the point
0 € R?, in case (b) this is not true. This is because the condition for the pressure
bounds does not hold. But the set in case (b) still has the special property that
the intersection of every line through the root and the feasible set is convex. This
property is stated later in Lemma 4.4.

Example 5: Consider the minimal tree shown in Figure 14.

I
O,

FIGURE 14. Graph of example 5



CONVEXITY AND STARSHAPEDNESS OF FEASIBLE SETS 191

We consider the two cases p™i* = [1,1,1,1]7

set M, and pp™ = [2,1,1,1]7, pnax = [3,2,2, 1.
Theorem 2.3 it follows

pmax = [3,2,2,2]T with the feasible
5|7 with the feasible set Mj. From

by <8

(b2 +b3)> + b3 <8
M, =23 beRy, | b7 <3+ (by+b3)? ,
(bo + b3)*> + b3 < 3402
b2 <3

(b2 + b3)2 + b% > 1.75

b? <8

(b2 +b3)* +b3 <8

and M, = bGR?éO b%§3+(b2+b3)2

b < 1.25+ (by + bs)? + b3
(bo +b3)? + b3 <3+102
b2 <3

The feasible sets are shown in Figure 15 and Figure 16.

2

FIGURE 15. Set M, for (p*™n), = [1,1,1,1]7 and (pTmax), =
3,2,2,2]T

FIGURE 16. Set M, for (p™™n), = [2,1,1,1]T and (pT™), =
[3,2,2,1.5]7

As in Example 4, the feasible set in case (a) is star-shaped to the point 0 € R?,
the set in case (b) is not. But again, the intersection of every line through the root
and the set of feasible loads is convex (see Lemma 4.4).

Next we show, that the statement of Theorem 4.2 also holds for tree-structured
graphs with compressor edges. This result is not stated in [20].
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Theorem 4.3. Let controls u; € R (i =1,---,m) be given. Let p"®* > p;»nin hold
for every subgraph and let (27) hold, i.e. (p{"¢™)* > ui—1(p"*o)?. Then the set of
feasible loads of a tree-structured graph with compressor edges is star-shaped to the
point 0 € R™.

Proof. Consider b+ € R"*! and A € [0,1]. We have to show, that the inequalities
(8)-(18) hold for the load vector Ab. Theorem 4.2 we know, that (8)-(10) are fulfilled
for every subgraph. For the sum defined in (19) we know from Lemma 4.1 (i €

{1,---,n})
Ypei(AD) = A28 (D). (29)

The proof follows the structure of the proof of Theorem 4.2. We set

1
. max 2
CLid S (P50™)" — .

t4’i’j (b) = C445 + Ek*,j()‘b) - Zk*ﬂ-()\b),

(pi0™)?,

and

1 1 ‘
C5,i,j ‘= ﬁ(p?ﬁx)Q - ﬁ(p;‘?én)?
*,74 *’

5,5 (b) = Cs5,4,5 + Ek*ﬂ(/\b) — Ekx,](Ab)
Then with (29) we have

taij(0) = caij+ A (Ske 5 (b) — Spei(D)),

and
t5.15(b) = c5,i5 + A (S, (b) = D= 5(0)).
Because b is feasible, we can use inequality (11) resp. (12) to get the estimates

taij(b) = ¢+ N (=ci ),
and

ts,i(0) > ¢f; + A2 (=} ).

ui—1 (pi"%0)%. So both, t4; ;(b) and t5;;(b) are non-negative due to our assump-
tions. Thus inequality (11) and (12) hold for (Ab). All other inequalities can be
shown analogously. That means the feasible set for tree-structured graphs with com-
pressor edges is star-shaped to the point 0,11 and thus the proof is complete. [

From Theorem 3.7 we know that ¢4, j,¢s5,i; > 0 because of the condition (pj§*)* >

The last statement in this section is motivated by case b) in Example 4 (see
Figure 13). Because we want to know, when the intersection of a line and the set
of feasible loads is convex, we formulate the following lemma.

Lemma 4.4. Let M C R™ be the set of feasible loads of a tree-structured graph.
Then, for a point b € R™, the set L := {8 € M|B = Xb (A € [0,1])} is convex.

Remark 3. The statement of Lemma 4.4 is a generalized star-shapedness property
with respect to the point 0 € R™. A set S is star-shaped with respect to a point s if
s € S and if for every direction d € R", the line from s in direction d has a convex
intersection with the set S. If S is generalized star-shaped to the point s, the same
property holds for s ¢ S, so here the point s need not to be in the set S. For the
computation in the spheric-radial decomposition, this situation is as useful as the
classical star-shapedness property.
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Proof of Lemma 4.4. First, if the set L is empty or contains only one element, it is
convex. We only consider the case b € RY,, because otherwise, the set L contains
at most one element (the point € R™). This is, because all load vectors (without
the first component) are non-negative due to our network graph has only one inflow
node. We separate the proof in two parts. In the first part, we prove Lemma 4.4
for tree-structured networks without compressor edges, in the second part we prove
it for general tree-structured networks.

