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ABSTRACT. We consider the Neumann spectral problem for a second order dif-
ferential operator, with piecewise constants coefficients, in a domain Q. of R2.
Here Q¢ is Q Uw: UT', where 2 is a fixed bounded domain with boundary T,
we is a curvilinear band of variable width O(e), and ' = Q Nw.. The den-
sity and stiffness constants are of order O(¢~™1) and O(¢~1!) respectively
in this band, while they are of order O(1) in ; m is a positive parameter
and € € (0,1), e — 0. Considering the range of the low, middle and high
frequencies, we provide asymptotics for the eigenvalues and the corresponding
eigenfunctions. For m > 2, we highlight the middle frequencies for which the
corresponding eigenfunctions may be localized asymptotically in small neigh-
borhoods of certain points of the boundary.

1. Introduction and statement of the problem. Neumann spectral stiff prob-
lems in domains surrounded by thin bands Q. have been considered in [10] and
[11], the thin band w. being both stiff and heavy. The width of w, is of order O(e)
while the stiffness and density are of order O(e~*) and O(s~*~™) respectively, for ¢
and t + m two positive parameters, and for € € (0,1), a parameter that converges
towards zero: see Figure 1 and problem (1)1, (2), (1)s, (3) and (1)5. An asymptotic
study of the low frequencies, based on asymptotic expansions, is provided in [10]
for different relations between ¢ and m + t. Convergence for the low frequencies as
e — 0 is also proved in [10] for ¢t = 1, m = 0, and in [11] for ¢ > 1 and m = 0,
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making it clear a different asymptotic behavior for the eigenvalues and eigenfunc-
tions. We refer to [10] and [11] for a review of previous works in the literature on
the subject which in fact are scarce; see also Remark 12 to compare with other
vibrating systems with concentrated masses along curves.

In this paper, we consider problem (1), namely, ¢t =1 and m > 0 in (2) and (3).
We address asymptotics for low, middle and high frequencies and characterize the
asymptotic behavior for the corresponding eigenfunctions, which is very different
depending on the range of frequencies under consideration, namely, frequencies
of the order O(e™), O(e™~2) or O(1). It is self-evident that, for this problem,
the frequencies of order O(e™~2) (the so-called middle frequencies) can only be
considered when m > 2, and we prove that the behavior of the associated vibrations
is also very different depending on the geometry of the band w., and more specifically
on a function h (see Figure 1) which defines the boundary of €2.. This being one of
the main aims of the paper, we show that the points where h has a local maximum
are points where certain middle frequency vibrations concentrate asymptotically
their support.

Let © be a bounded domain of the plane R? with a smooth boundary I and let
(v, 7) be the natural orthogonal curvilinear coordinates in a neighborhood of I': 7 is
the arc length and v the distance along the normal vector to I'; v < 0 inside 2. Let
£ denote the length of the curve T" and 3(7) its curvature at the point 7. We assume
that the domain € is surrounded by the thin band w. = {z : 0 < v < eh(7)} where
€ > 0 is a small parameter and h is a strictly positive function of the 7 variable,
{-periodic, h € C*°(Sy) where S; stands for the circumference of length ¢. Let Q.
be the domain Q. = QUw, UT and Ty = {z : v = eh(7)} the boundary of . (see
Figure 1).

=

FI1GURE 1. Possible geometry for Q.

We consider the spectral Neumann problem in €. for a second order differential
operator with piecewise constants coefficients:
—AAUE = \eU*® in €,
—ae 1ALuE = Ne 17y in w,,
Uf =u® on T, (1)
eA0,U® = ad, u® on T,

Oput =0 on I';.
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Here, A and a are two positive constants while d, and 0,, denote the derivatives
along the outward normal vectors v and n to the curves I' and T'., respectively;
m is a positive parameter. We study the asymptotic behavior, as ¢ — 0, of the
eigenvalues A° of (1) and the corresponding eigenfunctions u. which we identify
with pairs of functions {U®,u}. In (1), U® stands for the restriction of u. to Q and
u® for the restriction of u. to we.

Problem (1) fits into the case where ¢ = 1 in the set of problems considered in
[10], depending on two parameters ¢ and m, namely, the set of stiff problems with
equations (1)1, (1)s, (1)5, and

—ag AUt = N in we, (2)

AD, U = aet9,u® onT (3)

for different values of ¢ and m, provided that t > 0 and t 4+ m > 0, and either ¢ > 0
or t +m > 0; the eigenvalues always being in the range of the low frequencies. The
parameters t and t +m reflect the relative stiffness of the band and the dead-weight
of the band respectively in mechanical problems. These problems are of interest, for
instance, in the study of reinforcement problems for solid media and in vibrations
for a two-phases system in fluid mechanics.

For strictly positive ¢, the band w, is both stiffer and heavier simultaneously, and,
it seems natural to have a different asymptotic behavior as € — 0 for the eigenpairs
{A\¢,uc} of (1) depending on whether m = 0 or m > 0. We recall the results in [10]
and [11] which are the closest in the literature to the problem under consideration.
A characterization of the limiting problems for the eigenpairs of (1)1, (2), (1)s, (3)
(1)5, for the different values of ¢ and m has been obtained in [10]. These limiting
problems deal with the asymptotics for the low frequencies, which includes those of
(1), but the characterization is obtained by means of asymptotic expansions.

In [10], we provide sharp bounds for convergence rates of the eigenpairs {\°, u.}
in the case where t = 1 and m = 0 by using the so-called inverse-direct reduction
method (cf. [18] and [19]). A different approach for the eigenpairs is provided in [11]
for the case where t > 1 and m = 0 where, in addition to the convergence, a complete
asymptotic expansion for the eigenpairs has been obtained, and a connection of this
problem with Wentzell problems with small parameters has been shown. Also, both
papers [10] and [11] deal with obtaining precise bounds for convergence rates for
the low frequencies and the corresponding eigenfunctions in the cases mentioned
above m = 0 and t > 1, but convergence results for the case where t =1 and m > 0
were left as an open question to be considered. We refer to [10] and [11] for further
references.

Here, we deal with the case where ¢t = 1 and m > 0, namely with problem
(1), and consider the low and high frequencies. We obtain the limiting problems
associated with all these frequencies and provide information on the structure of
the corresponding eigenfunctions.

As a matter of fact, there appear two limiting problems associated with (1)
in a natural way. The first one is problem (6) which is associated with the low
frequencies, namely the eigenvalues of order O(e™), with the mass term appearing
in the boundary condition on I'. In this boundary condition also the second-order
flexion terms of the stiffening band arise, while inside €2 the solutions are harmonic
functions. The second problem is the Dirichlet problem (109). This is involved
with the so-called high frequencies, namely, with the eigenvalues of (1) of order O(1)
which give rise to vibrations affecting the whole 2 and keeping the thin band at rest.
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These two problems, (6) and (109), appear independently of the geometry of the
band we, and we show that for m > 2 there are other limiting problems associated
with the intermediate frequencies which strongly depend on this geometry: problem
(35) when the function h is constant (h = hg) and problem (59) which depends on
h at points 79 where the function h presents some kind of local extreme (a local
maximum in this case).

Let us note that the order of magnitude of the low frequencies is provided by the
estimate (5) for the k-th eigenvalue of problem (1). For fixed k € N = {1,2,---},
this estimate becomes optimal once that we prove Theorem 2.2. In fact, Theorem 2.2
shows the convergence of the positive re-scaled eigenvalues of (1), Ase™", towards
the positive eigenvalues of (6) with conservation of the multiplicity, as € — 0. Also,
a certain convergence for the corresponding eigenfunctions holds in the topology
stated in Theorem 2.2 which implies the weak convergence in H'(£2). The results
for the low frequencies are in Section 2.

We use a spectral convergence theorem for positive, symmetric and compact
operators on parameter-dependent Hilbert spaces (cf. Lemma 2.1) to prove the
above results of convergence, namely the results in Section 2, but it should be
mentioned that they can be improved by using the technique of the inverse—direct
reduction method applied in [10] to derive the convergence for the low frequencies
of (1) in the case where m = 0. In this paper, we avoid using this method, which
implies laborious computations, but we emphasize that the inverse-direct reduction
method allows us to obtain precise bounds for convergence rates of the eigenpairs of
(1). Specifying, under certain restrictions involving k and ¢ these bounds depend on
¢ and k in a explicit way and, as a consequence, the convergence with conservation
of the multiplicity holds.

As regards higher order frequencies, the eigenvalues A of order O(e®) for a < m,
it is known (see Remark 15) that they accumulate on the whole positive axis. That
is, for each A > 0 there are sequences )\2(5)5*“ — A as € — 0, with the index
k(e) — oo as e — 0 (see [9], [13], [15] and Chapter 7 of [22] for the technique).
Nevertheless, information on the structure of the corresponding eigenfunctions has
to be found. We first use asymptotic expansions to get this information for the
values of & = m — 2 and a = 0, respectively (see Remark 16 for other values of ).
When we deal with the high frequencies for « = m — 2, the assumption of m > 2
must be understood, and these frequencies of order O(¢™~2) are referred to as the
middle frequencies since they are intermediate between the eigenvalues of order
O(e™) and of order O(1). An important fact that we highlight in this paper is that
the behavior of the eigenfunctions corresponding to the middle frequencies is very
different depending on the geometry of the band, and more precisely, depending on
whether the function h that describes this geometry is constant or not.

The asymptotic expansions for the middle frequencies are in Sections 3 in the case
when h is constant, and in Section 4 when h is not constant, while the justifications
of these results (cf. Remarks 6, 7 and 8 to compare) are in Section 5.1 and 5.2
respectively. We gather all the results for the high frequencies in Section 6.

When justifying the asymptotic expansions, Theorems 5.3 and 5.6 (Theorem 6.1,
respectively) provide a certain sequence of positive numbers {)‘Oyj}?il such that
there are sequences A°2~™ — Ao ; (A° — Ao, respectively) as e — 0. These
sequences of Ay ;, limiting points of the middle frequencies (the high frequencies,
respectively), are the eigenvalues of problem (35) or (59) depending on A ((109),
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respectively), and they can be referred to as almost eigenfrequencies since the re-
scaled frequencies approaching Ao ; can give rise to some kinds of vibrations that
cannot be detected with the low frequencies. Specifying, we can construct the so-
called quasimodes of the problem which approach, in a certain topology, a linear
combination of eigenfunctions corresponding to the re-scaled eigenvalues A\*e2~™
()¢, respectively) in small intervals of the type [A\Y — d®, \? + d¢], for a certain se-
quence d° — 0 which is also determined in the above mentioned theorems . These
quasimodes allow us to construct standing waves which approach certain solutions
of associated evolution problems for long times, and the time of approach can be
determined in terms of € and d° (see [21] in this connection). Also we show that
determining the mentioned sequences of eigenvalues of (35) and (109) for middle
and high frequencies respectively, along with a suitable normalization for the eigen-
functions, is somewhat optimal as stated by Theorems 5.4 and 6.2 respectively (cf.
also Remarks 9 and 15, 14).

Finally, we point out that this is the first time in the literature of applied math-
ematics where we show localization effects for the eigenfunctions corresponding to
the middle frequencies, in the case where the stiff and heavy band w. has a variable
width depending on 7. As a matter of fact, we construct approaches to eigen-
functions corresponding to certain eigenvalues of order O(¢™~2) which concentrate
asymptotically their support in e'/2-neighborhoods of points which are local max-
ima of h (see Remark 9 for more details). In addition, it should be noted that we
do not exhaust the list of possible limiting problems associated with the middle fre-
quencies (cf. Remarks 10 and 11 in this connection). We refer to [12], [17], [6] and
[3] for different problems in thin domains where localization effects for the eigenfun-
cions arise: [12] and [17] deal with thin plate-like domains while [6] and [3] consider
a thin rod structure in two and three dimensions respectively (cf. Remark 13 for
more details). See [14] for references on other quite different localization effects at
points for vibrating systems with concentrated masses.

