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ABSTRACT. Two-dimensional Keller—Segel models for the chemotaxis with frac-
tional (anomalous) diffusion are considered. Criteria for blowup of solutions
in terms of suitable Morrey spaces norms are derived. Similarly, a criterion
for blowup of solutions in terms of the radial initial concentrations, related
to suitable Morrey spaces norms, is shown for radially symmetric solutions of
chemotaxis in several dimensions. Those conditions are, in a sense, comple-
mentary to the ones guaranteeing the global-in-time existence of solutions.

1. Introduction. We consider in this paper the following versions of the parabolic-
elliptic Keller—Segel model of chemotaxis in d > 2 space dimensions

up 4+ (=AY + V- (uVo) = 0, zeR% >0, (1)
Av+u = 0, (2)

supplemented with the initial condition
u(z,0) = up(x). (3)

Here the unknown variables u = wu(z,t) and v = v(x,t) denote the density of
the population and the density of the chemical secreted by the microorganisms,
respectively. The diffusion operator is described either by the usual Laplacian with
a =2 (d > 3) or by a fractional power of the Laplacian (—A)®/? with a € (0,2)
(when d = 2). The system (1)—(2) with a € (0,2) can be interpreted as a nonlocal
transport equation with nonlocal diffusion, cf. [7].

We choose those particular examples of the system (1)—(2) to show the role of
the size of the initial data (3) (measured in terms of the quantities close to various
Morrey space norms) on the blowup versus global-in-time existence of solutions to
(1)-(3).

The initial data are nonnegative functions ug € L'(R%) of the total mass

M= / wo(w) da, (4)

radially symmetric when d > 3.
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Recall that the homogeneous Morrey space MP(RY), 1 < p < oo, is defined as
the space of all locally integrable functions that satisfy

s = s RIOPD [ )y <o o)
zoERY, B>
’ {ly—a0| <R}

Many previous works have dealt with the existence of global-in-time solutions
with small data in critical Morrey spaces, i.e. those which are scale-invariant under
a natural scaling of the chemotaxis model, cf. e.g. [1] and [11]. Our criteria for a
blowup of solutions with large concentration in [5] can be expressed using Morrey
space norms M?/*(R?) (see Remark 1 below for more details), and the size of such
a norm is critical for the global-in-time existence versus finite time blowup. The
analogous question for radially symmetric solutions of the d-dimensional Keller—
Segel model with d > 3 in M%2(R%) has been recently studied in [6].

We begin with that case improving the result [6, Th. 1.1]. Here we formulate
some new sufficient conditions for blowup of solutions of (1)—(2).

Theorem 1.1 (Blowup of radial solutions with large concentration). If d > 2,
a=2, ug € LYR?) is a radially symmetric function and

R / P (%) uo(x) dz > %ad,

{lz|<R}

Jor p(z) = (1 - |x|2)i and some R > 0, then the solution u of the problem (1)-

(3) blows up in a finite time. Here, as usual, o4 = ngTTd//;) denotes the area of the

unit sphere in R?, Cq > 0 is a constant which depends on the dimension only, and
limsup,_, ., Ca < 16.

Thus, we show in the present work that the radial concentration of data is the
critical quantity for the finite time blowup of nonnegative radial solutions of (1)—(3).
Here, we define the radial concentration by

_ x
fuol = sup &4 [ () wo(e) da (6)
R>0
{lz|<R}
with a fixed radial nonnegative function 1 piecewise C?, supported on the unit
ball such that ¢(0) = 1. Clearly, those quantities for such weight functions v are

comparable, so we fix in the following ¥ (z) = (1 — |x|2)i, see (10). Of course, for

d >3 and p = d/2, the norm (5) in M%?(R%) (relevant to the theory of existence
of local-in-time solutions) dominates the radial concentration (6):

|U0||Md/2 > Rzid / UO(I) dz
{lz|<R}

but, in fact, for radially symmetric uo the quantities |ug|pe/2 and JJug|| are equiva-
lent, see Remark 4.