Part I: Proof for trees without compressor edges: We first prove this lemma
for trees without compressor edges. Consider b € RZ, and assume, that the feasible
set contains at least two elements. Consider f1, B2 € M with 87 = A\band By = \ob
(0 < A1 < Ay < 1). Then, the inequalities in Theorem 2.3 hold for 51 and B5. We
have to show, that these inequalities also hold for 5 = Ab for all A € [A1, A2]. The
first inequality for f3; is

(p5"™)* = (P™)? < gu(B1),
which is equal to

(P™)? = (PF™)? < gu(\ib).
From Lemma 4.1, it follows

(P5™)? = (Pi™)* < Mgk (b),
and this also holds for every A > Aj, especially for A € [A;,A2]. The second
inequality for (3, is
(P3™)? = (05™)* = gr(Bo)-
This is equal to
(P3™)? = (B5™)% = gr(Aa),
and due to Lemma 4.1 it follows

(P™)? = (P5"™)? = N3gn (b).
This also holds for A < Ag, especially for every A € [A1, A2]. The third inequality in

Theorem 2.3 is . )
(Pr™)” — 0™)" < gr(B1) — ge(B1)s

resp.  (pp™")? — (D7) < gk(B2) — ge(B2).

The term on the right in both cases has the same sign, because if gx(81) —ge(51) < 0,
then due to Lemma 4.1 this is equal to A3 (gx(b) — g¢(b)) < 0 and the sign is indepen-
dent of \;. Thus this also holds for 82 = A2b. So if gx(b) — g¢(b) > 0, we follow the
argumentation of the first inequality, we have shown here. And if gi(b) — g¢(b) < 0,
we follow the argumentation of the second inequality, we have shown here. Thus,
all inequalities in Theorem 2.3 hold for 8 = Ab for all A € [A1, A2] and the lemma is
proven for trees without compressor stations.

Part II: Proof for general trees: Now we prove this lemma for general trees with
compressor edges. This part of the proof follows the structure of Part I. Consider
b e RZ,and 81,82 € M with f1 = Mband B2 = Xab (0 < A\ < Ay < 1). We
have to show, that all inequalities in Theorem 2.4 hold for 3 = Ab with A € [A1, Aa].
The inequalities (8) - (10) follow directly from the first part of the proof. Consider
inequality (11):
1
Iy 4

. 1 .
(") = . (PF57)? < S (Br) = T (Br) (k= 1,2).
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We follow the argumentation of the third inequality in Part I of the proof. The
term on the right is either negative or non-negative. If it is non-negative, we follow
the argumentation of the first inequality in Part I, if it is negative, we follow the
argumentation of the second inequality in Part I. We can use the same arguments to
show the inequalities (12) - (18) for 8 = Ab with A € [A1, A2]. Thus, all inequalities
in Theorem 2.4 are fulfilled for 8 = Ab with A € [A1, A2] and the set L is convex. So
Lemma 4.4 is proven. O

The statement of Lemma 4.4 is mentioned and illustrated in Example 4 and
Example 5. This is listed here, because it also belongs to the problems mentioned
in Section 1.

5. Conclusion. In this paper we have shown that the structure of the set of feasible
loads in the context of stationary gas networks mainly depends on the topology of
the network graphs. In the easiest case, if the network graph is linear, convexity of
the set of feasible loads can be shown with very weak assumptions. If the network
graph is more complex, but still does not contain circles, we have shown, that
under weak assumptions, the feasible set is always star-shaped with respect to the
point 0 € R™. For even weaker assumptions, we introduced the generalized star-
shapedness (see Lemma 4.4), which is also very useful for the computation in the
spheric-radial decomposition.

In [9], also the case of a network, which is a cycle, is considered. Then, the
representation of the set of feasible loads shown in Theorem 2.3 is completed with
an equality. For this framework, one can also show, that the set of feasible loads is
star-shaped to the point 0 € R™. Convexity in this case does not hold, not even in
the simplest case of a network cycle of three nodes (see [9], Section 5).

As mentioned in Section 1, knowing the structure of the set of feasible loads helps
to analyze this model for random load vectors as it is done in [9] and [12]. There,
the authors use the spheric-radial decomposition to handle the probabilistic load
vectors. This leads to optimization problems with probabilistic constrains or chance
constraints (see [17]). The main part of using the spheric-radial decomposition (see
Theorem 1.1) is to compute the integral in (1). If one knows e.g. that the feasible
set is convex, this integral is a lot easier to compute and thus, this simplifies the
optimization done in [12].
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