We also emphasize that the technique here developed for asymptotic expansions,
and to show the convergence, is original and it can be extended to highlight the
localization phenomena for different types of local extremes and different values of
the parameters ¢ and m in (2)—(3) (Remarks 3, 4 and 10). Comparing with the case
where h is constant, it should be noted that the change of variables (10) seems to
be natural to the geometry of the problem (1), whose solutions present a boundary
layer in w,, but when the change (10) is applied to the case where h is not constant,
it gives the limiting eigenvalue problem (31), (33), (34) which depends on 7. This
shows a strong dependence of the asymptotic behavior of the eigenvalues of (1) on
the geometry of the curve defining 0€2. N Ow., and the change of variables (50)
can reflect this dependence, providing an eigenvalue limiting problem constant in a
small neighborhood of a particular point 7y (see also Remarks 5 and 11 to compare
with the case where h is constant).

2. Asymptotics for the low frequencies. The weak formulation of problem (1)
reads: Find A and {U¢, v} € HY (), {U®,u®} # 0, satisfying

A/ V.U V,Gdr+ 2 | Vour - Vagdae
Q € We
) (1)
= )\ </ UEde—Fm/ UEgdl') V{G,Q}EHl(Qe)
Q We
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Here, and in what follows, we identify a function g. in L?(Q.) (H'(€.), respectively)
with the pair of functions {G, g} where G stands for the restriction of g. to  and
g for the restriction of g. to w.. In particular, the eigenelements formed by the
eigenvalues A° and the corresponding eigenfunctions u. read (A%, {U®,u®}).

For each € > 0, problem (4) is a standard spectral problem in the couple of spaces
HY(Q.) C L*(€.), with a discrete spectrum. Let us consider

0=>\8<)\§§)\§§-~-§Ai§---H—m>oo
the sequence of eigenvalues repeated according to their multiplicities. Let us de-
note by {{Ug,uj,}}72, the corresponding eigenfunctions which are subject to the
orthonormalization condition

A/ VIU,jVIdeerg/ Vol - Vol dz
Q w

1
+€m/U,§Ul€dz+f/ uy uf dx = 0
Q € we

where d;; denotes the Kronecker symbol.
Computations in [10] show the inequality

Ai < C{‘:m;u’ka k= 1a2a"' (5)

where p;, denotes the (k+ 1)-th eigenvalue of problem (6) in the sequence {ux}72,
and C is a constant independent of ¢ and k; ¢ € (0,1). This estimate (5) indi-
cates the order of magnitude of the so-called low frequencies; that is, for fixed k,
X, = O(e™), and its asymptotic behavior as ¢ — 0 and that of the correspond-
ing eigenfunctions {Uf,u5} has been predicted by means of matched asymptotic
expansions in [10] where the limiting spectral problem

{ —AAV =0 in Q,

6
Ad,V = uhV 4+ ad; (h0;V) onT. (6)

has been outlined. B
Let us introduce the functional space H1(,T') as the completion of C>°(£2)
with respect to the norm

1/2
IWlseary = (IW ey + Wl )

The weak formulation of problem (6) reads: Find p and V € HM(Q,T), V # 0,
satisfying

—~

7)

A/ va~vada:+a/haTvaTWdT=u/hVWdr YW e #HEHQ,T) . (8)
Q r r

Problem (8) has a non—negative discrete spectrum (see [10] for details). Let

k—o0

O=po<pn Sp2<- S pp<-r———— 00

be the eigenvalues of (8) with the usual convention of repeated eigenvalues. We
assume that the corresponding eigenfunctions {V3}72, are subject to the orthogo-
nality condition

Al V.V, V.V, dx+a/ ho, V0.V, dT—F/thW dr = d. (9)
Q T T
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It proves useful to introduce here some notations and bounds that we shall use
throughout the paper. In this connection, in what follows L%(I‘) denotes the space
L?(T") with the scalar product defined by

/hFGdT VF,G € L*(T).
r

Also, in a neighborhood of I' we introduce here the so-called local coordinates

¢7), ¢=2

., (10)

¢ a local variable, which transforms the thin domain w. into a band of length /¢
and width O(1); namely, {(v,7) : v € [0,eh(T)),T € S¢} into {({,7) : ¢ € [0,h(7)),
T € S¢}.

On the other hand, on account of the continuity of the function h and of the
curvature s, for a certain sufficiently small d > 0, there exist constants ¢, Cy, Co
and C3 independent of ¢ such that

0<c< K(y1)<Cy Yve[-dd,Tt€eSy, (11)
1 - K(v,7)| < Coe and |1 —K(v,7) Y| < Cse Yvecl0,eh(r),7€Se (12)

where K (v,7) = 1+vs(7) denotes the Jacobian of the transformation from (z1, z2)
to (v, 7). Formula (12) and that provided by the inequality

1 T
Z(P) — T/o Z(t)dt| < TY*|Z'|| 207y, where P=0or P =T, (13)

for any positive T and function Z € H'(0,T), are used throughout the paper either
in curvilinear or local coordinates in neighborhoods surrounding I" (cf. [10] for
instance).

For the sake of completeness, we first introduce a known result from the spectral
perturbation theory, which allows us to prove the convergence for the low frequencies
and the corresponding eigenfunctions. (see Chapter III of [20] for its proof).

Lemma 2.1. Let H. and Hy be separable Hilbert spaces with the scalar products
(-,)e and (-, -)o respectively. Let A° € L(H.) and A° € L(Hy). Let W be a subspace
of Ho such that ImA° = {v|v = A% : u € Ho} C W. We assume that the
following properties are satisfied:

a) There exists an operator R® € L(Hy, H.) and a constant a > 0 such that, for
any f €W, ||Refllc converge towards a||f|lo as e — 0.

b) A® and A° are positive, compact and self-adjoint operators on H® and H°
respectively. Besides, the norms ||A®| ;) are bounded by a constant inde-
pendent of .

c) For any f e W, ||A*Ref —R°A |l — 0 as € — 0.

d) The family of operators A% is uniformly compact, i.c., for any sequence f€ in
H. such that sup, ||f¢||c is bounded by a constant independent of €, we can
extract a subsequence f€ verifying |A¥ f€ — REw°|o — 0, as & — 0, for
certain w® € W.

Let {p$}52, and {ud}s2, be the sequences of the eigenvalues of A° and A°, respec-
tively, with the usual convention of repeated eigenvalues. Let {w$}°, and ({w?}$2,
respectively) be the corresponding eigenfunctions in H. which are assumed to be or-
thonormal (Hy, respectively).
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Then, for each fized k there exists a constant Cy, independent of € and there is
ex > 0 such that for e < gy,

|uj, — | < Crsup [ AR — R A%l

where the sup is taken over all the functions u in the eigenspace associated with u?,
u such that ||lullo = 1. In addition, for any eigenvalue u3) of A° with multiplicity
s (u) = :“2+1 =...= u2+871), and for any w eigenfunction corresponding to u,
with ||w|lo = 1, there exists w®, w® being a linear combination of eigenfunctions

{wj};z?”_l of A% corresponding to {u§}§i§+3_l, such that

lw® — REwl|. < Cy||A*RFw — R Aw|.,
for a certain constant Cy, independent of €.

In order to apply Lemma 2.1 to derive the spectral convergence in our problem,
let us introduce the norm ||.||c in H*(£2.) defined by the scalar product

({U,u},{Mv})EzA/ VIU-Vszx—&—g Vmu-Vzvdx—i—Em/ UV dz
Q Q

we (14)
+%/w wdr Y{U,u},{V,v} € H'(Q).

e

Also, let us introduce the linear operator R® : HY1(Q,T') — H'(€.) defined by
REF ={F,F} e H(Q.) where F(z)=F(0,7) forz € w.. (15)

Here, we refer to F(v,7) as the function F(x) written in curvilinear coordinates,
and, if no confusion arises, we do not distinguish between a point 7 on the boundary
I" and its coordinate along T'.

The main convergence results for the low frequencies of (1) with m > 0 is stated
in the following theorem:

Theorem 2.2. Let X; be the eigenvalues of (1). Let m be positive. For each fized
k € N, the sequence A, /€™ converges towards the eigenvalue py of (8) as e — 0.
Moreover, for any eigenvalue py of (8) with multiplicity sa. (k-1 < pr = ppt1 =
= g —1 < Pktse, ) and for any eigenfunction V' of (6) corresponding to py, V
verifying (9), there is a linear combination {U®, 4} of eigenfunctions corresponding

to the eigenvalues {)\f}f:,;""_l, A;e™™ converging towards pu, such that
I{0*, @} = RVl —"—0 (16)
where || - || denotes the norm associated with the scalar product (14) in H(£.)

and RF is the operator defined by (15). In addition, for each sequence {Uf,ui} of
eigenfunctions of (4), |{Ug,u5}e =1, we can extract a subsequence (still denoted
by €) such that U — V;* weakly in H'(Q), as € — 0, where V;* is an eigenfunction
of (8) corresponding to py and the set {V;*}1%2, forms an orthonormal basis in the
orthogonal complement of {V € HV1(Q,T) : V=0 on T} in HLL(Q,T).

Proof. Let H. be the space H'(€).) with the scalar product (14). Let A® be the
positive, selfadjoint and compact operator defined on H. as follows: for any {F, f} €
H., A%{F, f} = {U¢,u®} where {U®,u®} € H. is the unique solution of

({Us,us},{G,g})E:sm/QFGdJH—é fodz V{G.gteH.. (I7)

We
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Obviously, the eigenvalues of A are {(14 X5e~™)71}2°, where {\{}3°, are the ei-
genvalues of (4). Moreover, taking {G, g} = {U¢,u¢} in (17), we have ||A*{F, f}||?> =
U=, w2 < I{E, FHI-I{U®, u} e and [ A%l g, < 1.

In a similar way, let H be the Hilbert space H11(2,T') with the scalar product

(U, V)o :A/ VwU-Vdex—i—a/h@TUaTVdT+/hUVdT YU,V € HEHQ,T).
Q r r

(18)
We consider the operator defined on H by AF = U where U € H is the unique
solution of

(U,G)o = / hFGdr VG € HMH(Q,T).
r

A is a selfadjoint compact operator. The eigenvalues of A are {(1+ )1}, U{0}
where {u}32,, are the eigenvalues of (8) with finite multiplicity while y = 0 is an
eigenvalue of infinite multiplicity; the eigenspace associated with p = 0 is W =
{VeH" (QT): V=0onT}.

Let Hgy be the orthogonal complement of W in H. By definition of operator A,
Im(A) C Hy, and we can consider the operator A° : Hy — Hy as the restriction
of A. It is clear that A° is now a positive, selfadjoint and compact operator whose
eigenvalues are {(1 4 p;) "' }3°, where {u4}72, are the eigenvalues of (8).

Let W be the space Hy and let R be the linear, continuous operator R¢ : Hy —
H. defined by (15). In order to apply Lemma 2.1, we check the properties a)-d).

First, let us note that property b) is satisfied by construction of operators A®
and A°. In addition, taking into account the definition of R¢ (15) and considering
the integral in w. of F and V,F, the estimates (11) and (12) provide

< Ce||Fl[72 ) and

1 -
1~ 1Py
(19)

< Ce)0, F|12,

1 .
092 AW~ 10: Pl .

Then, we have the convergence ||R<F|? = |{F,F}||? — |F|% as e — 0 for any
F € Hy, and property a) of Lemma 2.1 also holds.