This “criticality” implies that for the initial data with small |Jug]|| solutions exist
indefinitely in time (cf. [1], [11]), while the result of Theorem 1.1 shows that for
sufficiently large [|uo|| regular solutions cease to exist in a finite time. This result
seems be to new for d > 3 although related criteria appeared in, e.g., [2] and [4].
They have been, however, formulated in terms of “global quantities” like the second
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moment [ |z|*ug(z)dz while (6) is a local quantity, and its definition does not
require supplementary properties of ug such as the assumption [ |z|ug(x) do < oo.

In fact, this astonishingly simple proof, involving an analysis of a local moment
of the solution, extends to the two-dimensional case (z € R?) of arbitrary (not
necessarily radially symmetric) nonnegative solutions, cf. [12], [10] for a similar
argument and Theorem 1.2 below.

Theorem 1.2 (Blowup in two-dimensional models with fractional diffusion). Con-
sider a local-in-time nonnegative solution of problem (1)—(3) with a nonnegative
function uy on R2.

(i) If « = 2 (the classical scaling invariant Keller-Segel model), then for each
M > 87 the solution u blows up in a finite time.

(ii) Let « € (0,2) (the Keller-Segel model with fractional diffusion). If there
exist xo € R? and R > 0 such that

Ro™2 uo(y)dy > C, and / uo(y) dy < v, (7)
{ly—=ol<R} {ly—=zo|>R}

for some explicit constants: smallv > 0 and large C,, > 0, then the solution u blows
up in a finite time.

(#i) (radial blowup for the Keller-Segel model with fractional diffusion). If o €
[1,2) then there exists C., such that for each radially symmetric initial data ug

satisfying
Ro? / uo(y) dy > Co (8)
ly|<R
for some R > 0, the solution u blows up in a finite time.
Remark 1. The cases (ii) and (iii): 1 < a < 2. The first condition in (7) is

equivalent to a sufficiently large Morrey norm of ug in the space M?/*(R?). Indeed,
we have the obvious relations

fuolagere > RO / un(y) dy
{ly—zo|<R}

for every xo and R > 0, but also there is zo € R? and R > 0 such that

ftolagase < 2R / uo(y) dy.
{ly—=zo|<R}

Thus, our blowup condition in terms of the Morrey norm M?/*(R?) seems to be
new, and in a sense complementary to that guaranteeing the global-in-time existence
of solutions, where smallness of initial conditions in the M?/®-Morrey norm has to
be imposed, cf. prototypes of such results in [1, Theorem 1], [4, Remark 2.7] and
[11, Theorem 2]. Similarly, (8) implies that the Morrey norm |ug|ys2/« is large.

Remark 2. A natural scaling for system (1)—(2)

ur(z,t) = Au(Ax, \“1),
leads to the equality [uydz = A*"2 [udz. In particular, when a € (0,2), mass
of rescaled solution uy can be chosen arbitrarily with a suitable A > 0. Thus, the

first part of the condition in Theorem 1.2(ii) is insensitive to the actual value of M,
so w.l.o.g. we may suppose that M = 1. The second part of the condition (7) is
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not scale invariant, however, we believe that this assumption is not necessary for
the conclusion in Theorem 1.2(ii). In fact, one can prove it for « close to 2 by an
inspection of methods from [1, 6].

Remark 3. In view of results in e.g. [8], assumptions on uo in Theorem 1.2 can
be relaxed; it suffices that ug is a finite nonnegative measure satisfying some “small
atoms” assumption.

Notation. In the sequel, || - ||, denotes the usual L9(RY) norm. The integrals
with no integration limits are understood as over the whole space R%. The letter C'
denotes various constants which may vary from line to line but they are independent
of solutions.

2. Proof of blowup of radial solutions in d dimensions. We begin with an
elementary observation which will be used in the proof of Theorem 1.1.