Let us prove property c). For each £ > 0 and any fixed F' € Hy, we consider
{U¢,uf} = A°R°F. Then, {U®,u} € H. satisfies (17) for f = F. Taking {G, g} =
{U=,uf} in (17) for f = F and using (19), we obtain that, for & small enough,

U=, w e <C (20)

where C is a constant independent of e. For each ¢ > 0, we introduce in (20)
the change of variables in w, from Cartesian coordinates x1, x2 to local coordinates
(10). Then, taking into account that bounds (11) also hold for K ({,7) = 1+e(s(T)
V¢ € [0,h(7)],7 € Sp and sufficiently small e, we can write

IVoU 1220y +™ 1USN 72 () + U2y + 10051 F 2y + 721 0cu® |2 qny < € (21)

where u(¢,7) denote the eigenfunctions u®(z) in the local coordinates (¢, 7) and
IT is the domain {(¢,7) : 7 € (0,£),¢ € (0,h(7))}. Now, since U° = u® on T,
considering [|[U®||g1q) < Cl|U%||L2ry + [VeU?|L2(0)] and the trace inequality
[ull zr1/2(ry) < Cllu®|| 2 (m), we conclude that U is bounded in H'(Q). Therefore,
we can extract a subsequence, still denoted by e, such that (U¢,u®) converges, as

e — 0, towards some function (U*,u*) weakly in H'(Q2) x H(II). Moreover, from
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(21) it follows that [|0cu®[|72(yy < Ce? and consequently Jcu* = 0 in II; thus, u*
does not depend on ¢ and u*(¢,7) = U*(0,7) in IL

In order to identify U*, for any V € HY!(Q,T) fixed, we consider the variational
formulation of {U¢,uf} = A*RSF with the test functions {G, g} = RV = {V,V},
and introduce (10):

¢ ph(T) B
A/ VxU5~Vdex+a/ / aTusaTVKgldgdr+sm/ UV dx
Q 0 0 Q

¢ ph(T) B L ph(r)
+/ / uEVKEdCdeam/Fde—i-/ / FVK_d{dr.
0 0 Q 0 0
(22)

Taking into account that K. and K_ ' converge towards 1 in L°(II) when & — 0,
we pass to the limit in (22) and obtain

A/ VxU*-Vdex+a/ h@TU*ﬁTVdCdT+/hU*VdT:/hFVdT
Q r r r

since u*(¢{,7) = U*(0,7) in II; then, U* = AF. Tt is clear that U* € Hy and
U* = A°F.

Finally, we prove ||ARF — RFAF||. — 0 as ¢ — 0. By virtue of the varia-
tional formulation of {U®,u®}, (15), the change to local variables and the fact that
u*(¢,7) =U*(0,7) in II, we can write

|A*REF — REAF||?
£ ph(T) B
zsm/ F(U® - U*)dx—!—/ / F(u® —u")K.d¢dr
o Jo

Q
L ph(T)
—A | V,U* -V, (U —U")dx —a/ / O,u* 0, (uf — u*) K-t dCdr
Q 0o JO

£ ph(T)
fsm/ U*(UEfU*)dxf/ / u*(u® —u*) K. d¢dr.
Q o Jo

Now, we have that all the terms converge towards zero and property ¢) of Lemma 2.1
is satisfied.

In a similar way to property ¢), we can prove that for any sequence {F*, f¢} in
H. such that ||[{F¢, f¢}| is bounded by a constant independent of €, we can extract
a subsequence, still denoted by e, verifying ||A*{F*=, f¢} — R°Vy|le = 0 as € — 0,
for a certain function Vy € Hy. Thus, A¢ is uniformly compact, and property d) of
Lemma 2.1 holds.

Applying Lemma 2.1, we have that for each fixed k, Aje ™™ converge towards pi
when € — 0. Moreover, for any eigenvalue i of (8) with multiplicity sz, and for
any eigenfunction V' of (8) corresponding to uy, V satisfying (9), there is a linear
combination {U¢,%°} of eigenfunctions corresponding to {Af}51 1 such that (16)
holds.

As regards the proof of the last statement in the theorem, we consider the se-
quence {Up, uj,} of eigenfunctions of (4), [[{Uf,u}||e = 1. Taking into account the
change to local coordinates (10) in we, Friedrichs’ inequality in € and the trace the-
orem in II, (Ug,uf) is bounded in H'(2) x H'(II) and H8<u2||2L2(H) < Ce?, where
by uf, we denote the eigenfunctions uj, written in the local coordinates. Then, using
a classical argument of diagonalization we extract a subsequence (still denoted by
g) such that (Ug,uf) — (Vi¥,v}) weakly in H'(Q) x H*(II), as ¢ — 0. Besides,
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Ve HYY(Q,T) and vi = V;7(0,7) in II. If we assume that this limit V;* # 0, since
Ae™™ = g as e — 0 and vi = V¥(0,7) in II, we identify V' with an eigenfunction
of (8) corresponding to py, by taking limits in (4) for the test functions {G, g} = RV
with any fixed V € H(Q,T), once we have performed the change to the local co-
ordinates ({,7) in w,. Then, using again the convergence A\je~"™ — uy and (4) for
{G.g} = {Ug ui}, we have 1 = [{UEuzh2 — (oo + DIV ey + Vi 122 o)
and prove that V;* # 0.

The fact that the V;* are orthogonal in H!(Q,T) for the scalar product (18)
follows from the orthogonality condition for {Uf, u;,}. Then, we prove that the set
{V}22, forms a basis in the orthogonal complement of {V € HM(Q,T) : V =
0 on I'} in H1(Q,T) for the scalar product (18) by contradiction (cf., for instance,
Chapter II of [1] for the technique). Therefore, the theorem is proved. O

3. The middle frequencies when h is a constant. We study the asymptotic
behavior of the eigenvalues of (1) of order O(¢™~2) when m > 2, the so—called
middle frequencies, and their corresponding eigenfunctions. Different limit behav-
iors appear for these frequencies depending on whether the function h defining the
domain w, is constant or not. In this section, we provide asymptotic expansions for
the case where h = hg with hg a positive constant while those for the case where h
is not a constant are provided in Section 4. The justification for both asymptotic
expansions is given in Section 5.

Since a boundary layer phenomenon appears in a neighborhood of I'; it proves
necessary to consider outer expansions for the eigenfunctions in €2 and inner expan-
sions in a neighborhood of T" in the local coordinates (¢, 7) in (10). Thus, we write
the Laplace operator in curvilinear coordinates,

Ay =K(v, )0, (K(v,7)0,) + K(v,7) 0. (K (v,7)"10,), (23)
and also the normal derivative at the boundary T.:
Oy = (1+ 2K (v,7) 20 (1)*) Y2 (0, — eh/ (1)K (v,7)720.) . (24)

Then, we use the local variable (10) and we gather the coefficients at the different
powers of €. We write

Ac,=e2 8? + et 5(1)0 — (T)2CO + 02+, (25)
and
(142K, m) 20 (1)°)1 /20, = e 710 — e (T)0; + -+, (26)

where here and in the sequel the dots denote further asymptotic terms of different
powers of € which in general are not used to derive our results.

We consider an asymptotic expansion for the eigenvalues A* and for the corre-
sponding eigenfunctions {U¢,u°} in Q and w, of the form:

N=em2(\g+ X +e2Nha+--1), (27)
Us(z) = V(z) +eVi(z) +e2Va(z)+ -, x € 1, (28)
u6(<7 T) = UO(C7T) + 5“1(<7T) + 527}2(4-77—) +- ) C € [07 h(T))7T € SZ7 (29)

respectively, where v; are f—periodic functions in 7. Besides, we assume that at least
one of the functions V' or vy in (28)—-(29) are different from zero (see normalization
in (75), convergence (77) and Remark 1).
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By replacing expansions (27)-(29) in problem (1), after considering equations
(25) and (26), we collect coefficients of the same powers of €. In a first step, we see
that the leading terms in (27)—(29) satisfy the following equations:

—AA,V =0 inQ, (30
—a@?vo = Xovo, ¢ €(0,h(7)), T €S, (31
V=v onl, (32
adcvo(h(1),7) =0, TES, (33
alcvo(0,7) =0, TE€ES,. (34
From (31), (33) and (34), for h = hg > 0, we deduce that \g is an eigenvalue of

— — ~— ~— —

—ayy = Aovo ¢ € (0, ho),
{ 4(0) = (o) = 0 ()
and
UO(C7T) = yo(C)’U(T), C € (Oa hO): TE S@; (36)

where yo(¢) is an eigenfunction of (35) corresponding to A\g and v(7), at this stage,
is an arbitrary function of 7. Obviously, by assumption, v(7) do not vanish in S,
(see (30), (32) and (36)). It is clear that the eigenvalues of (35) are given by

k2 2
Mok = fork=0,1,2... (37)
hg
and the corresponding eigenfunctions can be chosen to be
k
Yo,x(¢) = cos (JC) for k=0,1,2..., (38)
0

while v(7) in (36) has to been determined.
In a second step, we obtain the problem

—aagvl —ax0cvg = Aov1 + Mvg, (€ (0,hg), T €Sy, (39)
adcvi(ho,7) =0, TESy, (40)
adev1(0,7) =0, T€S,. (41)

Since v (¢, 7) = yo(C)v(r) verifies (31), (33) and (34), the compatibility condition
for the non-homogeneous Neumann problem (39)—(41) in the {(—variable reads
ho

ho
—ase(r)o(r) / U (Ow(C) d¢ = Aol(r) / w(O?dC, TeSe

Moreover, by (38), foho Yoyo d¢ = 3 (yo(ho)?* — y0(0)?) = 0 and we have that A; = 0.
Considering Ao # 0, (see Remark 1 otherwise), the functions v; satisfying (39)—
(41) can be written in the form

v1(¢,7) = 2(T)o(T)y1(), ¢ € (0,hg), T €Sy,
where y;1(¢) is a solution of
{ —ayi = doy1 = ayh ¢ € (0,ho),
¥1(0) = y1(ho) = 0.
In fact, for each fixed eigenpair (Ag,yo) of (35), we can choose the solution y;(¢)
above to be the unique solution which satisfies foho y1(Q)yo(¢) d¢ = 0, and then, for
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(Aos%0) = (Ao,k, Yo,x) verifying (37) and (38) we have vi(¢,7) = v1 (¢, 7) defined
by

v1 (¢, T) = —%%(T)U(T) [(g - h;) (ZZ() Zfr i (Zg)] for k=1,2...
(42)

Following the process, in the next step, we have the problem for vo:

— aagUQ —ax0cvr + ax? ¢Ocvo — aafvo

(43)

- )\OUQ + )\1”1 + )\21}07 C € (07 h0)7 T E S@a
aa(:vg(hg,’r) =0, TESy, (44)
alcv2(0,7) = A9,V (0,7), T €S, (45)

Since A; = 0 and vy verifies (31), (33) and (34), the compatibility condition for the
non-homogeneous Neumann problem (43)—(45) reads

ho
A@VV(O, T)yO(O)f a/o (%(T) anl (Cv T) - %(T)Q CaCUO(C7 T) + 872_’00 (€> T))yO(C) dC

ho
=\ , 46
) / 00(C, 7)o (€) dC. (46)
Now, by virtue of (36), (38) and (42) we get
AD,V(0,7) + %(T)%(T)?’C;ho - M(ﬂ% = \o(r )h;

The last compatibility condition can be regarded as a boundary condition for the
function V in equation (30). Thus, due to (32), (A2, V) in (27)—(28) is an eigenpair
of the spectral problem

—AAV =0 in €,
aho (47)

h
AD,V = 82V—3a8—° 2V + A —V onT,

which does not depend on Ag (see Remark 5).
The weak formulation of (47) is: Find Ay and V € HY1(Q,T), V # 0, such that

h h
A/VxV-VdoJH— CLTO/&V@TWdTJr 3“—80/ S2VW dr
T T

h
= )\2—0 VWdT YW e HYUH(Q,T).

(48)

Since the left hand side of (48) defines a scalar product in HY'(Q,T) and the
embedding of this space in L?(2) (in L?(T'), respectively) is compact, we can write
an eigenvalue problem for a non—negative, symmetric and compact operator A on
HYL(Q,T) defined by

(AU, W) = };O/UW YU, W € HM(Q,T),
r

whose eigenvalues are 0, with the associated eigenspace {U € HV1(Q,T) : U =
0 on T'}, and (A)~! with finite multiplicity and Ay an eigenvalue of (48). Therefore,
(48) has a positive discrete spectrum which we denote by {A\5}52,
Hence, we have found the doubles sequences for the middle frequencies
o ak2T?
hg

Ao~e + ™AL, k,p=1,2,... (49)
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for which the corresponding eigenfunctions {U¢,u°} have asymptotics in £, given
by
Ué(z) ~ VP(x) x €1,
and
us (v, 1) ~ Ug7k(g,7') + sfuf,k(g,
where V7 is an eigenfunction of (47) corresponding to A5, v ,.(¢, 7) =yo,x(¢)V?(0,7),

7), T € w,

Yo.x is an eigenfunction of (35) corresponding to the eigenvalue ak?72hg? (cf. (38)),
and v}, is given by (42) for v(7) = V?(0,7).

Remark 1. We observe that for the first eigenvalue of (35), Ag,0 = 0, the functions
vo(¢,7) and v1(¢,7) solutions of (31), (33), (34) and (39)—(41) respectively only
depend on 7 and, consequently, the compatibility condition (46) along with (30)
and (32) lead us to problem (6) with g = Ay. Thus, we are in the range of the
low frequencies and the asymptotics in this section are in good agreement with the
asymptotic expansions in [10] of (1) and with the convergence results in Section 2
of this paper.

In fact, for Ag o # 0, we have proved throughout this section that the assumption
onvg # 0or V # 0in (29) and (28) implies that both functions are different
from zero. Also, it should be noted that, in order to consider expansions (29) and
(28), a certain normalization for the eigenfunctions {U¢,u} corresponding to the
eigenvalues (27) should be prescribed. In this connection, we refer to normalizations
in H¢, and formulas (75), (80) and (81) which outline that the integrals on the 7-
derivatives of vy in w. compensate with the integrals on gradients of V' in Q.

Remark 2. It should be pointed out that formula (37), obtained from (31), (33)
and (34), holds for k > 1 only if h is a constant function, namely, h = hg; otherwise,
the asymptotic expansions have to be modified as we do in Section 4 in order to
obtain the first term in (27) as an eigenvalue of a spectral problem independent of 7.
As a matter of fact, the dependence on 7 of the eigenvalue problem (31), (33) and
(34) leads us to predict that in small neighborhoods of certain fixed points 7y € Sy,
asymptotically, we can consider an eigenvalue problem depending on 7p; namely,
depending on de geometry 0f). defined by the function h at 79. This problem
would keep 7 as a parameter, in a similar way to (31), (33) and (34) for h constant.

In Section 4, we show that this is possible assuming that 7y is a local maximum of
h.

4. Middle frequencies for a non-constant function h. In this section we as-
sume that h is not constant and that there is a point 7 € Sy where h has a local
maximum and such that A" (1) < 0 (see Remark 10 for other possible cases of local
maxima where h”(79) = 0).

In order to isolate a neighborhood of this point 7y, it proves useful to introduce
the new local variables defined by

£

_ d _ T —1T0
ety M T T
with v a constant, v > 0. For any d > 0, the change (50) transforms the narrow
band {(v,7) : v € [0,eh(7)),|T — 70| < d} into the band {(&,n) : £ € [0,1),n €
(—de™7,de=7)} of width O(1) and length O(¢77), and it leads us to consider a local
or limiting problem in [0,1) x R independent of the geometry.

(50)
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Taking into account the Taylor expansions of h(7) and 3(7) in a neighborhood
of 79, we introduce the new variables in the Laplacian, namely, in formula (23), and
gather the different powers of . Since h/(1y) = 0, we have

/
0 + 1220

o 1 2 2772h”(7’0) 2 02 —17#(70)
h(ro) " (51)

8& + € h(To)

Agy =2
S e P e S ER

+e 0+

We proceed in a similar way for the normal derivative at the boundary I'., namely
for (24), and we can write

_2y-1 b (10)

1
2 —2p10 \2\1/29 _ _—1
(14+e*K(v,7)"*h/ (1)) *0p = ¢ e e TIESE

n® 0 —eh' (10) 7 Oy + - - -

(52)
Following the idea in [12] and [17] for localized eigenfunctions, among the possible
choices of 7y we consider one that leads us to an eigenvalue problem in L?(R) for the
Hermite differential operator in the “tangencial” variable i (cf. (67)). The idea is
to obtain a limit problem which has solutions decaying exponentially at infinity in
one of the variables (see Remark 13). Equalizing the exponents of € in the second
and fifth terms on the right hand side of (51) yields v = 1/2 in (50) which also
keeps the ansatz (27) valid for a local expansion of the eigenfunctions in the local
variables (50) (see Remark 3 for other possible values of 7).
Consequently, for v = 1/2 in (50), we consider the following asymptotic expan-
sions for the eigenelements (A%, {U=,u®}) of (1):

N=em2(\g+ X+ 4 --1), (53)
Us(z) = Ve(x) +eVi(x) + Vi (x)+-- -, T €, (54)
UE(f;ﬂ) :1)0(5;77)—’_51)1(5377) "‘52”2(5»77)"‘"' ) 5 € [071)777 eR. (55)

Besides, we assume that V¢ in (54) or vg in (55) are different from zero. We observe
that, as happens for (27), the first term A in (53) can be zero, but when dealing with
A® = 0(e™~2) we must avoid this possibility (cf. Remark 1). Also, we note that we
have assumed that the outer expansion (54) can be a non-regular expansion and we
allow the terms arising in the expansion to be dependent on ¢ and x simultaneously
and (55) is the expansion in the fast variables.

After considering equations (51) and (52), we replace expansions (53)—(55) in
problem (1) and collect coefficients of the same powers of €. In a first step, we have
that the leading terms in (53)—(55) satisfy (30), (32),

a

_W 8521)0 = Avg, £€(0,1),n€R, (56)
a

m 85”0(1»77) - Oa ne Rv (57)
a

o) devo(0,m) =0, neR. (58)

Thus, Ag is an eigenvalue of
a 1
— 77 oY = )‘0y0) ge Oal )
h(10)27° 1) (59)
Y0(0) = y5(1) = 0,
and
vo(&m) =yo(§v(n), &£€(0,1),n€eR, (60)
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where yo(&) is an eigenfunction of (59) corresponding to A\g and v(n) is an arbitrary
function of 1 to be determined. The eigenvalues of (59) are given by

ak?r?
= — fi =0,1,2... 1
A0,k CSE or k=0,1, (61)
and the corresponding eigenfunctions can be chosen to be
Yo, (§) = cos (km&) for k=0,1,2... (62)
In the second step, we have
a h'(10) #(70)
— ——— 0% + a———2 1° 0%vg — a2 Dgvg—adv
A(ro)? ¢ T Chlr)s 0T Th(rg) HO T (63)
= A¥1+A1v0, 56(071)777€R7
0 er(0,) = M0 2 0, =0, neR (64)
h(TO) ¢U1\YU, 1] 2h(70)2 n ¢Vo(U, 1) = U, n )
a ah”(10) o
— 1 - 1 = R.
h(To) 851)1( ’n) 2h(7’0)2 n ((951)0( 777) 0, ne (65)
Since vo(&€,n) = yo(§)v(n) verifies (56)—(58), we rewrite (64) and (65) as
35’01(0,77) = 35’01(1,77) = Oa n S Ra (66)

and, the compatibility condition for the non-homogeneous Neumann problem (63),
(66) provides:

ah” (19) o ax (7o)

1 1
o) [ ©m(e s = o) [ unomie) de

— () /0 yo(€)* € = \yu(n) /0 w(©)?de, neR.

Considering the explicit form of the solutions of (59), namely (62), we compute
fol Yoyo dé = 3(yo(1)> — y0(0)?) = 0 as well as the rest of the integrals in the
compatibility condition above, and we get the equation for the eigenpair (A1, v):

o Putn) = (1) = Mol € R (67)

On account of the assumption h”(7y) < 0, for each fixed Ag > 0, the changes

. B (o) \* B . _A W(r) \ 11
n= (_/\Oah(fg)> n, v(n) =exp(—=n°/2)V(n), a= i <_)\Oah(72)) )

in (67) lead us to the Hermite equation with parameter «, namely,

V(i) = 20V (1) + 2V (i) = 0,

which provides two linear independent solutions, and for any natural a, one of these
solutions is a polynomial (cf. the Hermite polynomial of degree «). Therefore, by
prescribing the condition that the solutions exp(—72/2)V (7)) belong to L(R), (67)
has a discrete spectrum (see, for example, Chapter IX of [5] for a proof) and we can
compute the eigenvalues \; and the corresponding eigenfunctions v(n) as follows:
For each \g > 0 eigenvalue of (59), we have the sequence of eigenvalues of (67)

h”(To) 1/2
AMop= | —a) 2p — 1) fi =1,2...
1,p < aAp h(70) (2p ) forp )
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while the corresponding eigenfunctions are

e 1/2 o " 1/4
() = Cyexp ( (-2 ’;) H((A"hgi) n> (65)

for p=1,2..., where C, are arbitrary constants and H,_; are the Hermite poly-
nomials of degree p — 1.

Hence, we have identified the first two terms in the expansion (53) which shows
a splitting of the middle frequencies into a double series

k2m? h' (7o) /2 Vakm
A= gm28 +€m_1(—a ) 2p—1)--- kp=1,2..., (69
h(70)? W) ) i) Y P (69)

for which the first term in (55) is also determined by (60) with v = v? given by
(68).

Let us determine the second term in (55). By virtue of (60), (59) and (67),
equation (63) becomes

a »(7p)
———— 0?01 — a——L vy = Ao, €(0,1),neR,
R(ro)2 26U T () Ov0 = Aovi, £€(0 1)

and v1(&,n) can be obtained by separation of variables as

”1(5,77) = v(n)yl(g)a §€ (0> 1)7 ne R,
with v(n) the function in (60) and y; (&) satisfying

a " %(7-0) /
_ _ -~ 1
h(70)2 Y1 /\O?Jl a h(TO) Yo, 5 S (Oa )a

y1(0) = (1) = 0.

Indeed, by prescribing the condition fol v1(€,Mm)yo(§) d§ = 0, for each fixed eigenpair
(Ao, %0) of (59), (Ao,y0) = (Mo, Yo,k) defined by (61) and (62), (70) determines
uniquely y;(£) which can be explicitly computed. Hence, we have:

1 %(T()) 1 1 . B
_5 h(To) U(U) |:<£ - 2) CcoSs (kﬂf) - E sin (kﬂf) fork=1,2...

From the reasoning above, it should be noted that searching for localized eigen-
functions we have determined the first two terms in (53) and (55), while the terms
in the outer expansion (54) are yet to be computed in order that expansions (54)
and (55) match up to a certain order.

To this end, we note that (55) is defined by the fast variable = (7 —7y)e~/? and
the function vg(€,n) + ev1(€, n) is somewhat localized in a neighborhood of n = 0,
namely in {z € w. : |7 — 79| < Ke'/2,v € (0,eh(7))} with K a positive constant,
and it is exponentially small outside. Specifying further, v(n) is exponentially small
for 7 satisfying |7 — 79| = €? with any p < 1/2.

Hence, in order to get an approximation of {U¢, u} in the whole )., we introduce
a cut—off function y € C°°(R) such that for a fixed d, 0 < d < ¢/2,

A(5) = { 1, as |s| < d/2 (71)

0, as |s| > d.

(70)

’Ul,k(ga 77) =

Then, we set

W, 7) ~ X(T—TO)U(T;/QTO) [yo(shzg +5y1<5h”(r))] for (,7) € we, (72)
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where (Ao, yo) is an eigenpair of (59), (A1, v) is an eigenpair of (67) and y; is the
solution of (70).

Now, the condition (1)s, along with (53), (54) and (55), provides the first term
in the outer expansion (54) to be the solution of the non-homogeneous Dirichlet
problem

—AAVE=0 in Q,
(73)

V@) =xr =)o ) be(0) + en (0] on

On account of the smoothness of the non-homogeneous data on I'; for each fixed
e > 0, we have that the problem (73) has a unique solution V¢ € H?(Q2) and we
can set

Us(z) ~Ve(z) forzeq. (74)
In addition, since the data is located at supp(x) and the function v decays expo-
nentially with the distance to 7y, one may expect that V¢, as well as its derivatives
up to the order k, be of order o(1) at a distance of the order O(1) of 7y (also, at a
distance O(eP*) for a certain p, < 1/2 depending on k).