Lemma 2.1. Letu € LllOC (RY) be a radially symmetric function, such that v = Egxu

with Eq(x) = mm%d ford > 3, solves the Poisson equation Av+u = 0. Then
1
Vo(z) -z = ——|z[*>7¢ / u(y) dy.
od
{lyl<|=}

Proof. By the Gauss formula, we have for the distribution function M of u

Y
M(R) = / u(y)dy = — / Vo(y) - mdS.
{lylI<Rr} {ly|=R}
Thus, for the radial function Vu(z) - % and |z| = R, we obtain the identity

||

1 1
Vo(z) -z = —R*"? / Vou(y) - Y s = ——R*>“M(R).
gd [l aa
{lyl=r}

O

Proof of Theorem 1.1. We will derive a differential inequality for a local moment of
the solution

wat) = / Vr(@)u(z, £) do (9)

with the scaled weight function ¢ supported on the ball {|z| < R}

Y(z) = (1 — |2*)*Iy<1; and 1/13(93)1&(2) with R>0. (10)

The function 1 € C'(R?) has piecewise continuous and bounded second derivatives:
() = —dx(l—|z)a<ay, (11)
Now, using equation (1), integrations by parts and applying relations (10)—(12),

we obtain

in(t) = /AwR(x)u(x,t) dx+/u(a:,t)Vv(:1:,t)~V1/JR(x) dz
R-2

<

)
(
(
(

dt

|z

—4d 4 4(d + 2)R2) u(z,t) dx (13)

{lz|<R}
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z|?
—4 / u(z,t)(Vo(z,t) - z) ( - R2> dx).
{lz|<R}
Thus, using the assumption on radial symmetry of u, the useful relation
1
u(z) = —R7“IM'(R) for |z|=R,
0d
and Lemma 2.1 we get
1

1 d
TR () = R/M’(Rnﬂ(—dﬂd”)rz)dr

0

1
R27d
I R/M’(Rr’t)M(Rnt)rQ’d(l—7’2) dr. (14)
ad
0

Notice also the following (obvious) relations
1
M(R,t) = / u(y, 1) dy = R / M (Rr,t) dr

{lyl<R} 0
1

wi(t) = R/M’(Rr, D1 - r2)2dr = 4/M(Rr, Hr(l—r2ydr. (1)
0 0

v

Now, let A € R be a number to be fixed further. Since
1
wr(t) = 4R/M(Rr, tyr(1 —r?)dr,
0

we may rewrite equation (14) after the integration by parts and use (15) as follows

led

1 1
1 EwR(t) = 2/M’(Rr,t)r2dr—2d/M(Rr,t)rdr
0 0

-4 M(Rr,t)r(lrQ)drwR(t))
(/

R> / 2, 0-d( (1 _ 9} _ (d— 4)r2) dr
o 0/ M(Rr, )2 ~4((d = 2) — (d — 4)r?)d
> AMwp(t)
R2—d ! )
+ o [(@=2) = @)

0

_ 2 2
204 d+2)\(1 r)2rlgd> "
,

x <M(R7"at)7"2 R (d—2)— (d—4)

1
204 / (d+2X1 =) oy
R4 | (d—2)— (d— 4)? '

0
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Thus, we may estimate the right-hand side as

1 _,d 20 / d+2X(1—1r%)? 1
TR wn(t) > un(t) - 2 / (Ez _*2) \ : d_i))ﬂw . (16)
0

By direct calculations, the function

1

1 d+2/\ )% g
X/ ) réTdr,

"
0
satisfies
1
min F(A) = F \/E =2VAC+ B, where A:4/ l—r rdtldr
A>0 A ) d 4) ,
0
[oa- /
1—r
B =4d d+1 g 2 / 4
/(d—2)—(d—4)r2r " A=z
0 0
Thus, it is clear from (16) that if
RZ g (0) > 204 (2\/AC 4 B) , (17)

then 1R%2-4 Gwr(t) > 0 for some § > 0 since wR(t) increases. As a consequence,
the functlon wg(t) becomes greater than M = [u(z,t)dz in a finite time which is
a contradiction with the existence of nonnegative, mass conserving solutions.