Hence, formally, from (72) and (74), we have localized eigenfunctions correspond-
ing to eigenvalues in the middle frequencies range in (69) which concentrate asymp-
totically their support in Ce’/2-neighborhoods of 7. It remains to justify approx-
imations (72) and (74) and to show the estimates above for V¢; this is performed
in Section 5.2 (see Theorem 5.6, Lemma 5.5, Remarks 8, 10 and 13).

Remark 3. It should be noted that, under the assumption h”(7y) < 0, the choice
of ¥ = 1/2 in (50) is crucial for obtaining the eigenvalue problem (67) and the
results throughout this section. Indeed, the second and fifth terms on the right
hand side of (51) allow us to obtain a countable set of eigenvalues of (67) and the
exponential decay of their corresponding eigenfunctions. For any other value of
v > 0, the possible limiting problems do not have the above properties and the
discrepancies between powers of ¢ can be larger when we replace (53) and (55) in
(1)2. See Remark 10 for the case where h”(7y) = 0.

Remark 4. Also, we emphasize that the technique and the results throughout the
section can be applied to the case where the parameter ¢ dealing with the stiffness
of the band w, is greater than 1. Indeed, unlike the case where h is a constant
function, we observe that here we only need to consider the first two terms in
(53) and (55) to determine both v(n) and vo(€,n). Thus, the leading terms of the
asymptotic expansions (53), (54) and (55) of the eigenpairs of (1) coincide with those
of problem (1)1, (1)s, (1)5, (2) and (3) with ¢ > 1. Consequently, the asymptotic
expansions in this section hold for ¢ > 1 up to the first order while higher order
terms in (53), (54) and (55) can be different depending on ¢. Also, as regards the
convergence, similar estimates to those obtained in Theorem 5.6 hold for ¢ > 1.

Remark 5. We note that when the function h is constant (cf. Section 3), the
resulting problem (47) for the leading term in (28) is independent of the positive
eigenvalues and corresponding eigenfunctions of the limit problem (35). In fact, the
resulting problem (47) provides the second term in the asymptotics (27), the first
and second term in (29), and the first term in (28).

Instead, when h is not a constant and it has a local maximum at 7y (cf. Section 4),
the resulting equation (67) in the Dirichlet problem for the leading term in (54)
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depends on the eigenvalue A\g > 0 of the limit problem (59). Also, the second term
in the asymptotics (53) depends on this eigenvalue.

5. On the convergence for the middle frequencies. In this section, we justify
the asymptotic expansions in Sections 3 and 4. In particular, we provide estimates
for convergence rates of the eigenvalues of (1) of order O(e™~2) and also of the
corresponding eigenfunctions as stated in Theorems 5.3 and 5.6 depending on h.
Throughout the section we assume that m is a parameter m > 2. The case where
the function h is a constant is in Section 5.1 while the case where h is not constant
but it has local maxima points is in Section 5.2.

We first introduce some notations and results of further use. For each £ > 0, let
us denote by H® the space H'(Q.) with the scalar product

{U, u},{V,v})p- :52A/vaUonVd:c+€a/ Vau - Vyvde

e

1
+5m/Ude+g/ wdx Y{U,u},{V,v} € H'(Q.).
Q We
(75)

Let A® be a positive, compact and symmetric operator on H¢ defined by
1
(AU (Gogh e =" [ UGdn+ 2 [ ugds (U}, (Gug) € H' ().
Q We

It is clear that the eigenvalues of A® are {(1 + \5e27™)~1}2° | where {\;}3°, are
the eigenvalues of (1).

In order to prove convergence results, we use a classical result on “almost eigen-
values and eigenvectors” from the spectral perturbation theory, namely, Lemma 5.1
(see, for instance, Chapter III in [20] for a proof).

Lemma 5.1. Let A : H — H be a linear, self-adjoint, positive and compact
operator on a separable Hilbert space H. Let uw € H, with |lullg =1 and A\, r > 0
such that ||Au — Aul|lg < r. Then, there erists an eigenvalue \; of the operator A
satisfying the inequality [N — X\;| < r. Moreover, for any r* > r there is uv* € H,
with ||u*||g = 1, u* belonging to the eigenspace associated with all the eigenvalues
of the operator A lying on the segment [\ — r*, X\ + r*] and such that

2
lu— |l < =

r*
For convenience, we also introduce here Lemma 5.2 which is related to the spec-
tral convergence for large eigenvalues (see [4], for instance, for a proof.)

Lemma 5.2. Let {T*}.c0,1) be a family of selfadjoint and compact operators on
a Hilbert space H. For each g, let {us}52, be the sequence of the eigenvalues of
TE with the classical convention of repeated eigenvalues. Let us assume that the
family T¢ satisfies the following property: for each i € N the function p'(e) = us is
continuous with respect to € in [0,1]. Then, for each 8 > 0 and X > 0 there exists
a sequence €; — 0 and a sequence of natural numbers {i(;)};en, i(e;) = 0o, such

that
(M?@ﬁ) - 5? = A
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5.1. Case where h is the constant hg. In this section, we justify the as-
ymptotic expansions in Section 3 up to a certain degree which can be improved
by constructing higher order terms in (27)—(29) (see Remark 6). When justifying
(27), we provide estimates which establish the closeness of the eigenvalues of (1) and
Xo+e2 )2, where (Mg, \2) are pairs of eigenvalues of (35) and (47) (see (27) and (76)).
When justifying asymptotics (28)—(29) for the eigenfunctions {U¢, u®}, we deal with
groups of eigenfunctions corresponding to eigenvalues A° of (1) verifying (76) and
the approaches hold in the topology for H'(£).) given by the scalar product (75),
in the way stated by the Theorem 5.3 (see (86)). We also provide a complementary
result that allows us to assert that any approach of the re-scaled eigenvalues of
(1), A*e27™ to other values different from the eigenvalues of (35) gives approaches
through zero for the corresponding eigenfunctions in a certain topology stated in
Theorem 5.4. Throughout the section we consider the change (10) and denote by
w the torus (0, hg) X Sy. Let us note that choosing a suitable normalization for the
eigenfunctions (cf. (75)) is essential in order to obtain the results throughout the
section.

Theorem 5.3. Let (Ao, yo) and (A2, V') be eigenpairs of (35) and (47) respectively,
Ao # 0, such that ||y0||2L2(07h0) = ”V”Z’?(r) = ho/2. Let us consider vo((,7) =
Yo(QO)V(0,7) for (¢,7) € w. Then, if m > 2, there are eigenvalues )\i(s) of problem
(1) such that
@ A 2 3, .m/2

Cn2 "o € Ao| < Ce” +e™7) (76)
where C' is a constant independent of €. Moreover, there is a linear combination
of eigenfunctions {U®,a°} € HY(Q.), {U®,a°} corresponding to eigenvalues Ake)
of (1) which satisfy /\2(6)52_’” € Mo — Ke? Mo+ Ke] with K >0 and 0 < 0 <

min(2,m/2 — 1), |{U¢, @ }||ne = 1, such that
0% = a#Vllws @y + I = a%tollsgy < Cemin@-0m/z=1-0(7p)

where G¢((, ) = u®(x) for ((,7) € w, and a® is a well determined constant (see (78)
and (87), of — (VT+ Xo)~ !, as e — 0. As a consequence, U¢ (i, respectively)
converge towards oV (awg, respectively) in H'(Q) (H(w), respectively) as e — 0,
the constant o being o = (v/1+ Xg ).

Proof. Let Ao, A2,90,V and vy be as the theorem states. Let us consider vy, vy €
H'(w) satisfying periodic conditions on 7 = 0 and 7 = ¢ and verifying problems
(39)—(41) and (43)—(45) respectively for A; = 0; vy, vy are determined uniquely by
prescribing the orthogonality conditions

ho
/ w0 dC =0 for i = 1,2.
0

Note that vg, v1, v2 and V are smooth functions, in particular, vy, vy, ve € H?(w)
and V € H%(Q).

For sufficiently small e, we consider the function {W¢ w®} defined by

{ We(z) = V(z) + ePvi(x) + €2 Pvy(x) if x € Q,

wé (v, 7) = vo(v/e,T) +evi(v/e,T) + e2va(v/e,7) if 0 <v <eho,7 €Sy,
(78)
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where P : H?(w) — H?(Q) is the continuous operator such that Pv is a harmonic
function and (Pv)|r = v(0,7) for any v € H?(w). It is clear that {W¢ w®} €
H(Q.). In order to apply Lemma 5.1 we first prove the estimate

1 ~
- WS ™ W
1+)\0+52)\2{ y W }v{ ,w}>7{€

< CE + ™) W, whlpe VIW 0} € 17,

‘(AE{WE,IIF}—

(79)

where {W¢, @} = {We, w}||{W¢, w}|5;+ and C is a constant independent of e.
Considering the definitions of A® and the scalar product (-,-)y- in (75), we can
write
1
14X +e2)

1
=(Xo +€%)\2) <5m/ WEWdo:Jrg/ wswdx)
Q We
—EZA/VxW6~Vdox—5a Vow® - Vowde.
Q

We

(1+ Xo +€%X9) (AE{WE,wE} {We w} {W, w}>

HeE

For the integrals in w., we perform the change of variables (10), and we denote by
K.((,7) =1+ &(s(7), namely K(v,7) in the local coordinates (10). The integrals

1
€| Vzu-Vyvdr and g/ wv dx (80)
in (75) read
i %%Kadgdr + &2 i %% K-'d¢dr and /wuvKE d¢dr  (81)

respectively, where now u and v are written in the new variables (¢,7). Thus,
taking into account the definition (78) of {W<¢,w}, (10) and the formulas above,
we consider the decomposition

1
B 14 Xo+2)9
=L+ + I3+ 1+ Is+ Ig

(14 Ao +52A2><A€{Wﬁ,w€} {Wéws},{w,w})

HeE

where

I, = /\0/vowdCdT—afﬁgvoacwdCdT,
I, =¢ (Ao/vow(%dCdT+)\o/vlwdCdT
—a/@CUOGCwC%dCdT—a/ agvlacwde') ,
I; =2 ()\o/vle%dCdT—i-)\o/vgwdCdT—i—)\g/vowdCdT—A/QVV-Vde

—a/ 07 007w d{dT—a/ agvlagngd(dT—a/ 8<v28deCdT>,
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I, =&3 ()\o/ vng%dCdT—i-)\g/ vowzr d(dT
+)\2/(v1 + evg)wK, d¢dT — a/ acvgacw(%dCdT) ,
w w

Is = —ag? / 0090, w(K' — 1) d¢dr — ag® / Oy (v1 + ev2)0,wK -t d¢dr,

Is = (Mo + 52A2)5m/ WeW da —A53/Vw(Pvl +ePvy) -V, W dz.
Q Q

Then, we prove the estimate (79) for each I; above.

Indeed, the fact that vg, vy, ve, V satisfy (31)—(34), (39)—(41), (43)—(45) and (47)
respectively leads us to I} = Io = I3 = 0. In addition, on account of (12), (75) and
the change of variables (10), we have

14| < Ce*|{W, w} -

As regards I, integrating by parts in w and taking into account the smoothness of
vg, v1 and ve and the definition of K. and of the scalar product (75) yields

[I5] < C2[|02v0 | 2wy 1wl 2wy + 10700l L2 () 1wl 2 w) + 102011 L2 1wl L2 0
+0rv1 [l L2 @) [0l 2wy + 107 v2]| L2(w) [0rw] L2 ()] < CE*[{W, w2

On the other hand, in order to obtain bounds for I, we first consider the trace
inequality

lwllZairy < Cle™ M wlie,) + lwllro) 10wl aq,,)] Yw € HY(we),  (82)

which is obtained by integrating over 7 € I' the formula

0.1 = | “a [(1 - h()) ulv, T>2] v

eh(T) 1 eh(T)
< / v, )2 dv + 2 / (v, 7O u(v, )| dv Yu € CL(@.),
0 Eh(T) 0

and allows us to obtain (see (75), (80) and (81))

[wllzz@y < CIUW, iz V{W,w} € H(Qe). (83)
We also consider the trace inequality
10,02y < ClUllaey YU € HA(Q). (84)

Then, integrating by parts in €2 and using the definition of the operator P, the
fact that W = w on T, the definition (75), formula (82) and the trace inequality
10, (Pv1)|lL2ry < C||Pvi|g2(q) from (84), we obtain

6| < Cle™ Wl 20y W Il z2(@) + €10y (Por)ll 2oy W | 2(r)
+ e [Va(Po2) | 2 (@) IVa Wl 2(0)) < C(e™ + %) [{W, w}|l3¢e-

Finally, considering the local coordinates (10), we verify that |[{W¢, w®}||3,. —
||v0||%2(w) + HGCUOH%z(w) =14 X as ¢ = 0, and we have proved that the estimate
(79) holds for sufficiently small e.