Finally, let us express condition (17) in a more explicit way. By the Cauchy—
Schwarz inequality we see that B < 2V AC. Evidently, for d > 3 we have

1
8
d-‘rld —
/ " A= 2)dr2)(dt )
0
and
1 d2
1
< 2= a1l g, — 4
C’_d2/r dr 3+ 2)

0
For an estimate of the constant Cy for d > 3 note that (17) is satisfied if, e.g.,

1

2—d 1
B wr(0) > 16 [ =@

(18)

Thus, the condition (18) follows for large d if [Juo|| > Stoq with a Cy = 16, since

the conditions [Jugl| > Cdd oq and R?279wg(0) > C;l od for a particular R > 0 are

equivalent. O

Remark 4. Note that for nonnegative locally integrable functions w, each R > 0
and s € (0,1) we have

/@/}R z)dx > / (1—-(1—-s)w(z)ds = s? / w(zx) dz,
|z]<RVI—s |o|<Ry/T—s
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4 \2 /g_9\%21
201 _ o\d/2—1 _ —
Jmax, s (1=9) <d+2> <d+2) = Ha,

so that |Jw| > HaL if |w|pza/2 > L because

(RV1 —s)*7 / w(z)dr > L

and

|lz|<RV1—s

holds for some R > 0 and s = diw' Therefore,
Cy _
|UQ|Md/2 > FUde !

is a sufficient condition for the occurrence of the blowup for radial initial data uwg > 0
expressed in terms of the Morrey norms. Note that

C
lim sup —dongl /(e2dad) <1 as d — oo.
d—o0 d

Remark 5. One may improve the conditions (17) and (18) for blowup (i.e. diminish
the numerical value of Cy) by solving the following rescaled variational problem

inf Flp], where

Flo] = 2/(,0’(1")1"2 dr — Zd/go(r)r dr + 1/50(1")27’17[1((d —2) — (d—4)r?)dr
0 0 0

2
(19)
with the constraints
1
PO =0 o)=A4 [era-rar =B ¢m)zo (0
0
Indeed, by relations (14)—(15), we have got
1od d—2
“R2 >
4R dtwR(t) > 04R*“ inf Fly],

where ¢ is is chosen such a way to have relations (20), namely, Ri=2g,A = M
and R 2048 = wg(t). The monotonicity of ¢ reflects the increasing property of

M(.,t), and Be <6\1/§g, 411‘1> is here an obvious restriction.

To solve the variational problem (19)—(20), let Ex(r) = %rd with
a parameter A € R. Whenever E) is not an increasing function, the constraint

¢©'(r) > 0 leads to the consideration of “broken” extremals, i.e.

0 ifo<r<nry,
oa(r) = @A(r—rl) if ri <7r <o,
A ifrg <r <1,

where E is nondecreasing on [ry,7a], A= Ex(rg —r1),and 0 <71 <719 <1 are
1 ~

chosen so that [¢x(r)r(1 —r?)dr = B. One can show, that the functional F[¢]
0

attains its minimum for those .
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3. Blowup of solutions for fractional diffusion Keller—-Segel model. In this
section we prove Theorem 1.2 using the method of truncated moments which is
reminiscent of that in the papers [12, 10]. The “bump” function ¢ defined in (10)
satisfies (cf. (12))

Ap(z) = (=8 + 16]x|*) > —8(x) > —8 for |z| < 1, (21)

and 1 is strictly concave in a neighbourhood of z = 0. For the readers’ convenience,

we recall now auxiliary lemmata from [5].

Lemma 3.1. For each ¢ € (0, %), the function v defined in (10) is strictly

concave for all |x| < e. More precisely, 1 satisfies
Hip < —0(e)] (22)

for all |x| < e, where Hi is the Hessian matriz of second derivatives of i, 0(e) =
4 (1 — 352), and I s the identity matrixz. In particular, we have

0(e) 4 as e \(0. (23)
Proof. For every ¢ € R? the following identity holds
E-Hye=4(=[¢f (1—a]*) +2(z-€)?).
Thus, by the Cauchy—Schwarz inequality, we have & - Hyp & < 4/¢[2 (3|a:|2 — 1). O

Next, we recall a well-known property of concave functions and we formulate a
crucial inequality in our proof of the blowup result.

Lemma 3.2. For every function ¥ : R? — R which is strictly concave on a convex
domain Q C R? we have for all x,y €

(@ —y) (VI(x) = VE(y)) < —0lz —y/%, (24)

where 8 > 0 is the constant of strict concavity of U on €, i.e. satisfying HV < —01.
In particular, for the fundamental solution Ex(x) of the Laplacian on R? which

satisfies VEs(z) = —%#, and a strictly concave function U we have for all x,y

on the domain of the strict concavity of W

VEy(x—y)- (V¥(z) = V¥(y)) =

2L -

Proof. By the concavity, we obtain
0
U(z) < U(y) + VE(y) - (@ —y) - 5le —yl*

Summing this inequality with its symmetrized version (with z, y interchanged) leads
to the claim. ]

We have the following scaling property of the fractional Laplacian
(—2)*Pyp(z) = R™*((=A)*2¢) 1, (26)
and we notice the following boundedness property of (—A)*/24).

Lemma 3.3. For every o € (0,2] there exists a constant ko > 0 such that
(—8)20(2)| < ka. (27)

In particular, ko = 8 by (21). Moreover, (—A)*/?y(x) <0 for |z| > 1.
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Proof. For o = 2, this is an obvious consequence of the explicit form of v, hence
we assume « € (0, 2).

To show estimate (27) for a € (0, 2), it suffices to use the following well-known
representation of the fractional Laplacian with « € (0,2)

Y(x+y) — ()dy

(—A)Q/QW = —ca P.V. ly|2+e

for certain explicit constant ¢, > 0. Now, using the Taylor formula together with
the fact that 1, D%y € L*(R?), we immediately obtain that the integral on the
right-hand side is finite and uniformly bounded in x € R2. Since v(x) > 0, ¢ Z 0
and ¢(x) = 0 for || > 1, we have for all |z| > 1

(—A)*/2(z) = —co P.V. / LG IM ) ay <. (28)
O
Now we prove our second blowup result.
Proof of Theorem 1.2. We consider again the quantity (9). Let
Mg(t) = / u(z,t)dz > wgr(t) (29)

{lz|<R}

denote mass of the distribution w contained in the ball {|z| < R} at time ¢. Now,
using equation (1) we determine the evolution of wg(t)

gwR(t) = —/(—A)O‘/2u($,t)d)R(z) dx—|—/u(:c,t)Vv(x,t) - Vg(x)de

de¢
- / u(z, t)(—A) 2 pp(z) da (30)
+; / / w(a yuly, )V Es(x — ) - (Vbr(e) — Vion(y)) dy da,

where we applied the formula v = FEs % u, and the last expression follows by the
symmetrization of the double integral: z — y, y — z. Since u(x,t) > 0, by the
scaling relation (26) and Lemma 3.3, we obtain

- / (@, ) (—A) 2 () da > —R—"ka / w(z, ) da. (31)

{lz|<R}

Now, let € € (0, f) By Lemma 3.1, the weight function ¢ in (10) is concave
for |z| < eR with a concavity constant § = R~26(¢). Thus, by Lemma 3.2, we have
b(e)
2m
for |z|, |y| < eR. Hence, the bilinear term on the right-hand side of (30) satisfies

%//u(%t)u(y,t)VEg(ac —y) - (VYgr(z) — Vior(y)) dyde

VEs(z —y) - (VYr(z) — Vir(y)) > R~

>R72® / u(z, t)u(y, t) dy dx + %J, 32)

{lz|<eR} {ly|<eR}
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where the letter J denotes the integral
1=/ (e, )y, )V Bale—y)- (Vn(x) ~Vibn(y)) dy dr.
R2 xR\ ({|z|<eR} x{|y|<eR})

We estimate the first integral on the right-hand side of (32) in the following way

u(z, t)u(y, t) dyde = (MR(t) - / u(z,t) d:r)2

{|z|<eR} {ly|<eR} {eR<|z[<R}
1 —vYr(x) (33)
> M2(t) — 2Mg(t / u(x, t)- dx

{eR<|z|<R}
> Mg(t)* — 2C. Mg(t)(M — wg(t)),
where C, = (inf{mZER} (1 — ’(/JR(.’L‘)))_l = (1 — (1 - 52)2)_1. Next, since we have
the inclusion

R? x R? \ ({|m| < eR} x {|y| < 5R}) c

({2l < BY x {lyl = eR}) U ({Iz] = R} x {lyl < B}) U ({lal = B} x {ly| > R})

and the factor with Vi vanishes on the set {|z| > R} x {|y| > R}, we obtain
immediately the estimate