Now, we apply Lemma 5.1 for H = H, A= A5, A= (1+ Ao +€2Xy)"! and u =
{We, @} and r = C (e +€™/?) which provides, for sufficiently small ¢, at least one
eigenvalue Ay ) of (1) verifying |(1—1—)\2(6)52_7”)_1—(1+)\0+52)\2)_1| < C(e3+em/?),
and consequently, we deduce (76). Moreover, if we take, for instance, r* = e? with
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0 < 6 < min(2,m/2 — 1), Lemma 5.1 also provides a function {U¢,4°} € H, with
I{U=, @ }|e = 1, {U®, @} belonging to the eigenspace associated with all the
eigenvalues (1 + Ai(€)52_m)_1 of A¢ contained in

(14 X+ X)) = (1 + X0 +20) 7t +£7, (85)
such that
{0, @} = a*{W=, w |y < C(> 4 m/27) (86)
is satisfied where
a® = [{W=, w5z (87)

Now, from (78) and (75) and (10), we conclude that, for m > 2,
18° = a%voll 12w + [19¢ (@° = @%vo) | g2y < Ce™ME~0m/270)
and
107 (8 — a®v0)|| L2w) + HVI(UE — V)| L2y < Cemin(2-0,m/2-1-0,1)

Finally, since U¢|r = °(0,7) and V|r = vy(0,7), Friedrichs’ inequality for U¢ in Q
and the trace inequality for G° in w lead us to assert estimate (77) and U® (GF, re-
spectively) converge towards aV (awg, respectively) in H'(Q) (H'(w), respectively)
as € — 0 being o = (/1T + Ag) ~!. Therefore, the theorem is proved. O

Remark 6. Let us note that (76) justifies the asymptotic expansions (27) up to
order O(¢?) when m > 4. In the case where 2 < m < 4, (76) and (86) also provide a
justification for the first terms arising in (27)—(29) while it is necessary to construct
explicitly the further terms in (28) to improve the estimate of |Is| and consequently
the estimate in (76). We also note that in fact, the proof of Theorem 5.3 provides
extra information on the approaches of the eigenpairs of (1) to the eigenpairs of
(35) and (47) complementing that outlined in the statement of the theorem (see
(85) and (86)).

Theorem 5.4. Let A\, be any positive real number which is not an eigenvalue of
problem (31), (33) and (34) (problem (35) equivalently). Let m be m > 2, and
let 0. denote any sequence of positive numbers converging towards zero as € — 0.
Let us assume that there are re-scaled eigenvalues N°e>~™ of problem (4) in the
interval [\, —0°, \+06°]. Let us consider {U¢,4°} € H'(Q.) any linear combination
of eigenfunctions of (1) corresponding to the eigenvalues X° such that \°e*~™ €
[Ae — 0%, A\ 0], {U=, @} satisfying |[{U®, @ }||3= = 1. Then, & and 8:G° converge
towards zero in the weak topology of L?(w) as ¢ — 0, being §°(¢,7) = 4 (x) for

(¢, 1) €w.

Proof. First, we consider the case where there is only one re-scaled eigenvalue
A°e27™ in the interval of the statement. Let {U¢,u°} be the corresponding eigen-
function satisfying [|[{U®,u¢}||s = 1. Let us consider u® to be the function u® in
the local coordinates (10), then, we prove that u® and d.u® converge towards zero
in the weak topology of L?(w).

Considering the scalar product (75), and (80) and (81), the normalization in H®
reads

EQA/ |VwUE|2dx—|—a/ |0cuf|? K. dCdT+€2a/ |0, usPK - d¢dr
Q w w

+€m/ |U6|2dx+/ 2K, dCdr = 1,
Q w
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where K (¢, 7) = 14 e(s(7). Taking into account (12), for sufficiently small &, we
have:

elIVaUS | L2y +™ U= || 2 () + 0% | 22 () 100 22 ) FellOru® | 12wy < C- (88)

Hence, we can extract a subsequence (still denote by ¢) such that u® and J;u®
converge, as ¢ — 0, weakly in L?(w), towards some functions u* and 1)* respectively.
It is clear that ¢* = Ocu* in D’(w). Assuming that the function u* is not identically
equal to zero, we identify it by limits in the weak formulation (4) for certain suitable
test functions that we construct below.

Let v be any function v € H'(w) satisfying periodic conditions on 7 = 0 and
7 = (. For sufficiently small ¢, let us consider the function {V¢,v°} € H' ()
defined by

= [ DR

and v (v, 7) = v(v/e, 1) if (v,7) € (0,eho) x [0,£), where ¢ € C®(R), 0 < ¢ < 1,
¢(r) =0if r < —hg and ¢(r) = 1 if r > 0. Considering (10), (80) and (81) it can
be verified that

HVEHLZ(Q) S CEl/QHVHLz(w) and El/ZHVwVEHLz(Q) S C||V||H1 (w), (90)

where C is a constant independent of € and v.

Let us consider the variational formulation (4) multiplied by €2, with the test
functions {G, g} = {V°,v°} defined by (89), the change of variable (10), (80) and
(81). We have:

e24 / V.U -V, Vdz +a / OcufOevK, dCdT + %a / O-uFd-vK " d¢dr
Q w w

= 5272 (5"‘/ UVedx —|—/ usvK, dCdT).
Q w

Taking into account (88), (90), (12), and the normalization of the eigenfunction in
He (see (75)), for m > 2, we pass to the limit in (91) when € — 0 and we get

(91)

a/agu*agdedT:)\*/u*dedT

for all v € H'(w) satisfying periodic conditions on 7 = 0 and 7 = ¢. Therefore,
(Ax,u*) is an eigenpair of (31), (33) and (34), which contradicts the assumption on
Ay in the statement of the theorem. Therefore, u* = 0 in w and the theorem holds.

Finally, we rewrite the above arguments with minor modifications in the general
case where there are several re-scaled eigenvalues of (1), A*¢2~™, in the interval
A — 05, A + 6°]. Indeed, let us denote by {Ai(s)ﬂ}'fzo this set of eigenvalues,
and {{Uli(s)+j’“i(s)+j}},}']:0 the set of the corresponding eigenfunctions; J being
a certain natural that can depend on ¢. Then, the {U’E,ff‘} in the statement of
the theorem can be written as {U®, a4} = Zj:o S{Ug (o) 450
constants a5. Let us consider u* and Jgu* the weak limit in L?(w) of u¢ and
0cU° respectively. We rewrite the reasoning above for each eigenvalue and the

U, ()4} for certain

corresponding eigenfunction of the set, and for {U,u*} = {UZ(E)+j7uZ(E)+j} and
A® = Aj(e)4; We have equation (91) which we multiply by of, for j = 0,1,---,J,
and take the sum. Then, we take into account that max;—g1,...s |)\i(5)+j — \i| tends
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to zero as € — 0, and we obtain the equation above for (A, u*). Again the argument
by contradiction leads us to assert that the result in the theorem holds. O

5.2. Case where / is not constant. In this section, we justify the asymptotic
expansions in Section 4. When justifying (53), we provide estimates which establish
the closeness of the eigenvalues A\* = O(¢™~2) of (1) and the sets \g + €A; where
Ao and A; are eigenvalues of (59) and (67) respectively. We also give information
on the structure of the eigenfunctions corresponding to A°.

In particular, the results in this section show that in the case where the narrow
band w, is not constant there are “groups” of eigenfunctions of (1) corresponding
to the middle frequencies which have supports localized asymptotically in small
neighborhoods of points 7 where the function h, which defines the geometry of the
boundary 052, has a local maximum (see (99) and (94)).

Let us assume that the function h has a local maximum in 79 and h”(m) < 0.
Let us recall the change of variable (50) from (x1,z2) to (§,7) for v = 1/2, namely

and n=—7p (92)

Considering the change (92) in we, the scalar product (75) reads
({U» u}» {Va 'U})'HE

=24 / V. UV,Vdx +e™ / UVdz +e%a | OeudevKohItdedn
Q Q RS

. - 93
+€5/2a/ 35u8§v§2K;1h;1(h’8)2d§d77+€3/2a/ Oyu 0, K- h, dédn (93)
R, R

- 62a/ (D v + Dyu dev)EKZ LR dedn + e/? / uvK_h. dédn,

& R

where the functions u,v € H'(w.), and the functions u, v, K., h. and h. are defined
as u(€,n) = u(x), v(€n) = v(x), Ke(,n) = 1+ c€h(ry + =V/2n)se(ro + /%),
he(n) = h(1o +'/2n) and h.(n) = I/ (1o + £'/2n) respectively for (¢,1) € R.. Here
R. denotes the domain transformed of w. with the change of variable (92).

The main result in this section is stated in Theorem 5.6. Previously, we provide
a result which describes the behavior of the solution of problem (73) and which will
be used for the proof.

Lemma 5.5. Let g € C*°(R) be a function verifying
IVEg(s)] < Cr(14s2)"1%2 forseR and k=0,1,2...
For e >0, let V€ be the solution of the problem

{ —-AVE=0 mn Q
Ve =x(r—10)9((r —10)/") onl

where v > 0, 19 € T, x € C®(R) is a cut-off function such that x(s) = 1 as
|s|] < d/2 and x(s) = 0 as |s| > d for sufficiently small d > 0. Then, the function
Ve satisfies for any 0 <6 < 1

IVEVE ()| < o e’ (e? 4 92)0-1=0/2 yr e Qand k=0,1,2...  (94)

r being dist(x,70) and cks a constant independent of .
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Proof. Let G(s,t) be a function defined in the half-plane R?*T = {(¢,s)/s > 0},
such that G(0,s) = g(s) and |V} ,G(t,s)| < Cp(1 412 + s?)717%/2 for (t,s) € R*T
and k = 0,1,2... Then, the function V¢ can be written as V¢ = V& + V5 where
VE(x) = x(v)x(1 — 10)G(—v/eY, (1 — 79)/€7) and V5 is the solution of

—A Vg =F°¢ inQ

Vo =0 onT
with F© = A, VF. By the definition of G(t, s), it is easy to check that for sufficiently
small d > 0,

IVEVE(2)] < Cre® (e +1r2) 7 7F/2 for k=0,1... (95)

and consequently (94) holds for V¢ = V.
In order to estimate | VXV ()], we introduce the space V5 (Q;€7), defined by the
Sobolev space HP(Q) equipped with the scalar product

P

(V.W)vr (e = Z / (&7 47r)2BPHIVIV.VIWdz for BeR, andp=1,2...
j=0"

Then, we use two results from the general theory of elliptic problems in domains

with singular perturbed boundaries (see Chapter 4 of [7] and [16] for instance). The
first result provides the estimate

‘|‘/2€HV§+1(Q;5’Y) < cgpl FE|‘VI§°*1(Q;@) (96)

where the constant cg, is independent of the parameter ¢ € (0,¢¢] if and only if
|6—p| < 1. The second one, due to the embedding theorems of the Sobolev weighted
spaces into the Holder weighted spaces, gives us the relation

(7 + )7 FIVEVS (2)] < e[V ||tz (@) for k=0,1,2... (97)

o+k+1
Therefore, for each fixed k and ¢ € (0, 1), applying (97) and (96) with o =1 —,
p=k+1and f=2-—0+k, which satisfy |8 — p| < 1, yields

-5
(27 + 1) I RIVEVE ()] < exllVE lypsa areny < ol Fllvg @

In addition, the definition of V' (Q;£7), that of %, and estimate (95) lead us to the
inequalities:

k
||F5||%/2k,_8+k(9;57) S Ck Z/Q(E’y + T)4_26+2]‘V;F6|2 dr
7=0

k d
< ck Z/ (67 + )12 208 (2 4 )2 pdr < 27179,
j=0"0

Then, (27 4+72)1=0+R)/2|VEVE (2)] < ¢, 567179 and (94) holds for Ve = Vi, which
completes the proof. O

Theorem 5.6. Let (Ao, A1, Yo, v) be an eigenelement of (59) and (67), Ao # 0, such
that ||y0||%2(0,1) = ||v||ZQ2(R) = 1/2. Let us consider yy the solution of (70) orthogonal
to yo in L*(0,1), and V¢ the solution of (73), where x € C*(R) is defined by (71).
Let m be m > 2. Then, for any 6 € (0,1/4), there are eigenvalues )\Z(E) of problem
(1) such that

Ao

8m—2

— g —eAy| < /A0 (98)
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where C'is a constant independent of €. Moreover, there is a linear combination of
eigenfunctions {U¢,a} € HY(Q.), {U®, ¢} corresponding to the eigenvalues Ake)
of (1) which satisfy )\2(6)52_7" € [No—Ke? N+ Ke’] with K >0 and0 < § < 1/2-4,
{0, @} || = €'/4, such that

61/2HU6 _ BEVEHHl(Q) + H,aa . 56w6||H1(w5) < 061_6_9 (99)

where we is defined by (100)q, 5 is defined by (106) and 35 — (1/(1+ Xo)h(7))~*
as € — 0.

Proof. Let (Ao, M1, %0,v), y1 and V¢ be as the theorem states. For sufficiently small
e, we consider the function {W¢, w®} defined by

We(x) =Ve(x) if x € Q,

wE (v, 7) = x(7 — 7o) v<:/§°> {y()(d:ﬂ) + 6y1(€hlz7_)>} if (1,7) € we.
(100)

It is clear that {We w®} € HY(.). In addition, considering Lemma 5.5 for § €
(0,1/2), we take integrals over €2 in (94) with k = 0,1, 2, and we perform the change
to polar coordinates around 7q in the integral on the right hand side of the inequality
(94); then, we obtain the estimate

66/2||V€||L2(Q) + 51/2||VJ;VE||L2(Q) + <€||ViV8HL2(Q) S 081/2 (101)

with C' a constant independent of e.
In order to apply Lemma 5.1, we prove the estimate

1

5/4—8
T+ Ao+ N < CY 0 {W, wh e
(102)
for all {W,w} € H=, where {W¢,w} = {We, w}[{W?,w}| 5! and C is a constant
independent of €.
Taking into account the definition of the operator A%, the scalar product (-, )se
and the function {W¢ w®} and introducing the change of variables (92) in the

integrals in w., we can write

‘(AE{WE,’UNJE} — (W, a¢}, {W,w}) "

1

1+A A Sqwe wtl — —mM
(I+Xo+e 1)(A{ ,w} T on

{WE,U)E},{VV,U]}) =Ji+Jo+J3+Jy
HE

where
Ji = 51/2 ()\0/ XEUyOWREhE d&dn — a/ aﬁ(Xszo)f)ng(ehE_l dfdn> s
R R

Jo :53/2 <>\0/ styl"VKshs dfdn + >\1/ styOWKshs dfdn
R R

— a/ e (xevy1)OewK ho b dedn — a/ 8,7(X5Uy0)8nwl~(;1h€ d§d77> ,
R R

Js=(No+e\)e™| VW dx — A V,VE -V, W dx,
Q Q
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and
Jy =e%/? <)\1/ xevy1wK he dédn — a/ 8W(X€vy1)&7wf{;1he d€dn
R R
—a / 65w585w§2(h’8)2h;1f{;1dgdn)
R
+e%a / (Ogw® Oy w + OyweOew)EK S AL dédn;
R
with w denoting the function w € H'(w.) in the local variables (¢,7), R = (0,1) xR
and x.(n) = x(¢'/?n). Therefore, in order to obtain estimate (102), it suffices to

obtain the estimate for the terms .J; + Js, J3 and Jj.
The fact that (Ao, yo) is an eigenpair of (59) leads us to the relation

Jy =12 <)\0 / evyow (m — ) — 20 eghm)%(m)) dedn
R
1 W)
7a/R(95(X€vyo)8§W (ths " hro) +52h(70)2n 55%(70)> dédn

+ eXoh (7o) / X=vyown” dédn + eas(To) / XVYoW d£d77> .
R R

Besides, since (A1,v) is an eigenpair of (67) and y; is a solution of (70), we can
write

Jo = £3/2 ()\0/ XeVY1W (f{ghs — h(To)) dfdn—i—)\l/ XeUYoW (thg — h(To)) d&dn
R R
~a [ aclxeom)ew (R = him) ™) ded
R
- a/ On (Xevy0)Opw (Kglhg - h(Tg)) dédn — /\Oh"(To)/ styoan d&dn
R R

—ax(1o) / X=vyyw dédn + ah(To) / (ex’v — 282X 0" )yow dﬁdn)
R R

and J; + Js reads

Ji+ Jo
=cl/2 ()\0 /Rxgvyow (IN(EhE — h(m) — E@UQ — th(Tg)z%(T0)> d&dn
> o —1 1 h"(m0)
_a/Rag(ngyO)[“)gw (Kshe = ) +52h(7_0)277 —55%(To)> dgdn)

Y. <>\0/ VW (Kshs _ h(To)> dedn + )\1/ XeVYoW (the - h(To)) dédn
" R
— a/ 8E(X5Uy1)8fw (K&-ha_l — h(TO)_1> dfdn
R
_ a/ O (x=vy0)Onw (f(g_lha - h(To)) dgdn
R

+ ah(T())/ (ex’v — 251/2X;v’)yow dﬁdn) ,
R

Now, for fixed § and €, we consider the Taylor series at the point 7y of the func-
tions (Kche)(&,7) = (1+e€h(T)s(7))h(7), (Kch1) (&, 7) = (1+e€h(T)s(T))h(T) 7!
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and (KZ'he)(€,7) = (1 4 e€h(7) (1))~ h(7) for T = 79 + €'/?1. Then, taking into
account the smoothness of h and s in Sy, that h/(19) = 0 and |[nv|[z2g) with
k =2,4,6 is bounded, and equation (93), we obtain

|J1 + Jo| < C1e(|wllp2(ry + 10wl 22 () + €210y Wl £2(r)) < Coe™ 4{W, w} |3

To estimate J3, we take into account the definition of V¢, the fact that W = w on
I, the trace inequalities (82) and (84) for V¢, estimates (83) and (101) and equation
(75). Then,

T3] < (Ao +eA)e™ IV 2y IW | L2@) + €2Cull 8 VE |l Loy [ Wl 2 (ry
< CE32T{W, w3

Finally, from (12) and (93), we check that the first three terms of J4 are bounded
by
20|l L2 (ry + 10wl L2 (r) + 185wl 2(ry) < C™*[{W, w} 3=
To estimate the last term of Jy, we use (12), (93), the Taylor series of h'(7) at 79,
the fact h/(79) = 0 and that |[nv]|z2(r) is bounded. Thus,

| Ja| < CEH{W, w} |

As a result of the above estimates for Jy + Jo, J3 and Jy, we have

(e ome.u) 1 {W%wf}y{w,w})w

1+)\0+€)\1 s be H{ 7w}||?-[

V{W,w} € H®.

As regards the normalization of {V~V5, we} in He, we show

5_1/2||{W5, we |3, =20 ah(To)_l/R |(9,5(yov)|2 d&dn + h(To)/R lyov|? dédn
= (14 Xo)h(70); (103)

which is obtained taking limits in (93), on account of (101), the normalization in
the statement of the theorem for v and yo and the integral formulation of (59).
Consequently, (102) holds due to the definition of {W¢,%°} and (103).

We apply Lemma 5.1 for H = H®, A = A5, A = (1 + g +¢eX\) ! and u =
{We, ¢} and r = Ce%/*% which provides, for sufficiently small ¢, at least one
eigenvalue \j . of (1) verifying [(1+Aje®™) 7 — (14X + M) ! < Ce®/4=9,
and consequently, we deduce (98). Moreover, if we take, for instance, r* = e?
with 0 < 6 < 1/2 — §, Lemma 5.1 also provides a function {Ua,ﬂe} € He, with

{0, 45 }||3= = 1, {U°, 4} belonging to the eigenspace associated with all the

eigenvalues (1 + Aj_e> ™) " of operator A° contained in the interval
[(1+Xo+er) ™t —e? (14X +el)t +£, (104)
such that
I{U=,ue} = a*{We, 0w} ye < /47070 (105)

is satisfied where o = |[{W¢,we}|;;t. Now, we set (U=, a°} = e'/*{U¢,4°} and
B¢ = e'/%a%, namely,
B = HHWE w Yl (106)

which converge towards (1/(1+ Xg)h(79)) "1 as e — 0 (see (103)).
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Then, (75) (100) and (103) it follows
eIV (U° = BVra(e + 71T — w12, + [Va(@® — 5°0%) |12y
< Celo0

and, since (U° — 8°Ve)|r = (4 — f°w®)r, using again Friedrichs’ inequality and the
trace inequality (82) and (83) with w = @° — f°w®, yields

|U¢ — BEVE ||y < Ce/27077, (107)
Thus, estimate (99) holds and the theorem is proved. O

Remark 7. Similar considerations to those in Remark 6 can be made in connection
with the eigenfunctions corresponding to the eigenvalues in intervals or length O(£?)
in the statement of Theorem 5.6 (cf. (104) and (105)).

Remark 8. We note that Theorem 5.6 (see (99) and (107)) justifies, up to a certain
order, asymptotic expansions (53), (54) and (55). In fact, under the assumptions
of Theorem 5.6, for any fixed constant K7 > 0 there exists €1 > 0 such that for
0<e<e
1 = 8%(w0 + eyn)vll 2oy (-1 ) < C7/470
and
Ve n(@® — B%(yo + ey1)v)ll 20,1 x (=K1, k1)) < Ced/4—o-0

where 1°(¢,n) = a°(e€h(ro +€'/%n), 70 +€¥/2n) for (€,7) € (0,1) x (=K1, K;). The
estimates above are obtained from (105), (93) and the definition of the functions
(U=, ¢} and {We,we}.

Remark 9. It should be pointed out that the “groups” of eigenfunctions {Tj’ £ ut}
corresponding to the frequencies \° of (1) in the statement of the Theorem 5.6 are
asymptotically localized in small neighborhoods of points of the thin band, namely,
in neighborhoods of local maxima points of the function h which is related to the
variable width and to the geometry of the band w. Indeed, estimates (99) and (107)
along with Lemma 5.5 (cf. (94) for r > O(eP*) for a certain py < 1/2 depending
on k = 0,1) allow us to assert that the eigenfunctions {U¢, %} are significant in
£!'/2 neighborhoods of 7y while they vanish asymptotically at a distance O(e?) for
a certain p < 1/2.

Remark 10. It should be noted that similar results to those in Sections 4 and 5.2
can be obtained when h present a local maximum in 79 but h”(79) = 0. If so, it is
self-evident that we must introduce different variables and asymptotic expansions.
As a matter of fact, if h/(10) = h"(10) = --- = h®""V(75) = 0 and h(?") (1) < 0 for
certain n > 1, the suitable variables to show the local effects for the eigenfunctions
(cf. Remarks 8 and 9) are likely to be £ = ve~'h(r)~" and n = (1 — 10)e =/ (+1),

Remark 11. Let us note that in contrast with the case where h constant, in this
case, there can be different points where h(7g) has a local maximum, and even
several different points with the same value for the second derivative h”(7g). Thus,
without stronger restrictions for h(7p), the type of results in Theorem 5.4, which
would complement those in Theorem 5.6, cannot be obtained.