1 —vYr(y)
inf{iy>cry (1 - ¥r(Y))

|J] < 2CR™? / / u(z, t)u(y,t) dz dy

{lz|<R} {ly|>cR}
2R~2CC.Mg(t) / u(y, t)(1—vr(y)) dy

< 2RT2CC.Mg(t)(M — wr(t)), (34)
where C' = sup |z - VE2(2)| || D?*¥| 0o = 5= [|D*¥||oo. Finally, estimates (31)—(34) as
well as inequality (29) applied to equation (30) lead to the inequalities

0(¢)
Am
0(e)
Am
whenever the expression in the parentheses is nonnegative, with C(e) = 3CC, =
3C(1—(1—¢2)2) 7"

Now, notice that the linear function of wg in the parentheses on the right-hand

side of (35) is monotone increasing. Thus, if at time ¢ = 0 the right-hand side of
(35) is positive, then wg(t) will increase indefinitely in time. Consequently, after

IN

A

d
&wR(t) > RiaMR(t) ( — ko +

R2Mp(t) + C(e)R*2(wp(t) — M)>
(35)

> Rwp(t) ( kot 2 Rz ) 4 @R (wnl) - M)),

time T' = O<Ra(wi\/[w) - 1)) the function wg(t) will become larger than the total

mass M. This is a contradiction with the global-in-time existence of a nonnegative
solution u since it conserves mass (4).

Now, let us analyze the cases when the right-hand side of inequality (35) is
strictly positive.

Case (i). a = 2. We recall that, by Lemma 3.3, k3 = 8 holds. Thus, in view of

(23), the quantity % is close to % at the expense of taking sufficiently small € > 0.

Choosing € > 0 small enough, we get blowup in the optimal range M > 87. Indeed,
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if M > 8w, then there exists € > 0 small, and R > R(¢) > 0 sufficiently large so
that wr(0) is sufficiently close to M and we have

1
-8+ ;wR(O) + C(e)(wr(0) — M) > 0.
Case (ii). In the case a < 2, the blowup occurs if for some R > 0 the quantity

R~ / ug(x) dz
{lz|<R}
is large enough, and simultaneously wug is well concentrated, i.e. C(e)(M — wgr(0))

is small.

Case (iii). First, observe that for each o € (0, 2] there exists ¢, > 0 such that
(=2)*% < Lo,

Indeed, this is a consequence of the fact that supj,—, (—=A)*/24)(x) < 0 (see equation
(28) and notice that v # 0) and the continuity of (—A)®/21) on R2. Note also that
f5 = 8 is the optimal constant.
We infer from the computations in (13)—(14) that
d R™2

- _ —« - 2
dtwR(t) Lo R™“wgr(t) + 4 o M(Rr,t)*rdr

v

U R wp(t) +

v

since by (15) we have

5)
1 2
<4/M (Rr, t)r 1—r2)dr> <16
0

—

M(Rr, t)Z’/‘d’/‘/T(l —r3)%dr
0

M (Rr,t)%rdr.

Il
w| oo
o —_ o

Therefore, if R*2wg(0) > 47/, then we have

d
S wn(t) = 5>0

for some §. We arrive at a contradiction with existence of global nonnegative solu-
tions as was in the proof of Theorem 1.1. It is worth noting that the blowup time
obtained from the argument in (36) depends only on R and wgr(0) unlike in the
case (ii) of not necessarily radial solutions. O

Remark 6. Results concerning the system (1)—(2) are generalized in [5] to the case
of the parabolic-elliptic Keller-Segel model with the consumption of the chemoat-
tractant effect, i.e. with (2) replaced by the equation

Av—yv+u=0.
In such a case the Newtonian potential Fs is replaced by the Bessel kernel K. of
the operator (—A +v)~! on R? satisfying the relation

V() = g 10 1)
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with a decreasing smooth function g, such that g,(0) = 1, and g, (|z|) < Ce™”

Fo

1/2‘1|

r more general kernels leading to blowup of solutions, see also [9].
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