Remark 12. It should be mentioned that asymptotics for low, middle and high
frequencies have been considered in [8] for a problem different from (1); also, the
results obtained are very different. In [8] a Dirichlet problem is considered in Q. = Q
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(that is, w. C  and dw. N AN = (), the width of w, is constant (that is, w. = ew)
and the band w, is only heavy (that is, ¢ = 0). As a consequence, for the value
of m = 3 considered in [8], different limiting problems arise and the localization
phenomena has not been considered.

Remark 13. In contrast with Remark 12, localization effects for the eigenfunc-
tions have been considered in previous papers always related to thin domains and
homogeneous media. The oscillator harmonic equation (cf. (67)) appears in these
problems as a consequence of an asymptotic analysis of the low or high frequencies
depending on the geometry of the domain and of the boundary conditions. Let
us mention [12], [17] and [6] in this connection; see [3] for further comments and
references. In the present paper, we have another factor affecting the asymptotic
behavior of the eigenfunctions which deal with the high contrast materials in both
domains w, and 2. Consequently, we detect localized eigenfunctions corresponding
to the middle frequencies. These eigenfunctions are localized asymptotically near
points 79 which are local maxima of h. Specifying, they present an exponential
decay in the tangential direction with the distance to 79 and a polynomial decay
in the normal direction inside €2 while they behave as oscillating functions in the
normal direction in the thin band w. (see (72) and (74)). Lemma 5.5 is essential
to prove the above asymptotic localization (cf. [2] for the value 6 = 0 in (94)).
See [14] to compare with localization effects in models of vibrating systems with
concentrated masses near the boundary.

6. High frequencies. In this section, we study the asymptotic behavior of the
eigenvalues of (1) of order O(1), the high frequencies. We show that the eigenvalues
A& asymptotically close to eigenvalues of the Dirichlet problem in £ give rise to
global vibrations in the way stated by Theorems 6.1 and 6.2: roughly speaking,
only the eigenfunctions corresponding to eigenvalues A asymptotically near an ei-
genvalue of the Dirichlet problem (109) can be asymptotically different from zero in
HY().

Throughout the section we consider the case where m > 0. We first obtain the
limiting problem associated with the eigenvalues A® of (1) of order O(1) by means
of asymptotic expansions and then outline the proofs. It should be noted that
convergence results hold for all m > 0, while some restrictions and extensions for
the asymptotic expansions for certain values of m are in Remark 14.

For m > 2 (see Remark 14 for m € (0, 2]), let us assume an asymptotic expansion
for the eigenvalues A° of the form

A= Xg+er + 52>\2 + - (108)

and an expansion for the corresponding eigenfunctions {U¢,u¢} in © and w. of the
form (28) and (29) respectively. Then, by replacing (108), (28) and (29) in (1),
on account of (25) and (26), we have that the leading terms in the asymptotic
expansions satisfy the equations

“AAV =)V in Q,

0= )\OUOa C S (Oa h(T>)aT S Séa

and (32). Consequently, A\g = 0 or v9 = 0. Since we are dealing with the eigenvalues
of order O(1), we consider the case where \g # 0, and consequently we have that
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(Mo, V) is an eigenpair of the Dirichlet problem

{ —AA,V =XV in Q,

109
V=0 onI'. (109)

As outlined for the asymptotics of the eigenfunctions corresponding to the low
frequencies, an appropriate normalization for the eigenfunctions must be prescribed
to obtain convergence for the high frequencies. Let us consider $° the space H'(€2.)
with the scalar product

W, w}, {G, g}) s :A/ vzW-ngdeJrg Vow: Vaogds
Q

We

1
+/QWde+m/ wgdr Y{W,w},{G, g} € H'(Q.).
’ (110)

We follow the structure of Section 5, and more precisely that of Section 5.1. We
use Lemma 5.1 to show the convergence of sequences of eigenvalues of (1) towards
those of (109) and to obtain bounds for the convergence rates for the eigenvalues
and eigenfunctions stated in Theorem 6.1 (cf. (111)). Theorem 6.2 shows that this
result for the high frequencies is optimal, since, on account that any real A, is a
limit point of sequences of eigenvalues A> = O(1) of (1) (cf. Lemma 5.2 and Remark
15), the normalization for the corresponding eigenfunctions (or linear combination
of eigenfunctions) {U¢,u®} in H° (see (110)), lead to possible limits being (A, 0) in
R x H'(Q)-weak in the case where ), is not an eigenvalue (109). For brevity, below
we state the main results and outline the proofs which follow using the technique
in Section 5.1.

Theorem 6.1. Let (A, V') be an eigenpair of the Dirichlet problem (109) such that
IVIz2) = 1. Then, for m > 0, there are eigenvalues Aiey of problem (1) such
that
[Ak(e) — Aol < Ce

where C' is a constant independent of €. In addition, there is a linear combination of
eigenfunctions {U¢, 4} € H'(Q.), {U®, 4} corresponding to the eigenvalues Ake)
of (1) in the interval [N\g — K% Ao + Ke°] with K > 0 and 0 < 6 < min(1,m/2),
1{U=, @Y || ge = 1, such that

10° — (V14 X0) WV lgo < O +em/279). (111)

Proof. We apply Lemma 5.1 for H = $° in (110), A = ¢ the compact and sym-
metric operator on $° defined by

1
AW, w}, {G,g})as = / WGd:EJrW/ wg dx (W, w}, {G, g} € H'(Q.);
Q We
A= (1+ X))t and u={V, 0}||V||I_ﬁ(m € H(Q.) where (Ao, V) is as the theorem
states (see (14) and (17) to compare). Then, we rewrite the proof of Theorem 5.3
with the suitable simplifications, and the theorem holds. O

Theorem 6.2. Let A, be any positive real number which is not an eigenvalue of
the Dirichlet problem (109). Let m be m > 0, and let §. denote any sequence of
positive numbers converging towards zero as € — 0. Let us assume that there are
eigenvalues \° of problem (1) in the interval [\ — 0%, Ay + 6]. Let us consider
(U=, 4} € HY(Q.) any linear combination of eigenfunctions of (1) corresponding
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to the eigenvalues X ) in the above interval, {U=, 4} satisfying ||{U°, 4@} ||s- = 1.
Then, U¢ converge towards zero in the weak topology of HY () ase — 0.

Proof. We follow the technique in Theorem 5.4. First, we consider the case where
there is only one eigenvalue A\* = )\2(6) in the interval of the statement. This
amounts to taking 0. = [A. — A°| = 0 as ¢ — 0. Let {U°,u®} be the correspond-
ing eigenfunction of norm 1 in $° (see 110). Thus, [[{U%,u°}| g1 (q.) is bounded
by a constant independent of e, and we can extract a subsequence (still denoted
by ¢) such that U® converges towards U* in the weak topology of H'(2). The
normalization also gives us

1
7/ |uf|? do < Ce™
€ Jo.
and the strong convergence of U¢ in L?(I") and (13) imply that U* = 0 on I. In
order to identify U*, we consider (4) for G € D(Q) extended by zero to Q., we take
limits as € — 0 and we obtain that (\.,U*) satisfies

/ V. U*V,Gdx = )\*/ U*Gdx VG e HL(Q),
Q Q

which is the weak formulation of (109). Consequently, if M. is not an eigenvalue of
(109), then U* = 0.

Finally, we rewrite the above arguments with minor modifications in the general
case where there are several eigenvalues of (1) in the interval [A, — 0%, A + 6°].
Indeed, let us denote by {)\i(s)ﬂ}jzo the set of eigenvalues [\, — 55’)\* + 67,
and by {{U;(E)H,ui(e)ﬂ}}j:o the set of the corresponding eigenfuncti(ins; J be-
ing a certain natural that can depend on e. Let us assume that {U¢,a°} =
Z}]:o o5 {Ug (e)1 ) Ui(e)44 ) for certain constants aj. We write the equation (4) for
each eigenvalue and the corresponding eigenfunction of the set, and for G € HE (),

g = 0. Then, we take the sum after multiplying each equation by a5, j ranging
from 0 to J. We take into account the convergence

Za () + )\*)/ o)1 Gdr =0 ase—0,

and the result of the theorem holds. O

Remark 14. It should be noted that the technique of asymptotic expansions
throughout this section also applies in the case where m € (0,2) and we obtain
the same limit problem (109). In this case we need using further terms of the as-
ymptotic expansions of u® in w.. As a matter of fact, for m # 1 the expansion
(29) must be suitably modified by introducing other terms for different powers of
¢, namely of the order O(eP), with p > 0 a certain non-natural number depending
on m.

In the case where m = 2 and h is constant, the asymptotic expansions (108)
provide two possibilities for A\g that we state here without any proof. One is Ay to
be eigenvalue of (109) and the other is Ay eigenvalue of (35). Now, it remains to
identify the eigenfunction in (28) and (29) which involves another resulting problem
in 2 with the spectral parameter Ay in (108) with Ay = 0.

In addition, comparing the asymptotic expansions for m = 2 with Theorem
6.2, we note that when h is constant the asymptotic expansion (27) coincides with
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(108), and another normalization for the eigenfunctions, namely, a norm in H!(Q.)
different from that in (110), will likely allows us to prove that the eigenvalues of
(35) are other accumulation points of high frequencies which give rise to other kinds
of vibrations (see norms (75) and (110) to compare). This case, as well as the case
where / is not a constant with m = 2 remain as an open problem.

Remark 15. We emphasize that considering the results in Theorem 2.2, Lemma
5.2 shows that for fixed & < m, any A > 0 is an accumulation point of re-scaled
sequences £~ “Aj ) of eigenvalues A ) of (1), for € ranging in certain subsequences
{ej}521, €5 = 0 as j — co. For the values of m >2 and a =m —2 (m >0, a =0,
respectively), Theorems 5.3 and 5.6 (Theorem 6.1 respectively) show that the results
hold for certain well determined A > 0 and a for a whole sequence k(¢), with ¢ — 0.
Instead, obtaining this result for any A > 0 in Theorem 5.4 and 6.2 could imply
providing a very weak convergence of certain spectral families associated with (1)
towards the spectral family of an operator with a continuous spectrum in [0, c0) and
using Fourier transform. For brevity, we avoid this proof here and refer to [9], [13],
[15] for instance, for the technique. In addition, we observe that Lemma 5.2 does
not provide information for eigenfunctions of (1) corresponding to A®, this being
the aim of Sections 5 and 6 for the values of & = m — 2 and « = 0 respectively (see
Remark 16 for other values of «).

Remark 16. In Sections 3-6 we have addressed the asymptotic behavior of the
eigenfrequencies corresponding to eigenvalues of order O(¢™~2) and O(1) for m >
2. On account of Remark 15, we examine the asymptotics for the eigenfunctions
corresponding to eigenvalues A° = O(e%) for « < m, a # 0,m — 2. For the values of
a,a<m-—2orm—2< a<m,arguments similar to those in Section 3 lead us to
state that if {Af )}« is any sequence of eigenvalues of (1) such that A7 . ,e™* ~ A >0
as € — 0 and the corresponding eigenfunctions {U;g( ) ui( E)} admit the expansions
(28) and (29) in © and w, respectively, then the functions V' and vy in (28) and (29)
are identically null. Consequently, assuming that the eigenfunctions of (1) admit
the asymptotic expansions (28) and (29), the only converging sequences )\2(5)5_“ for
which the corresponding eigenfunctions do not vanish asymptotically, in a certain
topology, are likely to be those corresponding to eigenvalues /\2( o) of order O(1),

O(e™~2) and O(¢™). We also emphasize, that since the asymptotic expansions for
the eigenfunctions rely on the normalization that we consider, other normalization
for the eigenfunctions different from those in this paper might give rise to localizing
other kinds of vibrations associated with A* = O(e®) for o < m (see Remark 14 in
this respect.)
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